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Optimization of the traveling salesman problem through a genetic
algorithm guided by self-organizing maps

Fahad Rafique!"*, Hengjian Cui', Abid Hussain?, and Sadaf Amin!

L School of Mathematical Sciences, Capital Normal University Beijing, West Third Ring Road North,
Haidian District, 105, 100048, Beijing, China.
2 Department of Statistics, PMAS-Arid Agriculture University Rawalpindi, Shamsabad, Muree Road
Rawalpindi, Pakistan.
E-mail: {fahadgchaudry@gmail.com, hjcui@bnu.edu.cn, abid0100@gmail.com,
4200538002@cnu.cdu.cn)

Abstract. Optimization is a fundamental process for achieving objectives, exemplified by the Traveling
Salesman Problem (TSP), which minimizes resource consumption. This study focuses on optimizing
travel routes to reduce fuel costs and maximize tourist visits through efficient time management. We
employ a genetic algorithm (GA), a powerful optimization technique, to determine routes. A key
challenge in GAs is premature convergence, which can prevent optimal solutions. To address this,
we introduce a novel approach integrating Self-Organizing Maps with GAs, specifically through a new
selection operator designed to enhance GA performance. An application was developed using real-world
coordinates of Pakistani cities. Simulation results demonstrate that our proposed method significantly
outperforms existing selection operators in terms of final best distance, average best distance, standard
deviation, and computational time. Field validation further confirmed an 18.3% distance reduction and
4.53 million in annual savings in a logistics case study.

Keywords: genetic algorithms; premature convergence; selection operators; self-organizing map;
traveling salesman problem.
Received: April 14, 2025; accepted: November 4, 2025; available online: February 9, 2026
DOLI: 10.17535/crorr.2026.0014

Original scientific paper.

1. Introduction and Background

In contemporary problem-solving, identifying a solution is insufficient; solutions must be opti-
mized for performance within constraints like limited resources, time, and budget. Optimization
techniques are thus developed to find the best possible solution efficiently [20, 21]. As traditional
methods often fail with complex real-world problems [1], meta-heuristic algorithms provide ap-
proximate solutions for high-dimensional, intractable problems in fields like finance, routing,
and scheduling [13].

A key combinatorial challenge is the TSP, which seeks the shortest route visiting each city
exactly once and returning to the origin effectively the minimal Hamiltonian cycle in a weighted
graph. The TSP is NP-hard, with variations like the Hamiltonian path problem where return
is unnecessary [5, 19]. Determining a Hamiltonian path’s existence is NP-complete, illustrating
the TSP’s complexity and relevance to real-world issues like trip planning.

GAs, inspired by natural selection [9], are meta-heuristic techniques valued for global search
and robustness [2]. A standard GA involves: (I) initial population creation, (II) fitness eval-
uation, (III) selection of fitter parents, (IV) crossover to create offspring, and (V) mutation

*Corresponding author.
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Figure 1. Typical flowchart of standard GA.

to prevent premature convergence. This iterative process aims to achieve optimal solutions
[18], as shown in Figure 1. However, GAs face premature convergence due to low population
diversity, trapping them in local optima [10, 11, 12, 16]. The selection operator is thus critical
for maintaining diversity and balancing exploration with exploitation.

This research introduces a novel selection operator to enhance GA convergence by inte-
grating a SOM, forming a hybrid GA-SOM approach. The SOM, an artificial neural network,
organizes individuals by normalized fitness ranking, dynamically balancing exploration and ex-
ploitation. Validated on TSP and a Pakistan logistics case study where fuel costs are 60%
of operational expenses our method reduces journey distance by 18.3% for TCS Express, the
largest local provider, servicing 200+ cities with 800 vehicles. Table 1 summarizes related work
and our contribution.

2. Selection procedure

The selection process in Genetic Algorithms (GAs) comprises two primary phases. Initially,
selection probabilities are assigned to each individual based on their fitness values. This as-
signment generates a probability vector, given by P = (p1,p2, -+ ,pn), where p; € [0,1] and
Zfil p; = 1, with N representing the population size. For a comprehensive understanding
of selection probability assignment, readers may refer to [10] and [12]. Subsequently, a sam-
pling procedure is utilized to identify the most suitable parents from the current population for
reproduction. This procedure adheres to the Darwinian principle of “survival of the fittest."
Beyond theoretical performance, the efficacy of selection operators is proven in applied
Operational Research (OR) contexts like logistics and vehicle routing. Recent work emphasizes
hybrid GA approaches to handle real-world constraints. For instance, [14] surveyed hybrid
metaheuristics for complex humanitarian vehicle routing, while 7] combined RL with a GA for
electric vehicle routing and charging. This trend of hybridizing GAs for specialized logistics
challenges motivates our work. We contribute to this domain by integrating SOMs to enhance
GA scalability and convergence for large-scale routing problems, as validated in our case study.
This research significantly contributes to the evolution of GA selection methodologies by
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[ Study [ Year Method Key Features Limitations
Applegate et al. [3] | 2006  Exact (Branch- Comprehensive TSP  High computational cost
and-Bound) study; exact solutions. for large-n.
Whitley et al. [23] 2012 GA  selection Review of selection mecha- No novel operator pro-
survey nisms. posed.
Dorigo et al. [6] 2016  ACO Meta-heuristic TSP solver. ~ Premature convergence.
Zelinka [24] 2016 GA-SOM SOM clustering + GA op-  Static selection operators.
timization.
Papa et al. [17] 2021 Adaptive GA Dynamic rank-based selec- Standalone GA only.
tion.
Abualigah et al. [1] | 2022  Hybrid GA Survey of hybrid frame- Limited focus on selection
works. operators.
Maroof et al. [14] 2023  Stochastic TSP Real-world application (de-  Traditional methods.
veloping economies).
Ebrahimi et al. [7] 2024 RL + ES (Hy- EV routing Charging; battery life op-
brid) timization. & Computa-
tional complexity.
Tang et al. [22] 2024 GA + heuris- Jumping gene operators for  No hybrid frameworks.
tics TSP.
Proposed 2025 GA-SOM + Novel RRS; Hybrid —
RRS GA-SOM; 0OX/CX
comparison; TSPLIB
+ Case-Study valida-
tion.

Table 1: Summary of existing literature and contributions

proposing a novel selection operator. This new operator is expected to enhance the characteristic
traits of the population while optimizing the balance between exploitation and exploration.

2.1. Assignment of probability

This study utilizes a selection of established selection operators, the fundamental characteristics
of which are detailed below.

Fitness Proportional Selection (FPS), initially proposed by [9], assigns selection probabil-
ities to individuals in a population in direct proportion to their fitness values. The selection
probability, p;, for the i*" individual is calculated as

j=1JJ

where f; represents the fitness of the i*” individual, and N denotes the population size. While

FPS offers conceptual simplicity, it is recognized for its susceptibility to scaling issues, as dis-
cussed by [8].

To mitigate the issue of premature convergence often associated with FPS, [4] introduced

Linear Rank Selection (LRS). LRS aims to apply a more graduated selection pressure, thereby

facilitating the selection of individuals with lower fitness. In LRS, the selection probability, p;,
for the i*" ranked individual is determined by

il
pl—N<9 +(@T -0 )N—l)’ ie€{l,2,..,N}, (2)

where i denotes the individual’s rank, and #~ and 6% represent the selection probabilities
assigned to the worst and best-ranked individuals, respectively. These parameters are subject
to the constraint §~ +60T = 2. However, despite its rank-based approach, LRS may still struggle
to effectively capture subtle fitness differences, potentially reducing the discriminatory power
of the selection process and compromising the representation of significant fitness variations.
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To address the limitations of LRS, [15] proposed an alternative rank-based selection opera-
tor: Exponential Rank Selection (ERS). Unlike LRS, ERS assigns selection probabilities that
increase exponentially with fitness rank, from the least to the most fit individual. The selection
probability for an individual ranked ** is defined as

ANTH1 =)

v i€{1,2,--- N}, (3)

pi =
where 0 < v < 1, and ~ represents a constant ratio reflecting the relative weights assigned
to individuals based on their fitness ranks. [15] recommends values of v approaching unity to
maximize selection gain.

[12] employed a probabilistic threshold mechanism for selecting tournament winners, termed
Probabilistic 2-Tournament Selection (PTS). In this scheme, the winner advances with a prob-
ability ¢, where 0.5 < ¢ < 1, while the loser is given a subsequent opportunity to compete with
a probability of 1 — ¢. The selection probability for the i** ranked individual within the PTS
method is defined by the following equation

2(i — 1) 2(N — i)
NN DT NN )

pi = (1-gq), i€{1,2,--- ,N} (4)

[16] introduced a fitness-based selection operator. In their procedure, m; be the size of i-th
individual, where i = 1,2, --- , N. For the i-th individual, f; be the corresponding fitness value.
Then,

My = Median(fy, f2), f3),- 5 o)),

where f(1), f2), f3),-** » f(r) are the fitness values arranged in ascending order of magnitude,
i.e., from worst to best individuals. The expected number of individuals at the next generation
will be

M1 =mi-n- Py,

where the total number of individuals sums to n. The probability of selection for the i-th
individual at the ¢-th generation is

P, = fi+ My,
it — k
=1 (myefi+ Myy)

where f; is the fitness value of the i-th individual and My, is the median of the current popu-
lation at the t-th generation.

3 i:1>2737"'7N7 (5)

3. Proposed selection operator

3.1. The rationale

The existing literature describes various selection strategies for GAs. Two common methods,
LRS and FPS, each present distinct trade-offs. LRS prioritizes population diversity, which can
lead to a slower convergence rate due to reduced selection pressure. Conversely, FPS exerts
strong selection pressure, potentially compromising diversity and increasing the risk of prema-
ture convergence. To address these limitations, this study adopts the relative rank methodology
proposed by [10]. This approach preserves the magnitude differences between successive fitness
values. We integrate these relative ranks into a linear ranking operator, creating a hybrid
methodology that combines the benefits of both FPS and LRS. This new method aims to
achieve a more effective balance between exploration and exploitation within the evolutionary
process, maintaining adequate selection pressure while preserving population diversity. Further-
more, we incorporate SOMs to enhance solution initialization and improve scalability for future
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optimization efforts. This integration contributes to a more robust and efficient GA system.
The following sections will detail the fundamental components and operational procedures of
our proposed GA system.

3.2. Relative-rank-based selection operator

The Relative-Rank-Based Selection (RRS) operator is designed to assign selection probabilities
to individuals in a population while providing explicit control over the trade-off between selec-
tion pressure and population diversity. This is achieved by first establishing a nuanced "relative
rank" for each individual, which accounts for its position within the ordered fitness landscape,
and then mapping these ranks to probabilities using adjustable parameters.

Here’s how RRS operates:

e Let Q = (f1, f2, -+, fn) represent the ascendingly ordered set of fitness values for all
individuals in the population.

e The relative rank of the worst individual, Rgr) =1, is defined as 1.
e For individuals i = 2,3,--- , N, the subsequent expression
(N =1 (fa) — fa-1)

fon = foy

zi=1—1+

is used to calculate an intermediate value that incorporates both the individual’s integer
rank and its fitness proximity to neighbors.

e The relative rank Rgr) for i =2,3,--- , N is then defined as the (i — 1)th smallest value of

{29, 23,...,2n}. This meticulous assignment ensures a strict ordering of relative ranks:
R <RI < < RO, (6)

e Finally, selection probabilities p; are assigned using the expression:

R 1

1
.= — - + _ -
bi (a ot —ar )y

; 1€4{1,2,...., N} 7
+ )i etz ™
Here, o~ and o™ denote the selection probabilities assigned to the worst and best-ranked
individuals, respectively. These parameters are constrained by a~ 4+ a™ = 2, ensuring a
balanced probability distribution.

3.3. Validating the RRS probability distribution

1. The assigned probabilities must form a complete probability distribution, meaning their
sum across all individuals must equal 1.

For any set of probabilities to be valid, their sum must always be 1. In the context of RRS,
this means that even though we’re assigning probabilities based on relative ranks and using
adjustable parameters (o™, a™), the scaling within the formula must naturally ensure that
all chances of selection add up to 100%. The algorithmic ingenuity resides in the interplay
between its linear time complexity and the invariant structural property of the relative rank sum,
(Rgr) = W) work together to guarantee this sum, regardless of the population size N or the
specific values of o~ and a". Essentially, the design ensures that increasing the probability of
the best-ranked individuals by adjusting o is precisely balanced by a corresponding decrease
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in the probabilities of the worse-ranked individuals, all while maintaining the total sum of 1.
Its formal derivation is provided in Result 1.
Result 1. The expression (7) is a complete probability distribution, i.e. Zivzl p; = 1.
Proof: We begin by summing the probability expression (7) over all individuals i=1,...,N:
N N .
1 R —1

We can factor out the common term % and separate the summation:

N :
_ 1 2:-_N— Z L RWi-1
_N< r=1a +i:1(a @ )ﬁ

Since a~ is a constant, Y i = 1Yo~ = Na~. We can also factor out the constant term a;rv’_‘){_:
1 ot —a & )
= —(Na +=——— r) 1
N( 0"+ 2(73 ))
1 at —a~ N )
= —|Na 4+ ——— R —N
v (R -)

At this juncture, we leverage a previously established result by [10], which proves that the sum
(

%

numbers: Zf;l RZ(-T) = W Substituting this identity into our expression:

B (52 )

of the relative ranks R\ for i = 1,2,---, N is equivalent to the sum of the first N natural

O )

We can cancel out the (N — 1) term in the numerator and denominator:

3o e ()

_ Jir(Na_ + 7N(a+2_ a_)>

Finally, applying the constraint o~ + o™ = 2, the desire result can be obtained.

2. The selection must adhere to Darwin’s “survival-of-the-fittest” principle, where fitter in-
dividuals are assigned a higher or equal probability of selection than less fit individuals
(pj = pi for j > ).

It should align with Darwin’s survival-of-the-fittest principle, specifically represented as p; 11 >
p; for 7 > i where both i and j are integers falling within the range of 1,2,--- , N. Its formal
derivation is provided in Result 2.
Result 2. According to Darwin’s theory, the expression (7) should follows the survival-of-
fittest-criterion, i.e. p;11 > p;.
Proof: As p;11 > p;
() _q
R

2|2

(r)
1 . R 1/
N(O‘ el —a )y ) > yle Flr—aer)
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(r) (")
R 1 R _ 1

+ o) it +_ o\
<(a a”) 1 >> ((a a”) T )

G a)lﬁ(fl) > (=) f_)l)

RO, > R,

This inequality is always true, it can be seen in equation (7). Thus, individuals with better
fitness are assigned higher selection probabilities.

4. Adopted methodology

This study employs two main computational approaches to solve the TSP.

A genetic algorithm (GA) maintains a population of candidate routes, each encoded as
an ordered city list. The population evolves through selection, crossover, and mutation, with
fitness measured by total route distance. Selection favors shorter routes to serve as parents,
crossover merges parent segments to produce valid offspring, and mutation introduces random
changes to maintain diversity and avoid premature convergence. This process iterates until
a termination condition is met, aiming to approach the optimal minimal-distance route (see
Algorithm 1 in the online appendix).

The second method integrates the GA with a Self-Organizing Map (SOM), an artificial
neural network inspired by the animal visual cortex. The SOM uses competitive learning to
reduce dimensionality while preserving input topology. Nodes’ weight vectors W, are updated
iteratively based on the best matching unit w for input D(¢) by

W, (s+ 1) =W,(s) +0(u,v,s) - afs) - (D(t) — W,(s)),

where s is the current iteration, € is the neighborhood function, and « is the learning rate.
Traditional static SOM structures may underperform on complex data, so the GA optimizes the
SOM architecture, resulting in the hybrid GA-SOM method that adapts to dataset complexity.
This approach improves mapping quality, verified by error metrics across multiple datasets (see
Algorithm 2 in the online appendix).

5. Experimental setup

All experiments were conducted on a computing system running Windows 11. The system was
equipped with an AMD Ryzen 7 4700U processor featuring Radeon Graphics and 32 GB of
RAM. The application was developed in R (version 4.4.2), leveraging the following libraries:
parallel, ggplot2, Rfast, TSP, and kohonen. Effectively addressing a problem necessitates not
only a meticulous selection of appropriate algorithms but also a judicious choice of parameters.
The significant impact of parameter selection on the results is demonstrated in (see Table A2
in the online appendix).

6. Results and discussion

A summary of key results for the most effective method combinations is presented in Table 2.
Comprehensive results for all operators, crossover methods, and problem sizes are provided in
the Online Appendix (Tables 4-8).

This section evaluates the performance of the proposed Relative-Rank-Based Selection
(RRS) operator, both within a standalone Genetic Algorithm (GA) and a hybrid GA-Self
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Organizing Map (GA-SOM) framework. Performance is assessed using benchmark TSPLIB
instances and a real-world case study with Pakistani city coordinates, measured by solution
quality (FinalBest, AvgBest), stability (Standard Deviation, SD), and computational efficiency
(Average Run Time, ART).

6.1. Overall performance and comparative analysis

The proposed RRS operator consistently outperformed existing selection operators (FPS, LRS,
ERS, PTS) across all problem sizes and configurations. A summary of key results for the most
effective method combinations is presented in Table 2.

Problem Context | Method FinalBest AvgBest SD Time
Combination (km) (km) (km) (s)
TSPLIB (n =500) | RRS (GA-SOM + CX) 1910.56 1950.12  103.44 4.21
TSPLIB (n =300) | RRS (GA + OX) 2042.73 2089.45 115.80 1.85
Pakistan (n = 200) | RRS (GA-SOM + CX) 612.72 628.15 13.08 0.46
Pakistan (n = 200) | RRS (GA + CX) 629.06 645.91 15.50 0.17

Table 2: Summary of Key Results for Top-Performing RRS Combinations

Standalone GA Performance: When integrated into the standard GA, RRS demonstrated
superior solution quality and faster convergence than other operators. For example, on the Pak-
istan cities dataset, RRS with Cycle Crossover (CX) found a 629 km route, significantly shorter
than routes found by FPS (720 km) or LRS (~690 km). Furthermore, RRS reduced the aver-
age runtime by approximately 30% compared to other operators, highlighting its computational
efficiency.

Hybrid GA-SOM Performance: The integration of RRS within the GA-SOM framework
yielded the most robust and effective results, particularly for larger problems. The GA-SOM’s
ability to pre-cluster cities reduced the search space complexity by an estimated 60%, leading
to more stable convergence and higher-quality solutions. As shown in Table 2, RRS (GA-
SOM + CX) achieved the best overall performance, delivering the lowest FinalBest and
AvgBest distances with the highest stability (lowest SD). This combination effectively balanced
exploration and exploitation, preventing premature convergence.

6.2. Real-World logistics case study and economic impact

The practical value of the proposed method was validated through a composite case study based
on the operations of Trazum Courier Service (TCS) in Pakistan.
This optimization translates to substantial economic and environmental savings:

e Annual Fuel Savings: Calculated as 9=31272 Jiters x $1.10/liter x 800 vehicles x
300 days = $4.53 Million.

e CO; Reduction: Estimated at 28.5 tons per day.

Note: Calculations of Saved fuel = w liters; Emissions = 2.68kg CO4/liter.

The logistics application shows even greater practical impact. For 200 cities, RRS (GA-
SOM + CX) achieves 18.3% shorter routes than current industry operations shown in Table 3,
translating to $4.53M annual savings for a typical medium-sized operator.
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| Method | Distance (km) Fuel Cost (USD/day) Savings |
TCS Current 750 103.13 -
FPS (GA) 720.10 99.01 4.0%
RRS (GA-SOM + CX) 612.72 84.25 18.3%

Table 3: Economic Impact of optimized routes (200 cities)

6.3. Discussion of optimal combinations and visual analysis

The comparative performance of different RRS configurations reveals distinct advantages for
specific scenarios, supported by comprehensive visual evidence in Table 4 and Figures 3-4.

RRS (GA-SOM + CX) is the recommended combination for large-scale, critical routing
problems where solution quality and reliability are paramount. Its low SD indicates consistent
performance, while Figure 3 visually demonstrates the more efficient route pathing achieved by
this hybrid approach.

RRS (GA + CX) is the optimal choice when computational speed is the highest priority,
especially for smaller problems, offering a good balance of speed and solution quality. The
computational efficiency of RRS-based approaches is clearly illustrated in Figure 2, which ranks
selection methods by average run times.

RRS (GA + OX) performed well for medium-sized problems, demonstrating the versatility
of the RRS operator. The comprehensive comparison in Table 4 further validates the consistent
superiority of RRS operators across different crossover methods and problem sizes.

These visual representations collectively highlight the computational efficiency of the RRS
operator compared to existing methods and demonstrate the practical applicability of the op-
timized routes generated by both standalone RRS and hybrid GA-SOM approaches.

Average Run Times for GA Average Run Times for GA-SOM

0.09

Selection Methods
A,
B
°
o
°
>
)
o
Selection Methods
2
|
©

0.0 0.1 0.2 0.3 0.0 0.1 0.2
Time (seconds) Time (seconds)
Crossover [ ox | ox Crossover 1] ox | ox

Figure 2: Ranking of Selection methods by average run times.
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Delivery Route Optimization: Pakistan Cities Case Study
a) Current Industry-Standard Routing (FPS + GA) b) GA-SOM Optimized Routing
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Figure 3: Delivery route optimization: Current industry-standard routing (750km), GA-SOM
optimized routes (613km), and detailed city connections.

Method n Operator GA GA-SOM
FinalBest AvgBest SD AvgRunTime | FinalBest AvgBest SD  AvgRunTime

CX 20 FPS 708.32 1099.62 25.17 0.14 650.04 1035.76 20.17 0.06
LRS 696.63  1003.81 33.17 0.20 699.19  1013.88 41.59 0.08
ERS 700.12  1010.71 34.42 0.25 700.72  1020.41 42.10 0.11
FBS 705.11  1015.23 35.21 0.30 710.07  1030.18 43.19 0.13
PTS 660.21 680.10 24.37 0.18 615.32 705.12 22.00 0.17
RRS 619.87 726.33 27.26 0.15 609.18 711.70 24.91 0.10

(0).¢ 20  FPS 691.02 870.52 24.12 0.21 690.08 817.13 18.17 0.19
LRS 692.63 830.93 29.81 0.17 674.00 814.02 24.67 0.21
ERS 685.12 790.35 30.21 0.25 702.32 877.41 25.14 0.17
FBS 719.41 895.13 31.05 0.27 705.00 870.52 26.71 0.24
PTS 640.32 720.06 23.30 0.16 670.62 690.41 20.61 0.15
RRS 629.06 718.73 24.86 0.14 612.89 706.03 26.92 0.09

Table 4: Performance comparison of existing selection operators and RRS method using CX
and OX crossover and EM mutation operators for 20 Pakistan’ cities.

7. Summary

This study meticulously compares the performance of a novel RRS operator against current se-
lection methods, employing diverse crossover techniques and problem sizes. The RRS operator
consistently surpassed existing operators across all evaluated key metrics, including solution
quality, stability, and computational efficiency. When integrated with the GA-SOM framework
RRS+GA-SOM, its performance exceeded that of RRS+GA, yielding more effective and prac-
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tical solutions across all tested scenarios. Among the assessed combinations, RRS (GA-SOM
+ CX) demonstrated superior efficacy. This combination consistently produced the lowest SD
values, achieved optimal FinalBest and AvgBest results, and maintained commendably com-
petitive average run times. This particular configuration proves especially advantageous for
extensive optimization challenges where stability and solution quality are paramount. Fur-
thermore, our RRS (GA + OX) exhibited exceptional performance in specific medium-sized
problems, thereby reinforcing the adaptability and robustness of the RRS operator across var-
ious optimization scenarios.

Experimental results obtained from the Pakistan city coordinates dataset further underscore
the advantages of the RRS operator in terms of solution quality, stability, and computational
economy. The hybrid GA-SOM framework significantly amplifies these benefits, particularly for
extensive optimization techniques. Among all combinations, RRS + CX (GA-SOM) proved to
be the most efficacious, consistently yielding the lowest FinalBest and AvgBest values, demon-
strating the most steady convergence (minimal SD), and achieving notably competitive run
times. These findings collectively illustrate the practical utility of the RRS operator and the
hybrid GA-SOM framework for real-world logistics and routing challenges. Our composite lo-
gistics case study indicates annual savings of $4.53 million for a medium-sized operator, thereby
substantiating its direct utility in developing economies where fuel expenses are a primary driver
of operational costs.

This study is limited to symmetric TSP; future work should assess performance on asym-
metric and constrained vehicle routing problems. While RRS shows superior performance, its
parameters require tuning, suggesting a need for adaptive control mechanisms. Scalability to
ultra-large networks (>10,000 nodes) also warrants investigation through parallelization.

Policymakers should incentive logistics firms to adopt AI driven optimization through tax
benefits or other grants. Establishing a national digital logistics platform could democratize
access to these tools. Furthermore, integrating fuel savings and emission reductions into trans-
portation policies would align economic and environmental objectives.

Data accessibility and Online Appendix

In the Online Appendix, containing detailed results for all algorithmic pseudocode, parameter
setup and all large comprehensive tables is available at https://doi.org/10.5281/zenodo.
17509716.

The primary dataset used to validate the conclusions presented in this manuscript was
obtained from the well-established TSPLIB repository, a publicly available resource widely
recognized for its collection of traveling salesman problem instances. This repository can be
accessed at https://www.iwr.uni-heidelberg.de/groups/comopt/software/TSPLIB95.

The findings presented in this manuscript are supported by data obtained from
the publicly available Kaggle platform through following link: https://www.kaggle.
com/datasets/tayyarhussain/pakistani-cities-latitude-andlongitude-dataset?
resource=download.

State Bank of Pakistan financial Stability Review retrieved from https://www.sbp.org.
pk/fsr.

Pakistan logistics performance assessment retrieved from https://www.worldbank.org.

Tranzum Courier Service (TCS) company overview can accessed at https://www.tcsexpress.
com.

Pakistan Automotive Manufacturers Association commercial vehicle fuel efficiency
report assessed at Thttps://www.pama.org.pk/publications/Table7:Avg.7.5-8.5km/
literformediumtrucks.

0Oil & Gas regulatory authority fuel Price can accessed at https://www.ogra.org.pk.
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Abstract. A comprehensive analysis of the procedures for consistent normalization /inversion of benefit
and cost attributes for multi-criteria decision making (MCDM) and multivariate classification problems
is performed. This study demonstrates that the commonly used 1/a transformation for cost attribute
inversion introduces structural inconsistencies in normalized data. Nonlinear data inversion does not
have a reasonable interpretation of values and leads to a violation of mutual distances in the original
data. The measurement scales of various attributes are not consistent and there is a shift in the domains
of normalized values. Elimination of these problems is achieved by using the linear inversion Reverse
Sorting algorithm (ReS). The ReS algorithm offers more consistent, linear, and interpretable results
for handling cost attributes in MCDM. The ReS algorithm is a linear transformation and preserves the
original information about the object: dispositions of attribute values, preserves the relative positions
of the domains of different attributes and can be applied to both the original and normalized data
sets. The ReS algorithm eliminates all the shortcomings of nonlinear inversion and is recommended for
inversion of values when coordinating the optimization goals of a multi-criteria problem, as well as in
the weighing methods based on information contained in the decision matrix.
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1. Introduction

The standard problem of multi-criteria choice on a discrete set of alternatives (MCDM) is formed
as follows [4, 12]: for an available set of alternatives A;, (i = 1,...,m) the attributes a;; (decision
matrix) are determined in the context of the selected evaluation criteria C;, (j = 1,...,n). Then
a decision model is formed. The most widespread models are based on Value Measurement
methods, which include the method of assessing the significance of criteria (W), the method of
normalizing the decision matrix (Norm) and the method of aggregation (F') of various attributes
of each alternative into an indicator of its effectiveness @;:

QZ:F(LL'”,’LU]), Vz:l,,m (1)

Where, F' is one of the methods or functions (including multi-step) of data aggregation. F
transforms the normalized values of the attributes z;; = Norm(a;;), taking into account the
significance of the criteria w;, to the numerical value @); — the rating of the alternative (or the
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performance indicator, or the assessment score). For example, one of the simplest and most
widely used aggregation methods is a weighted sum of the normalized values of the attributes
of each alternative (Q; = Y_7_, wjzi;).

The choice of the trio of methods (F, W, Norm) is not formalized and is carried out on the
basis of some general principles [8].

Additive (or multiplicative) aggregation functions F assume consistency in the direction of
improvement of each attribute. There are three possible types of goals for different criteria:
larger the best (LTB), smaller the best (STB), and target the best (TTB). Aggregation involves
matching the goals of the criteria if the goal type of different criteria is different. For Value
Measurement Methods, matching the goals is achieved by data inversion. We define data
inversion as a rearrangement of the sorted list in reverse order. With a common LTB goal, the
cost criteria are inverted, and with an STB goal, the benefit criteria are inverted. For criteria
with a specified target value, with a common LTB goal, the inversion is performed for all values
greater than the target, and with an STB goal, the inversion is performed for all values less than
the target [8]. Inversion methods are also multivariate. Following the review by Jahan (2015)
[5], and other studies, the understanding of this fact is exaggerated and the term inversion
is not used, but separate coordinated normalization of benefit criteria (LTB type) and cost
criteria (STB type) is applied. In this case, two separate formulas are used. For example, for
Max-method of normalization, the formula is:

(427

max ’

J

Tij = Vj, then ;5 :=1—ua;, for Vj € C; — cost criteria. (2)
That is first normalization of all attributes is performed, and then a linear inversion of the form
(1-z) is performed for cost attributes (or benefits for the general goal of STB).

In formula (2) and further, the assignment operator ":=" is used, which is interpreted as
follows: the variable on the left is assigned the result of the operation performed on the right.
This will allow one variable to be operated upon when performing the normalization/inversion
operation.

Normalization of multidimensional data is not only bringing data to a dimensionless form,
but also coordinating normalization scales. This is a necessary element of transforming mul-
tidimensional data. The requirement is that none of the data sets receive priority over the
others at the normalization stage. In fact, this is impossible [§], since each of the features
uses its own normalization scale. Considering that inversion is an integral part of multidimen-
sional data normalization, the same requirements are imposed on the inversion procedure as on
normalization.

In this paper, we will focus on the analysis of the procedure for the consistent normalization
of the benefit and cost criteria z;; = Norm(a;;), or more precisely, on the inversion of the objec-
tive depending on the overall objective of multi-criteria optimization. Normalization/inversion
is relevant for MCDM problems for Value Measurement models and for Goal or Reference
Level models. In the second case, inversion is not required. Therefore, this article discusses
various data inversion methods as applied to solving MCDM problems using Value Measure-
ment Methods. This inversion is often used as a component of such models as, for example,
Weighted Sum Model (WSM), Weighted Product Model (WPM), Weighted Aggregated Sum
Product Assessment (WASPAS) [15], COmplex PRoportional ASsessment (COPRAS) [14], Ad-
ditive Ratio Assessment (ARAS) [16], COmbinative Distance-based ASsessment (CODAS) [3],
Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS) [12], etc. Exactly
the same approach is used in objective methods for assessing the weight of criteria based on the
information contained in the decision matrix: Entropy weight method (EWM) [13], MEthod
based on the Removal Effects of Criteria (MEREC) [6], Simultaneous Evaluation of Criteria
and Alternatives (SECA) (2], method of Criterion Impact LOSs (CILOS) [1], etc.

It is clear that the monotonic a strictly decreasing function 1/a will preserve the order of
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the values in the list and invert the data, so that larger values become smaller and vice versa.
In this study, based on the analysis and simple examples, we will show that such an inversion is
not correct. A nonlinear transformation changes the data, or rather changes the distances be-
tween the values. This means that the normalized data is fundamentally distorted. Thousands
of studies in MCDM using nonlinear inversion of cost attributes based on a transformation
of the type 1/a should be recognized as inaccurate. As an alternative, the paper proposes a
linear method, Reverse Sorting (ReS), an algorithm that eliminates all the problems of non-
linear transformation. The ReS algorithm is a linear transformation and preserves the original
information about the object: dispositions of attribute values, preserves the relative positions
of the domains of different attributes and can be applied to both the original and normalized
data sets.

Although the basic publication of the linear inversion of ReS in the journal IJITDM 7] was
in 2020, very few studies use this method. Meanwhile, this is the simplest and most universal
inversion for both univariate and multivariate data. In this paper, the authors aim to show
that the only correct solution is to use the ReS inversion, which satisfies all the necessary
requirements for normalizing multidimensional data.

2. Methods: data transformation in multi-criteria optimization prob-
lems

In problems with a multidimensional data set, as a rule, preliminary transformation of the val-
ues of all features is required so that they fall into intervals of comparable size. This procedure
of bringing values measured in different scales to a conditionally common scale is defined as nor-
malization. Multidimensional normalization transforms data independently for each attribute.

2.1. Linear normalization

The general formula for linear normalization is:

zyj=——, i=1,...,m,j=1.n (3)
The shift coefficients @} and stretching-compression coefficients k; are different for each criterion.
This is due to the fact that the attributes of objects and the ranges of their values can differ
greatly from each other. Therefore, each of the attributes uses its own normalization scale and
the normalized values depend on the measurement scale and on the range natural values of the
attributes (r; = range;(a;;) = a*** — a}’”").

2.2. Invariance of attribute value dispositions under linear transforma-
tions

We define the disposition of the values a;; of the jth attribute for alternatives A, and A, as:

j |ap; — ag;l
Aa2(7]¢1) = a;naw _ a;rzin . (4)

Without taking into account the sign, the disposition is the relative distance between two
attribute values of alternatives A, and A,. It is easy to show [8, 9] that the disposition of the
values of the jth attribute for the alternatives A, and A, is an invariant with respect to linear
transformations = = L(a):

Aal) — |ap; — aqg;l _ |Tpj — T4 —AzD Wpg=1,...m, Vj (5)
rq qmar _ amin pmaer _ zmin pq>’ ’ [ :
J J J J
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The converse is also true: if the dispositions of two data sets are identical, then they are
linearly transformed into each other.

The interpretation of this property is that relative distances between data are preserved
under linear transformations. For a sorted list, property (5) has the following form:

N Git1j — Qi Titl,j — Tij N )
Aagj) St 1 M. A Y B sz(-J), i=1,...,m—1, Vj. (6)
Gmj — Q15 Tmj — L1y

Obviously, two such lists are ordered identically and differ in scale and position.

2.3. Invariance of dispositions of rating under linear transformations
of data

We apply a linear transformation of the form:
Ui Z.%‘ij/k—f'hj, (7)

to the normalized values. Here, the compression coefficient k is a fixed constant for Vj, and
the bias h; can be different for different attributes. That is, all attributes will be subjected to
the same compression or expansion, but the shift of the domains of different attributes may be
different. In the study [9], the invariance of rating dispositions was proven for the case of linear
(WSM) or homogeneous (TOPSIS) aggregation functions F, according to formulas (1) under
otherwise identical conditions.

Let us explain this important property.

Let us apply the MCDM rank model and determine the ratings of alternatives le) =
F(z;5,w;) in accordance with (1) for the normalized decision matrix ;;, and determine the

ratings of alternatives Q\” = F(u,;,w;) for the transformed decision matrix u;;. As the
aggregation function F, we use a linear function (WSM and similar) or a homogeneous function
(TOPSIS and similar). In both cases, we use the same aggregation functions and the same
weighting coefficients. Invariance of the rating dispositions means that

AQW =AQY, Vi=1,....m-1. (8)

From the equality of dispositions it follows that the ranks R; of the alternatives are the same
in both cases
RY =R® vi=1,...,m. (9)

Thus, a linear transformation of normalized data of the form w;; = z;;/k + h; does not
change the dispositions of the rating list and does not change the ranks of the alternatives if a
linear or homogeneous aggregation function is used.

2.4. Basic principles of multivariate data normalization

The basic principles of multivariate data normalization are set out in the recently published
monograph [8]. Preservation of the information content of the data after transformation in-
cludes:

(i) Preservation of the information content of the data in the context of each attribute: For
all linear normalization methods and linear transformations, the dispositions of natural values
for each attribute are preserved according to property (5). The use of nonlinear transformations
violates the structure of the original data and requires meaningful justification.

(ii) Alignment of normalized value scales: Each attribute has its own normalization scale,
which is not aligned with the normalization scale of other attributes. This is due to the different
range of values and different distribution of features in the domain. For multi-criteria problems,
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linear methods produce anisotropic scaling, when at least one of the scaling factors differs from
the others. There is a deformation of the multidimensional feature cloud. This can lead to the
priority of the contribution of individual attributes to the efficiency indicator of alternatives.
The degree of difference depends on the decision matrix D (on the problem) and the choice of
the data normalization method. Since it is impossible to reach a consensus on the alignment
of normalized value scales at the normalization stage, it is necessary to minimize possible
consequences when choosing normalization/inversion methods.

3. Data inversion procedures

3.1. Linear inversion of normalized values of the form (1-z)

One popular approach combines normalization and inversion. First, normalize all attributes,
and then perform a linear inversion of the form (1 — x;;) for the cost attributes. For example,
for the Max method, the normalization/inversion is:

aij

max ’

J

xij =

Vi, j, (10)

zij =1 — w5, for j € C; — cost criteria. (11)

In this case, if the normalized values z;; are shifted to 1, as for the Max method, then (1 —z;;)
will be shifted to 0 and the contribution of cost criteria to the integral indicator will obviously
be lower than the contribution of benefit criteria. However, since (11) is a linear transformation
of the form (7) (k=-1, h; = 1), then in accordance with property (8)-(9), this will not affect
the ranking and does not change the dispositions of alternatives in the case of using the WSM
or TOPSIS aggregation methods, including analogues.

Note that the above is also true for the inversion —z:

T;j 1= —wx;j, for j € C; — cost criteria. (12)

In this case, if the normalization transforms the values into [0, 1], then when using the
inversion (12) z;; € [—1,0].

Inversions (11), (12) are obviously problematic when using nonlinear methods of aggregating
normalized values of different attributes.

3.2. Nonlinear inversion of the form 1/a

Linear normalization procedures for benefit (C’;‘ ) and cost (C") criteria for the overall LTB
goal are as follows:

aij — a; 1/a;;
z;j = Norm(a;;) = %, forje Cf, = /ta”, for j € C} . (13)
J

J

1) Max/ iMax (inversion Max with non-linear inversion iMax)

1
xi; = Max(ai;) = aj =0, kj=ap for jeCl, tj=——0 forjeC;. (14)
a

min ’

)
k; ;

2) Sum/ iSum (inversion Sum with non-linear inversion iSum)

m m
Gij _ . _
%, a; =0, kj = E Qij, forJEC'j, t; = g P forgEC’j. (15)

J i=1 i=1 Y

Tij = Sum(al]) =
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3) Vec/ iVec (inversion Vec with non-linear inversion iVec)

m 2

Aij *
Tij = V@C(ai]’) = F’ aj = 07 kj =
J

,for j € C; . (16)

Note that the normalization coefficients t; are constants for fixed j (and similarly k;), and
therefore all three inverse normalizations (13)-(16) are inversions of the same type using the
1/a transformation. Note also that when choosing the overall goal of the STB problem, it is
necessary to swap the formulas for the benefit and cost criteria. In MCDM problems, as a rule,
the general goal is LTB and transformations (13)-(16) are used.

Disadvantages of the 1/a transformation:

1) with the 1/a transformation, interpretation of the normalized values is difficult. To
interpret the normalized values, the connecting term “share of” is used, for example, the share
of the largest value. In the case of normalization (13)-(16), the value 1/a;; in the numerator of
these formulas does not make sense,

2) the first requirement for normalization is to preserve the proportions between the values
(preserve dispositions by Eq.(6)). In accordance with Section 2.3, dispositions are invariant with
respect to linear data transformations. Inverse normalizations iMax, iSum, iVec are nonlinear,
and, therefore, the data and the object are distorted. The acceptability of formulas (13)-(16)
is due only to the fact that these distortions are not so great, and in some cases do not affect
the final result,

3) the second requirement for normalization is the agreement of the domains of normalized
values of different attributes. Agreement of the normalizations for the benefit criteria and the
cost criteria is achieved if the domains of the normalized values x;; are comparable. With the
1/a transformation, this requirement is met only for the iMax normalization, but for the i{Sum
and iVec methods this is not the case. The domains of values for the benefit and cost criteria
are shifted, which leads to a change in the rating.

3.3. Reverse Sorting inversion (ReS)

The Reverse Sorting algorithm is universal, preserves value dispositions, preserves domain posi-
tions, and can be applied to both the original (17) and normalized (18) data set for jth criteria
[7, 8]

aij == —aij + a4 a]"", for j € ;. (17)

Tij = —xiy + —|—x}"i", for j € C; . (18)

According to (17) and (18), the following are possible for the normalization option. First,
using (17), an inversion is performed for the cost criteria for the original decision matrix, and
then one of the linear normalization methods is applied. Another option is to first perform one
of the linear normalization methods for the entire decision matrix, and then, using (18), an
inversion of the normalized cost criteria values is performed.

In the study [7] it is shown that ReS(Max(a)) = Max(ReS(a)), but ReS(Sum(a)) #
Sum(ReS(a)) and ReS(Vec(a)) # Vec(ReS(a)). The dispositions of the values are preserved,
but there is a shift in the domains for the case of Sum(ReS(a)) and Vec(ReS(a)) from the
corresponding domains when normalizing Sum(a) and Vec(a). Therefore, it is recommended to
use the sequence: normalization-inversion, i.e. formula (18).

The ReS transformation equally inverts both the cost criteria and the benefit criteria. For
example, you can invert the values of the cost attributes and then solve the LTB problem, or
invert the values of the benefit attributes and then solve the STB problem.
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As is known, for optimization problems, the LTB goal is changed to the STB goal by simply
changing the sign of the objective function. The known inversions using this simple technique
are presented above in Section 3.1:

Iij = 7:17ij, (19)

Ty = 1-— Lij- (20)

In the first case, the cost criteria domain becomes negative in contrast to the positive values
for the benefit criteria. In the second case, there is a strong shift in the data — antiphase. It is
obvious that ReS is a modification of the above methods. In formulas (17) and (18), an exact
shift in the domain of values is performed, which allows preserving the domain of values after
the inversion. This is precisely what eliminates the problem of changing the contribution of the
attribute to the integral rating under the shift.

According to the results of Section 2.3, the WSM (or TOPSIS) model with the ReS inversion
is equivalent to the WSM model with the inversion z;; := —u;; (for j € C; — cost criteria) and
is also equivalent to the WSM with the inversion z;; := 1 — a;; (for j € C; — cost criteria),
where x;; is obtained using any linear normalization method. In all three cases, AQ; are the
same, which produces the same ranks of alternatives. In particular, this property excludes the
approach of separately accounting for the contribution of benefit and cost criteria in the WSM
model (the Ratio System approach) in the form:

g n
Qi =Y wiwy— Y wjzi, (21)
j=1

Jj=g+1

Where ¢ is the number of benefit criteria.
Note also that the ReS transformation is equivalent to the generally accepted inversion for
the Max-Min normalization method:
i _ J _ J
m;naz + x;nm —z;;=1+0— gz _ gmin . gmaz _ gmin” (22)
J J J J

— al-j aij —a

A significant advantage of the ReS transformation is the universality of combination with
any normalization methods (including normalization of TTB-type criteria and nonlinear nor-
malization) and combination with any methods of aggregation of various attributes.

3.4. Illustrations comparing the nonlinear 1/a inversion and the linear
ReS inversion

The final illustration in Fig. 1, 2 and 3 compares the nonlinear inversion 1/a and the linear ReS
for the Max, Sum and Vec normalizations for the following vector of one of the attributes for 8
alternatives: [1056 2680 1230 1480 1350 2065 1650 1750]. The ReS transformation is performed
for the pre-normalized data using formula (17). Figure 1 illustrates the linearity property for
ReS and the nonlinearity of the inversion based on the 1/a transformation for the Max, Sum
and Vec normalization.

The areas of the normalized values are equal only for the Max/ iMax normalization, but
there is a slight shift for the Sum/ iSum and Vec/ iVec methods. For the case of iSum, i Vec,
a shift in the domain of values towards a decrease is observed, which means a decrease in the
contribution of this attribute to the overall integral indicator. Figure 2 shows the dispositions
between the normalized values for ReS and the nonlinearity of the 1/a transformation.

Figure 2 shows the dispositions Az; by Eq.(6) between the normalized values for ReS and
the nonlinear inversion of i{Sum. The ReS transformation preserves the dispositions Az; of the
original data and has a center of symmetry when displayed. For the inversion of iMax, iSum,
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1Vec, the dispositions do not correspond to the dispositions of the original data; the center
of symmetry is absent. For some points, the dispositions differ by up to x2 times. This is a
significant violation of the structure of the original data. Note that Az; for iSum and ¢Vec will
be the same as for iMax, since the formulas differ only in the denominator, which is constant
for fixed j and therefore does not affect Az; (see also the values of Az; in Figure 2). Note also
that ReS inversion together with linear normalization (Sum, Vec, Max-Min,...) preserves the
dispositions of the attribute values unchanged according to property (5) or (6). They are the
same as for natural values. This is the universality of ReS inversion.

Normalized value, x.
o
=

Sum

—&— Sum()
——————— —e—iSum =
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Figure 1: Normalized and inverted values using the 1/a and ReS technique.

I8
: 0.07
N 0.38 008
> pg 013 0.10
g 0.11 019 0.06
g 0.12 ‘ 0.19
o 0.06 0.06
g 0801 0.10
= : 0.08
© 0.38
£ 019 0.07
5 0.1
2 04
0.2
i.Max Max Max ReS

0.25

0.2

0.15

041

0.05

0.1
0.07
0.23 0.38 0.08
‘ 0.10
0.06
0.13 019
0.1 0.19
0.06
0.12
0.10
0.06 0.08
0.15 0.07 0.38
019 0.11

.SumSum  Sum ReS

0.6

05

04

03

0.2

01

1650 2680
Natural value, a;
0.1
0.38 656
0.23 0.10
0.06
0.13 0.19
0.1 0.19
0.06
e
‘ 0.08
0.15 007 0.38
0.19 0.1
i.Vec Vec Vec ReS

Figure 2: Distortion of dispositions with a nonlinear inversion of 1/a compared to a linear
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Figure 3: Polyhedron of attribute dispositions for different normalization/inversion methods.

Figure 3 shows the polyhedron of attribute dispositions for the original data normalization
method Max and the inversion of iMax and ReS. The data polyhedron for Max normaliza-
tion (which is the same for natural attribute values) coincides with the polyhedron for data
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obtained with ReS inversion up to mirror symmetry, but differs from the data polyhedron for
tMax normalization. Figure 3 demonstrates object scaling during ReS transformation, i.e. the
proportions in the data are preserved, unlike the nonlinear transformation based on 1/a.

3.5. A simple example demonstrating that the widely used 1/a trans-
formation for inverting values of attributes introduces structural
inconsistencies into normalized data

In addition to the example presented in Section 3.4, we will give a simpler and more illustrative
example of incorrectness of the inversion of the 1/a type. Let the settlements A, B, and C
have 1, 2, and 3 thousand people, respectively. Several more features are defined for these three
settlements, which we will omit from consideration. Let the problem be to select one of the
settlements for the construction of a logistics warehouse. Let the decision maker give priority
to the settlement where the smallest number of people live. Accordingly, “opulation” is the
STB criterion. We normalize and invert the data using the Max, iMax, and ReS methods. The
results are presented in Table 1.

Settlement | Population (a), | z=Max(a) ReS(a) iMax ReS
1000 people a Aa,% r  Az,% r Az,%
A 1 173 3 - 1 - 1 -
B 2 2/3 2 50 1/2 75 2/3 50
C 3 1 1 50 1/3 25 1/3 50

Table 1: Results of normalization/inversion for the problem of choosing a settlement.

Now let’s compare the ratios A of the population in settlement A, B and C obtained by different
methods using the formula of disposition (5). The iMax inversion significantly changed the
population shares in localities A, B and C after normalization by 75 and 25%, respectively,
compared to the original values of 50 and 50%. This simple example demonstrates that the
nonlinear inversion of cost attributes of the 1/a type introduces structural contradictions into
the normalized data. The current data do not correspond to the attributes of the original object
and, therefore, the results of further data processing will be incorrect.

4. Numeric examples

Example 1. The first example shows how significantly the ranking of alternatives A; and Ay
for the CODAS/iMax method changed when using the ReS inversion (Table 2 and 3). The
original data (Table 2) are from the article promoting the CODAS method [3].

Criteria Cf Cy C3 Cy Cy
Aq 60.00 | 0.40 | 2540 | 500 | 990

Ay 6.35 | 0.15 | 1016 | 3000 | 1041

As 6.80 | 0.10 | 1727 | 1500 | 1676

Ay 10.00 | 0.20 | 1000 | 2000 | 965

As 2.50 | 0.10 560 | 500 | 915

As 4.50 | 0.08 | 1016 350 508

A7 3.00 | 0.10 | 1778 | 1000 | 920
Weight,w; | 0.036 | 0.326 | 0.192 | 0.326 | 0.120

Table 2: Input data: Decision matriz.
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The results of solving the multi-criteria choice problem for various MCDM models are pre-
sented in Table 3.

CODAS/Max/iMax | CODAS/Max/ReS | WSM/Max/iMax | WSM/Max/ReS
R| Q A AQ: | Qi Ar AQ: | Qi A AQi | Qi Ar AQ
1] 2.19 2 -1 231 2 - 1063 2 -10.68 2 -
2| 1.21 1 22.8 | 1.26 4 26.0 | 0.56 4 18.1 | 0.61 4 18.2
3| 111 4 2.5 | 0.86 1 9.7 1053 1 871053 1 22.0
41-031 3 329 1 -033 3 295 | 043 3 257|047 3 149
5 |-047 5 3.9 |-078 5 11.1 )1 040 5 941040 5 202
6|-1.63 7 270 | -1.58 7 196 | 032 7 199 | 0.36 7 9.6
71-210 6 10.9 | -1.74 6 401025 6 1831030 6 15.1

Table 3: Rank list (R) of alternatives A; and performance indicators Q, AQ(%) for models
CODAS/Max/iMaz, CODAS/Mazx/ReS, WSM/Max/iMax, WSM/Maz/ReS.

Even a small difference in the inversion of just one attribute changed the ranks, not to
mention the ratings. WSM in this example serves as a test method. The value of AQ for the
sorted list of ratings shows how much the alternatives of rank p and p+1 differ. With a small
difference, such alternatives can be defined as indistinguishable or as alternatives of the same
rank [8, 10].

Example 2. The second example shows how significantly the weight of the criteria for the
objective MEREC/Max/iMax method has changed in contrast to MEREC/Max/ReS. The
original data (Table 4) are from the article promoting the MEREC method [6].

Criteria [ C]T [ CJ | CF | C; | C5 Cy, | C7
Ay 23 [ 264 | 2.37 [ 0.05 | 167 | 8900 | 8.71
Ay 20 | 220 | 2.20 | 0.04 | 171 | 9100 | 8.23
Az 17 | 231 | 1.98 | 0.15 | 192 | 10800 | 9.91
Ay 12 | 210 | 1.73 | 0.20 | 195 | 12300 | 10.21
As 15 | 243 | 2.00 | 0.14 | 187 | 12600 | 9.34
Ag 14 | 222 | 1.89 | 0.13 | 180 | 13200 | 9.22
Ay 21 | 262 | 2.43 | 0.06 | 160 | 10300 | 8.93
Ag 20 | 256 | 2.60 | 0.07 | 163 | 11400 | 8.44
Ag 19 | 266 | 2.10 | 0.06 | 157 | 11200 | 9.04
Ao 8| 218 | 1.94 | 0.11 | 190 | 13400 | 10.11

Table 4: Input data: Decision matriz.

The weights of the criteria are presented in Table 5.

method w1 Wa w3 Wy Wy W wry
wD . MEREC, Max/iMaz | 0.324 | 0.055 | 0.086 | 0.368 | 0.044 | 0.077 | 0.045
w® . MEREC,Max/ReS | 0.266 | 0.058 | 0.082 | 0.409 | 0.049 | 0.085 | 0.050
Relative change,% -18 5 -5 11 11 10 11

Table 5: Criteria weights based on the MEREC method, using iMaz and ReS inversion.

For the MEREC method, when using the linear inversion of ReS, the weight of the first and
third criteria decreased, and the weight of the remaining criteria increased. The weight changes
are significant. Table 6 presents the results of ranking alternatives for the WSM model using
different weighting coeflicients (according to Table 5) and within the iMax and ReS inversion
methods.
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wD iMax w® | ReS w®  iMax w®, ReS
R Qi Ay AQ | Qi A AQ: | Qi A AQi | Qi Ay AQ;
1 10930 2 -10969 1 -10.937 2 - 10967 1 -
2 10913 1 3.6 | 0931 2 7.8 1 0.905 1 6.7 | 0.938 2 5.8
3 10828 7 18.6 | 0.917 7 2.8 1 0818 7 183 | 0917 7 4.2
4 1078 9 95 10884 8 6.6 | 0.780 9 81 0883 8 6.6
5 10778 8 1.3 10873 9 2.1 10766 8 2.8 | 0.878 9 1.0
6 | 0589 3 41.5 | 0.659 3 43.3 | 0.571 3 41.2 | 0.649 3 45.6
7 10565 5 5.2 10.646 5 2.7 10553 5 3910643 5 1.4
8 | 0.550 6 3.2 | 0.641 6 1.0 | 0.541 6 24 | 0.642 6 0.1
9 | 0481 10 152|058 1 11.0 | 0.488 10 11.2 | 0.606 10 7.2
10 | 0472 4 2.0 0473 4 22.8 | 0.463 4 5.3 | 0.465 4 28.0

Table 6: Rank list (R) of alternatives A; and performance indicators Q, AQ(%) for models
WSM/Maz/iMazx, WSM/Maz/ReS.

MEREC weighting method use iMax and ReS inversion. In this example, the ratings and
ranks of alternatives change in the WSM /Max/iMax and WSM /Max/ReS models with fixed
weights. For the model with different weights: w(") and w(® the integral rating of alternatives
changes insignificantly, and the ranks of alternatives do not change.

Example 3. The third example shows how significantly the weight of criteria for the ob-
jective SECA, Max/iMax method has changed in contrast to SECA, Max/ReS method. The
original data (Table 4) are from the article promoting the SECA method [2]. The weights of
the criteria are presented in Table 7.

method w1 Wo w3 Wy ws We wy
w® : SECA, Maz/iMaz | 0.153 | 0.151 | 0.126 | 0.178 | 0.118 | 0.159 | 0.116
w® : SECA, Max/ReS | 0.156 | 0.147 | 0.124 | 0.173 | 0.113 | 0.169 | 0.118
Relative change,% 2 -3 -2 -3 -4 6 2

Table 7: Criteria weights based on the SECA method, using iMax and ReS inversion.

For the SECA method, when using the linear inversion of ReS, the weights of the first, sixth
and seventh criteria increased, and the weights of the remaining criteria decreased. The change
is small, about 5%, which apparently will not affect the ranking. Table 8 presents the results
of ranking within the weight change.

w® iMaz w®, ReS w® | iMax w®, ReS
R Qi Ay AQ: | Qi A AQ: | QA AQi | Qi Ay AQ;
1 10939 1 - 10967 1 -10940 1 - 10968 1 -
2 | 0.921 2 5510932 7 10.3 | 0.922 2 5.6 | 0.931 7 10.7
3 0.884 7 11.8 | 0.924 2 2.4 | 0.884 7 12.0 | 0.925 2 2.0
4 | 0.856 8 8810912 8 3.4 086 8 8910911 8 4.1
5 1 0.847 9 291085 9 5.0 0.846 9 3.1 10893 9 5.1
6 | 0.711 3 42.9 1 0.750 3 42.4 |1 0.713 3 41.9 | 0.752 3 41.5
7 |1 0.698 5 3.9 | 0.741 5 2510699 b5 4.5 | 0.741 5 3.1
8 | 0.678 6 6.3 0725 6 4.8 | 0.679 6 6.4 0724 6 5.0
9 10632 10 1451|0684 10 119 0.632 10 149 0.682 10 12.3
10 | 0.621 4 3.5 0625 4 17.2 1 0.623 4 2.8 | 0.627 4 16.2

Table 8: Rank list (R) of alternatives A; and performance indicators Q, AQ(%) for models
WSM/Mazx/iMax, WSM/Max/ReS.
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SECA weighting method use iMax and ReS inversion. In this example, the ratings and
ranks of the alternatives change in the WSM/Max/iMax and WSM/Max/ReS models with
fixed weights. For the model with different weights: w®) and w® the integral rating of the
alternatives changes insignificantly, and the ranks of the alternatives do not change.

5. Conclusions

All the above arguments and examples indicate that the use of nonlinear inversion of the 1/a
type transforms the data incorrectly. Nonlinear data inversion does not have a reasonable
interpretation of values and leads to a violation of mutual distances in the original data. The
measurement scales of various attributes are not consistent and there is a shift in the domains of
normalized values. The ReS algorithm eliminates all the shortcomings and is recommended for
use in inversion of values when coordinating the optimization goals of a multi-criterial problem.

ReS inversion is superior in all respects to existing inversion methods. Cost criteria are in-
verted consistently with normalized benefit criteria. It should be emphasized that ReS inversion
is a logical development of the -z, and (1-z) transformations.

There is no need to exclude from the collection of methods MCDM methods that use the 1/a
inversion. The authors systematically promote the concept of a multi-model [10], including the
triple (F, W, Norm) of Normalization /Inversion-Weighting-Aggregation methods. It is sufficient
to use ReS inversion instead of the nonlinear 1/a inversion. There are no technical problems
to replace the normalization/inversion method in any of the MCDM methods. Examples are
Max/ReS, Sum/ReS, Vec/ReS and others. Moreover, the ReS transformation is compatible and
consistent with any of the nonlinear normalization methods. In this case, changes in the rating
of alternatives in many cases, as shown in the examples of our article, will be insignificant and
may not lead to changes in the rank of alternatives.

Data inversion is also relevant in objective methods of assessing the weight of criteria based
on information contained in the decision matrix. Therefore, in such methods as EWM, MEREC,
SECA, CILOS, instead of nonlinear inversion 1/a, it is recommended to use ReS inversion.

In MCDM methods, it is difficult to check the adequacy of the result, since the optimality
criterion is relative. However, our criticism of nonlinear inversion is simple and clear — it is a
violation of mutual distances in the data, which distorts the description of the objects of choice.

A more radical result is presented in a recently published [11]. It is shown that as soon as
MCDM models use the same linear normalization method and linear inversion, it turns out that
a whole range of MCDM models (WSM, RS, MABAC, TOPSIS(L;), MAIRCA and RAWECQ)
are equivalent — they always have the same ranking of alternatives and the same dispositions
of the performance indicator.

One of the unresolved issues remains the question of which data set should the ReS inversion
be applied to, the original data, according to (17), or the normalized data, according to (18).
Although in both cases the dispositions in the data are preserved, the values are shifted. The
authors also believe that further research is required in the direction of synthesizing a solution
based on the ratings obtained in different MCDM models combining different combinations of
the Normalization/Inversion-Weighting- and Aggregation methods. The tendency to synthe-
size solutions based on a large number of MCDM models is based on the assumption that each
method includes different relationships between alternatives, which increases the overall infor-
mation content and improves the reliability of the result. This premise suggests defining a list
of acceptable methods for solving a specific problem. These methods should be independent
and reflect different relationships between alternatives.
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Abstract. This study develops a production inventory model that accounts for imperfect production
processes, acknowledging that a certain percentage of items produced are defective, reason being la-
bor inefficiencies and machinery malfunctions. These defective items are identified and are segregated
during the quality check and inspection phase and sold at a discounted price. The model incorpo-
rates economies of scale, whereby production costs decreases as productivity increases, and represents
production costs as a diminishing function of productivity. Furthermore, the demand rate is modeled
as dependent on advertising frequency and selling price, impacting significantly the product demand.
The primary objective of this research is to determine the optimal advertising frequency, selling price,
and the production cycle that maximize overall system profit. A numerical illustration is provided to
validate the model, and a sensitivity analysis is conducted to assess the stability of the system. The
findings reveal that increased demand reduces production time and raises pricing potential that leads
to boosting of profits. Higher production rates improve efficiency and lower unit costs, while a higher
defect rate and rising holding costs adversely impact profitability, which illustrates the importance of
quality control and efficient inventory management. These insights highlight the model’s practicality
and innovation, offering valuable guidance for optimizing operations, managing costs, and achieving
sustainable growth.

Keywords: advertisement dependent demand, imperfect production, production model, selling price,
variable production cost
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1. Introduction

Many inventory practitioners investigated numerous aspects of inventory modeling in the recent
decades by assuming an unvarying demand rate. Yet, in reality, an item’s demand, over the
time remains in a dynamic condition. A product’s selling price is an extremely crucial aspect in
today’s cut-throat market competition. In addition to price, advertising is another marketing
factor that influences demand. Advertising enables businesses to reach a broader audience,
including new or untapped markets. As a result, it can lead to increased demand from previ-
ously untargeted consumer segments. Thus, advertising is a vital tool for businesses to attract
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customers, increase sales, and stabilize success in competitive markets. Consequently, an item’s
demand may be thought of as being impacted by both its advertisement’s frequency as well
as the selling price. By incorporating price-reliant demand, researchers like [9], [11] and [20]
presented their studies for deteriorating items. An inventory framework was discussed by [8] for
products that do not deteriorate immediately, with a price-reliant demand. With sales returns,
scrap as well as reworking, [24] created models in an imperfect production system. However,
authors considered the demand rate as price-reliant in their study. [12] presented an inventory
framework with deterioration as well as amelioration under trade-credit policy. Shortages were
not permissible in this analysis, while the demand rate was thought to be price-reliant.

In all the above models the impact of advertising on demand was not taken into account in
their studies. But authors like [19] and [17] projected their studies by incorporating demand
as dependent upon the advertisement’s frequency as well as the selling price. A retailer’s joint
pricing study was explored by [16] by utilizing a trade-credit strategy that incorporates price
as well as advertisement’s frequency dependent demand. Authors permitted shortages in this
analysis while both the deterioration rate and the cost of holding of items were constant. Re-
cently, a supply chain paradigm was presented by [6] incorporating demand as dependent upon
advertisement’s frequency as well as the selling price. Authors allowed shortages to occur in
this presented study.

Among the most crucial components of a business tactic is its production system. An efficient
production system ensures that resources are used optimally, minimizing waste of materials,
time, and labor. This leads to cost savings and improved profitability for businesses. To mini-
mize product overstocks and shortages, the firm should properly manage its production process
in order to benefit the business. Researchers like [27] and [23] introduced production inventory
models involving decaying products. An EPQ paradigm for items that were ameliorating dete-
riorating in nature by incorporating ramp type demand was formulated by [10]. For decaying
goods which were non-instantaneous in nature, [25] gave an EPQ framework under no shortages.
This study evaluated holding cost as contingent on time whereas the rate of production was
treated as demand rate dependent. To identify the optimum rate of production, [1] proposed
a production inventory framework for an agricultural commodity. Costs such as deterioration,
transportation and holding cost were considered as unvarying in the proposed study. After that,
[13] presented a production model by incorporating advertisement and price-reliant demand for
defectives. As production rate was treated as higher in comparison of the demand rate, thus
shortages were not permitted in this developed study.

In all the above models impact of varying production cost has not been considered in their
study while it is essential in determining a firm’s profitability, competitiveness, pricing strategy
and overall financial health. It is commonly seen that when demand raises, production rates
rise, which decreases the cost of production per unit. Hence, the unit production cost per unit
depends upon production or demand. In line with this, only few authors considered variable
production cost in their studies. [14] proposed a deterministic model by incorporating variable
production cost as well as stock-reliant demand for damageable products. [22] explored an
imperfect production system stating the unit production cost was treated as a function of the
finite production rate. Two EPQ models with or without shortages were studied by [15] for
deteriorating items. For developing models, authors treated that the production rate along with
the unit production cost were inversely correlated whereas rate of production rate was propor-
tional to the demand rate. [5] demonstrated a production replica by treating the production
cost per unit that significantly increases with regard to production rate of the system, where
as in the presented model we have considered that as the system’s production rate increases,
the cost of production per unit decreases.

A number of research studies that are available believe the products generated by a production
system are perfect. While in reality it is not true. Due to the various challenges encountered
in a lengthy production process, a certain ratio of produced items is defective. Therefore, the
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things that are defective may be addressed as a consequence of the production’s imperfection.
Authors, including [3] and [4] presented their inventory models incorporating imperfect pro-
duction. After that, [21] presented imperfect production structure that incorporates an EPL
framework under no shortages. In this study, the production’s rate was used as a decision-
making measure. [26] introduced their study for deteriorating and imperfect quality under no
shortages. However, the demand rate, deterioration rate and the production rate was unvarying
in nature. In support of imperfect quality products, [18] demonstrated an inventory paradigm
by including partial trade credit. But demand for the products was treated to be reliant upon
advertisement, only in the mentioned model. After that, [7] gave a framework than incorpo-
rates an imperfect production model under screening and shortage constraints, considering a
non-linear time-reliant demand function in this study. In order to maximise total profit, [2] rec-
ommended an imperfect manufacturing system. This research was developed under shortages
by incorporating demand as reliant upon selling price only.

2. Research gap

A key research gap identified in the existing literature on inventory and production models is the
limited exploration of variable production costs in imperfect production systems, particularly
where production costs are influenced by economies of scale. While some studies have incor-
porated price and advertisement-dependent demand and even addressed imperfect production
and defect rates, many models assume fixed production costs, which do not account for the
real-world scenario, where the production costs per unit decrease as production rates increase.
Furthermore, although some studies have addressed imperfect production, few have considered
the combined impact of both advertising and production costs on overall profitability. Existing
models also often neglect fluctuating production costs as a function of both demand and produc-
tion rate, which is crucial for accurate decision-making in dynamic and competitive markets.
Addressing this gap by developing a model that integrates variable production costs, selling
price, advertisement-dependent demand, and imperfect production processes could lead to a
more realistic approach to optimizing inventory and production systems. Thus,

e A production inventory model with imperfect production has been presented.

e Several business tactics, like advertisement frequency, selling price, and variable produc-
tion cost are combined to create a system to support decisions.

e As the production process is not 100% reliable; during the inspection procedure, defective
products are isolated and offered for sale at a reduced cost.

e The production rate is thought to be reliant on demand and reflects real-world scenarios.
e Production cost per unit reduces as the production rate of the system rises

e Optimal values of advertisement frequency, selling price, and production period are cal-
culated, which optimize the system’s overall average profit.

3. Assumptions and notations

The underlying presumptions that guided the creation of the suggested model are outlined in
this part.

1. This is a single item inventory system with finite rate of replenishment.

2. The period between placing an order and its delivery is assumed to be negligible.

3. The rate of demand is reliant upon advertisement’s frequency as well as selling price which
is given by (o — BPY)A? where « >0, 0<B3<1, A>0,0<60 < 1.

4. Production rate is regarded as contingent upon demand rate which is given by P = n(a —
BPY)A?.
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5. An inspection is done after the production of items. The inspection cost is given by ¢; =
co+c3 fot ' Pdt , where cy represents the initial cost to set up the inspection process, regardless
of the number of items produced; this cost remains constant and cz represents the cost per unit
of inspection effort.
6. During assessment, a specific percentage of the total number of produced is discovered to be
defective and these flawed products are available for sale at a discounted value.
7. This model assumes that the production cost per unit decreases as the system’s production
rate rises. It is given by the term (A — pP). Here (A — uP) must remain positive for meaningful
production. If P exceeds a certain level, the cost per unit could become zero or negative, which
is unrealistic. A reflects the base cost of manufacturing one unit without considering production
scale. p is the cost sensitivity to production rate. As the production rate (P) increases, the
per-unit cost decreases. This models situations where higher production reduces fixed costs per
unit or achieves efficiencies (e.g., bulk purchasing, better utilization of machinery).
The key applications for this cost function are mentioned as follows.
Cost Optimization: Businesses can use this function to determine the optimal production
rate (P) where per-unit costs are minimized, balancing economies and diseconomies of scale.
Pricing Strategies: Understanding how costs change with production allows firms to set
prices competitively while ensuring profitability.

The notations are as follows:

a, B,7,0 : demand parameters,
n : production parameter, 7 > 1,
A : number of advertisement frequencies conducted per month, A € N|

: selling price in $ / unit,

iS]

T : replenishment cycle,
t1 : production period,
A : initial production cost in $ / unit,
w1 : production cost parameter, p > 0,
£ . set-up cost,
0 : percentage of imperfect products, (0 < ¢ < 1),
c1 : cost for per advertisement,
P : production rate,
: percentage discount offered to imperfect products,
h : holding cost per unit per unit time,
co @ fixed cost of inspection,

c3 : variable part of inspection cost.

4. Mathematical formulation

The production cycle (Figure 1) starts with zero-inventory and production begins at ¢ = 0.
During time [0, ¢1]| inventory builds up, adjusting demand in the market. At ¢ = ¢;, production
stops. After that, through the period [t1, T, this stock level reduces owing to market demand
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and approaches the zero level at ¢t = T.

Stock Level
A

- Time

t1 T

Figure 1: Inventory behavior with respect to time.

The differential equations showing the inventory system’s behavior at any moment ¢ are
given by

%t) =n(a— Bp") A’ — (a — Bp")A°, 0<t<t, (1)

with boundary condition I(0) =0,1(T) = 0.
These equations’ solutions are as follows

I(t) = (n—1)(a = Bp") A%, 0<t<t, 3)
I(t) = (a — Bp)AY(T —t), t <t<T, (4)

with the help of equation (3) and (4), the relation in and T as

Total production = fot Pdt.
T.P. = nA%(a = Bp")t (6)

The expense incurred by storing goods for a period of time is known as holding cost:

Holding cost = h </t1 I(t)dt+ /T I(t) dt) ,
; g M

-1+ (- )]

H.C.
¢ 2

If A is the advertisement’s frequency then the cost associated with the advertisement will
be

Advertisement cost = Acy. (8)

If ¢ is the percentage of imperfect items, then the revenue (R1) generated from the perfect
items will be

Ry = p(1 = &)nti (o — pp) A°. 9)
All the defective items are available for sale at discounted price xp where 0 < x < 1 so the sales
revenue (R2) generated from the defective items will be

Ry = xponti(a — Bp7)A°. (10)
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So, total sales revenue = Ry + Ry,

Sales revenue = p(1 — &)nt1 (o — Bp?)A? + xpont1(a — Bp7) A°. (11)

The expenses related to assembling all necessary equipment for manufacturing are provided by

Set up cost = &. (12)

Since the production procedure is not 100% reliable, through production a few defective items

are also produced. So to separate the imperfect items all the produced items has to undergo
an inspection procedure. The cost associated for the inspection of items is given by

ty
Ci:CQ+Cg/ Pdt,
0

(13)
c; =co + CS’I]AO(O( — BP)t;.
If A is the initial production cost per unit in that case the total production cost will be
t1
P.C. = / P(X — uP)dt,
0 (14)

P.C. = (o — Bp") A% (X — pn(a — Bp") A%)t.

The system’s overall average profit may now be calculated as

1
T.AP.(t1,A,P) = — [Sales revenue — Set up cost — Inspection cost
nt1 (15)

— Holding cost — Advertisement cost — Production cost],

T.AP.(t1,A,P) = i (P(l — 8)nt1(a — Bp?)A?) + xponti (o — BpT) A’ — € —¢s

ey A%(a -y - Mem DA

2
(o= A7) A’ (A = (o — Bp")A%)n ).

[(n — 1)i2 + (nt — t2)] — Acy (16)

5. Solution procedure and algorithm

Now the problem can be formulated as:

Max T.A.P.(t1,A,p)

with constraints 0 <t¢; <T and p > A

Under the following conditions
a>0,0<B8<l,y>0,0<0<1, A>uP, 1<A<L10

We use the following algorithm to determine the model’s optimal solution.

5.1. Algorithm

For all the constant parameters employed in the model
Step 1l:Initialize A =1
Step 2: Determine optimal values of decision variables ¢; and p, subject to given constraints
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Step 3: Calculate the optimal solution T.A.P. (¢1, A, p)
(a) For a fixed value of A, put

OTAP(t,Ap) _ o ITAPM,Ap) _ (17)
oty Ip

(b) Solve these equations simultaneously for critical points.

The determinant of the Hessian exists, but it’s symbolic form is prohibitively complex for
presentation. Thus, we determine negative definiteness by examining the leading principal
minors according to Sylvester’s criterion and find the optimal value.

Step 4: Set A, =A+1

Recalculate T.A.P(t;, A1, p1) using new A; & compare T.A.P(t1, A1,p1) with T.A.P(¢1, A, p)
Step 5: If T.A.P(t1, A1,p1) > T.A.P(t1, A, p), then: Set A= A,

Repeat Step 3 and Step 4

Else: Proceed to Step 6

Step 6: Set (t1, A1,p1) = (¢, A*,p*) as the best solution.

Step 7: Calculate T.A.P*(t5, A*, p*)

Return the optimal solution (¢}, A*, p*)

End Algorithm.

5.2. Hessian matrix

For optimal value of p and ¢t;. We differentiate the total profit function with respect to p and
t; and equating to zero:

8TAP(t1,A,p) 1

= —5Ah(a = p B) (=1 +n) +

1 E+Aatoe
ot )

, (18)
nt3

OT.AP(t,, A, p)

S a0 (2pal1 -+ (<14 208} = 2B+ L+ (<14 203)

+ 4A°p* Y B2 ymu + 2p7 By (A — 24% anp) (19)
+2p7Byes + hp? By(—1 + Tl)tl)-

The optimal solutions p* and ¢1* can be obtained by solving the resultant system after setting
the equations (18) and (19) to zero:

8*T.A.P 9°T.A.P
_ ot2 dt10p
H= *T.A.P 8*T.A.P |~ (20)
Opot, op?

3T.A.P(t1, A,p) _ 2(5 + Acy + Cg)

ot nty

<0, for £€>0,A>0,c1 >0,c0 >0,n>0. (21)

It shows D; < 0 (negative definite):

O°T.AP.(t, A, P)
Op?

1
= 5149172”573(1% t1), (22)
where

B(p,t1) = = 2p(1+7)(1+ (=1 + x)6) + 4A°p7B(—1 + 2y)np
+2(=1+9)(A = 24%mu) +2(—1+y)es + (=14 7) (=1 + )t
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O?T.AP.(t1,A,P) O*T.AP.(t;,A,P) 1
s A L = _Ahp TP By I (p, ). 24
oot 9,0p 5 AT By (p ) (24)
The determinant of the Hessian is given by

_ 1 0, =2+

where

J(p,t1) = (32p£n + 32py€n — 32pd&n + 32pxd&n — 32pydEn + 32pxydEn + 32ENA
— 329EnA — 64A%aln® 1+ 64A°p7 BEn* 4 64A° aryén® p — 128A°p7 Byén” i
+ 32€ncs — 32yEncs + 8héty — 8hyEty — 24hnéty + 24hyénty + 16hEnt,
— 16hy&n°ty — A°hPp" Byt + 6 A°hPp7 Bynt} — 13A°K>p Byn?t]
+ 124°R2p7 yn’t} — A R2pY Byntt} + 8Acy (4n(p(1+ ) (14 (=14 x)5)  (26)
— 24D B(=1 4 2y)np — (=1 +7)(A = 24%np)) — 4(=1 +7)nes
—h(=1+7) (1 =3n+2n*)t1)  +8co(dn(p(1+7)(1+ (=1 + x)9)
—24°B(=1+ 2y — (=14 7)(A = 24%mp)) — 4(=1 4 y)nes
h(=1+7)(1 =35+ 2772)151)).

The second derivative with respect to ¢; has been shown analytically to be negative under the
stated parameter assumptions. The symbolic determinant of the Hessian is prohibitively large
for closed-form presentation. Consequently, we verified the sign of the determinant numerically:
we evaluated Do=det(H ), across the feasible ranges of p and ¢; and for the parameter values
considered in this study. In all tested cases the determinant was strictly positive while D; < 0.
Hence, by Sylvester’s criterion the Hessian is negative definite on the feasible domain and the
stationary point is a (global) maximizer in the admissible region.

6. Numerical example

These following are the inputs used to calculate the numerical results. Mathematical software
Mathematica 11.3 has been used to solve the numerical example.

a=500 units, £=0.02, n=1.5, 6=0.001, y=2.5, p=0.1, x=0.5, 6=0.2, £=10008 /setup,
c1=5$% /advertisement, A=5, co=500$ /Inspection, c3=1% /unit, h=0.2$ /unit.

We treat A as an integer (ads per month) with a practical upper bound Ap,.x. Because
Apax is small in realistic scenarios, we use an exhaustive linear search over {1,..., Apnax . This
approach is exact for the discrete problem, computationally trivial, and avoids errors from
continuous approximations.
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1 7.81631 36.568 9010.57
2 7.93887 36.5699 9012.79
3 8.06058 36.5718 9012.40
4 8.18089 36.5738 9010.98
5 8.29967 36.5758 9009.02
6 8.41690 36.5777 9006.73
7 8.53261 36.5797 9004.23
8 8.64685 36.5816 9001.6

9 8.75964 36.5835 8998.86
10 8.87104 36.5854 8996.06

Table 1: Solution search procedure for optimal ‘A’.

The results show that when the value of A increases, the cycle time ¢; also increases steadily.
This means that higher values of A require more time for operations. Price p does not show
any major change and remains nearly constant across all values of A. The Total Annual Profit
(T.A.P.) first rises and reaches its highest level when A = 2. After this point, the profit starts
decreasing slowly as A continues to increase. Therefore, the value A = 2 gives the best profit
outcome, and further increase in A reduces the profitability even though the cycle time becomes
longer. Thus, the maximum value obtained for T.A.P. is the optimal value of the system with
optimal frequency of advertisement and corresponding to it the value of production period ¢;
and selling price p are also the optimal values for the given system. Here the optimal values
are: A* = 2,¢7 = 7.93887 months, p* = 36.5699%, T.A.P* = 9012.79$, T = 11.90 months.

Figure 2: Concavity of T.A.P. function for fir Figure 3: Concavity of T.A.P. function for fix
value of ‘p’. value of ‘A’.

Figure 4: Concavity of T.A.P. function for fix value of ‘t}.
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7. Sensitivity analysis

To look into how distinct parameters affect the system’s total average profit, a sensitivity
analysis is carried out. The results are given in Table 2. The following points are noticed:

1. With the increment in initial demand parameter ‘a’, t; decreases whereas p and T.A.P.
increases. The value of A remains constant up to a certain range of variation and then
shows a slight increase. This happens because higher demand leads to higher sales, which
results in increased profit. The rationale is that when demand of a product raises it boost
the sale of the product which result an increase in profit.

2. We noticed that as initial production cost parameter ‘A’ increases, t; & p increases,
whereas T.A.P. decreases. The rationale is that as initial production cost/unit increase,
the profit per unit decreases due to reduced profit margins. As a result, the overall average
profit, which is a measure of the average profit per unit produced or sold, reduces. As a
result, the manufacturer needs to monitor the initial production cost parameter, since it
has a quick impact on earnings.

3. As the production parameter (7)) increases, t; and p decreases, and the Total Average
Profit (T.A.P.) also decreases, which aligns with practical expectations. The reason is
that when the production rate increases, the cost per unit decreases, leading to lower
pricing. This ultimately reduces the overall profit earned.

4. Variation in parameter ‘0’ (fraction of imperfect items) is presented in Table 2. As pa-
rameter ‘0’ increases, t; and p increases, while T.A.P. decreases. The rationale is that a
higher fraction of imperfect items reduces product quality, prompting customers to switch
to competitors, offering better-quality products. This leads to reduced sales, ultimately
decreasing profit. Therefore, manufacturers should pay close attention to this parameter,
as it has a significant impact on earnings.

’ Parameter \ % Variation \ Value \ A \ t1 \ P \ T.A.P. ‘
-20 400 2 | 8.91552 | 33.6938 | 6397.18
-10 450 2 | 8.38547 | 35.1804 | 7669.40
Q 0 500 2 | 7.93887 | 36.5699 | 9012.79
10 550 2 | 7.55594 | 37.8773 | 10423.2
20 600 3 | 7.33358 | 39.1158 | 11897.4
-20 4 2 | 7.89495 | 36.2262 | 9353.18
-10 4.5 2 | 7.91666 | 36.3974 | 9182.51
A 0 5 2 | 7.93887 | 36.5699 | 9012.79
10 5.5 2 | 7.96158 | 36.7435 | 8844.03
20 6 2 | 7.98480 | 36.9183 | 8676.24
-20 1.20 3 | 14.2561 | 36.6012 | 9057.96
-10 1.35 3 | 10.1585 | 36.5905 | 9027.44
n 0 1.50 2 | 7.93887 | 36.5699 | 9012.79
10 1.65 2 | 6.63630 | 36.5467 | 9006.58
20 1.80 2 | 5.72479 | 36.5207 | 9005.63
-20 0.16 2 | 7.93363 | 36.5294 | 9260.39
-10 0.18 2 | 7.93622 | 36.5494 | 9136.58
1) 0 0.20 2 | 7.93887 | 36.5699 | 9012.79
10 0.22 2 | 7.94159 | 36.5908 | 8889.02
20 0.24 2 | 7.94438 | 36.6122 | 8765.25

Table 2: Sensitivity analysis for some crucial parameters.

218



CRORR 17:2 (2026), 209-220 Tayal et al.: Optimizing an imperfect production system with varying...

8. Conclusion

A realistic inventory problem with varying production costs is addressed by taking the selling
price and advertisement dependent demand into consideration. Here, production cost is deemed
to be a decreasing function of production rate, as it is realistic that if anyone produces more
items, then the production cost per unit decreases, which results in an overall profit of the
system. The results presented in sensitivity analysis confirmed this fact also. Throughout
the production phase, a few flawed goods are manufactured, that are separated during the
inspection procedure. These defective goods are sold at discounted price to generate profit.
This research investigates the effects of key operational factors on efficiency and profitability
in the production and inventory systems. The proposed model introduces a novel approach by
incorporating real-world factors such as imperfect production systems, demand-dependent rates,
and strategies for optimizing advertisement frequency and pricing. It addresses defective item
management and demonstrates how higher production rates contribute to cost efficiency. These
findings offer practical insights into optimizing production operations and achieving sustainable
business growth.
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Abstract. This study benchmarks the efficiency of seven certified international airports in Croatia
using Data Envelopment Analysis (DEA) with a window framework under variable returns to scale,
explicitly addressing the challenge of a small number of decision-making units through dynamic window
specification. Efficiency scores were calculated across overlapping three-year periods from 2019-2023,
allowing performance dynamics to be captured during both crisis and recovery phases. The results
reveal substantial heterogeneity across airports. Osijek Airport emerged as the most consistently ef-
ficient, outperforming larger hubs such as Zagreb and Split, while Zadar and Rijeka demonstrated
notable efficiency improvements over time. In contrast, Dubrovnik Airport recorded persistently low
efficiency despite traffic recovery, suggesting structural cost rigidity and seasonal vulnerability. These
findings highlight the operational resilience of smaller regional airports and signal performance con-
straints among major hubs. By integrating traffic trends with efficiency outcomes, the study shows
that rising passenger volumes alone do not ensure improved economic performance. The results pro-
vide a timely, evidence-based framework for airport managers and policymakers to enhance strategic
planning, improve resource allocation, and strengthen the financial sustainability and competitiveness
of Croatia’s air transport sector.
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1. Introduction

Airports are not just transit hubs but also engines of economic growth, connectivity, and tourism
development. They facilitate the transport of passengers and goods, stimulating trade, tourism,
and investment. According to the report “The Economic and Social Impact of European Air-
ports and Air Connectivity", European airports significantly impact regional economic devel-
opment and social connectivity [25]. The report’s key findings indicate that European airports
positively impact the economy, contributing to the employment of approximately 6% of all jobs
and generating 5% of European GDP. However, the report also emphasized striking a balance
between the economic factors of air transport and its impact on the climate, all to reduce
negative environmental impacts. Furthermore, research on the impact of airports on the envi-
ronment is increasingly important in the context of the global goal of reducing CO emissions.
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[10] emphasized the need for sustainable operations, including the introduction of alternative
energy sources to reduce the environmental footprint of airports.

Airport efficiency directly impacts the entire air transport system, including flight punctual-
ity, resource utilization, and operating costs. According to [13], airports implementing advanced
technologies, such as real-time traffic management systems and digital baggage handling, experi-
ence reduced delays and increased passenger satisfaction. Additionally, infrastructure optimiza-
tion, such as terminal expansion or runway improvements, can significantly increase capacity
and reduce congestion. [9] noted that operational efficiency increases airport capacity and en-
ables better integration with other modes of transport, thereby improving the overall mobility
of passengers and goods. Airport efficiency concerns not only operational aspects but also eco-
nomic sustainability as increased productivity can reduce airline operating costs and passenger
fees, increasing airport competitiveness.

Research in this area is crucial to improving airport performance while minimizing costs and
environmental impact [19, 5]. Data envelopment analysis (DEA) allows accurate measurement
of airport service quality and profitability [21, 12, 31]. Furthermore, airports with better oper-
ational management make greater economic contributions to the regions in which they operate,
enabling greater connectivity, attracting investment, and supporting employment [25]. Given
the increasing global demand for air transport and the need for sustainable solutions, research
in this area is becoming essential for the future development of the aviation industry. Moreover,
the digital transformation and digitalisation of airports globally is a topical and very contempo-
rary subject. The digital transformation process of airports is still predominantly viewed from
the aspect of technology application. At the same time, the organizational impact, environment
and passenger experience are often neglected and insufficiently researched in the literature [26].

The efficiency of Croatian airports in the domestic literature has received insufficient atten-
tion. To the best of the authors’ knowledge, the efficiency of Croatian airports via the DEA
methodology was analyzed only in [3] for the period 2004-2008 and in [24] for the period 2009-
2014. This paper aims to assess and compare the relative efficiency of certified international
airports in Croatia via DEA for the more recent period (2019-2023), thereby filling a gap in
the domestic literature and providing data-driven guidance for improving airport performance
and competitiveness. The contribution of this research lies in presenting a comprehensive and
updated assessment of airport efficiency in Croatia for the recent period, filling a significant
empirical gap in the national literature. The study highlights current performance trends across
airports by applying a dynamic benchmarking approach. It offers valuable, evidence-based guid-
ance for enhancing operational efficiency, resource allocation, and strategic competitiveness in
an increasingly demanding and globally interconnected air transport sector. The remainder of
the paper is organized as follows: Section 2 reviews relevant literature on airport efficiency and
DEA; Section 3 explains the methodology and data; Section 4 presents the results; and Section
5 discusses the findings and concludes the study.

2. Literature review

The aviation industry has flourished in recent years and airport management styles have evolved
to apply various benchmarking techniques [20]. As critical infrastructure to the aviation indus-
try, airports are essential for their success and overall performance [31].

Operational efficiency refers to an airport’s ability to optimally utilize its resources to ensure
a safe, fast, and reliable flow of passengers, cargo, and aircraft. Increasing airport operational
efficiency reduces costs, improves the passenger experience and increases airports’ competitive-
ness in the global marketplace. Analysis of the operational efficiency of airports uses different
methods to identify opportunities for improvement and optimization of resources. According
to [14] and [6], parametric and nonparametric methods are mainly applied, with an emphasis
on the nonparametric method of data envelopment analysis (DEA).
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DEA is a frequently applied methodology for assessing airport efficiency and can be used
to improve airport efficiency [16]. The authors noted that there is no systematic approach
to selecting input and output variables, but research depends on available data. A literature
review is focused on relevant studies that use the DEA methodology. While DEA forms the
core of this review, it is important to note that airports have also been benchmarked using
alternative efficiency measurement techniques. Parametric approaches such as stochastic fron-
tier analysis (SFA) have been applied to assess cost and technical efficiency and to compare
results with nonparametric models, as shown in [20]. Earlier studies also used Free Disposal
Hull (FDH) models alongside DEA, providing a useful comparison between deterministic and
nonparametric frontiers. These alternative methods offer complementary insights and under-
score the importance of methodological choice when interpreting airport efficiency outcomes.
Against this broader methodological background, the present review focuses on DEA-based re-
search, including different DEA model variants, the selection of input and output variables, and
policy recommendations for improving airport efficiency proposed in previous empirical studies.
Findings from previous studies help to formulate an appropriate DEA framework for assessing
airport efficiency in Croatia, identify feasible input-output variables based on data availability,
and derive policy recommendations tailored to national conditions.

Empirical studies based on the DEA methodology have been conducted in many countries.
The findings of recent and relevant empirical studies emphasizing input and output variable
selection are summarized in Table 1 and described in continuation. International studies provide
useful benchmarks for Croatia, though their contexts differ. Research on large European hubs
[14] highlights the role of user satisfaction, relevant for Zagreb as the main gateway airport.
In contrast, analyses of Indian and Colombian regional airports [7, 22] emphasize how smaller
airports can achieve high efficiency despite resource constraints, offering insights for Osijek or
Rijeka. German airports [27], operating within the EU framework, provide the closest regulatory
parallel to Croatia. These comparisons underscore that efficiency does not solely depend on
size but on resource alignment, an especially critical factor for Croatia’s tourism-driven airports
with strong seasonal variation.

The evolution of the DEA methodology in analyzing airport efficiency, with methodological
limitations and the complexities of airport operations included, is described in the following
papers. [28] proposed a stepwise efficiency improvement DEA model incorporating fixed factors
such as runways, addressing the need for objective efficiency analysis of Japanese airports. [29]
presented an extended DEA model by combining the distance friction minimization (DFM)
method to improve airport efficiency projections for both input reduction and output increase.
[30] combined DFM with fixed factor analysis for a few airports in Europe, including the
influence of commercial facilities.

By analyzing the operational efficiency of 37 Chinese airports for the period of 2016-2019
via a multi-input/output slack-based DEA model, [8] determined that all 37 airports have very
low levels of operational efficiency. On the basis of these results, the authors concluded that
airports are not self-sustaining and that more investment should be made in their infrastructure.
The bound adjusted measurement (BAM)-DEA model with variable returns to scale [22] is
considered the most suitable for measuring the efficiency of Colombian airports. The authors
suggest introducing a larger number of variables to gain a more realistic insight into their
effectiveness and enhance the competitiveness of the most important variables. The efficiency of
Croatian airports was the subject of research by [3] and [24]. [3] reported that only Dubrovnik
Airport was relatively efficient in 2008, whereas the average efficiency ratings of almost all
Croatian airports increased during the five years analyzed. [24] identified Split, Pula, and Zadar
as efficient airports over four years, and Zagreb and Osijek airports over one year. The research
results indicate that the relative performance of airports in the analyzed period progressively
declined.

Interestingly, even though the application of DEA in airport efficiency is increasing globally,
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its application in Croatia is quite modest. These two studies [3, 24| are the only studies in
the Croatian scientific bibliography CROSBI. This was the main motivation for this study:
to examine and assess the relative efficiency of Croatian airports in recent years. Owing to
their vital role in traffic and tourism in Croatia, airport efficiency is extremely important to
regulatory bodies, tourism offices, local governments, and scholars.
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2019, |the runway, the number|ports in|Adjusted oriented tected as the most

2020 |of workers, the opera-|Colom- |Measure- DEA effective regional air-
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the number of passen- (BAM)- way length and number

gers and tons of cargo. DEA of employees noticed as
method the most important.
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passengers
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1993 |capital costs and other|ropean |method- ciency detected in Aus-
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[24][2009-|Inputs: personnel costs,|7  air-| DEA Input- relative performance of
2014 |total expenditures ex-|ports in|method- oriented Croatian airports in
cluding personnel | Croatia |ology, CCR|DEA the analyzed period is
costs, and total assets; and  BCC|model progressively declining
Output: Total rev- window
enue/ATU. analysis
[30][2003 [Inputs: terminal space;|19 Eu-|Extended [The  ex-{An extended DEA
the number of runways, |ropean |DEA model|tended model is proposed to
the number of gates,|airports |by combin-|approach |analyze and compare
the number of employ- ing distance|using DFM |the efficiency of air-
ees; Outputs: the num- friction is non- | ports
ber of passengers, air- minimiza- |radial
craft movements tion (DFM)
[18][2006-|Inputs: the airport size, |20 DEA-CCR, |Output- [the most efficient
2010 |the number of runways,|major |DEA-BCC, |oriented were Gatwick, Zurich,
the size of passenger|airports [and DEA-|DEA Vienna, Leonardo da
terminals, and the size|in East|Malmquist |model Vinci Fiumicino, Los
of cargo terminal; Out-|Asia, production Angeles International,
puts: the annual num-|Europe, |index Seattle-Tacoma, San
ber of passengers and|and Francisco, Hong Kong,
the annual cargo vol-|North Beijing Capital Inter-
ume America national, and Shanghai
Pudong Airports
[3] [2004-|Inputs:  expenditures|7 Croa-|DEA CCR|Input- The average efficiency
2008 |and number of employ-|tian air-|model, ex-|oriented ratings of almost all
ees; Output: total num-|ports tended DEA |DEA Croatian airports have
ber of passengers method  -|model increased over the ob-
window served period
analysis

Table 1: Applications of the DEA methodology in airports’ efficiency evaluation.

Although many studies adopt input-oriented specifications, recent research increasingly sup-
ports output-oriented models when revenue generation is the primary performance objective.

3. Methodology and data

There are two basic approaches for assessing efficiency and performance in general, namely
the parametric method (stochastic frontier) and the nonparametric method based on linear
mathematical programming (which is most commonly the DEA methodology) [1]. The DEA
approach is the leading nonparametric approach for the evaluation of airport efficiency, and
compared with the stochastic frontier, the literature and the application of the DEA method
in the hospitality and tourism sector are “significantly larger” [2].

DEA is one of the most prominent nonparametric methodologies in the field of operations
research (OR) and is very popular among academic members, analysts, and consultants looking
for ways to evaluate the efficiency of homogeneous units called decision-making units (DMU) [4].
This resulted in its continuous development and application in both theoretical and practical
terms, as evidenced by numerous prestigious publications [11, 17].

The choice of DEA, rather than a parametric approach such as stochastic frontier analy-
sis (SFA), is motivated by several methodological considerations. Airport operations involve
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complex and heterogeneous production processes for which specifying an explicit functional
form is difficult and often restrictive; DEA avoids this by requiring no prior assumptions about
the production technology. In addition, the relatively small number of Croatian airports makes
nonparametric approaches more suitable, as DEA performs well with small samples where para-
metric estimations may lack statistical reliability. Although alternatives, such as the Malmquist
productivity index, are frequently used for productivity analysis, they rely on stronger assump-
tions, including stable technology and consistent input-output structures across periods. Given
the small number of airports and the structural break caused by COVID-19, Malmquist results
would be unstable and potentially misleading. Window DEA is therefore more appropriate, as
it avoids intertemporal frontier comparability and remains robust under crisis conditions.

Window DEA is a widely adopted mathematical programming extension that enhances
discriminatory power and allows dynamic efficiency assessment in panel data settings [23] and
treats each DMU as distinct across reporting periods, enabling dynamic efficiency assessments
that better reflect reality than static DEA models do. Subdividing data into overlapping time
windows analyzed separately addresses limitations tied to variable-DMU ratios and introduces
a time dimension to efficiency tracking [24]. By treating the same airport in different years
as distinct units, window analysis increases the number of observations, stabilizes efficiency
estimates, and makes it possible to track performance dynamics. This is particularly useful in
the Croatian context, where only seven certified airports exist, and where efficiency is strongly
influenced by seasonal and cyclical fluctuations.

A standard DEA framework requires a sufficiently large number of decision-making units
(DMUSs) relative to the number of inputs and outputs to ensure reliable and discriminating
efficiency results. One widely accepted condition is that the number of DMUs should satisfy:

N >3(m+s) (1)

where m is the number of input variables and s is the number of output variables. In
the present study, three inputs and one output are used, implying a minimum requirement of
3(3+ 1) = 12 DMUs. However, the Croatian airport system consists of only seven airports,
which violates this criterion in a conventional DEA setting and would lead to inflated efficiency
scores.

To overcome this limitation, a Window DEA framework is employed. Window DEA extends
static DEA by converting panel data into overlapping sub-samples ("windows"), treating each
DMU in each year as a separate unit. Let ¢ = 1,...,7 index airports, t = 1,...,5 denote years
(2019-2023), and w = 1,...,3 represent analysis windows. Each window contains 7 -3 = 21
DMUs, thus satisfying the required discrimination threshold:

N, =21 >12 (2)

The adopted windows are: (2019-2021), (2020-2022), and (2021-2023). Within each win-
dow, the output-oriented BCC model under variable returns to scale is solved.
For a given airport-year observation j in window w, the BCC model is defined as:

maxg 0 (3)
subject to:

N’lU
Z)\jyererjmrzl,...,s (4)

j=1

N’Il)
)\j:vijg xijo,izl,...,m (5)

Jj=1

226



CRORR 17:2 (2026), 221-236 Kecek et al.: Benchmarking Croatian airports: A data-driven...

NU7
doa=1 (6)
j=1

Aj>0,j=1,...,N, (7)

where z;; and y,; denote input and output values, respectively, and A; are intensity variables
constructing the reference frontier. The convexity constraint ensures the variable returns to
scale (BCC) specification, while the efficiency score 6 represents the proportional expansion in
outputs required for the evaluated airport to become efficient, given its current input levels.

In this formulation, 6 is the scalar efficiency score of the evaluated airport-year observation
(jo)- In the output-oriented model, # > 1 and 6 = 1 indicate full efficiency. The A-weights
represent intensity parameters that construct the reference (benchmark) frontier as a convex
combination of observed DMUs. The constraint ) . A; = 1 imposes variable returns to scale,
ensuring the BCC specification, where e denotes a row vector of ones. The BCC model requires
two efficiency conditions: (1) § = 1 and (2) all constraints satisfied without excess input or
output shortfalls.

Implementation Steps:

. Form three-year moving windows,

. Treat each airport-year as a DMU,

. Apply BCC output-oriented DEA per window,

. Aggregate efficiency results by airport and year,
. Interpret trends across overlapping windows.

The model is specified under variable returns to scale (VRS), reflecting differences in airport
size, capacity, and scale effects, large hubs such as Zagreb operate under fundamentally different
conditions than small regional airports such as Osijek or Rijeka. VRS therefore provides a
more realistic representation of the Croatian airport system than constant returns to scale. An
output-oriented model was chosen because the primary managerial objective of airports is to
maximise outputs (such as revenue generation) given largely fixed short-term inputs, especially
infrastructure and labour. Other orientations are possible, but output orientation aligns best
with both the operational reality of airports and the available dataset.

The main aim of this research is to measure and compare the relative efficiency of inter-
national airports in the Republic of Croatia by using the DEA window analysis technique for
the period 2019-2023. Although the DEA model specification follows the structure used in
[24], our choice of inputs and outputs is not based solely on that study. The broader literature
review (shown in Table 1) reveals that financial variables, such as personnel costs, operating
expenditures, assets, and revenues are among the most frequently used indicators in airport effi-
ciency studies, particularly when the objective is to measure economic or financial performance
(e.g., [3, 24, 7, 22, 8]). Airports differ substantially in size, traffic composition, seasonality,
and commercial structure, which makes financial variables suitable since they capture resource
utilization and performance in a way that is comparable across airports regardless of their
operational mix.

Passenger traffic is indeed commonly used as an output variable in many DEA studies.
However, its inclusion in our model was constrained by data consistency requirements. The
annual passenger numbers presented in Table 7 originate from the Croatian Bureau of Statistics
and represent realised traffic volumes. In contrast, the financial variables used in the DEA model
were obtained directly from the annual financial statements of the airport operators. These two
datasets are not fully synchronized: some airports classify transit passengers differently, some
report combined domestic and international totals while others separate them, and cargo flows
are inconsistently reported across years.

More importantly, the financial reporting framework remained consistent across all airports
for the full 2019-2023 period, while the traffic dataset contains gaps in monthly and segment-
level data for some airports during the COVID-19 years, making it unsuitable for constructing
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a uniform operational output across the entire sample. Another important methodological
consideration is the ratio of sample size to the number of variables in DEA. With only seven
airports in the sample (i.e. DMUs), expanding the model with several additional outputs (e.g.,
passenger volumes, aircraft movements, or cargo tonnage) would risk breaching established
DEA guidelines that recommend maintaining a minimum of three times the total number of
inputs and outputs to preserve discriminatory power and prevent an artificially high proportion
of units from appearing fully efficient. Although the window analysis framework increases
the total number of observations by treating each airport-year combination as a distinct unit,
the effective number of DMUs within each window remains relatively small (n = 21), which
constrains the feasible number of variables that can be included without compromising the
robustness of the efficiency estimates.

To maintain discriminatory power and avoid model overspecification, we restricted the model
to three inputs and one output. Given these constraints, total revenue was chosen as the output
variable because it reflects the aggregate economic outcome of airport operations, encompassing
both aeronautical and non-aeronautical activities. This aligns with the financial nature of the
selected inputs (costs and assets), creating a coherent and internally consistent economic effi-
ciency model. While passenger numbers could add a complementary operational dimension, the
objective of this study is to assess economic efficiency rather than purely operational through-
put. Future research may incorporate multiple operational outputs once fully harmonized traffic
datasets become available.

Therefore, in this study, three input variables and one output variable are selected as follows:
personnel costs, total expenditures excluding personnel costs and total assets as inputs and total
revenue as output. The employed variables are presented in Table 2.

’ Character of variable \ Variables \
Personnel costs (I1)
INPUTS Total expenditures excluding personnel costs (12)
Total assets (I3)
OUTPUTS Total revenue (O1)

Table 2: Inputs and outputs of the DEA model.

The empirical analysis was conducted using the dedicated window analysis module in
MaxDEA 9, which automatically treats each airport-year observation as a separate DMU and
ensures consistent window construction. The efficiency results for each airport help identify
which Croatian airports are relatively efficient and which are not. Efficient airports are as-
signed a score of 1, i.e., 100%, whereas inefficient airports are assigned an efficiency score lower
than 1.

We use a rolling window of three years, yielding three overlapping windows: 2019-2021,
2020-2022, and 2021-2023 (Table 3). Each airport appears in each window as a separate DMU
for each year.

Window 1 | 2019 | 2020 | 2021
Window 2 2020 | 2021 | 2022
Window 3 2021 | 2022 | 2023

Table 3: Length of the DEA windows used.

The sample consists of 7 international airports that have been granted certificates in accor-
dance with Commission Regulation no. 139/2014, i.e., Dubrovnik Airport (DU), Pula Airport
(PU), Split Airport (ST), Zadar Airport (ZD), Franjo Tudman Airport Zagreb (ZG), Osijek
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Airport (OS), Rijeka Airport (RI). Bra& Airport is excluded from the model since it is not an
international airport. All the airports in the sample are “state or region/municipality owned
with major state ownership” [24].

4. Results

The descriptive statistics offer critical insights into the operational diversity among Croatian
international airports from 2019 to 2023 (Table 4). Across the dataset, variables such as per-
sonnel costs, other expenditures, total assets, and total revenues reveal wide dispersion and
skewed distributions.

Personnel costs Total expenditures, | Total assets Total revenue
excluding personnel
costs
Mean 5506917 16500335 129861906 24477038
Standard | 878593 2848683 23355578 4339171
Error
Median 3338275 6314172 24693255 11706093
Standard | 5197826 16853036 138173464 25670879
Deviation
Kurtosis -0.3670 -0.7170 -1.1149 -0.8012
Skewness | 0.9789 0.7960 0.7274 0.8714
Range 16491892 52485042 389650758 76381796
Minimum | 477402 830050 13045695 1342196
Maximum | 16969294 53315092 402696453 77723992
Sum 192742093 577511729 4545166709 856696346
Count 35 35 35 35

Table 4: Descriptive statistics.

For example, total assets ranged from approximately 13 million EUR to over 402 million
EUR, with a standard deviation exceeding 138 million EUR. A similar pattern is evident in total
revenue, which varies from just over 1.3 million EUR to more than 77 million EUR, emphasizing
the heterogeneity of airport operations. All the variables exhibit positive skewness, with values
ranging from 0.73 to 0.98, suggesting that most airports operate below the mean, but a few
large airports (like Zagreb and Split) drive the upper end of the distribution. The kurtosis
values are all negative, confirming flat, light-tailed distributions.

These observations justify the application of DEA, which remains robust in non-normal,
high-variance datasets. Unlike traditional parametric methods, DEA handles this variability
without imposing restrictive assumptions, ensuring fair and scale-independent efficiency com-
parisons.

Outlier detection was conducted over the full five-year period, with the results showing 2019
as an illustrative year (Figure 1). No outliers were identified in any of the years. The lack of
extreme values strengthens the validity of the DEA results, as it indicates consistency in airport
input-output behavior and confirms the reliability of the sample. It also eliminates concerns of
frontier distortion, ensuring a more stable and interpretable efficiency frontier.
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Figure 1: Outlier diagnostics for input and output variables: evidence from the 2019 dataset.

The output-oriented BCC DEA model, applied through window analysis with three-year
overlapping windows, enabled a dynamic assessment of relative efficiency across the seven cer-
tified international airports in Croatia. Each airport was treated as a distinct decision-making
unit in each window, allowing the model to capture both performance shifts over time and
efficiency volatility. The analysis of the results is supported by efficiency scores across windows
(Table 5) and average window DEA efficiency scores for each airport (Table 6), enabling a
comprehensive interpretation of performance dynamics over time.

Osijek Airport (OS) demonstrated exceptional consistency and topped the efficiency rank-
ings, with an average window DEA score of 0.9836. It maintained full efficiency in nearly all
windows, showcasing highly effective resource management despite being one of the smaller
airports in the system. Osijek’s performance sets a benchmark for operational excellence and
strategic agility in the sector.

Zadar Airport (ZD) ranked second, with an average score of 0.9008, indicating robust effi-
ciency, particularly in the later windows. This indicates that Zadar has successfully adapted
its operations over time, possibly benefiting from increased tourism flows and improved infras-
tructure.

Rijeka (RI) and Zagreb (ZG) followed closely, with average efficiency scores of 0.8627 and
0.8574, respectively. Rijeka achieved an efficiency score of 1.0000 in several later windows,
suggesting improved cost control and better output generation. Zagreb, the capital airport
and the country’s largest airport, performed solidly overall, although not without fluctuations.
Given its scale, a slightly lower average is not unexpected, as large airports often deal with
more complex operational environments.

Split (ST), once reported as the most efficient airport in earlier studies [24], now ranks
fifth, with an average efficiency of 0.7830. Although it reached full efficiency in later windows,
its overall score reflects mid-range performance, which is likely affected by inconsistent cost
efficiency or underutilization in certain years.

Pula Airport (PU) displayed moderate efficiency, with an average value of 0.6964. The
gradual decline over successive windows points to either rising costs or stagnating revenues,
which may require strategic investment and re-evaluation of service offerings.

Finally, Dubrovnik Airport (DU) recorded the lowest average score of 0.6695, despite the
efficiency score of 1.0000 in the first year. Its persistent inefficiency across subsequent windows
is concerning, especially considering Dubrovnik’s prominent role in Croatian tourism. This
drop might be attributed to seasonal imbalances, high fixed costs, or management challenges,
and warrants a comprehensive performance review.
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Window | Period | Dubrovnik| Osijek | Pula Rijeka | Split Zadar | Zagreb
ou) | ©8) | (PU) |(®) | (ST) | (ZD) | (2G)
1-3 1 1 1 0.9716 | 0.7783 | 1 1 1
1-3 2 0.3564 1 0.5162 | 0.5865 | 0.3577 | 0.63 0.5132
1-3 3 0.6043 1 0.7664 | 1 0.7238 | 1 0.6023
2-4 2 0.3706 1 0.5155 | 0.5264 | 0.3972 | 0.5809 | 0.7956
2-4 3 0.6033 1 0.7447 | 1 0.7841 | 0.9443 | 0.9357
2-4 4 0.8281 1 0.6795 | 1 1 1 1
3-5 3 0.6033 1 0.7447 | 1 0.7841 | 0.9517 | 0.9357
3-5 4 0.8145 1 0.6795 | 1 1 1 1
3-5 5 0.8454 0.8525 | 0.6497 | 0.8727 | 1 1 0.9337
Table 5: Window DEA analysis score.
DMU Average Window DEA Efficiency Score
Osijek (OS) 0.9836
Zadar (ZD) 0.9008
Rijeka (RI) 0.8627
Zagreb (ZG) 0.8574
Split (ST) 0.7830
Pula (PU) 0.6964
Dubrovnik (DU) 0.6695

Table 6: Average efficiency scores by airport (Window DEA ).

While Table 6 reports average efficiency scores aggregated across all windows, Table 6b
presents year-specific averages, thereby restoring the dynamic dimension of airport performance.

Airport 2019 2020 2021 2022 2023
Dubrovnik (DU) | 1.0000 | 0.3635 | 0.6036 | 0.8213 | 0.8454
Osijek (OS) 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.8525
Pula (PU) 0.9716 | 0.5159 | 0.7519 | 0.6795 | 0.6497
Rijeka (RI) 0.7783 | 0.5565 | 1.0000 | 1.0000 | 0.8727
Split (ST) 1.0000 | 0.3775 | 0.7640 | 1.0000 | 1.0000
Zadar (ZD) 1.0000 | 0.6055 | 0.9652 | 1.0000 | 1.0000
Zagreb (ZG) 1.0000 | 0.6544 | 0.8246 | 1.0000 | 0.9337

Table 6b: Average efficiency scores by airport and year (Window DEA dynamic view).

Dynamic efficiency trends become clearer when DEA scores are averaged by year. Table 6b
reveals distinct efficiency trajectories across Croatian airports. Osijek displays exceptional con-
sistency with near-perfect efficiency throughout the entire period, confirming superior resource
optimization despite low traffic volumes. Zadar shows a strong upward trajectory, reaching
full efficiency after 2021, which aligns with its expansion strategy and traffic growth. Rijeka
exhibits significant improvement from inefficiency to sustained full efficiency in later years.

In contrast, Dubrovnik shows pronounced volatility. Despite full efficiency in 2019, it ex-
perienced a sharp drop during the COVID-19 period and recovered only partially by 2023,
suggesting structural rigidity and high fixed costs. Pula similarly exhibits weakening economic
performance. Zagreb and Split, while large hubs, display unstable patterns caused by scale
complexity and recovery frictions. These year-wise averages confirm that airport efficiency is
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dynamic rather than static and strongly influenced by crisis resilience, structural flexibility, and
business model adaptation.

A comparative review with earlier studies offers a meaningful perspective. The current
ranking diverges from the findings of [24], who identified Split as the top performer from 2009
to 2014. Moreover, the results contradict those of [3], who found Dubrovnik to be among the
most efficient between 2004 and 2008. These discrepancies suggest that airport efficiency is
not static but rather subject to shifts in policy, investment, demand dynamics, and managerial
adaptation.

Window analysis proves invaluable in this context, allowing decision-makers to track perfor-
mance trajectories rather than static snapshots. For example, Zadar, Rijeka, and Split all show
increasing trends, whereas Pula and Dubrovnik reflect stagnation or decline. These patterns
can inform resource allocation, strategic planning, and policy interventions at both the airport
and national aviation levels.

According to data from the Croatian Bureau of Statistics (DZS), in terms of actual passen-
ger traffic, Croatian airports experienced significant fluctuations during the 2019-2023 period,
largely due to the COVID-19 pandemic and the uneven pace of recovery, as shown in Table
7. Zagreb (ZAG), the country’s main hub, handled around 3.4 million passengers in 2019, saw
traffic fall to only 0.9 million in 2020, and then gradually recovered to over 3.7 million by 2023.
Split (SPU) followed a similar pattern, dropping from approximately 3.3 million passengers in
2019 to just 0.6 million in 2020, before rebounding to more than 3.0 million by 2023. Dubrovnik
(DBV), heavily dependent on international tourism, was hit particularly hard: from nearly 2.9
million passengers in 2019, traffic collapsed to 0.3 million in 2020 and recovered more slowly
compared to Split or Zagreb, reaching only 2.4 million by 2023. Regional airports reflected
different dynamics. Zadar (ZD) grew from nearly 800,000 passengers in 2019 to more than 1.2
million in 2023, boosted by the expansion of Ryanair’s base. Rijeka (RI), while smaller with
around 150,000-200,000 passengers annually, remained stable with moderate growth in seasonal
routes. Pula (PU), with approximately 770,000 passengers in 2019, showed a slower recovery
to around 600,000 by 2023 due to its reliance on seasonal tourism flows. Finally, Osijek (OS)
remained the smallest international airport, handling only 40,000-50,000 passengers annually,
yet its DEA efficiency scores suggest that lean operations allowed it to perform relatively well
despite limited traffic.

To examine the relationship between operational activity and economic efficiency, passenger
traffic trends were compared with DEA efficiency trajectories. A clear association is observed
for several airports: Zadar and Rijeka exhibit simultaneous growth in passenger volumes and
efficiency scores, suggesting that rising traffic translated effectively into revenue generation and
operational scale benefits. Osijek represents a distinctive case of lean efficiency, maintaining
high DEA performance despite consistently low passenger numbers, which reflects strict cost
control and flexible operations rather than volume-driven efficiency. In contrast, Dubrovnik
demonstrates a mismatch between traffic recovery and efficiency outcomes. Although passen-
ger volumes rebounded strongly after 2021, its DEA scores remained persistently low, implying
that increased traffic did not proportionally convert into economic performance. This pattern
indicates structural cost rigidity, seasonal dependence, and possibly inefficiencies in capacity
utilization. Similarly, Pula’s stagnant efficiency despite modest traffic recovery reflects vulner-
ability to seasonal operations and weak revenue diversification. Zagreb and Split, as dominant
hubs, display greater efficiency volatility, consistent with scale complexity and delayed cost
adjustment during post-pandemic recovery. Although formal statistical correlation is not the
primary focus of DEA, the consistency of directional patterns across efficiency scores and traffic
volumes supports the robustness of the benchmarking results.
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Passenger flows at Croatian airports 2019 2020 2021 2022 2023
Osijek (OS) 45697 6382 10905 15174 36062

Zadar (ZD) 782574 | 111179 | 500286 | 1082672 | 1213247

Rijeka (RI) 197151 | 25460 52773 161873 | 152053

Zagreb (ZG) 3409977 | 913703 | 1388736 | 3102485 | 3696371

Split (ST) 3271045 | 659350 | 1559178 | 2885863 | 3336119

Pula (PU) 765508 | 78832 | 261647 | 383477 | 413439

Dubrovnik (DU) 2877801 | 322601 | 917666 | 2139382 | 2406674

Table 7: Passenger flows at Croatian airports (2019-2023).
Source: Croatian Bureau of Statistics, TRAFFIC IN AIRPORTS.

5. Discussion and conclusion

This study benchmarks the efficiency of Croatian international airports in 2019-2023, a period
shaped by post-COVID recovery and rapid digital transformation in global aviation. While
earlier research evaluated Croatian airports’ efficiency from 2004-2014, this paper offers a much-
needed update by capturing how airport performance has evolved. The DEA results reveal
notable variations across airports, yet efficiency scores alone cannot explain performance gaps.
Placing these findings in context highlights structural and managerial factors behind the results.

The applied methodology, incorporating overlapping time windows, allowed for a dynamic
understanding of efficiency rather than a static snapshot. The results clearly reveal variations in
airport performance. Osijek Airport consistently demonstrated the highest levels of efficiency,
indicating that even smaller airports can lead to operational effectiveness when resources are
well managed. On the other hand, Dubrovnik Airport, despite its prominent role in Croatian
tourism, recorded the lowest average efficiency. This indicates the potential need for deeper
strategic and operational adjustments. Zadar, Rijeka, and Split showed increasing trends,
reflecting improvements in their efficiency over the observed period. Zagreb, though the largest
hub, faces efficiency constraints due to complex operations and infrastructure bottlenecks.

This research offers several important contributions. First, it extensively reviews the global
and European literature on airport efficiency, highlighting the strengths of nonparametric meth-
ods such as DEA. Second, it fills a significant empirical gap by evaluating the recent performance
of Croatian airports, which have not been studied for nearly a decade. Third, and most impor-
tantly, the results have direct relevance for a wide range of stakeholders. Regulators, airport
operators, and policymakers can use these insights to identify areas for improvement, develop
tailored strategies, and inform investment and infrastructure decisions. From a managerial point
of view, the study supports data-informed decision-making. Airports can benchmark their per-
formance against that of their national peers and adjust their operations to improve output and
cost efficiency. For policymakers, these findings can contribute to broader transport planning,
regional development goals, and the design of performance-based support mechanisms.

This study advances the work of [24], in several important ways. While the earlier study
focused on a stable pre-pandemic period (2009-2014), our research examines airport efficiency
during a period characterized by unprecedented volatility, allowing us to observe how Croatian
airports respond to external shocks and recovery trajectories. Moreover, this paper expands
the methodological rigor by providing a more comprehensive explanation of the window DEA
framework, its assumptions, suitability for small DMU sets, and advantages over static DEA
and Malmquist indices under conditions of structural disruption. The study also incorporates a
refined financial dataset that enables a cleaner comparison of economic efficiency, avoiding in-
consistencies in traffic reporting observed in earlier work. Consequently, the findings contribute
new empirical evidence on how Croatian airports adjust their resource utilization during periods
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of crisis and thereafter, normalization, offering insights that were not available in the previous
literature.

Despite offering valuable insights, this study has certain limitations that should be acknowl-
edged. First, the analysis is limited to seven certified international airports in Croatia, excluding
smaller regional or seasonal airports, which may also play important roles in local connectivity
and tourism. Second, the choice of input and output variables and the use of only one output
variable (total revenue) in the DEA model was guided by data availability and comparability
across airports in the 2019-2023 period, which may not capture the full complexity of airport
operations, particularly nonfinancial dimensions such as passenger satisfaction or environmen-
tal performance. While additional outputs such as passenger traffic or cargo volumes could
provide a broader picture of business efficiency, comparable and complete datasets for all air-
ports were not available for the entire period. Previous DEA studies in the aviation sector have
demonstrated that financial outputs alone can yield meaningful and robust results when the
selected inputs are also financial in nature. Third, the analysis covers the period 2019-2023,
which includes the COVID-19 crisis. We recognize that the pandemic caused abnormal distor-
tions in air traffic and efficiency scores. However, the inclusion of this period also represents
a strength, as it provides insight into how airports managed efficiency during both crisis and
recovery. This perspective is particularly relevant for policymakers and managers seeking to
improve resilience against future demand shocks. Third, while window analysis adds a dynamic
perspective, it still assumes consistent behavior of decision-making units within each window,
which may overlook short-term shocks or rapid operational changes. Finally, the study is based
on financial and operational data without integrating qualitative insights from airport manage-
ment or governance structures, which could provide a deeper context behind efficiency scores.
Future research could employ a multi-output DEA framework that incorporates operational
measures such as passenger flows or cargo volumes, as well as by conducting sensitivity analy-
ses that exclude the COVID-19 years. Such studies would allow a clearer distinction between
structural efficiency patterns in normal conditions and performance under crisis circumstances.

For airport CEOs and policymakers, the results suggest several concrete actions: diversify
revenues beyond seasonal passenger flows, expand digital solutions for cost and flow manage-
ment, and invest in resilience against demand shocks. CFOs should use DEA benchmarking
to refine cost efficiency strategies, while operations managers can adopt predictive analytics
and automation to optimize resource allocation. Coordinated planning with national tourism
authorities can further mitigate seasonal inefficiencies.

By combining DEA insights with traffic and operational realities, this study provides action-
able guidance. Croatian airports can enhance competitiveness and sustainability by embracing
digital transformation, strengthening cost discipline, and addressing seasonal imbalances, align-
ing local performance with global trends shaping the future of air transport.

Building on the findings of this study, future research should consider expanding the scope
to include a broader set of airports, both within Croatia and across the region, to enable cross-
country benchmarking and comparative policy analysis. Integrating parametric approaches such
as stochastic frontier analysis (SFA) alongside DEA could offer complementary perspectives and
strengthen the robustness of efficiency evaluations. Researchers may also explore multistage
models that incorporate environmental and service quality indicators, aligning the assessment
with sustainability and customer-centric goals in aviation. Additionally, extending the analysis
period to include pre- and post-pandemic data would provide critical insights into how external
shocks affect airport efficiency over time. Finally, future studies could incorporate qualitative
methods, such as interviews with airport managers and stakeholders, to better understand the
strategic and operational factors driving performance outcomes.
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Abstract. This study presents a multi-method survival analysis of 125 cardiac patients from IIMCT-
Pakistan Railway Hospital in Rawalpindi, Pakistan. Parametric accelerated failure-time modeling iden-
tified the Weibull distribution as optimal for describing time-to-event data. Semi-parametric analyses,
including Cox proportional hazards and Bayesian Cox regression, consistently identified hypertension,
ischemic heart disease, and smoking as significant predictors of elevated mortality risk. Higher systolic
blood pressure demonstrated a protective effect. Kaplan-Meier analysis revealed steadily declining sur-
vival rates up to 300 days with no significant gender differences. The random survival forest model
achieved robust predictive accuracy, identifying ischemic heart disease, smoking, and age as the most
influential predictors. Our multi-methodological approach demonstrates the value of integrating para-
metric, semi-parametric, Bayesian, and machine learning techniques for comprehensive risk assessment
in cardiac patient cohorts, offering potential for enhanced clinical risk stratification and personalized
prognosis.
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1. Introduction

Cardiovascular diseases are the highest causes of death worldwide accounting for 17.9 million
deaths yearly with HF contributing highly to this burden [28]. In spite of the breakthroughs in
pharmaceutical and device oriented management of HF, the outcome of the disease continues to
be poor with the five-year survival rate of about 50% even now [30]. Identification of high-risk
patients at an early stage and precise estimation of survival outcomes imperatively contribute
to treatment strategy optimization and success of patients’ outcomes [22, 10].

Survival analysis becomes essential in HF research, particularly if outcomes are time-
dependent, and the data are right censored. The Kaplan-Meier (KM) estimator is still a
frequently applied non-parametric tool to estimate survival functions, and compare groups with
log-rank tests [16]. Its ease of interpretation has made it a standard for the clinical studies even
though it does not have any ability to adjust for covariates and assumes homogeneity across
groups. The variance of KM estimates is usually computed with the Greenwood’s formula [9].

To control for the effects of covariates, the semi-parametric nature of the Cox proportional
hazards (PH) model makes it widely used, and would provide interpretable hazard ratios with-
out the need to estimate the baseline hazard function [7]. Nevertheless, it assumes proportional
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hazards which can be violated in heterogeneous clinical populations. Schoenfeld residuals among
other tools help diagnose such violations [25].

When assumption of Proportional Hazards does not hold, parametric survival models like
Accelerated Failure Time models (AFT): Weibull, exponential, log-normal, and log-logistic
provide the flexibility as they directly model the distribution of survival time [17]The quality
of these models can be enhanced to give more accurate estimates if the underlying distribution
was well calibrated. Model selection criteria including Akaike Information Criterion (AIC) and
Bayesian Information Criterion (BIC) help identify the most appropriate model by balancing
goodness of fit with complexity [5].

Bayesian survival analysis extends these techniques so as to accommodate prior information
and give posterior distributions for the model parameters. This is especially beneficial to studies
using small sample size or complex hierarchical structure [14, 2|. Bayesian Cox and AFT models
have exhibited more flexibility of quantifying uncertainty, than their frequentist opponents.

Recently, machine learning techniques, including random survival forests (RSF) came out
as strong methods for survival analysis. While RSF extends Breiman’s Random Forests to cen-
sored data it does so automatically allowing nonlinear effects and interactions without stringent
parametric assumptions [15]. In HF studies, RSF has been shown to provide excellent predic-
tive capabilities and usefulness for discovering new prognostic factors (concordance indices often
greater than 0.70) [21].

Considering the complexity of HF and the relevance of correct risk stratification, this study
compares a wide array of survival analysis methods, such as KM estimation, Cox and Bayesian
Cox models, AFT models and RSF, on a retrospective sample of 125 cardiac patients collected
from IIMCT-Pakistan Railway Hospital in Rawalpindi, Pakistan. Our objectives are to: (i)
evaluate distributional fit based on AIC and BIC, (ii) determine significant predictors derived
from Cox and Bayesian models, (iii) visualize survival differences using KM curves, and (iv)
analyze RSF metrics for risk prediction and feature importance. This combined approach is
intended to support the choice of strong modeling strategies in individualized HF prognosis.

In Section 2, we describe our materials and methods for the study. We estimate Kaplan—
Meier survival curves and carry out log-rank tests of the difference between groups, train a
random survival forest (RSF) for prediction and feature importance ranking, and both, the ac-
celerated failure time (AFT) models to determine the Weibull distribution as the most suitable
parametric model and Cox regression under the proportional-hazard assumptions. Section 3
provides a methodological synthesis and analysis, specifically, across all methods: reaffirm-
ing the prognostic relevance of hypertension, ischemic heart disease, and smoking, checks and
balance on model assumptions, and checking RSF’s forecasting performance, lastly Section 7?7
offers general conclusions on the methods’ performance, inference stability, and on the potential
of individualized risk assessment for use in clinical practice.

2. Materials and methods

2.1. Data collection and ethical considerations

This study was a retrospective cohort design based on the patients’ Electronic Health Record
data from the Pakistan Railway Hospital, Islamic International Medical College Trust (IIMCT)
with the permission from the hospital management. The participants recruited in the study
included all those who were admitted to the hospital for cardiac evaluation from January, 2018
to December, 2023, and out of them, 125 patients only were included and followed up completely.

We enlisted research personnel to abstract all the data from the paper and electronic medical
records of the patients and input the information in the database. Some of variables included
in the study were age, gender, hypertension, ischemic heart disease, diabetes mellitus, anemia,
smoking, water-filter use, education level, systolic arterial blood pressure at admission, event
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status and, time to event. Patient identifiers were stripped off in consonance with ethical con-
siderations and the patients were assigned unique identification numbers for analysis purposes.
Hypertension was categorized as binary (1 = has high blood pressure, 0 = no). In every re-
gression model, the non-hypertensive patients will be the reference category. Therefore, when
the coefficient is positive (or HR > 1), the level of risk is increased with hypertension. Systolic
blood pressure (SBP) was measured as a continuous variable in millimeters of mercury (mmHg)
and all effects reported were in millimeters of mercury per 10 mmHg (mmHg) so that all models
could have consistent results.

2.2. Non-parametric methods
2.2.1. Kaplan—Meier estimator

Kaplan—Meier test was used to evaluate the survival function from a time-to-event data format.
This non-parametric method takes into consideration of right-censored data and complements
the previous one with displaying probability of survival in time.

Kaplan—Meier survival function is defined as

st =] (1 - ;%) , (1)

t; <t

where t; is the time of the i-th event, d; is the number of events at ¢;, and n; is the number at
risk just prior to t;.

The Kaplan—Meier survival curve based on the total number of 125 patients is depicted
in Figure 1. This curve offers information in estimating the survival probability of the whole
population at a given period.

To determine the gender related differences in terms of survival, Kaplan—Meier curves de-
picted in Figure 2 were constructed for males and females separately. In order to determine
statistical differences between these two groups, the log-rank test was applied. The null hy-
pothesis of the log-rank test is that there is no difference in the survival distribution between
the male and female patients.

2.2.2. Random survival forest (RSF) model

The random survival forest (RSF) is an extension of the bagged decision tree model proposed by
Breiman for right censoring survival data, in that an ensemble of survival trees is constructed to
estimate the survival functions for each subject without giving any specific functional form for
the hazard or the survival distribution [15]. Since every of the B trees is built with a bootstrap
sample of the initial data set, about one third of observations are rejected from the bootstrap
(out-of-bag, OOB) and are used to calculate non-biased internal estimates of prediction error.
At each node, a random selection of some features out of candidate is performed, and a split that
provides the maximum log-rank test statistic that means that the splitting aims at differences
in survival rates of daughters, is selected [19]. Ounly trees are grown to maximal depth so that
no pruning is done to eliminate splitting of a variable and the ensembles are used to reduce
variability [1].

At each terminal node of tree b, one estimate Sb(t | X) is computed with the aid of Kaplan—
Meier estimator on the OOB samples. The overall RSF survival function for a new covariate
vector X is then the simple average

B
S(1X) = 5> 8(t] X), )
b=1
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This results in a fully non-parametric estimator of the survival curve that is built by aver-
aging across all the trees in the forest [11].

Model performance is evaluated on the basis of the test data set which is different from
out-of-bag (OOB) data. It enables obtaining the survival curves outside the training data,
which provides the estimates of the prediction error, including the concordance index, without
the need for the test set [29]. To determine variable importance, all the covariates in the OOB
is permuted and the increase in the prediction error measured; predictors are ranked according
to the extent of contributing to survival discrimination [23].

Key advantages of RSF include:

e No distributional assumptions — the model does not specifically assume any functional
form for the hazard and survival functions [15].

e High-dimensional robustness — it can accommodate many high-dimensional correlated
covariates by using the randomized splitting and bagging strategies [3].

e Built-in imputation — where the missing covariate values are dealt within by using tree-
based imputation techniques [25].

Terminology. The results of cox regression are expressed as hazard ratio (HRs), whereas the
results of parametric accelerated-failure-time (AFT) model are expressed as acceleration factors
(AFs). A positive AF has been known to correspond to increased survival time (protective) and
a negative AF corresponded to reduced survival time (increased risk). This difference introduces
uniformity between the time-based and hazard-based model interpretations.

2.3. Parametric methods

In survival analysis the method most commonly applied for assessing the impact of different
factors on the time to a specific event is the CPH. This method has no links with any specific
survival distribution but with a basic assumption that predictor variables affect survival equally
at all times. Nevertheless, it may not give a good result if the distribution of the random variable
is based on normal distribution. To overcome this weakness, various forms of parametric survival
models including Weibull, exponential, log-normal and log-logistic models are used. These
models make certain assumptions about the distribution of survival times and are appropriately
suited for a range of applications when chosen. The mathematical formulations of these models
are as follows:

o Weibull model: The Weibull distribution model can fit different shape of hazard function.
Tts probability density function (PDF) is given by:

p—1 »
T oo /%) 2>0,0>0,p>0. (3)

f(z;0,p) =p-

In model, 0 > 0 is known as the scale parameter, which controls the spread of the
distribution and p > 0 is the shape parameter that governing behaviour of the hazard
function. It is particularly useful in modelling experiments where hazards may change
with time such as wear-out failures or improvements with time [17].

e FExponential model: The exponential distribution is a special case of the Weibull distribu-
tion in which p = 1. Its PDF is:

1
flz;0) = Ee*"”/", x>0,0>0. (4)

This distribution involves a constant hazard rate, therefore work well in memory less
processes including failure processes in systems which have no aging impact [17].
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e Log-normal model: The log-normal distribution is derived when distribution of logarithm
of the survivable life duration is normal. Its PDF is expressed as:
1 _(nax—p)?

f(z;p,0%) = - 2776 22 x € (0,00), u>0,0>0. (5)

where the parameters which determine the location and spread of the distribution are
termed as mean (u) and standard deviation (o), respectively. This model is appropriate
when the data is positively skewed as are many survival times that are affected by multiply
factors [17].

e Log-logistic model: Another distribution from the class of parametric models, useful for
skewed data on survival, is the log-logistic distribution. Its PDF is given by:

(B/a)(z/a) !
[+ (z/a)?]?
whereas « stands for scale parameter and § stands for shape parameter. This model is

useful when the hazard function rises and then falls over time, and it is good for time-to-
event data with fleshy tails [17].

flz;a,8) = x>0,a>0 08>0 (6)

All the parametric models that had been fitted in accelerated failure time (AFT) framework
with the coefficients of fit, denoted by [, which act on logT. We therefore present the accel-
eration factors (AFs) in lieu of hazard ratios, in which the acceleration factor (AF) is given as
exp( Ax). The value of AF below 1 represents a more harmful and the value of AF above 1
represents a more protective. In continuous predictors the effects are expressed as a clinically
significant change (e.g. SBP per 10 mmHg): AF;o = exp(108), and in binary ones the AF is
the level “1 = Yes” and “0 = No.” In the parameterization of the covariate effects shown below
under the AFT, we have covariate effect by describing it as: AF = exp(3) (or exp(8 Az)).

The selection of these parametric models depends on characteristics of the data and the
assumptions made on the form of the hazard function. They offer a large benefit when CPH’s
assumption of proportional hazards doesn’t apply or if a parametric strategy is likely to provide
greater estimation accuracy. The use of these models provides more flexible computation and
more accurate estimates when used in survival analysis.

2.4. Semi-parametric methods
2.4.1. Cox proportional hazards model

The Cox Proportional Hazards (PH) model was used in order to evaluate effect of more than
one variable in hazard rate. The semi-parametric version of the model can define the hazard
ratios without estimating the baseline hazard rate:

h(t|X) = ho(t) exp(f1. X1 + B2 Xo + -+ + 5p X)) (7)

where h(t|X) is the hazard at time ¢ assuming covariates set to be X and ho(¢) is the unknown
baseline hazard. The partial likelihood method was used for fitting the models using the Cox
PH function from the coxph() in R. To evaluate the PH assumption, the Schoenfeld residuals
test was done using the function cox.zph().

2.4.2. Bayesian Cox regression analysis

A Bayesian version of the Cox model was also fitted, with the baseline distribution specified as
Weibull. This model takes into account the prior information as well as offers the probability
of arriving at the hazard ratios. The model specification was:

log h(t|X) =log\+~logt+ 1 X1+ + Bp X, (8)
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where A and -y are scale and shape parameter of the Weibull distribution respectively. The model
was fitted using the survregbayes () function in R that fits a proportional hazards parameter-
isation and a Weibull baseline. Various convergence diagnostics and posterior summaries were
calculated based on the results of the model.

3. Results and discussion

3.1. Results of non-parametric methods
3.1.1. Results of Kaplan—Meier estimator

Figures 1 and 2 display the Kaplan-Meier (K-M) survival curves. Even the overall survival rate
of the cohort of 125 patients (Figure 1) reveals that, over a 300 day interval, there is gradual
decline in survival. The 95% confidence interval (shaded region) gives an indication of the
uncertainties associated with the survival estimate, and this is a function of the number at risk,
which curtails as more members at risk at a given time and expands as the size of the sample
shrinks over time. Relations of the survival distributions for gender, obtained from Figure 2,
show slightly lower survival probabilities for the male patients in comparison to the female
throughout the perceptible period of the survival, while the log-rank test has non-significant
p-values (p > 0.05) and one could not identify any difference in survival between the genders.
The number at the risk table that appears beneath each curve depicts, a diminishing number
of participants under observation while time elapses.

Kaplan-Meier Survival Curve by Gender

Kaplan-Meier Survival Curve
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Figure 1: Kaplan—-Meier survival curve by gender. Time-to-event in days. Y-
for the overall cohort. Time-to-event in axis: survival probability; X-azis: follow-
days. Y-awis: survival probability; X-axis: up (days). Numbers at risk indicated below
follow-up (days). each curve at each 50-day time point.

3.1.2. Results of random survival forest (RSF) model

Table 1 shows that RSF was trained on n=125 patients of which 34 had the event of interest.
The ensemble contained 1000 trees, each of which grew up to a terminal node size of 15 with the
average number of terminal nodes in every tree being 4.691. At each split 4 of the 10 available
predictors were chosen at random, and 10 random split points were examined per variable from a
log—rank “random” splitting rule. Bootstrap sampling without replacement (SWOR) employed
79 observations per tree, with the OOB error estimated with about one third of the cohort.
OOB CRPS (standardized CRPS 0.1315) was 39.1909, corresponding to an OOB prediction
error = 0.3312, true OOB prediction error under minimal-depth variable selection 33.1169.
Minimal-depth analysis showed that three top predictors according to minimal-depth values
(1.321, 1.728, and 1.752) were, respectively, ischemic heart disease, smoking status, and age,
the latter with variable importance (VIMP) reaching —0.009 which in absolute values is low.
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’ Metric RSF summary Minimal depth selection
Sample size 125 125
Number of deaths 34 —
Number of trees 1000 1000
Forest terminal node size 15 15
Average no. of terminal nodes 4.691 —
No. of variables tried per split 4 4
Total no. of variables 10 10
Resampling used to grow trees SWOR
Resample size used to grow trees 79 —
Analysis RSF —
Family surv surv
Splitting rule logrank *random* logrank
Number of random split points 10 10
(OOB) CRPS 39.1909 —
(OOB) stand. CRPS 0.1315 —
(OOB) Requested performance error 0.3312 33.1169
Conservativeness — medium
X-weighting used? — TRUE
Dimension (no. of vars) — 10
Refitted forest — FALSE
Model size — 3
Depth threshold — 1.7559

’ Top 3 variables Depth / VIMP
ischemic heart disease 1.321 / 0.244
smoking 1.728 / 0.102
age 1.752 / —0.009

Table 1: RSF model summary and minimal depth variable selection

The minimal-depth procedure having the medium conservativeness and X-weighting enabled
fitted an unrefitted forest of size 3 with a depth threshold of 1.7559.

The minimal-depth and VIMP measures in the RSF are worth considering, as they are
arising at different factors that represent the influence of the predictor. Minimal depth measures
the early use of a variable in splitting in the forest which is important to the structure of trees
whereas VIMP measures how permuting a variable affects prediction error. The age is very high
in our findings in terms of minimal depth, but zero or slightly negative to VIMP. The seeming
mismatch suggests that age is a significant contributor to the partitioning of trees (non-linear or
interaction effects), but does not significantly enhance the predictive power when other factors
(including ischemic heart disease and smoking) are accounted in. The role of age should thus
be viewed as being context dependent and secondary to superior clinical predictors.

On the whole the RSF had strong performance and interpretability: it used an ensemble
of fully mature survival trees for the nonparametric capturing of complex interactions, offered
dependable OOB error estimates that do not require separate validation set, and was able to
discuss the important covariates through minimal-depth selection.

The variable importance (Table 2) reveals that ischemic heart disease is the best predictor
for patient’s survival in our random survival forest model (RSF) (VIMP = 0.2437; excluding
the station, relative importance = 1.0000), then by smoking status (VIMP = 0.1017; relative
importance = 0.4173) and diabetes mellitus (VIMP = 0.0246; relative importance = 0.1008).
Other covariates such as anemia have minor positive contributions (VIMP = 0.0006), while
hypertension, water filter usage, gender, education level, high blood pressure, and age have
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negligible or small negative uses (VIMP range: from —0.0029 to —0.0089), which reflects the
weak influence on the model’s performance in prediction (Figure 3). The ensemble survival
curves (Figure 4) show the risk paths of the entire cohort, as the patient 81 showed the peak
value of the predicted survival probability within the follow-up time; other patients’ curve is
superimposed over all 125 patient estimates and lets one see heterogeneity of the profiles and
the ability of the model to generate individual survival estimates.

’ Variable \ Importance Relative Imp. ‘
ischemic heart disease 0.2437 1.0000
smoking 0.1017 0.4173
diabetes mellitus 0.0246 0.1008
anemia 0.0006 0.0025
hypertension -0.0020 -0.0083
water_filter -0.0029 -0.0119
gender -0.0034 -0.0142
education level -0.0053 -0.0218
high blood pressure -0.0060 -0.0245
age -0.0089 -0.0364

Table 2: Variable Importance from RSF Model
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Note: Left: OOB error and continuous ranked probability score (CRPS). Right: Minimal depth rankings and

variable importance (VIMP). Best predictors: age, ischemic heart disease and smoking.

Figure 3: Random survival forest (RSF) multimodal results.
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RSF Survival Curves for All Patients
Best Patient ID = 81
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Figure 4: RSF survival curves for all patients (best patient ID = 81).
3.2. Results of parametric methods

Table 3 shows maximum-likelihood estimates for four candidate survival distributions: Weibull,
Exponential, Log-Normal and Log-Logistic, adjusted for gender, age, hypertension, ischemic
heart disease, smoking, diabetes mellitus, anemia, education level, water filter use, and high
blood pressure. Across all models, hypertension (Weibull: 5 = —0.9505, p = 0.0152; Expo-
nential: § = —1.6581, p = 0.0122), ischemic heart disease (Weibull: 5 = —0.9050, p < 0.001;
Exponential: § = —1.5044, p < 0.001), and smoking (Weibull: 8 = —0.6044, p = 0.0054;
Exponential: § = —1.0580, p = 0.0067) emerged as significant predictors of reduced survival
time. There is a weak yet noticeable acceleration effect observed with high blood pressure
(Weibull: 8 = 0.0224,p = 0.0193; Exponential: 5 = 0.0393,p = 0.0230) while other covariates
such as gender, age, anemia, and education have weaker, non-significant influences in most
specifications. It is necessary to note that negative coefficients of hypertension (8 < 0 ) are
associated with a reduced survival time, i.e. an increased hazard of hypertensive patients in
the parametric AFT models when transformed into the hazard scale. Therefore, the coefficient
sign is negative but the direction of the effect is similar to that of the Cox model where hyper-
tension is a risk factor of mortality. In the case of systolic blood pressure (SBP), the positive
coefficient (8 = 0.022 in Weibull AFT model) represents an increment in the predicted survival
time by 10 mmHg, and it proves the fact that increasing SBP is related to the decreased risk of
mortality. Clinically, the results show that hypertension, ischemic heart disease, and smoking
are significant predictors of shorter survival times, and that the patients with higher systolic
blood pressure are more likely to have a little longer survival time.

Scale parameters’ values differ by distribution (Weibull scale log-estimate —0.6555, p <
0.0001; Log-Logistic scale ¥ = 0.463), whereby different baseline hazard shapes are used. The
use of AFT coeflicients as acceleration factors (AFs) simplifies the explanation of effects direction
and strength of effects on time scale. According to the Weibull AFT model, the hypertension
has a 8 = —0.9505 meaning the AF = exp(—0.9505) = 0.387 (the survival time of hypertensive
people is about 61% shorter than of non-hypertensive ones).
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Weibull Exponential Log Normal Log Logistic

Variable Coef SE z p Coef SE z p Coef SE z p Coef SE z p
(Intercept) 4.136 1.120 3.69 0.0002 3.719 2.114 1.76 0.0785 3.602 1.502 2.40 0.016 3.879 1.394 2.78 0.0054
genderMale -0.249 0.224 -1.11 0.266  -0.420 0.413 -1.02 0.310 -0.181 0.259 -0.70 0.486 -0.265 0.252 -1.05 0.294
age 0.001 0.006 0.19 0.850 -0.001 0.010 -0.05 0.961 0.004 0.006 0.69 0.490 0.003 0.006 0.51 0.612
hypertensionl -0.950 0.391 -2.43 0.015 -1.658 0.662 -2.51 0.012 -1.018 0.427 -2.38 0.017 -0.910 0.414 -2.20 0.028
ischemic__heart disease |-0.905 0.250 -3.63 0.0003 -1.504 0.432 -3.48 0.001 -1.093 0.275 -3.98 <0.001 -0.991 0.274 -3.62 0.0003
smokingl -0.604 0.217 -2.78 0.005 -1.058 0.390 -2.71 0.007 -0.602 0.259 -2.33 0.020 -0.619 0.249 -2.49 0.013
diabetes mellitus -0.333 0.230 -1.45 0.147 -0.837 0.405 -2.07 0.039 -0.632 0.263 -2.41 0.016 -0.445 0.251 -1.77 0.077
anemial 0.124 0.241 0.51 0.609 0.191 0.440 0.43 0.664 0.293 0.275 1.06 0.288 0.225 0.265 0.85 0.394
education levelPrimary 0.273 0.251 1.09 0.276 0.389 0.476 0.82 0.414 0.519 0.316 1.64 0.100 0.328 0.320 1.03 0.305
education levelSecondary | -0.103 0.299 -0.34 0.732 -0.210 0.554 -0.38 0.704 0.248 0.371 0.67 0.504 0.106 0.360 0.30 0.767
water _filterNon-filter 0.289 0.211 1.37 0.172 0.309 0.392 0.79 0.430 0.189 0.266 0.71 0.478 0.230 0.250 0.92 0.358
high blood pressure 0.022 0.010 2.34 0.019 0.039 0.017 2.27 0.023 0.023 0.013 1.85 0.065 0.022 0.012 1.87 0.062
Log(scale) -0.656 0.145 -4.53 <0.001 — — — — -0.123 0.125 -0.98 0.326 -0.770 0.144 -5.35 <0.001
Scale 0.519 1 (fixed) 0.884 0.463

Note: Binary variables coded as (1 = Yes, 0 = No); reference category = absence of condition. Continuous variables in natural units (e.g., systolic blood pressure
in mmHg per 10 mmHg increase). Acceleration factor (AF) = exp(BAx); AF > 1 indicates longer survival, AF < 1 indicates shorter survival.

Table 3: Parameter estimates of parametric AFT models (coefficients on logT')

| Model \ Degrees of Freedom (df) AIC BIC |
Weibull 13 466.5933 503.3614
Exponential 12 480.5786 514.5184
Log-normal 13 476.1975 512.9656
Log-logistic 13 474.4945 511.2626

Table 4: Model comparison using AIC and BIC for different survival distributions
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Ischemic heart disease has a 8 = —0.9050 that gives AF = 0.405 and smoking 5 = —0.6044
that gives AF = 0.546, both reducing survival. In the case of systolic blood pressure (SBP),
coefficient is in units per mmHg, the change in survival per unit of 10 mmHg increase in SBP
results in the coefficient AF;y = exp(10 x 0.0224) = 1.251, or about 25 % longer survival
with a +10 mmHg increase in SBP. These AFs are consistent with the protective direction
of SBP in the Cox analysis and also parametric effects on the suitable time scale. Since the
AFT model functions on the time scale and the Cox model functions on the hazard scale, the
consequences of AFT are interpreted as acceleration factors (AF), whereas the consequences
of Cox are interpreted as hazard ratios (HR). The raw coefficients might look inverted across
models, but on their scale, both the raw coefficients of the models are the same, i.e. that the
interpretation of the raw coefficients of the model using the scale of interpretation are equal.
AIC and BIC comparison of models (Table 4) reveals that Weibull model achieves the lowest
value of information criteria (AIC = 466.59; BIC = 503.36), is closely followed by the Log-
Logistic (AIC = 474.49; BIC = 511.26) suggesting that the Weibull distribution is optimal
model in terms of fit and parsimony for these data.

3.3. Results of semi-parametric methods
3.3.1. Results of Cox proportional hazards model

The multivariable Cox PH analysis (Table 5, Figure 5) determined that hypertension (HR =
6.58, 95% CI 1.55-27.87, p = 0.0105), ischemic heart disease (HR = 5.89, 95% CI 2.38-14.58,
p < 0.001), and smoking (HR = 3.35, 95% CI 1.50-7.51, p = 0.0033) were significant predictors
of mortality. Gender, age, and diabetes mellitus, anemia, education level, and water-filter
use did not achieve statistical significance levels since the hazard ratios for these parameters
were close to unity with wide confidence intervals crossing 1.0. The concordance, 0.807 (SE =
0.033), indicated excellent discrimination in the model, while the likelihood ratio p < 0.0001
reflected a good fit of the model.

[ Variable [ Coef exp(Coef)  SE(Coef) z Pr(> |z|) 95% CI |
genderMale 0.4956 1.6415 0.4413 1.123 0.2614 (0.6912, 3.8983)
age 0.0010 1.0010 0.0108 0.090 0.9283 (0.9800, 1.0223)
hypertensionl 1.8842 6.5810 0.7365 2.558 0.0105* (1.5537, 27.8746)
ischemic heart disease 1.7734 5.8907 0.4625 3.834  0.0001***  (2.3795, 14.5829)
smoking1 1.2100  3.3536 04112  2.942  0.0033**  (1.4979, 7.5085)
diabetes mellitus 0.3741 1.4537 0.4453 0.840 0.4009 (0.6073, 3.4798)
anemial -0.2203 0.8023 0.4740 -0.465 0.6421 (0.3169, 2.0313)
education levelPrimary -0.5335 0.5866 0.4934 -1.081 0.2796 (0.2230, 1.5428)
education levelSecondary | 0.2732 1.3142 0.5804 0.471 0.6379 (0.4213, 4.0993)
water _filterNon-filter -0.6812 0.5060 0.4275 -1.593 0.1111 (0.2189, 1.1696)
high blood pressure -0.0497 0.9515 0.0180 -2.769 0.0056** (0.9186, 0.9856)

Note: Binary covariates (1 = Yes, 0 = No); reference category = absence of condition. Continuous variables
SBP (mmHg) reported per 10 mmHg increase. Hazard ratio (HR) > 1 indicates higher hazard (shorter
survival), HR < 1 indicates lower hazard (longer survival). Concordance = 0.807 (SE = 0.033); Likelihood
ratio test = 89.68 on 11 df, p = 4e-05. Significance codes: ***p < 0.001, ** p < 0.01, * p < 0.05

Table 5: Summary of Cox proportional hazards model

No systematic departures from proportionality were observed for any covariate on Schoenfeld
residual plots (Figure 6), thus supporting that the model has valid PH assumption. In all the
analyses, hypertensive group (coded as 1) had a consistently high risk over non-hypertensive
patients. The differences between the signs of the coefficient in the AFT and Cox frameworks
are due to the fact that the parameterizations of the two models are different: the coefficients of
AFT are associated with the acceleration of time, whereas Cox coefficients are associated with
the increase of hazards. The effect of SBP increase per 10 mmHg was used in the treatment;
the negative coefficient (8 = -0.0497) and the related HR = 0.95 which show that more SBP
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Forest Plot of Hazard Ratios from Cox Proportional Hazards Model
genderMale
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Significance
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Variable

anaemial
education_levelPrimary
education_levelSecondary
water_filterNon-filter

high_blood_pressure L]

0.3 1.0 3.0 10.0 30.0
Hazard Ratio (log scale)

Note: HR > 1 indicates higher hazard (risk); HR < 1 indicates protective effect. Covariates coded as 1 =
Yes, 0 = No; SBP expressed per 10 mmHg increase.

Figure 5. Forest plots of hazard ratios (HRs) and 95% confidence/credible intervals for the Cox
model.
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decreased hazard and therefore it was a protective effect. Clinically, these risk ratios indicate
that patients with hypertension are at a higher risk of death (more than six times) than patients
with normal blood pressure, and that ischemic heart disease and smoking are at a higher risk
(three to five times, respectively). Conversely, a 10 mmHg elevation in systolic blood pressure
lowers the risk of mortality by approximately 5 % points, which is of a slight protective effect.

It is also important to note that diabetes mellitus exhibited statistically significant effects in
certain parametric AFT models (notably the log-normal and log-logistic specifications) but lost
significance in the semi-parametric Cox regression framework. These discrepancies stem from
the distinct assumptions underlying the two approaches: AFT models directly estimate effects
on survival time, while Cox regression models effects on hazard rates and assumes proportional
hazards. Because of this, covariates that influence survival time non-proportionally or interact
with time may appear significant in one model and not in another. Hence, the diabetes effect
should be interpreted cautiously, emphasizing convergence across multiple modeling frameworks
rather than any single specification.

3.3.2. Results of Bayesian cox regression model

The Bayesian Cox regression (Table 6, Figure 7) gives estimates of posterior hazard ratio that
largely agree with the frequentist Cox results: These include hypertension (posterior mean log-
HR = 2.01; 95% CI: 0.62-3.44) and ischemic heart disease (mean = 1.89; 95% CI: 0.94-2.85) as
the strongest risk factors, smoking (mean = 1.26; 95% CI: 0.44-2.17) taking second place, and
all with credible intervals excluding zero. A consistent protective effect was observed for each
10 mmHg increase in systolic blood pressure (posterior mean log-HR = —0.0476, 95% credible
interval: —0.0849 to —0.0097), but other variables, including gender, age, diabetes, anemia, ed-
ucation, and water-filter use have posterior intervals across zero, indicating mixed evidence on
the effects of the independent variable based on these parameters. Model fit indices (LPML =
—233.46, DIC = 460.94, WAIC = 465.38) indicated adequate predictive performance. The forest
plot (Figure 7) displays strong associations for key clinical covariates while appropriately quanti-
fying uncertainty for less influential predictors. Clinically, these Bayesian estimates corroborate
the frequentist interpretation: hypertension, ischemic heart disease, and smoking remain key
mortality risk factors, whereas higher systolic blood pressure contributes to improved survival
probabilities. The case study shows the benefit of integrating classical and machine learning
survival models to make risk predictions in underexplored populations. The RSF model en-
hanced predictive accuracy rates, but it also determined that there were other critical variables
like age, which might have a nonlinear influence on mortality risk. Risk factors, as ischemic
heart disease and smoking, have even stronger predictive power on mortality in our Pakistani
sample, contrary to that typical of Western populations. These results hold significant clini-
cal significance to risk assessment and resource planning in South Asia. Methodologically, the
study will reflect the way that RSF can augment customary models through revealing complex
associations in the data. The findings of the study have enabled us to make a case in favor of
applying machine learning methods to survival analysis to diverse clinical scenarios where data
can be scarce or risk characteristics can be dissimilar to historical cohorts.

4. Conclusion

This study employed a multi-method survival analysis—integrating parametric, semi-
parametric, Bayesian, and machine learning frameworks—to comprehensively identify mortality
predictors in a Pakistani cardiac cohort. Our results provide critical insights into risk factors in
South Asia and demonstrate the significant potential of combined modeling strategies, partic-
ularly random survival forests, for enhancing clinical risk prediction and personalizing patient
care in this population. Across all analytical frameworks, hypertension, ischemic heart disease,

249



CRORR 17:2 (2026), 237-252 Bokhari and Ali: Multimethod survival analysis for identifying ...

Variable Mean  Median Std. Dev. 95% CI (Low) 95% CI (Upper) ‘
gender (Male) 0.4881  0.4679 0.4615 -0.3610 1.4397
age -0.0016  -0.0016 0.0112 -0.0243 0.0209
hypertension 2.0084 2.0253 0.7155 0.6220 3.4407
ischemic heart disease 1.8880 1.8892 0.4831 0.9449 2.8478
smoking 1.2597 1.2606 0.4361 0.4424 2.1710
diabetes mellitus 0.6623  0.6780 0.4331 -0.2473 1.4549
anemia -0.2513  -0.2576 0.4739 -1.1782 0.6630
education level (Primary) -0.4629  -0.4591 0.4834 -1.3643 0.5135
education level (Secondary) | 0.3305  0.3122 0.5955 -0.7891 1.5917
water filter (Non-filter) -0.5707  -0.5650 0.4117 -1.4175 0.2179
high blood pressure -0.0476  -0.0478 0.0192 -0.0849 -0.0097

Note: Binary variables coded as (1 = Yes, 0 = No); reference = absence of condition. Continuous predictors
(e.g., SBP) reported per 10 mmHyg increase. Posterior means and 95% credible intervals correspond to
log-hazard ratios (log-HR). Log Pseudo Marginal Likelihood (LPML) = -283.456, Deviance Information

Criterion (DIC) = 460.941, Watanabe-Akaike Information Criterion (WAIC) = 465.378, Number of Subjects

=125
Table 6: Summary of posterior inference from the Bayesian Cox model

Forest Plot of Bayesian Cox Regression Coefficients
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Note: HR > 1 indicates higher hazard (risk); HR < 1 indicates protective effect. Covariates coded as 1 =
Yes, 0 = No; SBP expressed per 10 mmHg increase.

Figure 7: Forest plots of hazard ratios (HRs) and 95% confidence/credible intervals for the
Bayesian Cox model.

and smoking were consistently significant predictors of mortality. Parametric AFT models con-
firmed the same direction of effect with acceleration factors indicating shorter survival for these
conditions. In contrast, higher systolic blood pressure demonstrated a modest protective effect
against mortality.

Semi-parametric Cox proportional hazards and Bayesian Cox regression models identified
hypertension, ischemic heart disease, and smoking as the strongest predictors of death, with
hazard ratios consistently above unity. An increased systolic blood pressure, reported per 10
mmHg increase, remained a consistent protective factor in both frequentist and Bayesian anal-
yses. Non-parametric Kaplan—Meier analysis revealed steadily declining survival probabilities
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over 300 days, with no statistically significant differences between male and female patients. The
random survival forest model achieved robust predictive performance and highlighted ischemic
heart disease, smoking, and age as the most influential predictors.

Combining these complementary methods provides a comprehensive toolkit for survival anal-
ysis: parametric models for direct hazard acceleration inference, Cox and Bayesian Cox regres-
sion for robust estimation with minimal assumptions, Kaplan—Meier curves for non-parametric
survival estimation, and random survival forests for high-accuracy prediction and variable im-
portance assessment. This multi-methodological approach demonstrates the value of integrat-
ing diverse analytical techniques for comprehensive risk assessment in cardiac patient cohorts,
offering enhanced potential for clinical risk stratification and personalized prognosis in resource-
constrained settings.

Acknowledgments

The authors gratefully acknowledge the institutional support provided by PMAS-Arid Agricul-
ture University, Rawalpindi. We extend our sincere appreciation to Deputy Superintendent
of Police (DSP) Naila Ashraf of the Pakistan Railways Police for her authoritative support
and facilitation during the data collection process. We are particularly grateful to Dr. Ali
Tahir Rana, Director of Hospitals at Riphah International University and Riphah Healthcare
Services, for his significant contributions to data collection. Special thanks are also due to Ms.
Khushboo Khurshid for her meticulous work in data preparation and cleaning, as well as for
her valuable encouragement during this research endeavor. The contributions of all individuals
were instrumental in the successful completion of this study.

References

[1] Aalen, O. O., Borgan, @., and Gjessing, H. K. (2008). Survival and Event History Analysis: A
Process Point of View. New York: Springer. doi: 10.1007/978-0-387-68560-1
[2] Ashine, T., Muleta, G., and Tadesse, K. (2021). Assessing survival time of heart failure patients:
using Bayesian approach. Journal of Big Data, 8. doi: 10.1186/s40537-021-00537-4
[3] Biau, G., and Scornet, E. (2016). A random forest guided tour. TEST, 25, 197-227. doi:
10.1007/s11749-016-0481-7
[4] Brard, C., Le Teuff, G., Le Deley, M.-C., and Hampson, L. V. (2017). Bayesian survival anal-
ysis in clinical trials: What methods are used in practice? Clinical Trials, 14(1), 78-87. doi:
10.1177/1740774516673362
[5] Burnham, K. P. and Anderson, D. R. (2002). Model Selection and Multimodel Inference: A Prac-
tical Information-Theoretic Approach. New York: Springer-Verlag. doi: 10.1007/b97636
[6] Collett, D. (2014). Modelling Survival Data in Medical Research. New York: Chapman and
Hall/CRC. doi: 10.1201/b18041
[7] Cox, D. R. (1972). Regression models and life-tables. Journal of the Royal Statistical Society:
Series B (Methodological), 34(2), 187—220. doi: 10.1111/j.2517-6161.1972.tb00899.x
[8] Gelman, A., Carlin, J. B., Stern, H. S., Dunson, D. B., Vehtari, A., and Rubin, D. B. (2013).
Bayesian Data Analysis. New York: Chapman and Hall/CRC. doi: 10.1201/b16018
[9] Greenwood, M. (1931). On the statistical measure of infectiousness. The Journal of Hygiene, 31(3),
336-351. doi: 10.1017/S002217240001086X
[10] Harrell, F. E., Jr. (2015). Regression Modeling Strategies: With Applications to Linear Models,
Logistic and Ordinal Regression, and Survival Analysis. Springer Cham. doi: 10.1007,/978-3-319-
19425-7
[11] Heagerty, P. J., Lumley, T., and Pepe, M. S. (2021). Random survival forests for dynamic predic-
tions of a time-to-event outcome. BMC Medical Research Methodology, 21. doi: 10.1186/s12874-
021-01375-x
[12] Hosseinnataj, A., RezaBaneshi, M., and Bahrampour, A. (2020). Mortality risk factors in pa-
tients with gastric cancer using Bayesian and ordinary Lasso logistic models: a study in the

251


https://doi.org/10.1007/978-0-387-68560-1
https://doi.org/10.1186/s40537-021-00537-4
https://doi.org/10.1007/s11749-016-0481-7
https://doi.org/10.1007/s11749-016-0481-7
https://doi.org/10.1177/1740774516673362
https://doi.org/10.1177/1740774516673362
https://doi.org/10.1007/b97636
https://doi.org/10.1201/b18041
https://doi.org/10.1111/j.2517-6161.1972.tb00899.x
https://doi.org/10.1201/b16018
https://doi.org/10.1017/S002217240001086X
https://doi.org/10.1007/978-3-319-19425-7
https://doi.org/10.1007/978-3-319-19425-7
https://doi.org/10.1186/s12874-021-01375-x
https://doi.org/10.1186/s12874-021-01375-x

CRORR 17:2 (2026), 237-252 Bokhari and Ali: Multimethod survival analysis for identifying ...

[13]

[14]
[15]

[16]

[17]
(18]
[19]

20]

(21]

22]

23]

24]
25]

[26]

27]

28]

[29]

(30]

252

Southeast of Iran. Gastroenterology and Hepatology from Bed to Bench, 13(1), 31-36. url:
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7069537/

Hosmer, D. W., Lemeshow, S., and May, S. (2008). Applied Survival Analysis: Regres-
sion Modeling of Time-to-Event Data. Hoboken, New Jersey: John Wiley & Sons, Inc. doi:
10.1002/9780470258019

Ibrahim, J. G., Chen, M.-H., and Sinha, D. (2001). Bayesian Survival Analysis. New York, NY:
Springer. doi: 10.1007/978-1-4757-3447-8

Ishwaran, H., and Kogalur, U. B. (2008). Random survival forests for R. R News, 7(2), 25-31. url:
https://journal.r-project.org/articles/RN-2007-015/RN-2007-015.pdf

Kaplan, E. L., and Meier, P. (1958). Nonparametric estimation from incomplete ob-
servations. Journal of the American Statistical Association, 53(282), 457-481. doi:
10.1080/01621459.1958.10501452

Klein, J. P., and Moeschberger, M. L. (2003). Survival Analysis: Techniques for Censored and
Truncated Data. New York, NY: Springer. doi: 10.1007/b97377

Kleinbaum, D. G. and Klein, M. (2012). Survival Analysis: A Self-Learning Text, Third Edition
New York, NY: Springer. doi: 10.1007/978-1-4419-6646-9

LeBlanc, M., and Crowley, J. (1992). Relative risk trees for censored survival data. Biometrics,
48(2), 411-425. doi: 10.2307,/2532300

Omurluy, I. K., Ozdamar, K., and Ture, M. (2009). Comparison of Bayesian survival analysis and
Cox regression analysis in simulated and breast cancer data sets. Expert Systems with Applica-
tions, 36(8), 11341-11346. doi: 10.1016/j.eswa.2009.03.058

Penny-Dimri, J. C. , Bergmeir, C., Reid, C. M., Williams-Spence, J., Perry, L. A., and Smith, J.
A. (2023). Tree-based survival analysis improves mortality prediction in cardiac surgery. Frontiers
in Cardiovascular Medicine, 10, 1211600. doi: 10.3389/fcvm.2023.1211600

Ponikowski, P., Voors, A. A., Anker, S. D., Bueno, H., Cleland, J. G., Coats, A. J., Falk, V.,
Gonzalez-Juanatey, J. R., Harjola, V. P., Jankowska, E. A.; Jessup, M., Linde, C., Nihoyannopou-
los, P., Parissis, J. T., Pieske, B., Riley, J. P., Rosano, G. M. C., Ruilope, L. M., Ruschitzka, F.,
Rutten, F. H., and van der Meer, P. (2016). ESC Guidelines for the diagnosis and treatment of
acute and chronic heart failure. European Heart Journal, 37(27), 2129-2200. doi: 10.1093/eur-
heartj/ehw128

Strobl, C., Boulesteix, A.-L., Zeileis, A., and Hothorn, T. (2007). Bias in random forest vari-
able importance measures: Illustrations, sources and a solution. BMC Bioinformatics, 8. doi:
10.1186/1471-2105-8-25

Therneau, T. M. and Grambsch, P. M. (2000). Modeling Survival Data: Ezxtending the Cox Model.
New York, NY: Springer. doi: 10.1007/978-1-4757-3294-8

Therneau, T. M. (2020). A Package for Survival Analysis in R (version 8.2-11). url:
https://cran.r-project.org/package=survival

Thomas, C., Ye, F.Q., Irfanoglu, M.O., Modi, P., Saleem, K.S., Leopold, D.A., and Pier-
paoli, C. (2014). Anatomical accuracy of brain connections derived from diffusion MRI trac-
tography is inherently limited. Proc. Natl. Acad. Sci. U.S.A., 111(46), 16574-16579. doi:
10.1073/pnas.1405672111

Van De Schoot, R., Broere, J. J., Perryck, K. H., Zondervan-Zwijnenburg, M., and Van Loey, N.
E. (2015). Analyzing small data sets using Bayesian estimation: the case of posttraumatic stress
symptoms following mechanical ventilation in burn survivors. European Journal of Psychotrau-
matology, 6(1). doi: 10.3402/ejpt.v6.25216

World Health Organization. (2021). Cardiovascular diseases (CVDs) — Fact sheet. World Health
Organization. url: https://www.who.int /news-room/fact-sheets/detail /cardiovascular-diseases-
(cvds)

Wright, M. N., and Ziegler, A. (2017). ranger: A Fast Implementation of Random Forests
for High Dimensional Data in C++ and R. Journal of Statistical Software, 77(1), 1-17. doi:
10.18637 /jss.v077.i01

Yancy, C. W., Jessup, M., Bozkurt, B., et al. (2013). 2013 ACCF/AHA guideline for the
management of heart failure. Journal of the American College of Cardiology, 62(16). doi:
10.1016/j.jacc.2013.05.019


https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7069537/
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7069537/
https://doi.org/10.1002/9780470258019
https://doi.org/10.1002/9780470258019
https://doi.org/10.1007/978-1-4757-3447-8
https://journal.r-project.org/articles/RN-2007-015/RN-2007-015.pdf
https://journal.r-project.org/articles/RN-2007-015/RN-2007-015.pdf
https://doi.org/10.1080/01621459.1958.10501452
https://doi.org/10.1080/01621459.1958.10501452
https://doi.org/10.1007/b97377
https://doi.org/10.1007/978-1-4419-6646-9
https://doi.org/10.2307/2532300
https://doi.org/10.1016/j.eswa.2009.03.058
https://doi.org/10.3389/fcvm.2023.1211600
https://doi.org/10.1093/eurheartj/ehw128
https://doi.org/10.1093/eurheartj/ehw128
https://doi.org/10.1186/1471-2105-8-25
https://doi.org/10.1186/1471-2105-8-25
https://doi.org/10.1007/978-1-4757-3294-8
https://cran.r-project.org/package=survival
https://cran.r-project.org/package=survival
https://doi.org/10.1073/pnas.1405672111
https://doi.org/10.1073/pnas.1405672111
https://doi.org/10.3402/ejpt.v6.25216
https://www.who.int/news-room/fact-sheets/detail/cardiovascular-diseases-(cvds)
https://www.who.int/news-room/fact-sheets/detail/cardiovascular-diseases-(cvds)
https://doi.org/10.18637/jss.v077.i01
https://doi.org/10.18637/jss.v077.i01
https://doi.org/10.1016/j.jacc.2013.05.019
https://doi.org/10.1016/j.jacc.2013.05.019

Croatian Operational Research Review 253
CRORR 17:2(2026), 253269

Linking dynamic managerial capabilities and organizational agility:
The role of technological innovation

Hau Van Nguyen!*

Y Faculty of Business Administration, HUTECH University, 475A Dien Bien Phu, Thanh My Tay
Ward, Ho Chi Minh City, Vietnam
E-mail: nv.hau@hutech.edu.vn

Abstract. In an era of rapid technological change and increasing environmental uncertainty, orga-
nizational agility has become a key driver of firm competitiveness, underscoring the importance of
understanding how dynamic managerial capabilities enable agile organizational responses. The current
study investigates the relationship between dynamic managerial capabilities and organizational agility,
with a particular focus on the mediating role of technological innovation. It employs a quantitative
approach, analyzing survey data from SMEs in Vietnam using partial least squares structural equation
modeling (PLS-SEM). The findings reveal that dynamic managerial capabilities positively affect orga-
nizational agility, and that technological innovation serves as a mediator in this relationship. Managers
with strong dynamic capabilities enable firms to enhance their agility through continuous technological
advancements. This study contributes to the literature on dynamic managerial capabilities and inno-
vation by empirically validating the role of managerial capabilities in fostering organizational agility
through technological innovation. In practice, it provides valuable insights for business leaders on
leveraging managerial capabilities and adopting technology to navigate uncertain market conditions
effectively.
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1. Introduction

In the contemporary business landscape, characterized by technological advancements and dig-
italization, businesses face numerous challenges in maintaining competitiveness and ensuring
long-term sustainability, especially small and medium-sized enterprises (SMEs) in developing
countries [17]. Organizational agility, the capacity of an organization to swiftly adapt to changes
in the external environment, reconfigure its internal structures and operations, and respond ef-
fectively to emerging opportunities and threats, plays a pivotal role in sustaining competitive
advantage in today’s turbulent markets [5]. Organizational agility empowers organizations to
quickly detect and respond to technological, economic, and social shifts, ensuring adaptability
and resilience [36]. It also supports the pursuit of competitive advantage by allowing firms
to capitalize on emerging opportunities, innovate rapidly, and comply effectively with evolv-
ing regulations [36]. However, achieving and sustaining such agility requires not only structural
flexibility or an advanced information technology infrastructure but also the strategic competen-
cies and decision-making abilities of top managers. Recent research underscores the pivotal role
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of strategic capabilities for managers, known as dynamic managerial capabilities, in fostering
agility and increasing digital readiness, facilitating innovation in rapidly evolving environments
[52].

Dynamic managerial capabilities are defined as the capabilities through which managers
create, extend, and modify how firms operate, impacting strategic change and organizational
performance [25]. They are an extension of dynamic capabilities, focusing on how managers
transform the firm’s resources to sustain and enhance its competitive advantage and perfor-
mance [25]. This capability is a key determinant of organizational agility, as it empowers
managers to respond proactively to environmental changes [51, 25]. Managers with excel-
lent dynamic managerial capabilities facilitate strategic decision-making, foster innovation, and
effectively allocate resources to enhance agility [1, 25]. Although substantial evidence links
dynamic capabilities to organizational agility, the specific contribution of dynamic manage-
rial capabilities remains underexplored, as most studies fail to address the managerial aspect
[6]. Further, researchers often combine managerial capabilities with other dynamic capabilities,
complicating the isolation of the effects of managerial actions and decisions [52].

Technological innovation refers to the implementation of novel ideas in the form of new prod-
ucts or services, or the incorporation of new elements into an organization’s production processes
or service operations [11]. Technological innovation mediates the relationship between dynamic
managerial capabilities and organizational agility. Managers with better dynamic managerial
capabilities are more likely to foster an innovation-oriented culture, mobilize cross-functional
teams, and allocate resources to develop new products, services, and processes that meet evolv-
ing market demands [24]. In turn, firms that engage in technological innovation are better
positioned to anticipate and respond to market changes, thereby enhancing their organizational
agility through improved tools and adaptive frameworks [3]. The interplay of dynamic manage-
rial capabilities, technological innovation, and organizational agility is crucial for firms aiming
to maintain competitive advantage in rapidly changing environments. There is a need for more
empirical studies that explore the specific mechanisms through which technological innovation
mediates the relationship between dynamic managerial capabilities and organizational agility.
While prior studies have examined the role of information technology capabilities [6], there is
limited research on other forms of technological innovation and their impact on organizational
agility. A clearer understanding of these relationships is crucial for several reasons. First, it
provides insights into how organizations can better leverage dynamic managerial capabilities to
foster innovation and agility, an essential advantage in industries marked by rapid technolog-
ical change and intense competition, where adaptability and innovation are critical to success
[18]. Second, it informs strategic decision-making by highlighting the importance of investing
in technological capabilities and fostering an innovation-oriented organizational culture [3].

Vietnam provides a helpful context for examining the relationships among dynamic manage-
rial capabilities, technological innovation, and organizational agility. According to The Vietnam
Enterprise White Book 2025 [39], while the number of enterprises in Vietnam continues to grow
(as of 2024, the number of active enterprises reached 940,069, marking a 2% increase compared
to 2023), firms are facing increasing challenges in operational efficiency, profitability, and pro-
ductivity, which highlights persistent weaknesses in managerial effectiveness and competitive-
ness. In 2023, SMEs accounted for 97.3% of all enterprises that published financial statements
but showed relatively modest financial performance, with 30.2% of medium-sized enterprises
(3.7% of the total), 37.5% of small enterprises (26.5%), and 53.6% of micro-sized enterprises
(67.1%) reporting financial losses [39]. These patterns indicate limited financial resilience and
heavy exposure to environmental uncertainty. In addition, enterprises are highly concentrated
in major urban centers such as Ho Chi Minh City (34.9% of the total) and Hanoi (20.9% of
the total), while firms in peripheral regions face infrastructure and human capital constraints
[39]. Although Vietnam has made substantial progress in digital infrastructure and innovation
capacity, these improvements remain unevenly distributed across firms and regions [41]. These

254



CRORR 17:2 (2026), 253-269 Van Nguyen: Linking dynamic managerial capabilities and organizational...

institutional and structural conditions imply that managerial capabilities play a central role in
shaping organizational innovation and agility in Vietnamese SMEs, and the empirical findings
of this study should be interpreted in light of this specific ecosystem.

The objective of this study is to examine the relationship between dynamic managerial capa-
bilities and organizational agility among SMEs in Vietnam, clarifying the role of technological
innovation in this relationship. To achieve this objective, the study adopts a quantitative re-
search design and employs a survey-based methodology using a snowball sampling approach,
collecting primary data from senior managers of SMEs across multiple industries in Vietnam.
The proposed research model examines the direct and indirect effects of dynamic managerial
capabilities on organizational agility, with technological innovation as a mediating mechanism.
The hypothesized relationships are empirically tested using the PLS-SEM technique. In doing
S0, the study contributes to the literature by clarifying how dynamic managerial capabilities are
associated with organizational strategic change, particularly organizational agility in volatile
environments, and by providing empirical evidence on the mediating role of technological inno-
vation in translating dynamic managerial capabilities into organizational outcomes. Finally, by
focusing on SMEs in a developing economy, the study provides contextual evidence to assess the
applicability of existing theoretical relationships in settings characterized by higher uncertainty,
resource constraints, and managerial discretion.

2. Review of the literature and hypothesis development

2.1. Dynamic managerial capabilities and organizational agility

Adner and Helfat introduced the theory of dynamic managerial capabilities to refine and com-
plement the theory of dynamic capabilities [1]. The authors defined dynamic managerial ca-
pabilities as managers’ abilities to build, integrate, and reconfigure organizational resources
and competences [1]. In broader terms, these capabilities refer to a manager’s ability to de-
velop, expand, or adjust the firm’s approach to generating value by influencing both internal
and external factors [24]. Dynamic managerial capabilities theory emphasizes the managerial
influence on strategic change, expanding previous frameworks by explicitly incorporating the
role of individual actors, their capabilities, social interactions, and agency in strategic decision-
making [27]. Dynamic managerial capabilities, as individual-level capabilities with significant
organizational impact, stem from managers’ diverse skills, experiences, networks, and men-
tal models, relying on their authority over resources to enable effective action [24]. Although
dynamic managerial capabilities are conceptualized at the individual level, this study draws
on upper echelons theory [22]| and the micro-foundations perspective of dynamic capabilities
[51, 15] to explain how individual-level capabilities translate into organizational-level outcomes.
Both perspectives emphasize that strategic choices, resource allocations, and organizational
change are shaped by the cognition, experiences, and capabilities of top managers. In this
sense, managers’ dynamic capabilities serve as micro-level mechanisms through which strate-
gic decisions, investment priorities, and organizational routines are formed, thereby influencing
firm-level innovation and organizational agility. This link is particularly evident in SMEs, where
decision-making authority is typically concentrated at the top and managers tend to exert a
more direct, disproportionate influence on organizational outcomes.

The role of dynamic managerial capabilities can be analyzed through the three key ca-
pabilities, involving the capacity to (1) sense and shape opportunities and threats, (2) seize
opportunities, and (3) transform the resource base [51], enabling managers to guide their or-
ganizations through rapidly changing competitive environments. In the light of dynamic man-
agerial capabilities theory, managerial human capital, social capital, and cognition are the
three key antecedents of dynamic managerial capabilities [1]. These elements are deeply in-
terconnected, influencing and reinforcing one another to shape a manager’s ability to adapt
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and respond to a changing business environment [37]. Variations contribute to disparities in
outcomes, as the uneven distribution of these antecedents among managers results in differing
levels of dynamic managerial capabilities [25]. For instance, dynamic managerial capabilities
could promote proactive innovation behaviors, enabling managers to identify emerging techno-
logical trends and align internal processes and resources to exploit these opportunities swiftly.
This agility is particularly evident when firms face market turbulence or disruptive innova-
tions. Agility refers to the ability to respond to unpredictable and uncertain changes arising
from external and internal changes [55]. Organizational agility is a firm-wide capability to
swiftly and innovatively respond to unexpected changes in the business environment, lever-
aging them as opportunities for growth and success [55]. It comprises market capitalization
agility and operational adjustment agility, both of which entail a continual openness to change,
with the former focusing on an entrepreneurial mindset and the latter emphasizing speedy ex-
ecution/implementation [35]. In a dynamic environment, organizations survive by adapting to
evolving conditions, requiring quick, flexible responses and agility to operate efficiently amid
turbulence and uncertainty [§8]. Dynamic managerial capabilities shape organizational agility
by enabling managers to sense opportunities, seize them effectively, and reconfigure resources
to maintain competitive advantage. Managers with strong dynamic managerial capabilities can
identify emerging trends, foster collaboration across organizational boundaries, and implement
strategic changes that enhance organizational responsiveness and flexibility [25].

Prior studies offer both conceptual and empirical support for a close link between dynamic
capabilities and organizational agility. Teece et al. (2016) argued that dynamic capabilities
are a prerequisite for achieving the level of organizational agility required to cope with deep
uncertainty [50], and several empirical studies have indicated a positive association between
the two constructs across different contexts e.g., [60, 23, 30]. Akkaya and Qaisar (2021) further
highlighted the strategic relevance of organizational agility, demonstrating that it moderates the
relationship between dynamic capabilities and firm performance [2]. Overall, this stream of re-
search suggests that dynamic capabilities are an important antecedent of organizational agility.
At the same time, these studies conceptualize dynamic capabilities at the organizational level.
They are conducted outside transition-economy contexts, leaving relatively little insight into
how dynamic managerial capabilities operate as micro-foundational drivers of organizational
agility in SMEs operating in transition economies. Recently, Tenggono et al. (2025) examined
the positive relationship between dynamic managerial capabilities and strategic agility in SMEs
within a transition economy [53]. However, this study did not incorporate technological inno-
vation as a mediating mechanism in the relationship between dynamic managerial capabilities
and organizational agility. In addition, dynamic managerial capabilities were operationalized
as a set of resources (managerial human capital, social capital, and cognition), rather than as
a set of behaviors reflected in sensing, seizing, and reconfiguring capabilities [53].

Building on this literature, dynamic managerial capabilities can be understood as the
manager-level mechanisms through which dynamic capabilities are enacted in organizations.
They are particularly relevant in SMEs, where strategic decision-making and resource alloca-
tion are typically concentrated among a small number of senior managers. In such settings,
managers’ abilities to sense opportunities and threats, handle them appropriately, and trans-
form resources are likely to translate directly into how quickly and flexibly the organization can
respond to its environment. Therefore, it seems reasonable to expect that firms led by man-
agers with stronger dynamic managerial capabilities will exhibit higher levels of organizational
agility. Based on the above discussion, we propose the following hypothesis:

H1: Dynamic managerial capabilities positively impact organizational agility.
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2.2. Dynamic managerial capabilities and technological innovation

Technological innovation refers to the implementation of ideas that result in new products or
new services, or the introduction of new elements into an organization’s production or service
processes [11]. It encompasses any modification to an existing product or process, as well as
the development of entirely new technologies [24]. Managers play a critical role in technological
innovation, particularly those overseeing research and development and new product develop-
ment, as they significantly contribute to idea generation and may even propose new concepts
[22]. Additionally, they influence the outcome through managerial processes and strategic de-
cisions, such as determining funding levels and shaping the composition of the development
team, guiding the innovation process [24].

Senior managers also play a pivotal role in shaping technological innovation by scanning the
external environment for emerging technologies relevant to their organizations, by investing in
specific new technologies, establishing an organizational structure conducive to innovation, such
as implementing cross-functional teams or determining the centralization or decentralization of
research and development units, or by modifying existing structures to support technological
advancement better [24]. Managers with strong dynamic managerial capabilities are more likely
to scan the environment for innovative technologies and integrate these insights into strategic
decision-making. They play a pivotal role in overcoming internal inertia and fostering a culture
that embraces change, thereby enhancing the organization’s innovation capabilities [24]. Based
on the above arguments, we propose the following hypothesis:

H2: Dynamic managerial capabilities positively impact technological innovation.

2.3. Technological Innovation and Organizational Agility

As mentioned above, technological innovation involves the development and application of new
technologies to improve processes, modify existing or new products, and enhance competitive
advantage [24]. Some studies indicate that investing in and adopting information technology
and digital technologies enhances organizational agility [47, 42, 6]. First, technological innova-
tion enhances agility by enabling real-time data processing and faster decision-making through
advanced technologies such as cloud computing, big data analytics, and artificial intelligence,
allowing organizations to detect emerging trends and adapt their operations swiftly [47]. Sec-
ond, these technological advancements enable flexible operational frameworks, making it easier
for organizations to reallocate resources and restructure processes in response to market disrup-
tions [42]. Organizations that invest in technology innovation are better equipped to enhance
their agility, enabling them to remain competitive in rapidly changing environments. Thus, we
propose the following hypothesis:
H3: Technological innovation positively impacts organizational agility.

2.4. The mediating effect of technological innovation

Dynamic managerial capabilities enable managers to adjust the ways an organization earns a
living in the present [24]. They focus on transforming how an organization sustains itself by
building, integrating, and reconfiguring its resources and competencies [1]. Thus, these capa-
bilities play a pivotal role in shaping an organization’s strategic direction [25]. As mentioned
above, managers with strong dynamic managerial capabilities will enhance the organization’s
agility by sensing environmental changes and responding more quickly. Managers with strong
dynamic managerial capabilities are also equipped to identify and capitalize on technological
opportunities by driving investments in new technologies and fostering an innovation-friendly
culture essential for developing and implementing technological innovations [24]. The integra-
tion and adoption of technological innovations enhances an organization’s ability to process
real-time information, streamline decision-making, and rapidly reconfigure operations, thereby
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directly increasing organizational agility and enabling a more effective response to environmen-
tal changes [6, 47, 42]. Thus, we propose the following hypothesis:

H4: Technological innovation mediates the relationship between dynamic managerial capa-
bilities and organizational agility.

H4

Technological
Innovation

Dynamic Managerial
Capability |

Organizational
Agility

Figure 1: Research framework.

3. Methodology and data

3.1. Design

The current study employed two phases. First, a preliminary quantitative study was conducted
to ensure that respondents understand the questionnaire, assess the reliability and validity of
the measurement items, and identify any potential errors before launching the main study. It
consisted of two main steps: a pretest and a pilot test. The pretest study was conducted through
in-depth interviews with three academics currently teaching management-related courses and
five top managers of SMEs. The pretest aimed to confirm the clarity and relevance of the
questions and, if necessary, adjust the terminology for the upcoming survey. The pilot test
involved a preliminary survey with 30 senior SME managers to assess the reliability and validity
of the measurement items. The main study was also conducted with senior SME managers.

3.2. Sample and Procedure

Data were collected from senior managers of SMEs across diverse industries in Vietnam between
December 2024 and May 2025. According to The Vietnam Enterprise White Book 2025 [39], as
of the end of 2024, there were 940,078 active enterprises nationwide. In terms of economic sec-
tors, service enterprises accounted for 68.5% of the total, followed by industry and construction
at 30.3%, while agriculture, forestry, and fisheries accounted for only 1.3%. Regarding geograph-
ical distribution, enterprises located in the Red River Delta accounted for 32.7%, the Northern
Midlands and Mountainous Areas for 4.7%, the North Central and Central Coastal region for
13.1%, the Central Highlands for 2.9%, the Southeast region for 39.1%, and the Mekong River
Delta for 7.5%. The two cities with the highest concentrations of enterprises are Ho Chi Minh
City (after the administrative merger), with 34.9%, and Hanoi, with 20.9%. Together, these
two cities represent as much as 55.8% of the total number of enterprises in operation nationwide
in 2024. In terms of firm size among operating enterprises with business results as of the end of
2023, micro-sized enterprises accounted for 67.1%, small-sized enterprises 26.5%, medium-sized
enterprises 3.7%, and large enterprises 2.7%. As of the end of 2023, SMEs represented 97.3%
of all enterprises reporting financial statements. SMEs account for the majority of enterprises
in Vietnam’s economy and make significant contributions to the country’s socio-economic de-
velopment and its competitive advantage in the global market [38, 57]. Due to the absence
of a comprehensive sampling frame and contact lists, this study used the snowball sampling
method, which has been widely used in management research [12, 40]. Initially, we contacted
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senior managers and provided a clear explanation of the study’s scientific purpose, inviting
them to participate voluntarily in a self-administered questionnaire with mixed delivery modes.
We conducted face-to-face meetings with most survey participants to introduce the study and
distribute the questionnaire, but respondents completed the questionnaire themselves. In cases
where a face-to-face meeting could not be arranged, we contacted potential respondents by
phone to explain the purpose of the study and invite them to participate. Upon obtaining
their consent, the questionnaire was sent either in paper or electronic form, and the completed
questionnaire was returned later. No personal information, company names, or contact details
were collected, and no audio recordings were made. Respondents were also informed that there
were no right or wrong answers and that their responses would be treated confidentially and
used solely for academic purposes, in aggregated form. These procedures were intended to re-
duce the risk of socially desirable responses and response bias. After the first round, we asked
the senior managers surveyed for referrals or connections to other senior managers. Then we
contacted the next senior managers to request a meeting for the survey.

All questions were rated on a 7-point Likert scale from 1 (totally disagree) to 7 (totally
agree). To estimate the minimum sample size, we employed the 10-times rule as a heuristic
guideline commonly used in research utilizing the partial least squares structural equation
modeling approach [33]. According to this rule, the minimum sample size should be determined
by the greater of the following two values: (1) ten times the maximum number of formative
indicators used to measure a single construct, or (2) ten times the highest number of structural
paths directed toward any endogenous latent construct in the model [19]. The construct of
organizational agility has the highest number of structural paths pointing toward it, which is
two. Therefore, based on the 10-times rule, the minimum sample size for this study is 20.
In addition to this heuristic benchmark, we conducted a statistical power analysis [10] using
G*Power (with parameters, including alpha = 0.05; power = 0.80; effect size {2 = 0.15; number
of predictors = 2). The results indicate that a minimum sample size of 68 is required. With
119 valid responses, the present study exceeds this requirement and therefore has adequate
statistical power to detect medium-sized effects.

This study surveyed 119 senior managers, each representing a distinct SME, resulting in
one respondent per firm. Among them, 35 were female (29.4%), 83 were male (69.7%), and 1
respondent (0.8%) preferred not to specify their gender. In terms of age, 20.2% were 25-35,
52.1% were 36-45, 25.2% were 46-55, and 2.5% were over 55. Regarding education, 4.2% had a
high school education, 66.4% held a university /college degree, 27.2% had a postgraduate degree,
and 1.7% fell into other categories. In terms of company size, according to Decree 80/2021/ND-
CP of the Government of Vietnam, SMEs are classified based on employee headcount and
financial criteria: micro enterprises have fewer than 10 employees and total annual revenue or
capital not exceeding 3 billion VND; small enterprises have 10 to fewer than 50 employees and
total annual revenue or capital not exceeding 50 billion VND; medium enterprises have 50 to
fewer than 200 employees and total annual revenue or capital not exceeding 200 billion VND
[56]. Based on this classification, 19.3% are micro enterprises, 66.4% are small enterprises, and
14.3% are medium-sized enterprises. Regarding firm age, 0.8% had been established for less
than a year, 26.9% for 1-5 years, 37% for 6-10 years, and 35.3% for more than 10 years. By
industry, 18.5% operated in manufacturing, 16% in construction, 56.3% in trade and services,
7.6% in agriculture, forestry, and fisheries, and 1.7% in other sectors.

3.3. Measurement

Three constructs were analyzed in this study: dynamic managerial capabilities, organizational
agility, and technological innovation. All of these constructs were derived from existing studies
across various contexts worldwide, which may lead to differences in meaning and terminology.
Therefore, Schaffer and Riordan’s back-translation technique was applied to ensure that the
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Vietnamese version of the scale items accurately conveyed the corresponding original meaning
[48]. Specifically, the questionnaire was initially prepared in English and then translated into
Vietnamese by the author. This procedure was carried out because managers in this market,
especially at SMEs, have limited proficiency in English. Another bilingual business admin-
istration scholar subsequently translated it back into English. Both English versions of the
questionnaire were subsequently compared to verify semantic equivalence. All items in the
questionnaire were assessed using a seven-point Likert scale, ranging from 1 (strongly disagree)
to 7 (strongly agree).

Dynamic managerial capabilities were measured using a six-item scale adopted from Roth
et al. (2023) [46]. Example items include “I systematically identify opportunities from changes
in customer needs, new technologies, and the activities of other companies” and “I frequently
take the risk of championing investments in new service solutions.” Organizational agility was
measured by six items adopted from Cegarra-Navarro et al. (2016) [9]. Example items are “We
have the ability to rapidly respond to customers’ needs” and “We rapidly implement decisions to
face market changes.” Technological innovation was measured by four items based on Donbesuur
et al. (2020) [13]. Example items are “The firm can extend its range of products” and “The
firm can replace products that are obsolete.”

3.4. Data analysis

The study employed the partial least squares structural equation modeling (PLS-SEM) ap-
proach with Smart PLS4 for data analysis. PLS-SEM is well-suited for this study because it
is designed for prediction-oriented and theory-building research and allows the simultaneous
estimation of measurement and structural models, including direct and indirect relationships
[19, 21]. This methodological choice aligns with recent comparative research, which empha-
sizes that PLS-SEM is especially appropriate for predictive and exploratory research, whereas
covariance-based SEM (CB-SEM) is more suitable for purely confirmatory purposes [58]. More-
over, PLS-SEM follows a composite-based logic in which indicators are aggregated to form
proxies of abstract constructs [34, 44|, which is appropriate for survey-based operationalization
of managerial and organizational capabilities and for cross-level designs linking individual-level
perceptions to organizational-level outcomes. Finally, PLS-SEM performs well in contexts with
relatively small samples and complex models, which is particularly relevant in SME settings
[19].

At the same time, we acknowledge that PLS-SEM does not provide the same global fit mea-
sures as CB-SEM and is therefore applied here as a method suited to predictive and complex
modeling rather than as a general substitute for covariance-based approaches [19, 21]. Following
Hair et al.’s (2021) recommendations, both the measurement and structural models were sys-
tematically evaluated [20]. The assessment of the measurement model included examinations
of internal consistency, convergent validity, and discriminant validity. Then, a bootstrapping
procedure with 5,000 subsamples was conducted to test hypotheses in the structural model
estimation stage.

3.5. Common method bias

This study used cross-sectional data obtained from a single respondent pool, specifically se-
nior managers of firms, which may include the risk of common method variance. To mitigate
common method variance, this study employed multiple techniques [43]. First, the study used
enhancement techniques to encourage participants’ engagement [14] by incorporating state-
ments into the questionnaire such as: “There is no right or wrong answer; all of your responses
are valuable to the study, answering the questionnaire is completely voluntary, and we have
no authority to force anyone to participate in the research,” and “Your responses will be kept
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confidential, only researchers of this project can access the data for the sole purpose of science.”
Second, the study conducted Harman’s one-factor test, and the single factor accounted for less
than 50% of the variance [43, 32]. The results indicate that the single-factor model accounted
for 37.77% (below the 50% threshold), suggesting that common method variance did not bias
the results of this study.

4. Results and discussion

4.1. Measurement model

The internal consistency of the reflective measurement model was evaluated using Cronbach’s
alpha and composite reliability. To guarantee internal consistency, Hair et al. (2017) have
indicated that both Cronbach’s alpha and composite reliability should exceed 0.7 but remain
below 0.95 to prevent measurement redundancy, as the values above this threshold suggest that
all indicators measure the same phenomenon [19]. The results in Table 1 indicate a satisfac-
tory level of internal consistency, with Cronbach’s alpha values ranging from 0.717 (dynamic
managerial capabilities) to 0.862 (organizational agility). Similarly, composite reliability values
vary from 0.824 (dynamic managerial capabilities) to 0.897 (organizational agility).

Next, the study evaluated the convergent validity of all constructs by analyzing outer load-
ings and average variance extracted (AVE). The outer loadings value indicates the reliability
of the indicators and is suggested to exceed the threshold of 0.708 [19]. For values between 0.4
and 0.7, the researchers should consider removing the indicator only if its removal enhances
composite reliability or AVE [19]. In the first analysis of convergent validity, the outer loadings
and AVEs of constructs such as organizational agility and technological innovation met the
required criteria; however, the AVE for the dynamic managerial capabilities construct was only
0.434, which is below the threshold of 0.5 [19]. In the subsequent analysis, after removing two
items (DMC2 and DMC6) with outer loadings below 0.708, the AVE for this construct increased
to 0.540, surpassing the threshold. In Table 1, although DMC1 had an outer loading below
0.708, it was retained because the AVE of the dynamic managerial capabilities construct had
already exceeded 0.5. Table 1 below presents the final results on indicator reliability, showing
that the AVEs exceeded the required threshold of 0.5 (dynamic managerial capabilities = 0.54;
organizational agility = 0.593; technological innovation = 0.649).

Research constructs | Items | Outer Construct reliability and validity
loadings
Cronbach’s o | Composite| Average variance
reliability | extracted (AVE)
Dynamic managerial DMC1 | 0.678 0.717 0.824 0.540
capabilities - DMC DMC3 | 0.727
[46] DMC4 | 0.731
DMC5 | 0.799
Organizational ORA1 | 0.707 0.862 0.897 0.593
agility — ORA [9] ORA2 | 0.826
ORA3 | 0.749
ORA4 | 0.826
ORA5 | 0.764
ORAG6 | 0.740
Technological TEI1 0.777 0.821 0.881 0.649
innovation — TEI [13] TEI2 | 0.864
TEI3 0.789
TEI4 0.790

Table 1: Convergent validity

261



CRORR 17:2 (2026), 253-269 Van Nguyen: Linking dynamic managerial capabilities and organizational...

Another stage in evaluating the measurement model was assessing discriminant validity.
This study employed the Fornell-Larcker criterion [16] and the heterotrait-monotrait ratio [26].
According to the Fornell-Larcker criterion, the square root of the AVE for each construct should
be greater than its correlations with other constructs. Additionally, the heterotrait-monotrait
ratio should not exceed 0.9 to ensure the discriminant validity. As shown in Table 2, our
measurement model met the discriminant validity requirements based on the Fornell-Larcker
criterion and heterotrait-monotrait ratio.

Variables | Fornell-Larcker criterion HTMT
DMC ORA TEI DMC ORA TEI
DMC 0.735" -
ORA 0.661 0.770" 0.825 -
TEI 0.526 0.659 0.806" 0.649 0.759 -

Note: * Square root of AVE value.
Table 2: Discriminant validity.

4.2. Structural model

To ensure a reliable evaluation of the structural model, the current study examined collinearity
issues between two sets of constructs. Hair et al. (2017) have suggested that the ideal variance
inflation factor (VIF) value should be below 5 [19]. Based on this criterion, collinearity was not
an issue in this study (Table 3). Next, the study assessed the in-sample predictive power using
the R? value. According to Hair et al. (2017), R? values of 0.75, 0.5, and 0.25 are considered
substantial, moderate, and weak, respectively [19]. The R? value of organizational agility is
0.595, indicating a moderate effect of predictors (Table 4). We then evaluated the model’s out-
of-sample predictive power by using the Qfmdict value. To estimate this criterion, the study
applied the partial least squares predictive procedure. The Qgredict value for the organizational
agility was 0.417, which is greater than 0, meaning that the model has predictive power [19].

| | ORA TEI |
DMC [ 1.382 1.000
TEI | 1.382

Table 3: VIF values.

l ‘ R? value Qiredict value
TEI 0.288 0.256
ORA 0.595 0.417

Table 4: Model fit indices.

This study examined the direct and indirect effects of dynamic managerial capabilities on
organizational agility using a bootstrapping procedure with 5,000 subsamples to validate the
proposed hypotheses (Table 5). Analyses supported H1, indicating that dynamic managerial
capabilities directly impact organizational agility (8 = 0.435, p = 0.000, LL/UL=0.295/0.577).
Additionally, dynamic managerial capabilities directly impact organizational innovation (5 =
0.526, p = 0.000, LL/UL=0.347/0.670), supporting H2. Hypothesis H3 is supported, indicat-
ing that technological innovation directly impacts organizational agility (8 = 0.43, ¢t = 5.253,

262



CRORR 17:2 (2026), 253-269 Van Nguyen: Linking dynamic managerial capabilities and organizational...

LL/UL=0.265/0.587). Finally, technological innovation plays a mediating role in the relation-
ship between dynamic managerial capabilities and organizational agility (8 = 0.226, p = 0.000,
LL/UL=0.130/0.351).

Path description Original Sample Standard LL/UL t o) Hypotheses
sample mean deviation
(0) (M) (STDEV)
Direct effects
Dynamic managerial capa-|0.435 0.437 0.073 [0.295; 0.577]  5.973 0.000 H1: Supported
bilities — Organizational
agility
Dynamic managerial capa-|0.526 0.533 0.076 [0.347; 0.670] 6.912 0.000 H2: Supported
bilities — Technological in-
novation
Technological innovation — | 0.430 0.432 0.082 [0.265; 0.587] 5.253 0.000 H3: Supported

Organizational agility

Mediating effects

Dynamic managerial capa-|0.226 0.230 0.056 [0.130; 0.351] 4.007 0.000 H4: Supported

bilities — Technological in-
novation — Organizational
agility

Table 5: Results of the hypotheses.

4.3. Discussion

The study found a direct, positive impact of dynamic managerial capabilities on organizational
agility (H1), demonstrating that managers who can identify opportunities, restructure inter-
nally, and adapt strategies flexibly enhance the organization’s responsiveness to environmental
changes. This finding is consistent with the dynamic capabilities perspective, which conceptu-
alizes organizational agility as an outcome of a firm’s abilities to sense, seize, and reconfigure
resources and competences in response to environmental change [50]. This study is also consis-
tent with previous research on the impact of dynamic managerial capabilities on firm agility.
Specifically, dynamic managerial capabilities have been shown to have a direct and positive ef-
fect on strategic agility [53], an indirect and positive impact on supply chain responsiveness [45],
and a direct and positive impact on coordination flexibility [29]. However, unlike prior studies
that conceptualize dynamic managerial capabilities primarily as resources (e.g., managerial hu-
man capital, social capital, cognition) [53, 29], this study adopts a behavioral perspective that
focuses on what managers actually do. This perspective provides a more process-oriented ex-
planation of how agility is generated. Moreover, prior studies focused on firms of different sizes
rather than exclusively on SMEs and were mainly conducted in developed economies [29, 45].
By contrast, the current study extends this line of research by providing empirical evidence
from SMEs in a transition economy, where organizational structures tend to be more flexible,
but resources are more constrained.

The study also found that dynamic managerial capabilities have a substantial impact on
technological innovation. These results are consistent with the arguments of Helfat and Martin
(2015), who emphasize the role of dynamic managerial capabilities in shaping organizational
innovation [24]. We extend this work by empirically testing this relationship in the specific
context of SMEs and by demonstrating that dynamic managerial capabilities influence not only
strategic change (organizational agility) but also concrete technological investment and adop-
tion decisions. This study also aligns with the previous empirical research on the impact of
dynamic managerial capabilities on innovation activities in organizations. Specifically, dynamic
managerial capabilities have a direct and positive impact on green product innovation [54],
SMEs’ innovation performance [31], and a digital firm’s innovativeness [28]. However, while
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these studies focus mainly on general innovation outcomes and dynamic managerial capabili-
ties conceptualized as managerial resources, the present study explicitly examines technological
innovation as a distinct and critical organizational process and dynamic managerial capabili-
ties conceptualized as managerial behaviors. This empirical validation is critical in emerging
economies, where innovation depends heavily on managerial initiative and discretion [4].

Data analysis from the current study revealed that technological innovation positively affects
organizational agility (H3). This finding indicates that adopting and developing new technolo-
gies enhances organizational agility, enabling businesses to process information more efficiently.
Prior studies have shown that investments in information technology and the adoption of dig-
ital technologies enhance organizational agility [42, 6]. However, our findings go beyond these
studies by showing that technological innovation does not merely act as an independent driver
of organizational agility but also serves as a mediating mechanism linking dynamic managerial
capabilities to organizational agility. Specifically, the current study highlights the mediating
role of technological innovation in reinforcing the relationship between dynamic managerial
capabilities and organizational agility (H4). This finding suggests that dynamic managerial
capabilities are not automatically translated into organizational agility; rather, they operate
through innovation-related decisions and implementation processes that enable organizations
to respond more effectively to environmental change.

As described earlier, the majority of Vietnamese firms can be classified as microenterprises
or SMEs (93.6% in 2023). They are financially constrained and operate under conditions of high
environmental uncertainty, uneven digital infrastructure, and limited access to skilled human
capital [39, 41]. At SMEs, high-level managers and owner-managers often hold centralized
decision-making authority and shape organizational culture; thus, their vision, knowledge, and
strategic decision-making can shape how proactively and effectively an SME pursues digital
initiatives [59]. Top executives must not only support technological investments but also guide
their organization through change, fostering new mindsets, capabilities, and agility [49]. This
organizational structure strengthens the influence of dynamic managerial capabilities in driving
innovation and enhancing organizational agility.

Furthermore, the uneven distribution of digital infrastructure, skills, and innovation capac-
ity across SMEs in Vietnam [41] implies that technological innovation is a critical yet fragile
mechanism through which managers’ capabilities are translated into organizational outcomes.
For many SMEs, innovation is not a routine process but rather a selective, manager-driven
investment decision shaped by resource scarcity and risk considerations. Accordingly, the me-
diating role of innovation reflects both its strategic importance and the practical limitations
faced in emerging economies. These results highlight that the effects of dynamic managerial
capabilities on organizational agility are likely to be stronger and more visible in environments
characterized by institutional uncertainty, resource limitations, and centralized decision-making
authority, such as Vietnam [41, 39, 59]

5. Conclusion

5.1. Theoretical contributions

The study makes several theoretical contributions. First, it complements the theory of dynamic
managerial capabilities by elucidating the mechanism through which managers’ capabilities in-
fluence strategic change, specifically the impact on organizational agility in response to environ-
mental volatility. While previous studies have often focused on the underpinnings of dynamic
managerial capabilities and their impact on strategic change in volatile environments [29], our
study emphasizes how sensing, seizing, and transforming capabilities influence strategic change.

Second, the current study extends the theory of dynamic managerial capabilities by inte-
grating technological innovation as a mediating variable in the relationship between dynamic
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managerial capabilities and organizational agility. While many studies have emphasized the di-
rect impact of dynamic managerial capabilities on strategic change and performance outcomes,
intermediary mechanisms such as technological innovation have not been thoroughly examined
[7]. The current research demonstrates that technological innovation is not merely a byprod-
uct of dynamic managerial capabilities but rather a crucial bridge that transforms managers’
capabilities into competitive advantage and organizational agility.

Finally, our study confirms the positive relationship between dynamic managerial capabili-
ties and technological innovation, clarifying a dual mechanism in which leaders not only directly
influence the innovation process but also indirectly foster a sustainable innovation environment
that enhances organizational agility. While previous studies highlighted the link between dy-
namic managerial capabilities and innovation [25], no research has thoroughly analyzed both
the direct and indirect impacts of these capabilities on technological innovation.

5.2. Practical contributions

From a practical perspective, the research findings show that an organization can improve its
agility by developing dynamic managerial capabilities. These capabilities enable businesses to
quickly identify opportunities, reconfigure resources, and innovate, but also enhance their ability
to respond flexibly to unexpected changes. Thus, managers should proactively build effective
dynamic managerial strategies, focusing on improving flexible decision-making, enhancing an
adaptive organizational culture, and encouraging continuous innovation. At the same time,
businesses should focus on training and developing their workforce to enhance flexible thinking
and the ability to cope with change at all levels of the organization. Moreover, the study provides
policymakers with a scientific basis for designing support programs for businesses, particularly
SMEs, helping them develop dynamic managerial capabilities, increase competitiveness, and
achieve sustainable growth in a challenging, risk-prone environment.

Second, the research finding that dynamic managerial capabilities positively affect techno-
logical innovation confirms that these capabilities play a key role in helping businesses seize
technological opportunities, modify strategies, and optimize resources for effective innovation
implementation. Consequently, businesses, including SMEs, should focus on developing dy-
namic managerial capabilities, including the ability to perceive technological trends, restructure
processes, and flexibly adapt to a changing environment. Additionally, the study offers prac-
tical insights for managers to formulate appropriate innovation strategies, thereby enhancing
competitiveness and achieving sustainable growth. Business support organizations and poli-
cymakers can leverage these findings to design training, consulting, and innovation support
programs, enabling businesses to maximize their dynamic managerial capabilities and drive
technological innovation.

Third, technological innovation makes significant practical contributions to enhancing or-
ganizational agility, especially for SMEs, which often have limited resources but must quickly
adapt to the market to maintain a competitive edge. It not only helps SMEs optimize their oper-
ations and improve efficiency but also enables them to swiftly identify opportunities, reallocate
resources, and adjust strategies in response to fluctuations in the business environment. More
importantly, technology establishes a foundation for internal connectivity, enhances coordina-
tion between departments, automates processes, and strengthens data-driven decision-making,
allowing SMEs to respond more flexibly to continuous market changes. Moreover, techno-
logical innovation serves as a crucial mediator between dynamic managerial capabilities and
organizational flexibility, enabling SMEs to maximize their managerial potential — not only re-
acting quickly to risks but also proactively driving change. Given their smaller scale, SMEs can
leverage technology to bridge the gap with larger enterprises, enhancing competitiveness and
expanding the market. This study provides essential practical insights, encouraging SMEs to
invest strategically in technological innovation to enhance adaptability, optimize resource use,
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and achieve sustainable growth in an increasingly volatile business environment.

5.3. Limitations and directions for future research

Although this study contributes to the literature on dynamic managerial capabilities from both
theoretical and practical perspectives, it still has certain unavoidable limitations that should be
acknowledged and addressed in future research. First, it is based on a relatively small sample
of 119 observations, which may limit the generalizability of the findings. A small sample size
can lead to higher margins of error and reduce the reliability of statistical analyses. Future
studies should aim to increase the sample size to enhance the representativeness and reliability
of the results. Given the lack of comprehensive sampling frames and contact lists, particularly
in surveys of senior managers, researchers may consider extending data collection using struc-
tured snowball sampling approaches across different industries and regions. Further, future
studies using probability-based sampling techniques could enable systematic comparisons be-
tween responding and non-responding firms, thereby strengthening the methodological rigor of
the findings. A larger and more heterogeneous sample would allow for more robust validation
of the findings and improve the generalizability of the conclusions. Second, this study focuses
exclusively on SMEs in Vietnam, a developing country in Asia. Because the data are drawn
from Vietnamese SMEs, the findings reflect the institutional and economic characteristics of
a transitioning economy and may not be directly generalizable to firms in more developed or
structurally different contexts. This limitation may affect the generalizability of the findings
to other types of businesses or countries with different economic and social conditions. Further
studies should consider expanding the scope to include larger enterprises or multinational cor-
porations. Additionally, conducting similar studies in other countries would help assess whether
the findings hold across different economic and cultural contexts. Third, the study relies on
self-reported survey data, which can introduce biases due to personal subjectivity, inaccuracies,
or social desirability effects. Subsequent research could adopt a mixed-methods approach by
incorporating observational data, in-depth interviews, or secondary data sources to complement
and validate self-reported findings. Fourth, the current study may not have fully accounted for
all potential factors influencing organizational agility, such as corporate culture, technological
advancements, and leadership styles. Future studies should expand the theoretical framework
to incorporate these factors. Finally, this study does not examine the role of moderating vari-
ables, such as the competitive environment and innovation level. To gain deeper insight, future
research should introduce moderating variables to examine how the relationship between key
factors changes across different conditions.
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Abstract. This paper develops and compares financial distress (FD) prediction models for Slovak
and Croatian firms based on a decision tree (DT) approach. The study aims to identify the crucial
financial variables that predict firm FD in these two post-transition economies that share historical
and institutional similarities but differ in the structure of the economy. A database of Slovak and
Croatian enterprises was analysed, focusing on firms being classified as prosperous or non-prosperous
based on standardized accounting parameters from financial reports. DTs were employed since they
can model complex, nonlinear relationships without diminishing interpretability. The results indicate
that high levels of total indebtedness, equity leverage, and debt-to-equity ratios are cross-sectionally
associated with an increased likelihood of FD. In the Slovak context, liquidity, particularly the current
ratio, showed greater importance than profitability measures, whereas in Croatia profitability ratios,
especially return on assets, gained relatively higher relevance compared to liquidity. The findings close
a research gap concerning country-specific differences in Central and Eastern European (CEE) FD
predictors. The paper provides theoretical contributions by refining knowledge on insolvency drivers in
post-transition economies and practical contributions by understanding tailored early warning systems.
The study is limited by sample restrictions and the omission of macroeconomic factors. Future research
may incorporate wider contextual determinants and alternative machine learning (ML) approaches.
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1. Introduction

Financial distress (FD) prediction remains a central topic in financial and economic research
due to its implications for corporate governance, financial stability, and regulatory oversight
[18, 38]. The increasing demand for reliable early-warning systems has intensified the search
for accurate yet interpretable predictive models. This is particularly relevant for countries in
Central and Eastern Europe (CEE), where the legacy of centrally planned economies, the post-
transition reforms, and the gradual integration into European institutional frameworks have
created unique patterns of corporate FD. Among these countries, Slovakia and Croatia offer
a compelling comparison due to their shared post-socialist history and European Union (EU)
membership, yet also notable differences in macroeconomic trajectories, sectoral structures,
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and institutional maturity. Slovakia is more manufacturing- and export-oriented, with deeper
integration into European value chains and higher credit penetration, whereas Croatia has a
larger share of small and medium-sized enterprise (SMEs) and relies more heavily on service-
based sectors such as tourism. These structural differences may influence the role of specific
predictors, as liquidity shortages are often more pressing in SME-dominated economies, while
profitability indicators tend to be more relevant in investment- and export-driven contexts.
In both Slovakia and Croatia, the prediction and management of corporate FD have gained
increasing policy relevance over the past two decades. Following the transition to market
economies, insolvency frameworks and financial reporting standards have gradually aligned
with EU regulations, improving transparency and enabling more systematic firm-level analysis
[30, 13]. However, institutional maturity, credit availability, and sectoral dynamics continue
to differ, suggesting that the explanatory power of financial ratios may not be uniform across
national contexts.

Despite the progress in financial infrastructure, empirical research on FD prediction in these
two countries, especially from a comparative data-driven, perspective remains limited. Much
of the existing literature in the CEE region either focuses on single country analyses or applies
generic models borrowed from Western contexts that may not account for the institutional and
economic particularities of post-transition economies (e.g. [36, 41, 5, 43], etc). Moreover, tra-
ditional statistical techniques such as logistic regression or discriminant analysis may struggle
to capture nonlinear interactions among financial variables [3]. There is thus a growing need
for models that are not only empirically robust but also context-sensitive and interpretable for
practical use. Recent comparative research confirms that the selection of an appropriate predic-
tion method significantly influences classification performance and interpretability, particularly
in SME and transition-economy contexts [32, 28]. Empirical evidence increasingly highlights
the competitive performance of DT-based approaches in bankruptcy and FD modelling. Durica
et al. [10] developed a decision tree (DT) model for business failure prediction in Poland and
demonstrated its practical applicability in identifying high-risk firms. European evidence be-
yond the CEE region also indicates that DT models achieve strong predictive performance while
maintaining interpretability, especially when compared with more complex artificial intelligence
approaches [15, 11, 33]. These findings suggest that DT techniques represent a suitable compro-
mise between predictive accuracy and transparency, which is particularly relevant for regulatory
bodies, credit institutions, and policymakers operating in post-transition economies.

This study addresses this research gap by developing and comparing DT models for FD
prediction in Slovakia and Croatia using large-scale firm-level financial data. DTs offer a com-
pelling methodological advantage. They are capable of handling nonlinearity and interactions
among predictors while preserving interpretability, an essential feature for practitioners, finan-
cial analysts, and regulatory authorities. By applying the same modelling framework to both
national datasets, the study ensures comparability while allowing for the identification of both
common and country-specific FD indicators. The findings demonstrate that while certain finan-
cial indicators consistently emerge as strong predictors of insolvency across different national
settings, there are also meaningful variations that point to the influence of broader contextual
factors. These differences likely stem from variations in financial systems, regulatory frame-
works, access to credit, tax policies, and business practices, as well as sectoral compositions
and macroeconomic conditions. For instance, the relative importance of liquidity, leverage,
or profitability ratios may vary depending on how firms are financed, how risk is assessed by
creditors, or the extent to which FD procedures are enforced. Such cross-contextual divergence
underscores the importance of not relying on a one-size-fits-all model for FD prediction. Even
when applying a consistent methodological framework, the predictive accuracy and relevance
of specific indicators depend on the institutional and economic environment in which firms op-
erate. This comparative approach reveals the necessity of adapting analytical models to reflect
local conditions, thereby enhancing their practical applicability and robustness. It also offers
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valuable insights for policymakers and regulators, who may use these findings to better un-
derstand systemic risks, identify early warning signals, and design more targeted interventions
to promote financial stability and corporate resilience. Ultimately, the study contributes to
the broader literature on FD by demonstrating how data-driven approaches can uncover both
universal patterns and context-specific nuances in financial vulnerability. To operationalize this
contribution, the empirical analysis is structured around two interrelated research questions.
The first addresses the identification and comparative relevance of financial indicators asso-
ciated with FD risk in Slovak and Croatian firms. The second evaluates the effectiveness of
DT models in classifying firms as prosperous or non-prosperous across distinct economic and
institutional settings.

By focusing on Slovakia and Croatia, two EU member states at different stages of eco-
nomic development within the same regional and historical framework, this paper contributes
to a deeper understanding of how national contexts influence the nature and predictability
of corporate FD. It extends the literature on CEE insolvency prediction by showing that the
explanatory power of financial ratios is not uniform across countries, and that tailored country-
specific models are necessary to capture the complexity of business failure in diverse economic
systems. This study also responds to a broader theoretical and empirical gap, the underrep-
resentation of smaller, post-transition economies in the global FD prediction literature. While
extensive research has been devoted to large economies or mature markets, CEE countries often
remain peripheral in comparative modelling studies. The lack of attention to national hetero-
geneity not only limits the generalizability of widely used models but also underestimates the
role of institutional and structural differences in shaping financial behaviour and corporate risk.
By generating empirical evidence from Slovakia and Croatia and comparing results through a
unified framework, this study enhances the regional understanding of insolvency drivers and
offers a pathway toward more precise and effective risk assessment strategies.

In addition to its academic contributions, the findings have significant practical implica-
tions for financial institutions, credit rating agencies, policymakers, and firms themselves. Un-
derstanding the most relevant predictors of financial distress within a given national context
enables the development of more accurate early warning systems, supports risk-based credit al-
location, and fosters proactive regulatory oversight. As both Slovakia and Croatia continue to
integrate into broader European financial markets, the ability to identify at-risk firms through
data-driven interpretable models becomes increasingly important for economic resilience and
sustainable growth. In summary, this paper aims to advance both the methodological frontier
and the empirical understanding of FD prediction in post-transition economies. By leveraging
DT models and applying them to the cases of Slovakia and Croatia, it demonstrates the impor-
tance of national specificity in predictive modelling and contributes new insights to the broader
discourse on financial risk in the CEE region.

The paper is structured as follows. After the introductory part, the methodology and data
section presents the development and evaluation of a predictive model for estimating corpo-
rate FD using DT algorithms. The results and discussion section evaluates the performance
of DT models for predicting FD among Slovak and Croatian firms. It compares classification
accuracy, variable importance, and predictive metrics across the two countries, demonstrating
that while both models are highly effective, the Croatian model exhibits slightly better balance
and precision, confirming the strength of machine learning (ML) approaches in national insol-
vency prediction. Finally, the conclusion summarizes the key findings, discusses their practical
implications and suggests directions for future research.

2. Methodology and data

The empirical design relies on firm-level financial data, clearly specified classification criteria,
and a unified modelling framework applied separately to Slovakia and Croatia to ensure cross-
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country comparability. All financial ratios were constructed in a consistent manner across both
samples, and identical modelling settings were retained to preserve methodological symmetry.
DT models were selected for their interpretability and capacity to capture nonlinear relation-
ships and interaction effects among financial indicators.

2.1. Data and preprocessing

The firm-level financial data for Slovak and Croatian companies were used, extracted from the
ORBIS database containing standardized financial and ownership records on enterprises world-
wide. The ORBIS database was queried using predefined filters to ensure economic relevance
and data consistency. The search was restricted to active companies (including those with un-
known current status), excluding public authorities and government entities. Only firms with
total assets exceeding EUR 200,000 and with available financial statements for recent fiscal
years were retained. Companies lacking standardized financial reporting were excluded. After
applying these criteria, dataset contained 27,616 Slovak and 23,565 Croatian firms. The sample
includes all industries in the economy, and companies were sampled regardless of industry type,
thereby ensuring adequate representation of the corporate sector in both countries. Financial
ratios during 2022 were used as independent variables, whereas the dependent variable, financial
stability in 2023, captures FD. To ensure data quality and consistency, firms with incomplete
or missing financial data were excluded from the analysis. To minimize the effect of extreme
values and the asymmetry of the distribution of financial indicators, the dataset was winsorized
by the Z-score method with cutoff points at £3 standard deviations from the mean [48]. After
preprocessing and data-cleaning procedures, the final analytical sample consisted of 4,761 Slo-
vak and 1,186 Croatian firms, each classified as either prosperous or non-prosperous according
to the defined criteria.

For model development and validation, the data were randomly divided into training (70 %)
and test (30%) sets using stratified sampling to ensure that the original distribution of class
labels was preserved. The DT approach was utilized for its ability to model non-linear inter-
actions and detect intricate interactions between financial variables with high interpretability.
The choice of predictors is derived from existing empirical studies (e.g., [35, 47, 11, 8, 30, 12]).
The summarized formulas of selected financial indicators are presented in Table 1.

’ Abbreviation ‘ Indicator ‘ Formula ‘
QR Quick ratio Current assets minus inventories to current liabilities
CurrR Current ratio Current assets to current liabilities
Ins Insolvency ratio Total liabilities to total assets and other current assets
IT Inventory turnover ratio Sales to inventories
CollP Collection period ratio Receivables to sales (multiplied by 365 days)
CredP Credit period ratio Creditors to sales (multiplied by 365 days)
ROA Return on assets ratio Profit after tax to total assets
ROE Return on equity ratio Profit after tax to shareholders’ funds
ROS Return on sales ratio Profit after tax to sales
TI Total indebtedness ratio Total liabilities to total assets
DE Debt-to-equity ratio Total liabilities to shareholders’ funds
EL Equity leverage ratio Total assets to shareholders’ funds

Table 1: Summarized formulas of financial indicators.

In several ratios, the denominator can take on values close to zero or even negative, most
notably in the case of equity-based measures such as the equity leverage or the debt-to-equity
ratios. Instead of excluding these observations or applying winsorization, such cases were re-
tained in the dataset, as they represent genuine FD situations (e.g., firms with negative equity
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or excessive short-term liabilities). This approach is consistent with prior research, which em-
phasizes that extreme or non-standard financial ratios may carry critical information about the
deteriorating financial condition of a firm. While this choice increases variance in the predictor
space and may generate outliers, it was considered preferable to preserve the economic reality
of the data and ensure that distress signals were not artificially suppressed. To mitigate poten-
tial issues of numerical instability, all ratios were computed consistently across firms, and their
distributional properties were reviewed prior to modelling.

2.2. Classification criteria

To predict FD, the enterprises included in the model formation are categorized into two groups:
prosperous enterprises with sustainable debt and non-prosperous enterprises with substantial
indebtedness. The classification of firms into prosperous and non-prosperous categories follows
the accounting-based distress identification framework proposed by Kliestik et al. [26], which
is widely applied in Central and Eastern European insolvency research.

Condition (1): The firm reports negative equity, where the value of total liabilities (including
accrued liabilities) is greater than total assets, defined as:

Assets — (Liabilities + Accrued liabilities) < 0 (1)

Condition (2): If Condition (1) is violated, the firm is not thriving whenever its bonity
index, an adjusted liquidity measure, is less than 1. The index is calculated as the percentage
ratio of adjusted current assets to adjusted current liabilities:

Adjusted Current Assets <
Adjusted Current Liabilities

(2)

Condition (3): When data for the bonity index are incomplete or unavailable, a simplified
liquidity ratio L3 is used instead, which sums inventories, receivables, financial assets, cash, and
prepaid expenses, divided by the sum of current liabilities and accrued liabilities. The firm is
non-prosperous if this ratio is less than 1:

Bonity index =

Inventories + Current Receivables + Financial Assets
I +Cash and Equivalents + Prepaid Expenses 1 3)
= <
8 Current Liabilities + Accrued Liabilities
The two ratios both capture liquidity, but with the difference that the bonity index is more
precise, while L3 ensures practicability even in the instance of incomplete information.
Condition (4): The firm recorded a net loss during the observed accounting period, an
indication of insufficient revenues to meet financial obligations:

Net Profit After Tax < 0 (4)

If a firm does not meet Condition (1) of negative equity, it will still be labeled as non-
prosperous if, simultaneously, it experiences inadequate liquidity, as shown by either Condition
(2) or Condition (3), and reports a net loss based on Condition (4). Based on these criteria,
out of 4,761 Slovak firms in the sample, 560 were classified as non-prosperous and 4,201 as
prosperous. In Croatia, out of 1,186 firms, 57 were classified as non-prosperous and 1,129
as prosperous. This distribution reveals a pronounced class imbalance in both datasets, with
distressed firms representing only around 12% of Slovak firms and 5% of Croatian firms.

Table 2 illustrates the distribution of firms according to the applied criteria. In Slovakia,
the combination of liquidity shortfall and net loss was the most frequent driver of classification,
while negative equity accounted for a smaller but still substantial share of distressed cases.
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By contrast, in Croatia, negative equity was more prevalent, representing the majority of non-
prosperous firms, with the remainder identified through the combined liquidity and profitability
criteria. This breakdown illustrates how different mechanisms of financial fragility dominate
across the two countries and confirms the complementary role of the applied conditions in
capturing firm-level distress.

’ Classification criterion \ SK HR ‘
Negative equity (Condition 1) 206 32
Liquidity shortfall combined with net loss (Conditions 2/3 + 4) | 354 25
Total non-prosperous firms 560 57

Table 2: Classification of non-prosperous enterprises based on criteria.

The application of a multi-criteria approach makes it easier to identify financially distressed
firms even in the absence of a court-driven FD process, thereby maintaining consistency and
comparability across countries. The output Y of the model is binary classification, with 0
standing for a prosperous firm and 1 for a non-prosperous firm:

v — {O for prosperous firm (5)

1 for non-prosperous firm

Although the ORBIS database provides bankruptcy event indicators, these were not used
as the outcome variable. In the Slovak and Croatian context, bankruptcy filings are often
underreported, delayed, or affected by institutional factors that may not adequately reflect
firms’ financial condition. For consistency and comparability, FD was instead operationalized
through accounting-based criteria, which are commonly applied proxies in the literature. It
should be noted that the classification may be sensitive to threshold choices: lowering the
liquidity cutoff to 0.9 would restrict the definition of distress to more extreme cases, while
raising it to 1.1 would broaden the pool of firms at risk. While such changes could affect
absolute counts of distressed firms, the overall class imbalance would remain, and the relative
interpretation of minority vs. majority classes would not materially change.

While these criteria are conceptually related to some predictor variables, lagged financial
ratios were employed to ensure temporal separation between predictors and outcomes and to
reduce concerns of circularity. The analysis was restricted to financial ratios in order to maintain
methodological comparability with prior research.

2.3. Predictive modelling method

This study employs the DT model to classify enterprises into prosperous and non-prosperous
ones based on their financial characteristics. DTs represent a class of supervised learning meth-
ods that recursively partition the predictor space to maximize class homogeneity. Compared to
traditional linear statistical models, DTs do not require distributional assumptions, can natu-
rally accommodate nonlinear and interaction effects among financial ratios, and remain robust
in the presence of multicollinearity [40]. In addition, their hierarchical structure ensures high
interpretability, allowing explicit identification of decision rules and threshold values, which is
particularly relevant for early-warning applications in FD prediction.

In comparison with ensemble approaches such as random forests, single-tree models may ex-
hibit lower predictive variance but can be more sensitive to overfitting if not properly pruned.
Random forest models often achieve higher predictive accuracy due to aggregation across mul-
tiple trees. However, this comes at the cost of reduced interpretability, as the internal decision
structure becomes opaque [45]. Given that the objective of this study is not only to achieve
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high classification performance but also to identify and compare country-specific FD determi-
nants, interpretability was considered a primary methodological criterion. Therefore, a single
DT framework was preferred over more complex ensemble techniques.

Model development is reliant on the classification and regression trees (C&RT) algorithm,
where a binary recursive partitioning approach is used to split the dataset into increasingly
homogeneous subgroups based on the dependent variable. In this study, the DTs were imple-
mented in SPSS using the CRT growing method with the Gini index as the splitting criterion.
The dependent variable was the binary classification of firms with or without financial difficul-
ties, while the independent variables included a set of financial ratios.

For each node, the algorithm examines all possible splits on each predictor and selects
the one that results in the most dissimilar child nodes in terms of class membership. In the
SPSS C&RT procedure, default hyperparameters were retained: a maximum tree depth of 5, a
minimum of 10 cases in parent nodes, and a minimum of 5 cases in child nodes. Pruning was
performed automatically by the software to avoid overfitting.

To make the best splits, the algorithm attempts to minimize impurity and to perform
this minimization, and it applies the Gini index, a standard measure that approximates node
heterogeneity. The Gini index is defined as:

c
Gini =1 (p))? (6)
i=1
where p; is the likelihood that an observation at random is in category i, and C' is the number
of categories. A node can be considered pure when all observations in it are from one class,
indicating that the Gini index equals zero. The algorithm seeks to create nodes of minimum
impurity [29]. Prior comparative studies in bankruptcy prediction demonstrate that DT-based
models achieve competitive predictive performance relative to neural networks and support
vector machines, particularly when interpretability is required [6, 11]. In several Central and
Eastern European applications, DT models have reported classification accuracies exceeding
90%, confirming their empirical robustness in insolvency modelling contexts [12]. One of the
main advantages of DTs is their ability to automate variable selection in tree construction.
Irrelevant and poor predictors are automatically eliminated, reducing model complexity and
making it easier to interpret. This is particularly valuable in high-dimensional financial data,
where multicollinearity and noise would stop optimal performance in conventional statistical
models. Predictor importance was derived from the reduction in Gini impurity aggregated
across all splits where a variable was used. These importance values were later reported in the
results to identify the financial ratios most relevant to predicting FD.

To mitigate overfitting risk, pruning procedures were applied within the CRT framework to
ensure generalizability of the final model. The DT is trained on a 70 % stratified training sample,
while predictive performance was evaluated on the remaining 30 % test set using standard
classification metrics.

2.4. Model evaluation metrics

The predictive performance of DT models was assessed through three popular classification
measures: AUC, accuracy, and F1 score. AUC indicates how well the model can discriminate
between prosperous and non-prosperous firms at various classification thresholds, with values
closer to 1 indicating higher discrimination power. Accuracy computes the overall ratio of cor-
rectly predicted instances and provides a straightforward measure of correctness. The F1 score,
the harmonic mean of recall and precision, is particularly beneficial in imbalanced datasets,
balancing the false positive and true negative trade-offs with more sensitivity than accuracy
by itself. According to Berrada et al. [7], these metrics provide an integrated measurement
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framework for FD models. All classification performance metrics (precision, recall, F1 score,
and AUC) are evaluated with respect to the minority class of non-prosperous firms, which
represents the event of interest in FD prediction.

3. Results and discussion

Table 3 summarises the classification performance of the DT models for Slovakia and Croatia. In
both countries, the models classify prosperous firms with very high accuracy. In Slovakia, 99.6%
of prosperous firms are correctly classified in the training sample and 99.3% in the test sample,
while the identification of non-prosperous firms reaches only 15.4% and 24.2%, respectively. The
overall test accuracy is 91.26%. In Croatia, the model correctly classifies 98.5% of prosperous
firms in training and 99.7% in testing, whereas the identification of distressed firms improves
to 46.3% and 50.0%. The overall test accuracy reaches 97.38%.

’ Classification ‘
SK HR
Sample Observed Predicted Percent Predicted Percent
0 1 Correct 0 1 Correct
Training 0 2928 13 99.6% 790 12 98.5%
1 330 60 15.4% 22 19 46.3%
Overall Percent | 97.8% 2.2% 89.7% 96.3% 3.7%  96.0%
Testing 0 1,268 9 99.3% 326 1 99.7%
1 116 37 24.2% 8 8 50.0%
Overall Percent | 96.8% 3.2% 91.3% 97.4% 2.6% 97.4%

Table 3: Classification performance of DT models for Slovakia and Croatia.

Given the pronounced class imbalance, where non-prosperous firms represent only around
5-11% of observations, overall accuracy is largely driven by the majority class (Table 4). The
Croatian model achieves a higher discriminatory power, with an AUC of 0.922 compared to
0.861 in Slovakia. Precision remains high in both countries, however, recall is substantially
stronger in Croatia, resulting in a higher F1 score. Overall, the Croatian model provides
a more balanced early-warning performance, whereas the Slovak model remains more biased
toward the majority class.

’ Country ‘ AUC Accuracy Precision Recall F1 Score‘

SK 0.861 0.9126 0.8043 0.2418 0.3719
HR 0.922 0.9738 0.8889 0.5000 0.6400

Table 4: Prediction results and models accuracy for Slovakia and Croatia.

The relatively low recall confirms that model performance is constrained by the minority
representation of non-prosperous firms. While overall accuracy and precision remain high,
these metrics are largely driven by the dominant class of prosperous enterprises. This pattern
is consistent with prior FD prediction research and reflects the inherent difficulty of early-
warning modelling under imbalanced data conditions. Future methodological refinements, such
as resampling strategies or cost-sensitive learning approaches, may help improve the detection
rate of distressed firms.

These findings compare to or surpass those of comparable benchmarks in earlier Slovak re-
search. Adamko and Svabové [1] constructed Altman-based logistic models with 0.81-0.88 AUC
scores, reiterating high discriminatory power. Conversely, Gregova et al. [19] and Horvathova et
al. [22] confirmed that ANN operated with 94.37% and 95.45% accuracy, respectively. Durica
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et al. [11] were slightly more precise in their findings, employing ANN (96.5%) and DT (93.2%)
models, although their data horizon was shorter. Hordk et al. [21], employing a mixed evalu-
ation approach with both financial and non-financial performance indicators, applied artificial
neural networks and logistic regression models. Their results showed overall accuracy close to
81%, with higher accuracy (almost 90%) for firms surviving FD, but considerably lower accu-
racy (around 55%) for identifying firms at risk of bankruptcy. In this case, the performance of
the developed model reaches 91.26% accuracy and an AUC of 0.861. While competitive in terms
of overall accuracy compared to past Slovak studies, its recall is modest (24.18%), underscoring
the challenge of early-warning performance under class imbalance.

In the Croatian context as well, the DT model of this study is much improved over past
national endeavors. Such past models used to perform inadequately at lower-quality catego-
rizations or possess limited generalizability. Zenzerovi¢ [46] achieved 95.3% accuracy using
multiple discriminant analysis (MDA), but from the estimation sample only, limiting its exter-
nal validity. Bogdan [9] applied logistic regression to the restaurant industry to achieve 82.8%
accuracy, whereas Pervan et al. [34] achieved merely 76.3% on a larger dataset. In that context,
the Croatian DT model achieved 97.38% accuracy and an AUC of 0.922, with a precision of
88.89% and recall of 50.00% for distressed firms. Some recent Croatian studies extend FD pre-
diction beyond traditional financial ratios. In addition, Galant and Zenzerovi¢ [17] examined
the role of corporate social responsibility, highlighting the potential relevance of non-financial
determinants in distress modelling. Although such variables are not incorporated in the present
study, their inclusion may represent a promising direction for future research aimed at enriching
firm-level prediction frameworks. Arneri¢ and Moéan [4] applied Bayesian logistic regression to
predict bankruptcy in trading companies under uncertainty, reporting high predictive accuracy
and strong identification of distressed firms compared to conventional approaches.

The structure of the trained DT models reflects the hierarchical importance of selected
financial indicators identified during model estimation. A graphical representation of the full
tree structures is provided in the online supplementary material [16]. The relative importance
of independent variables to predict FD using DT models exhibits both consistent patterns
and profound national differences (Table 5). For both countries, total indebtedness, equity
leverage, and debt-to-equity ratio are rated as the most significant predictors with importance
values of close to or exactly 100%. These ratios collectively capture the leverage position and
corporate capital structure, underlining their central role in FD prediction. In the Slovak model,
among liquidity measures, the current ratio emerges as one of the most important variables,
exceeding the predictive relevance of profitability indicators. Profitability ratios, especially
return on assets, followed by return on equity and return on sales, also contribute meaningfully
to classification performance, although to a lesser extent. Additional liquidity and solvency
indicators, including the quick ratio and insolvency ratio, further support the differentiation
between prosperous and non-prosperous firms. These findings suggest that capital structure and
short-term liquidity conditions play a dominant role in explaining FD risk in Slovakia, while
profitability measures provide complementary explanatory power. In contrast, the Croatian
model is primarily driven by leverage-related indicators, with total indebtedness, debt-to-equity,
and equity leverage emerging as the most influential predictors. Beyond leverage, return on
assets and the current ratio show substantial predictive importance, followed by return on sales
and return on equity. The insolvency ratio exhibits only marginal relevance, while the quick ratio
and turnover-based variables contribute negligibly to classification performance. Overall, while
leverage-related metrics are consistently central across both countries, the Slovak model places
relatively stronger emphasis on liquidity conditions, particularly the current ratio, whereas the
Croatian model assigns comparatively greater relevance to profitability indicators.

The findings of FD prediction models for Croatian and Slovak enterprises corroborate the
established applicability of leverage ratios as primary drivers of FD, consistent with earlier
empirical research in these countries and Europe. In the Slovak context, the total indebted-
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’ Independent variable importance ‘

SK HR
Variable Importance Percent | Importance Percent
Quick ratio 0.008 21.7% 0.000 0.0%
Current ratio 0.019 50.3% 0.006 26.2%
Insolvency ratio 0.007 18.5% 0.000 1.3%
Inventory turnover ratio 0.002 5.2% 0.000 0.0%
Collection period ratio 0.000 1.1% 0.000 0.0%
Credit period ratio 0.002 4.7% 0.000 0.1%
Return on assets ratio 0.017 45.1% 0.010 41.8%
Return on equity ratio 0.013 35.0% 0.003 10.6%
Return on sales ratio 0.013 35.1% 0.004 16.4%
Total indebtedness ratio 0.037 100.0% 0.024 100.0%
Debt-to-equity ratio 0.037 97.7% 0.023 96.5%
Equity leverage ratio 0.037 97.7% 0.023 96.5%

Table 5: Independent variable importance in DT models for Slovakia and Croatia.

ness ratio is the most prevailing variable, consistent with Mihalovi¢ [31] and Horvathova et
al. 23], both of which analysed Slovak companies, and similarly identified leverage measures
as primary in artificial neural network (ANN) models. The extremely high importance of the
debt-to-equity ratio is also in agreement with findings by Korol [27], focused on Central and
Eastern Europe, and Behr and Weinblat [6], who examined German enterprises using machine
learning methods including DTs and pointed to its central role in ML models of FD predic-
tion. Concerning liquidity, the importance of current ratio in Slovakia validates research by
Radovanovic and Haas [37] on European enterprises and Slovak-specific research by Weiss et
al. [44], and Jencova et al. [24] that liquidity is a significant but secondary factor after lever-
age. However, when comparing individual indicators, profitability ratios rank higher than quick
and insolvency ratios, which suggests that profitability plays a more consistent role than some
liquidity measures. This pattern indicates that liquidity ratios are crucial in ascertaining the
short-term ability of a firm to settle its immediate financial obligations, but profitability also
provides an important complementary signal of financial health. Firms with low liquidity are
more vulnerable to cash flow disruptions that can rapidly aggravate FD. The moderate impor-
tance of profitability ratios echoes the same research and regional studies, such as Tudor et al.
[42] focused on Romania, implying a complementary yet less determining role in prediction.
Operating and insolvency-based ratios were not influential, consistent with the prior literature
that these variables generally have limited contributions compared to basic financial health
indicators.

For Croatian firms, leverage ratios again emerge as premier predictors, consistent with over-
all European results presented by Behr and Weinblat [6] as well as by Pervan et al. [35], who
used logit models on Croatian enterprises, and Zikovié [47], who employed discrete-time haz-
ard models. The relatively weaker importance of liquidity and profitability ratios compared to
Slovakia can be attributed to structural and economic differences within the Croatian corpo-
rate sector. Croatia’s economy, having a larger share of SMEs and industries with distinctive
financial profiles, may experience different patterns of FD where liquidity shortages are less
prominent or manifest in unique ways. Specifically, according to European Commission data
[14], the SME share of value added is higher in Croatia than in Slovakia, while the credit-to-GDP
ratio is markedly lower, indicating more limited access to bank financing. These structural con-
ditions help explain why leverage indicators dominate in Croatia, whereas liquidity indicators
retain greater importance in Slovakia. Institutional settings further reinforce these differences,
as variations in restructuring and liquidation frameworks across CEE significantly influence the
detection and management of FD [25]. Similarly, comparative research on SME-led growth in
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Adriatic economies highlights the distinct weight of smaller firms in Croatia’s economy [20],
which can amplify the reliance on leverage-based indicators. Furthermore, regulatory and mar-
ket conditions, including access to credit and alternative bankruptcy proceedings, can influence
which financial ratios are most predictive of distress. The marginal impact of operating perfor-
mance ratios and interest coverage ratios in our Croatian model also aligns with Mihalovi¢ [31]
that these variables have limited use in this specific setting. Such contextual factors underscore
the need to tailor bankruptcy prediction models to the country-specific institutional setting
and firm characteristics to increase their practical relevance and accuracy. Previous research
on Croatian firms has highlighted the relevance of macroeconomic and institutional factors in
explaining FD dynamics [47, 2, 39]. Although the present study focuses exclusively on firm-
level financial indicators, these findings suggest that incorporating macro-level determinants
may further enhance distress prediction models and represents a promising direction for future
research.

Together with these results, the outcomes of prior Slovak and Croatian studies employing
ML approaches validate the increasing dominance of ML methods over traditional ones in FD
prediction in Slovakia and Croatia. Previous work using MDA or logistic regression [4] showed
acceptable yet comparatively weaker results. ANN and DT models [11, 12] have, however,
surpassed these benchmarks, with several of them exceeding 90% accuracy. The developed DT
models achieve competitive performance relative to these benchmarks, particularly in terms of
overall accuracy and discriminatory power. This finding further supports the growing applica-
tion of interpretable ML techniques in insolvency prediction.

4. Conclusions

This study develops and cross-compares FD prediction models for Slovak and Croatian firms,
two CEE economies that remain relatively underrepresented in insolvency research. The findings
confirm the dominant role of leverage indicators, particularly total indebtedness and debt-
to-equity ratios, in both countries. At the same time, important country-specific differences
emerge. In Slovakia, liquidity, especially the current ratio, provides substantial complementary
predictive power alongside leverage, while in Croatia profitability ratios, particularly return
on assets, assume relatively greater importance compared to liquidity measures. These results
deepen the understanding of how institutional and structural differences shape the explanatory
power of financial ratios and highlight the need for country-specific FD modelling frameworks.

From a practical perspective, the results provide relevant guidance for financial analysts,
credit institutions, and policymakers by identifying key financial indicators for early-warning
monitoring. The interpretability of DT models enhances their practical usability, as decision
rules and threshold values can be transparently communicated and applied in risk assessment
processes. The observed cross-country variation further suggests that predictive systems should
reflect national economic structures and regulatory environments rather than rely on universal
ratio hierarchies.

Several limitations should be acknowledged. The models rely exclusively on accounting-
based financial data and therefore do not capture qualitative determinants such as manage-
ment quality, governance structure, or market-specific shocks. The analysis is restricted to two
countries, which limits broader generalization across the CEE region. Moreover, FD is opera-
tionalized through accounting-based criteria rather than observed bankruptcy events, and the
pronounced class imbalance constrains recall despite high overall accuracy. The models were
estimated using default hyperparameter settings and were not systematically benchmarked
against alternative ML or regression-based approaches. Future research should therefore in-
corporate non-financial and macroeconomic determinants, explore cost-sensitive or optimized
modelling strategies, and extend the analysis across additional countries and time horizons to
strengthen robustness and external validity.
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Transformer) on retail sales data characterized by intermittent demand, substantial missingness, and
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level and imputation strategy, using evaluation protocols that reflect typical deployment patterns for
each model class. Localized tree-based methods achieve superior performance, with XGBoost attaining
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1. Introduction

Accurate sales forecasting is indispensable in retail, enabling better inventory planning, resource
allocation, and the achievement of revenue and profit goals. The choice of the best possible
forecasting model to use is essential as retailers aim to gain a competitive advantage in the
context of irregular demand and limited historical sales data in various product categories.
While classical approaches such as the Exponential Time Smoothing [30] or the Theta model
[2] have historically formed the backbone of retail forecasting, they often fall short in capturing
modern retail complexities and operational nuances. Recent advances in machine learning and
deep learning present significant opportunities for retailers to improve their sales predictions
and operational efficiencies with new alternatives, such as tree-based models like XGBoost [§]
and Light GBM [16], as well as neural architectures such as N-BEATS [27], NHITS [5], TFT
[20], and others [26, 25, 21].
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Recent comparative evaluations of forecasting models have shown mixed results across do-
mains. Studies such as [23, 6, 3, 7] have explored the performance of neural networks versus
gradient boosting models and highlighted that deep learning does not consistently outperform
tree-based approaches, especially on tabular, sparse, or highly intermittent retail data. These
findings align with results from the M5 forecasting competition [22], which used Walmart’s
highly granular retail sales data consisting of daily item-store records. While some series exhib-
ited intermittent demand patterns, the dataset primarily featured dense, continuous observa-
tions with limited explicit missingness. Despite this, Light GBM-based ensembles outperformed
deep learning models, including those developed by Amazon’s forecasting team [15]. On the
other hand, recent findings from Zalando suggest that transformer-based models exhibit scaling
laws in retail forecasting: as the volume of training data increases, demand forecasting error
decreases in a predictable manner [18]. These understandings motivate a closer investigation
into the conditions under which different forecasting paradigms perform best.

Much of the recent deep learning success has been in large-scale online retail settings, where
companies like Amazon [1] and Zalando [18] operate centralized warehouses and enjoy the
benefits of aggregated demand and operational homogeneity. In contrast, brick-and-mortar
(B&M) retail is much more fragmented: sales occur in thousands of physical stores, each with
limited shelf space, store-level variability, and frequent changes in product assortment. These
conditions lead to noisy, intermittent demand signals that are known to affect neural forecasting
models [4, 17, 29].

In this study, we conducted a large-scale evaluation of forecasting models in the context
of B&M retail, using real-world data from a major retailer in Southeast Europe (SEE). Our
primary goal was to systematically compare the performance of diverse modeling approaches,
including statistical baselines, tree-based ensembles, and state-of-the-art neural architectures,
in providing daily sales predictions for a horizon of 26 weeks (182 days) into the future for
products within the hygiene category. A key dimension of our comparison involves contrasting
local modeling strategies, where separate models are trained for individual product groups,
against global approaches that train a single model across all product groups jointly. This daily
forecasting resolution was strategically chosen to capture swift changes in sales often driven by
intra-week promotional activities and pricing changes, which occur within the retailer’s planning
cycle. For evaluation purposes, the daily predictions were subsequently aggregated to a weekly
basis to assess forecast accuracy across the 26-week horizon.

The models deployed by the research team are benchmarked for their ability to handle oper-
ational realities of physical retail, including intermittent demand, missing values, and product
censorship due to assortment shifts and other changes in the retail environment. Our work
builds on lessons from academic literature and industrial benchmarks, including the Rossmann
case study [24] and the M5 competition [22], and provides new insights into model performance
evaluation under real-world retail constraints.

Our main contributions are threefold: we offer practical guidance for retail practitioners
through an end-to-end modeling pipeline for long-horizon retail forecasting encompassing data
preprocessing, feature engineering, and model training strategies; we provide comprehensive
empirical comparisons of state-of-the-art forecasting models across multiple dimensions includ-
ing model architecture (statistical, tree-based, neural), modeling scope (local vs. global), and
data preprocessing strategies (imputed vs. nonimputed); and we demonstrate that localized
tree-based models consistently outperform global neural architectures in brick-and-mortar re-
tail settings while highlighting the limitations of neural models under operational constraints
typical of physical retail.
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2. Methodology and data

2.1. Data description

The dataset includes daily retail sales information with multiple dimensions, including time
of transaction, store characteristics, product attributes, prices of sold products, promotional
activities, and inventory changes. Each observation represents a daily record for a specific
product-store combination, making the dataset well suited for longitudinal analysis across mul-
tiple hierarchical levels.

The area studied consists of geographies that have different levels of importance in terms of
their contributions to revenue, market size, and overall positioning. The data provided includes
the identification of the zones for the purpose of business strategy. Products themselves follow
a three-level hierarchy: individual items are first organized into categories based on their main
purpose, then into subcategories called groups and within each group, related products are
further clustered into units-of-need (UoNs). Our dataset consisted of one category for hygiene
products, which contained 27 groups and 79 UoNs in total over 446 stores.

Other product metadata includes unit pricing (with and without tax), cost of goods sold
and promotions, which are extensively captured through binary and count features indicating
tactical promotions and various loyalty initiatives. Although inventory data are fully tracked,
including physical stock levels, incoming deliveries, and reserved or frozen quantities, we recog-
nize that inventory record inaccuracy remains a well-documented issue in retail systems [28].

Metric Value
Series Count 46841
Missingness 20.933%
Coverage Ratio 78.848%
Mean Series Length 726.923
Median Series Length 794
Minimum Series Length 2
Maximum Series Length 1124
Mean Zero-Sale Days within Series 491.801

Percent of Series with at least One Zero-Sale Day  99.981%

Table 1: Time series descriptive statistics.

Table 1 summarizes the dataset characteristics. The dataset comprises 46,841 daily SKU-
level time series with a mean length of 727 observations and a median of 794. The missingness
rate of 20.9% and coverage ratio of 78.8% reflect typical retail operations. Nearly all series
(99.9%) contain at least one zero-sale day, with an average of 492 zero-sale days per series,
indicating highly intermittent demand patterns. These characteristics pose challenges for tra-
ditional forecasting approaches designed for continuous demand patterns.

The dataset structure and challenges are comparable to those reported in major demand
forecasting benchmarks such as the M5 Competition [22] or Rossmann study case [24]. However,
unlike e-commerce datasets, which benefit from denser demand signals, B&M retail environ-
ments are more exposed to localized promotions and physical differences across stores.

2.2. Data preprocessing and feature selection

To ensure high-quality inputs for forecasting, a structured data preprocessing pipeline was
implemented, including enrichment, imputation, transformation, and formatting steps appro-
priately adjusted for time series models.
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Data loading and standardization. The preprocessing pipeline begins by loading raw
retail data and applying systematic column renaming and standardization to ensure consistency.
Invalid entries are cleaned, and leaky or unstable columns, particularly inventory bookkeeping
fields, are removed to prevent data leakage. Time-based and categorical features are con-
structed, including calendar effects and indicators for holidays, stock availability, promotional
activity, and pension-day flags, the latter being particularly relevant for understanding demand
patterns in retail contexts. A critical step in this phase involves discarding products that were
unavailable or out of stock during the observation period. This filtering eliminates out-of-stock
bias, which is essential for sales forecasting problems [14, 9], as it ensures the model learns from
genuine demand patterns rather than supply constraints. The target variable is clipped and
sanitized to remove outliers and implausible values.

Competitive and macroeconomic environment. The point-of-sale, store-specific data
were augmented with relevant competitive and macroeconomic indicator data. In order to
control for the level of competition in the relevant geographic market, the count of competitors
within a 1-kilometer radius and their prices for comparable items were added to the dataset.
Further, macroeconomic environment variables from the National Statistical Office, such as
Consumer Price Index (CPI), average salaries (national and regional), and population estimates
within specific geographies, were included in order to control for the purchasing power and the
size of the market.

Handling missing values. Our dataset is structured to include an entry for every SKU
on every day when it is supposed to be in stores, regardless of whether a sale occurred. This
means that a zero value explicitly indicates no sales, while missing values represent genuinely
unavailable data for auxiliary variables (e.g., competitor prices), not the sales themselves. The
pipeline addresses missing covariate values through a multi-stage approach: horizontal impu-
tation across related features, forward and backward fill for time-continuous numeric variables,
and group-level imputation based on store or item characteristics. These strategies ensure tem-
poral consistency and are only applied to static features(e.g., item metadata) or ones that are
rarely changed or occur in a predictable manner (e.g., close-date prices, costs, macro indicators).

To explore whether more sophisticated methods could enhance model performance, we con-
ducted a separate experiment using a deep learning imputation model. Specifically, we trained
and applied the SAITS model [13], implemented via the PyPOTS library [12], to impute missing
values for the target and other variables in the training and validation sets.

—— Imputed Targets
14 - Original Targets

12-

10-

Targets

Date

Figure 1: Sales Values Real and Imputed.

To rigorously assess imputation quality, we conducted a three-part analysis comparing
SAITS with simpler alternatives. First, we examined distributional differences between original
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and imputed values. SAITS-imputed values exhibit significantly different distributions from
originals (all Kolmogorov-Smirnov p-values = 0), with compressed variance and capped maxi-
mum values. For example, in product one group, imputed values show a standard deviation of
0.53 versus 5.42 for originals, with maximum values of 23 versus 353.

Second, we compared SAITS against simpler imputation methods including zero-fill, forward-
fill, linear interpolation, and group-median imputation. Linear interpolation performs best for
higher-volume groups, while zero-fill and group-median perform better for sparse groups. SAITS
produces values weakly correlated with simple methods (|r| < 0.15), suggesting it captures dif-
ferent underlying patterns.

Finally, we conducted a Light GBM deep dive on a random group. Top-3 feature rankings
remain stable regardless of imputed data inclusion.

Feature engineering. Several engineered features were introduced to enrich the tempo-
ral signal and provide the models with interpretable and context-aware inputs. The pipeline
first trims observations after a specified cutoff date to define the modeling window. Lag and
rolling-window statistics were computed for key variables such as sales, prices, and promotional
activity using rolling, expanding, and exponentially weighted windows across multiple aggrega-
tion periods, specifically weekly, monthly, and yearly. The data are restructured by temporarily
indexing on timestamps, and indicators are generated for whether a store was operating on the
previous and next days to capture operational continuity patterns.

In-store relative positioning of products within the same Unit of Need (UoN) was captured
through metrics like minimum and maximum price among comparable SKUs. All nominal
prices were converted into real prices using CPI-adjusted values to control for inflation. Base-
line prices for each item were established by extracting standard zone reference prices, filling
them across stores, and adjusting for inflation. From these baselines, pricing-strategy features
were derived, including promotion discounts, price multipliers, and baseline-relative indices.
Relative pricing indicators were also constructed to measure the retailer’s price advantage or
disadvantage compared to competitors (out of store).

To prevent data leakage and ensure realistic forecasting conditions, all covariates were ex-
plicitly classified as either past-only or future-known variables. Past-only covariates include
variables that are only observable up to the forecast origin and cannot be reliably predicted
into the future: historical sales and derived features (lags, rolling statistics), competitor prices
and counts (observable only historically), stock availability flags, etc. Future-known covariates
include variables that are either constant, deterministic, or under direct control of the retailer
over the forecast horizon: calendar features (day of week, month, holidays, pension days), store
characteristics and metadata (location, size, zone), CPI projections (using forward-filled values
from the most recent observation or exponential time smoothing for longer periods), planned
promotional flags (directly controlled by the scenario simulation) and baseline and planned
prices (inflation-adjusted, under the simulator’s control).

For variables that exhibit both historical variability and forward-looking characteristics,
such as competitor prices and certain inventory-related features, we applied controlled noise
injection to smooth potential forward-looking signals that might leak into the training data.
Specifically, competitor prices were treated as past-only during forecast generation, with no
assumptions made about their future values. The pipeline enforces consistent item and store
metadata throughout the temporal window. Revenue gaps identified in the historical period
were repaired using median-based imputation, but no imputation was applied to future periods
where values are genuinely unknown. This explicit separation ensures that both tree-based
ensemble models and neural network architectures are trained and evaluated under identical,
leakage-free conditions.

Feature selection. Feature selection was conducted in a single round early in the devel-
opment process and remained fixed afterward. Core variables grounded in economic theory,
such as prices, promotions, calendar effects, and competitor signals, were retained by default.
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To reduce model complexity and enhance generalization, a filtering procedure was applied to
additional engineered features based on their predictive utility. We used the Boruta algorithm
[19], with LightGBM as the background estimator, to identify and keep only features with
statistically verified predictive relevance. Features with excessive missingness, low variance, or
multicollinearity were discarded to enhance efficiency and stability.

Train-calidation split. A time-based cutoff was used to divide the dataset into training
and validation periods, and all series had observations in both periods.

Categorical encoding. Categorical variables were encoded using the CatBoost encoder
[11] from the package category_encoders.

Final time-series transformation. For neural forecasting models, data were organized
into time-series objects by grouping over product and store (SKU) identifiers. Target and nu-
merical covariates were normalized, and to ensure series continuity, missing data points were
simply interpolated and endpoints were replaced with forward and backward fills. Appropriate
masks were created so that models are not trained on these points. For scalability sake, numer-
ical fields were downcast to lighter data types to optimize memory usage during model training
on large datasets.

2.3. Overview of forecasting models and implementation

This study evaluates the performance of a range of forecasting models commonly applied in time-
series prediction. These models include tree-based ensembles, neural networks, and classical
statistical approaches.

All neural network models were implemented using the Darts library, which supports mod-
ular time-series architectures and standardized training workflows. Each model was trained
across four experimental setups: (1) training one model for each product group independently
using nonimputed data; (2) training on each product group using imputed data; (3) training
across all product groups jointly on nonimputed data; and (4) training jointly using the im-
puted dataset. This design allowed us to assess the impacts of SAITS-based imputation and
group-level modeling on sales forecasting results.

To optimize model performance, a hyperparameter search was conducted using the HEBO
algorithm [10], a scalable Bayesian optimization method. Due to computational constraints,
hyperparameter tuning was conducted separately on a randomly sampled 10% subset for both
nonimputed and imputed data configurations. This ensured that each experimental condition
received appropriately optimized hyperparameters rather than applying configurations tuned
on one data type to another.

2.3.1. Training and evaluation

The models were primarily trained using a Poisson likelihood objective to predict daily sales
volumes, with the exception of the Temporal Fusion Transformer model, which was optimized
using a Gaussian likelihood (a configuration determined through HEBO).

Forecasting strategy: Two evaluation protocols were employed, each reflecting standard
deployment practices for its respective model class. For tree-based models, a one-step-ahead
rolling protocol was used: for each day ¢, the model receives all information available up to ¢
and predicts day t+1. This is consistent with their treatment of each observation independently
and their widespread success in competitions [22, 15]. Neural models use a direct multi-horizon
strategy, generating all 182 daily forecasts in a single forward pass, consistent with how ar-
chitectures like N-BEATS, NHiTS, etc. are designed to learn sequential dependencies and
cross-horizon patterns. To verify that this protocol difference did not disadvantage neural mod-
els, we also evaluated neural networks using rolling-origin prediction, matching the tree-based
protocol. Results showed that neural networks with rolling-origin evaluation performed equally
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or worse than fixed-origin multi-horizon prediction, confirming that the observed performance
differences reflect genuine model capabilities rather than evaluation protocol asymmetry.

Forecast horizon and aggregation: Each model generated one sales forecast per SKU per
day over a 26-week horizon. This daily resolution was intentionally chosen to accurately capture
high-frequency sales volatility resulting from intra-week promotional and pricing changes that
align with the retailer’s operational planning cycle. The daily forecasts were subsequently
aggregated to weekly totals, and performance metrics were computed at this weekly level to
facilitate interpretation and align with business planning requirements.

In addition to standard forecasting evaluation metrics, we measured financial performance
by computing demand error and bias [18]:

S S biGir — air)?
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B 2
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where b; is the price of SKU and §; r,¢q; v are the predicted and actual sales values at a
certain date.
For experiments involving imputed data, evaluation was performed exclusively on the orig-
inal (nonimputed) validation data points to ensure a fair comparison across models.
All experiments were executed on a workstation equipped with an AMD Ryzen Threadripper

PRO 7985WX 64-core CPU, 256 GB of RAM, and an NVIDIA RTX 4080 GPUs.

3. Results and discussion

3.1. Results

The results demonstrate clear superiority of gradient boosting methods (XGBoost and Light-
GBM) over deep learning approaches across most scenarios. In Case A (Individual Groups),
XGBoost achieves the best performance with an RMSE of 4.833 and an MAE of 1.935, closely
followed by LightGBM. The scale-independent metrics (RMSSE of 0.593 and MASE of 0.732)
indicate significant error reduction compared to naive baselines. This pattern suggests that
tree-based models’ ability to capture complex feature interactions and handle heterogeneous
data provides significant advantages for this retail forecasting problem.

Comparing Case A to Case B reveals minimal performance degradation for gradient boosting
models, with XGBoost and Light GBM maintaining strong performance. However, deep learning
models show deterioration, especially TFT, suggesting difficulty in capturing diverse patterns
across the broader category scope. The introduction of SAITS-based imputation (Cases C and
D) produces mixed results. In Case C, Light GBM experiences dramatic performance degra-
dation (RMSE increases from 4.847 to 10.758), while XGBoost demonstrates greater resilience
(RMSE of 6.027), possibly reflecting its superior regularization strategies. Case D shows im-
proved performance over Case C for almost all models, with deep learning approaches becoming
competitive, though XGBoost still maintains an edge.

The bias metrics reveal important systematic tendencies. Ensemble-based models exhibit
slight negative bias (underestimation), while neural networks exhibit systematic overestimation.
Case D achieves the most balanced predictions across models, with LGBM showing minimal
bias (ME of -0.077, RB of -0.020). The imputation process significantly affects bias patterns,
with Case C showing Light GBM shifting to severe positive bias (Demand Bias of 0.922), while
Case D demonstrates that category-level imputation better preserves bias characteristics.
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Model RMSE MAE Demand Demand RMSSE MASE ME RB
Error Bias
Baseline
Mean 12.022 4.947 1.211 -0.028 1.476 1.871 -0.500 -0.136
Theta 27.128 6.779 2.854 -0.356 3.331 2.563 -1.610 -0.440
ETS 26.027 6.355 2.585 -0.291 4.369 2.403 -1.331 -0.367
CSBA 34.972 7.989 1.072 0.084 1.795 3.648 0.419 0.314
Case A: Individual Groups
LGBM 4.847 1.958 0.484 -0.040 0.595 0.740 -0.205 -0.056
NB 13.629 5.132 1.133 0.775 1.482 1.729 3.270 0.736
NH 12.764 4.575 1.254 0.948 1.537 1.712 3.252 0.849
TFT 7.773 3.049 0.753 0.220 0.945 1.130 0.673 0.175
XGB 4.833 1.935 0.481 -0.085 0.593 0.732 -0.356 -0.097
Case B: Whole Category
LGBM 4.949 2.033 0.483 -0.105 0.601 0.754 -0.450 -0.117
NB 13.744 6.018 1.345 0.387 1.670 2.231 0.910 0.236
NH 13.744 6.018 1.345 0.387 1.670 2.231 0.910 0.236
TFT 14.060 6.087 1.357 0.398 1.708 2.257 1.130 0.294
XGB 5.045 2.041 0.493 -0.122 0.613 0.757 -0.506 -0.132
Case C: Individual Groups, Imputed Train Data
LGBM 10.758 5.036 1.117 0.922 1.307 1.867 2.578 0.686
NB 15.362 7.704 0.628 0.065 1.867 2.856 1.210 0.085
NH 16.352 7.980 0.675 0.122 1.987 2.959 1.846 0.130
TFT 15.579 8.274 0.626 0.074 1.893 3.068 1.265 0.089
XGB 6.027 2.310 0.616 -0.224 0.732 0.856 -0.741 -0.197
Case D: Whole category, Imputed Train Data
LGBM 7.932 3.450 0.769 -0.053 0.964 1.279 -0.077 -0.020
NB 7.853 2.928 0.773 0.067 0.954 1.086 0.263 0.069
NH 7.789 2.894 0.773 0.069 0.946 1.073 0.272 0.072
TFT 7.134 2.971 0.686 0.130 0.867 1.102 0.516 0.137
XGB 6.107 2.349 0.620 -0.307 0.742 0.871 -1.106 -0.294

Table 2: Summary statistics.
Abbreviations: ETS: Exponential Time Smoothing; CSBA: Croston SBA; TFT: Temporal Fusion Transformer; NH:

NHiTS; NB: N-BEATS; LGBM: Light GBM; XGB: XGBoost; RB: Relative Bias; best results are bolded and second
best underlined.
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Figure 2: Example of aggregated predicted vs actual sales on a single group.

Beyond predictive accuracy, computational efficiency is another key factor used to evaluate
forecasting models for practical use. Table 3 provides a comparison of training times in the
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Figure 3: Comparison of training and validation MSE for N-BEATS and TFT models.

N-BEATS NHITS TFT LGBM  XGB
Training Time 146.715 145.928 4424.972  35.566 14.542

Table 3: Training time statistics (in minutes).
Note: per epoch for neural networks, total for LGBM and XGB.

whole-category setting for SAITS-imputed data. The results make it evident that ensemble
approaches, especially XGBoost, are highly efficient: they require considerably less memory
and train much faster than neural network approaches. For real-world applications where speed
and accuracy matter, the lower computational footprint of the ensemble methods represents a

clear advantage.

3.2. Discussion

The results offer several important insights into retail sales forecasting. Ensemble models
such as Light GBM and XGBoost exhibit robust performance in both localized and aggregated
configurations when they use nonimputed data, consistently achieving lower error rates while
demonstrating significant training time advantages. This aligns with Borisov et al. [3], who note
that gradient-boosted decision tree ensembles often remain state-of-the-art for heterogeneous
tabular data due to their robustness to data irregularities.

A key takeaway from our study is the importance of tailoring the modeling approach to the
characteristics of the dataset. When data are segmented into individual groups and they do
not share too much information between them, localized modeling can capture unique patterns
more effectively. In our case, training on the whole category does not introduce enough inter-
group information to bring improvements, a phenomenon that resonates with the observations
by McElfresh et al. [23], who note that differences in dataset properties, such as skewed feature
distributions and irregularities, can diminish the relative advantage of complex neural network
architectures over simpler, well-tuned tree-based methods.

Furthermore, experiments with imputed versus nonimputed data underscore the critical
role of data quality. Our analysis of SAITS imputation quality revealed that imputed values
exhibit compressed variance and substantially different distributions from originals. Deep neural
networks, as discussed by Ramesh and Usman [6], tend to be more sensitive to inherent noise and
missing values in tabular datasets. Our results extend this understanding by demonstrating
that imputation-introduced artifacts also affect tree-based models, particularly the dramatic
LightGBM performance collapse in Case C (RMSE increasing from 4.847 to 10.758). Detailed
feature importance analysis revealed that while core predictors remain stable, the inclusion of
imputed data shifts the relative importance of spatial features and introduces mild noise that

degrades tree model performance.
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Criterion Statistical Tree-Based Neural

Best for Stable, low-volume series Heterogeneous, feature- | Large-scale, dense data
rich data

Intermittent demand | Croston variants Strong (handles zeros | Sensitive to sparsity
well)

Feature handling Limited Excellent Requires engineering

Training time Minutes Minutes—hours Hours—days

Interpretability High Medium (SHAP) Low

Data requirements Low Medium High

B&M retail fit Moderate Strong Weak—-Moderate

Table 4. Practitioner guidance: Model selection by use case.

While recent work by Zalando [18] has demonstrated the presence of scaling laws for
transformer-based models, where forecasting accuracy improves as training data size increases,
such advantages were not observed in our experiments. This is likely due to the comparatively
smaller scale of our dataset and the absence of centralized, high-density demand signals typical
of e-commerce platforms. As a result, we did not observe a trade-off between computational
cost and accuracy in favor of deep learning models. In our setting, ensemble methods remained
both more efficient and more accurate, reinforcing their suitability for B&M retail forecasting
tasks characterized by fragmentation, intermittency, and limited historical coverage.

4. Conclusion

This study demonstrates that ensemble methods, particularly XGBoost and Light GBM, sub-
stantially outperform neural network architectures in B&M retail forecasting when applied to
localized, individual-group data. XGBoost achieved the best overall performance with an RMSE
of 4.833, representing a significant improvement over naive baselines. Neural architectures ex-
hibited sensitivity to intermittency and aggregation level; while SAITS-based imputation im-
proved their performance in the whole-category setting, they still fell short of ensemble methods.
Our imputation quality analysis revealed that SAITS introduces distributional compression and
correlation shifts that particularly affect tree models in localized settings, explaining the dra-
matic Light GBM performance degradation in Case C.

For practitioners, these findings suggest that a localized modeling strategy leveraging tree-
based ensembles ensures scalability, efficiency, and improved forecast accuracy, with direct
applications in inventory management and demand planning. The superior computational
efficiency of these methods makes them particularly suitable for real-time forecasting scenarios.

Several limitations warrant discussion. Aggregated error metrics may obscure performance
variability across segments, and findings may not generalize to all retail environments. Fu-
ture research should investigate hybrid approaches integrating tree-based efficiency with neural
representation learning, and explore imputation methods that better preserve the underlying
data structure. This work provides a systematic performance analysis under realistic conditions
and offers actionable guidance for practitioners, reinforcing the importance of matching model
complexity to problem characteristics.

Statement on the use of artificial intelligence

The Large Language Models were used in order to improve phrasing and clarity of the text.
All ideas, arguments, analysis, and conclusions are the original work of the authors.
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Abstract. This paper examines the effects of environmental fiscal policy variables on greenhouse gas
(GHG) emissions in the EU-27 from 2009 to 2023. The Arellano and Bond difference GMM estimator is
used to address potential endogeneity and persistence of GHG emissions. The panel model is estimated
using the total GHG emissions as the dependent variable, while energy taxes, transport taxes, and
government environmental protection expenditure serve as independent variables. The results indicate
significant persistence in GHG emissions. Energy taxes and government environmental protection
expenditure have a negative and statistically significant effect on emissions in both the short run and
the long run, confirming the effectiveness of these fiscal instruments in reducing emissions. However,
transport taxes show a positive and significant relationship with emissions, suggesting that their current
structure, which is linked primarily to vehicle ownership rather than fuel consumption, is not effective
in reducing emissions. Robustness checks using population as a control variable and CO> emissions
as an alternative dependent variable confirm the stability of these results. The findings suggest that
energy taxes and environmental expenditures are effective fiscal instruments for reducing emissions in
the EU, while the design of transport taxes requires reconsideration to improve their environmental
effectiveness.
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1. Introduction

Over the past few decades, increased living standards have improved well-being but have also
placed great pressure on natural ecosystems, resulting in increased CO4 emissions, biodiversity
loss, and environmental imbalances. Balancing economic growth with environmental sustain-
ability remains an economic policy concern [6]. Handoyo [22] points out that effective public
governance plays a key role in shaping national environmental outcomes and determining how
well governments respond to environmental challenges. According to Batini et al. [5], spend-
ing that helps reduce greenhouse gas emissions can significantly boost economic growth while
supporting environmental sustainability.

While fiscal measures can promote employment and production, their environmental conse-
quences differ due to differences in resource allocation and the incorporation of sustainability
objectives. Consequently, governments often face the challenge of creating fiscal strategies that
support economic growth without threatening environmental sustainability. Environmental
outcomes largely depend on the extent to which fiscal frameworks support clean technologies,
energy efficiency, and green innovation [7]. Consequently, integrating sustainable environmental
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objectives into the global policy framework has become one of the priorities, together with eco-
nomic development and social equity. According to the Kunming—Montreal Global Biodiversity
Framework, governments should align fiscal and financial activities with global biodiversity and
environmental sustainability goals [38].

Recently, in 2023, the EU’s greenhouse gas footprint amounted to 9.0 tonnes of COy equiv-
alents per capita [12]. Regarding total environmental tax revenue in the EU, it was €341.5
billion in 2023, representing 2% of EU GDP and 5.1% of total EU government revenue from
taxes and social contributions. Taxes on energy accounted for more than three-quarters of total
revenues from environmental taxes (76% of the total), followed by taxes on transport (19%)
and pollution and resources (5%) [13]. Moreover, the total general government expenditure on
environmental protection in the EU was €142 billion and accounted for 0.8% of GDP in 2023
[14].

Previous empirical studies have examined the relationship between fiscal policy and en-
vironmental quality, focusing mainly on aggregate environmental taxes and COs emissions
[21, 37, 29]. This paper contributes to previous research in several ways. Firstly, it examines
both the revenue side (environmental taxes) and expenditure side (government environmental
protection expenditure) of fiscal policy, providing a more comprehensive view of fiscal instru-
ments. Secondly, this research disaggregates tax revenues into energy, transport, and pollu-
tion/resource taxes. Thirdly, this research uses an overall measure, namely total greenhouse
gas emissions, which includes CO5, CHy, N2O, and F-gases, rather than focusing solely on CO4
emissions, unlike the common literature [21, 37, 29]. While CO5 from fossil fuels remains the
dominant greenhouse gas, accounting for 73.7% of global GHG emissions in 2023, the remaining
share is also important: methane contributes 18.9%, nitrous oxide 4.7%, and fluorinated gases
2.7% [25]. Importantly, non-COq gases are increasing rapidly. Between 1990 and 2023, F-gas
emissions increased by 294%, CHy by 28.2%, and NoO by 32.4% [25]. Furthermore, the Euro-
pean Climate Law sets binding targets for reductions in total GHG emissions, not COs alone
[9]. To ensure comparability with the existing literature, CO5 emissions are used as an alterna-
tive dependent variable in the robustness checks. Moreover, this research uses the most recent
available data (2009-2023), capturing post-COVID recovery and recent EU climate policy de-
velopments under the European Green Deal. Finally, the dynamic panel model is estimated
using the difference GMM estimator of Arellano and Bond [1] to address potential endogeneity
and persistence in GHG emissions, in line with Okombi and Ndoum Babouama [33].

After the introduction, the literature review provides relevant empirical research on the role
of fiscal policy in environmental sustainability, followed by the empirical part, providing data,
methods, results, and discussion. Finally, the main conclusions are provided with research
limitations and perspectives for future research.

2. Literature review

Lopez et al. [30] examined how fiscal spending affects the environment in 38 selected coun-
tries and outlined the importance of the allocation of spending. When governments allocate
more spending towards public goods like education, healthcare, and environmental protection,
pollution tends to decrease. However, they outlined that simply increasing total government
spending without changing allocation does not reduce pollution. Halkos and Paizanos [21]
analysed fiscal policy impact on COs emissions in the United States between 1973 and 2013.
Using a Vector Autoregression model, they found that higher government spending can lower
emissions from both production and consumption, while tax cuts financed by deficits increase
consumption-related emissions. Their findings suggest that the environmental impact of fiscal
policy depends on its design, with spending measures showing a more favourable impact than
tax cuts. Savranlar et al. [37] analysed the influence of environmental taxes on COy emis-
sions in EU-27 countries using a panel vector autoregression (PVAR) approach, finding that
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an increase in environmental taxes reduces COy emissions by 0.14%. Leitao [29] investigated
the impact of environmental taxes on CO5 emissions in 38 OECD countries from 1995 to 2022,
employing FMOLS, DOLS, quantile regression, and System GMM estimation.

Okombi and Ndoum Babouama [33] analyse the relationship between environmental taxa-
tion and inclusive green growth in developing countries from 2000 to 2021 using the System
GMM estimator and outline that environmental taxes promote inclusive green growth. The
study further demonstrates that institutional quality positively moderates this relationship.
Kohlscheen et al. [28] analysed 121 countries using dynamic panel regressions and found that
an increase in carbon taxes by $10 per ton of COg reduces CO2 emissions per capita by 1.3%
in the short run and 4.6% in the long run, providing robust evidence for the effectiveness of
carbon pricing mechanisms.

Regarding single-country research, Katircioglu and Katircioglu [26] outlined that in Turkey,
government spending and tax revenues are cointegrated with COs, and the increase in fiscal
aggregates is related to lower emissions in the long-run. Moreover, Erdogan [8] empirically
examines how green fiscal policy instruments, renewable energy use, and economic growth
affect environmental degradation in Germany using the Autoregressive Distributed Lag (ARDL)
approach. The study uses the load capacity factor as a comprehensive indicator of environmental
sustainability. The findings indicate that economic growth and renewable energy consumption
improve environmental quality, while environmental taxes do not significantly contribute to
reducing environmental degradation. In contrast, environmental protection expenditures have
a positive impact on sustainability, suggesting that expenditure-based fiscal instruments may
be more effective than tax-based instruments in achieving environmental goals. Nguyen and
Duong [31] analysed the effects of fiscal policy on environmental quality in Vietnam between
1990 and 2022 using a nonlinear ARDL framework and pointed to asymmetric long-run and
short-run effects on CO2 emissions. Specifically, increased government spending significantly
reduces COq emissions, while a contraction in public spending increases emissions. Nguyen
and Duong [31] attribute the reduction in emissions to Vietnam’s expansionary spending on
sectors such as education, healthcare, and social welfare, which have lower carbon intensity
compared to the manufacturing sector or consumption-driven service sector. In contrast, fiscal
contractions are found to decrease investments in green infrastructure.

However, the effectiveness of environmental taxes may depend critically on their design.
In the EU, transport taxes are ownership-based, linked to vehicle registration and possession,
while taxes on transport fuels are classified under energy taxes [11]. Pigato and Hayde [34]
noted that higher registration taxes may discourage new vehicle purchases, leading consumers
to retain older, more polluting vehicles. Similarly, Aydin and Bozatli [3] found that transport
taxes increase air pollution in countries with the highest transport tax revenues, and Ptak et
al. [35] argued that the environmental impact of transport taxes can be relatively limited.

To summarise, the reviewed literature points to several gaps. Most empirical studies ex-
amine the effect of aggregate environmental taxes on CO2 emissions, without distinguishing
between tax categories that differ in design and incentive structure. The expenditure side of
environmental fiscal policy remains largely underexplored, with only a few studies analysing
government spending [30, 21, 8, 31]. Furthermore, under the Eurostat classification, trans-
port taxes consist exclusively of ownership-based levies, while fuel taxes are classified under
energy taxes [11]. However, this distinction has rarely been exploited in panel data studies to
separately assess the environmental effectiveness of ownership-based and usage-based taxation.
This research contributes to filling these gaps using disaggregated fiscal data and total GHG
emissions for the EU-27.
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3. Data and sample

The dependent variable is greenhouse gas (GHG) emissions, retrieved from Eurostat [15], mea-
sured in million tonnes of COy equivalent. The indicator includes carbon dioxide (COsj),
methane (CHy), nitrous oxide (N3O), and fluorinated gases (hydrofluorocarbons, perfluoro-
carbons, nitrogen trifluoride, and sulphur hexafluoride), excluding Land Use, Land-Use Change
and Forestry (LULUCF), as well as emissions from international aviation and maritime trans-
port. Using each gas’s individual global warming potential (GWP), emissions are integrated
into a single indicator expressed in CO; equivalents [15]. As a robustness check, CO5 emissions
without other emissions are also used as an alternative dependent variable [19].

The independent variables refer to both the revenue and expenditure sides of environmental
fiscal policy. The revenue side is represented by transport taxes and energy taxes measured in
million euros [16]. The pollution taxes were excluded from modelling due to data limitations.
Three EU member states reported zero pollution tax revenues: Germany throughout the entire
sample period (2009-2023), Greece from 2009-2017, and Luxembourg in 2009. Hence, including
pollution taxes would exclude Germany from the analysis, introducing selection bias. Moreover,
as previously mentioned, pollution taxes account for a relatively small share of total revenues
from environmental taxes, which was 5% in 2023 [13]. Nevertheless, it should be acknowledged
that the exclusion of pollution taxes may affect the generalisability of the findings if countries
that levy higher pollution taxes differ systematically in their emission patterns. Transport taxes
(TRATAX) include taxes related to the ownership and use of motor vehicles and also cover
taxes on other transport equipment, such as aircraft and related transport services. Energy
taxes (NRGTAX) refer to taxes on energy products used for both transport and stationary
purposes. The most important energy products for transport purposes are petrol and diesel.
Energy products for stationary use include fuel oils, natural gas, coal, and electricity. CO4 taxes
are included under energy taxes [16]. It should be noted that under the Eurostat classification
of environmental taxes, taxes on transport fuels such as petrol and diesel are included under
energy taxes, while transport taxes consist of ownership-based levies such as vehicle registration
and annual vehicle taxes [11]. Therefore, the difference between NRGTAX and TRATAX in this
paper relates to separation between usage-based and ownership-based taxation in the Eurostat
methodology.

Concerning the expenditure side, the government expenditure on environmental protection
(ENVEXP) is available at the Eurostat [17] database on general government expenditure by
function. Environmental protection expenditure covers government spending on waste manage-
ment, wastewater management, pollution abatement, protection of biodiversity and landscape,
and other environmental protection activities [17].

Furthermore, GDP (2015=100), available at Eurostat [18], was first considered as a control
variable, but due to high multicollinearity with the fiscal policy variables, it was not included
in the model. The correlation coefficient between GDP and energy tax revenues is very high
(r = 0.98), between GDP and environmental expenditure is » = 0.96, and for GDP and
transport taxes, r = 0.89. For robustness check, population (POP) is included in alternative
specification as control variable. Population is retrieved from Eurostat [20] and measured in
thousands of persons.

All fiscal variables (NRGTAX, TRATAX, ENVEXP) are measured in million euros and
deflated to real values using the implicit GDP deflator, 2015=100, available at Eurostat [18].
Table 1 provides variable description, as well as data sources with Eurostat codes.

The model estimation is conducted on a panel dataset of 27 European Union member states
(EU-27) from 2009 to 2023. The descriptive statistics of data prior to logarithmic transformation
is provided in Table 2.

Greenhouse gas emissions (GHG) show substantial variation across EU countries, with an
average value of 138.37 million tonnes of CO5 equivalent and a wide range from 1.90 to 934 Mt
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’ Variable \ Description \ Source \ Eurostat code
GHG GHG emissions (million tonnes of COy | Eurostat [15] | sdg 13 10
equivalent)
CO, Carbon dioxide emissions (million | Eurostat [19] | env_air gge
tonnes)
NRGTAX | Energy taxes (million euro) Eurostat [16] | env_ac_tax
TRATAX | Transport taxes (million euro) Eurostat [16] | env_ac_tax
ENVEXP | General government expenditure on en- | Eurostat [17] | gov_10a_exp
vironmental protection (million euro)
POP Population on 1 January (thousands of | Eurostat [20] | demo_gind
persons)
Table 1: Variable description and data sources.
| Variable [ Mean [ Std. Dev. | Min | Max | CV (%) |
GHG 138.37 192.17 1.90 934.00 138.9
COq 109.85 155.22 1.40 762.00 141.3
NRGTAX | 9,542.10 15,842.17 86.62 75,195 166.0
TRATAX 2,117.31 2,874.75 6.42 11,250 135.8
ENVEXP | 3,858.94 6,038.64 -38.10 28,936 156.5
POP 16,400,000 | 21,700,000 | 410,926 | 83,200,000 132.3

Table 2: Descriptive statistics of selected variables.

COge. This reflects differences in the size and industrial structure of EU economies. Energy tax
revenues (NRGTAX) have the highest average among fiscal variables (€9.5 billion) and exhibit
considerable variability across countries, while transport tax revenues (TRATAX) are substan-
tially lower on average (€2.1 billion), reflecting the smaller share of transport taxes in overall
environmental tax revenues in the EU. Environmental protection expenditure (ENVEXP) aver-
ages €3.9 billion, but also shows notable variation across countries. High coeflicients of variation
point to heterogeneity in emissions levels, environmental taxation and environmental spending,
as well as population across EU member states. Moreover, the minimum value of ENVEXP
(—38.10 million euros) which corresponds to Estonia in 2010, is negative. In the ESA 2010
accounting framework [10], negative values in government expenditure by function can occur
due to netting in the transaction classifications.

For model estimation, all variables are transformed using natural logarithms, the first-
differenced log variables represent approximate growth rates, and the estimated coefficients are
interpreted as elasticities. Table 3 shows the results of the Im-Pesaran—Shin (IPS) panel unit
root test. The IPS test examines the null hypothesis that all panel series contain a unit root
[24].

| Variable | IPS (level) | p-value | IPS (1st diff.) | p-value |
LNGHG 5.368 1.000 —8.510*** 0.000
LNCOq —0.795 1.000 —8.636"** 0.000
LNNRGTAX 0.257 0.601 —8.215%** 0.000
LNTRATAX —0.455 0.325 —7.203*** 0.000
LNENVEXP —1.038 0.150 —7.927%** 0.000
LNPOP —0.413 1.000 —0.767 0.221

Table 3: Panel unit root tests (Im—Pesaran—Shin). Note: *** p < 0.01.

All variables except LNPOP are non-stationary in levels but stationary in first differences,
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i.e. integrated of order one, I(1). Population, which is not stationary in first differences, is
included as an exogenous control variable for robustness check of the baseline model. The
first-difference GMM estimator is used in model estimation, which is explained in the next
section.

4. The empirical model

In line with the dynamic panel data literature [4], the following dynamic model is estimated as
a baseline model:

Yir = pYii—1 + X Btai+eir, |pl <1, (1)

where y; ; = LNGHG; ; denotes the natural logarithm of greenhouse gas emissions for country ¢
at time ¢, X, ; is a vector of explanatory variables (LNNRGTAX, LNTRATAX, LNENVEXP),
o represents time-invariant country-specific fixed effects, and €; ; is the idiosyncratic error term
with E(e; ) = 0 and E(g, 4£5,5) = 0 for ¢ # j or t # s. The fiscal policy variables (energy taxes,
transport taxes, and environmental protection expenditure) are treated as endogenous, as fiscal
revenues and expenditures may simultaneously impact and be impacted by emission levels.

Model (1) is the baseline specification with total GHG emissions as the dependent vari-
able. To assess the robustness of the baseline results, three alternative model specifications
are estimated. Model (2) extends the baseline by including the total population as a control
variable:

Yit = pYit—1 + X 18+ vIn(POP);; + i + €. (2)

Model (3) uses CO2 emissions instead of total GHG emissions as the dependent variable, with
the same set of explanatory variables as in Model (1), while Model (4) uses CO5 emissions
as the dependent variable and includes population as a control variable. Table 4 presents the
estimation results for all four models.

The fiscal policy variables (LNNRGTAX, LNTRATAX, LNENVEXP) and the lagged de-
pendent variable are treated as endogenous and instrumented using their own lagged levels
from periods ¢t — 2 to t — 4. Population, when included, is treated as strictly exogenous, mean-
ing it is assumed to be uncorrelated with the idiosyncratic error term at all leads and lags:
E[In(POP); s - ;4] = 0 for all s and ¢. Population dynamics are related to demographic pro-
cesses that are not influenced by changes in greenhouse gas emissions. In the GMM estimation
framework, strictly exogenous variables instrument themselves, appearing in both the regressor
and instrument matrices, rather than being instrumented by their own lags as is the case for
endogenous variables [36].

In the first-differenced equation estimated by the Arellano-Bond procedure, population
enters in its differenced form, serving as its own instrument without requiring additional lags.
This distinction is reflected in the instrument count: 12 instruments in Models (1) and (4),
and 13 instruments in Models (2) and (3), where the additional instrument corresponds to the
population variable.

The presence of the lagged dependent variable y; . creates correlation with the fixed effects
o, hence OLS and fixed effects estimators are biased and inconsistent [32]. To address this
endogeneity problem, the first-difference GMM estimator proposed by Arellano and Bond [1] is
used.

First-differencing baseline model equation (1) eliminates the fixed effects:

Ayir = pAyi—1 + AX] B+ Agiy. (3)

However, the differenced lagged dependent variable Ay, ;1 = (yit—1 — Yit—2) is correlated
with the differenced error Ae; ; = (€;¢ —&;4—1) through the term y; ;1. Arellano and Bond [1]
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propose using lagged levels of the dependent variable as instruments, exploiting the following
moment conditions:
Elyit—sAeit] =0, s>2;t=3,...,T. (4)

Similarly, if the explanatory variables X; ; are potentially endogenous, their lagged values can
serve as instruments:
EX;i-sAeiy) =0, s>2;t=3,...,T. (5)

The problem that arises in GMM estimation is instrument proliferation. Following Roodman
[36], the instrument matrix is collapsed, which reduces the number of instruments while main-
taining consistency. By collapsing the instrument matrix, the number of instruments is below
the number of cross-sectional units (27 countries), which is in line with the recommendations
of Roodman [36] and Baltagi [4]. Without collapsing, the number of instruments would exceed
the number of cross-sections, potentially leading to overfitting and weakening the Hansen test
of overidentifying restrictions.

The two-step GMM estimator, which uses the residuals from a first-step consistent estimator
to construct an optimal weighting matrix, is used. However, two-step standard errors are known
to be downward-biased in finite samples. Hence, the Windmeijer [39] finite-sample correction
is used to obtain reliable inference.

The validity of the GMM estimator is assessed through the Arellano—Bond test for serial
correlation and the Hansen [23] J-test. The dynamic specification allows computation of both
short-run and long-run effects. The short-run elasticity is given directly by the coefficient 3,
while the long-run elasticity is computed as [4]:

Long-run elasticity = IL (6)
—p

5. Estimation results and discussion

The dynamic panel dataset comprises 27 EU member states from 2009 to 2023. After first-
differencing, which eliminates the first period, and the use of lagged levels from ¢ — 2 as instru-
ments, which eliminates an additional period, the total number of observations is 349. Following
Roodman [36], the instrument matrix is collapsed to limit the number of instruments. Lagged
levels of greenhouse gas emissions, energy taxes, transport taxes, and environmental protection
expenditure from periods ¢t —2 to t —4 are used as instruments. To avoid biased standard errors,
Windmeijer-corrected standard errors are used for the two-step GMM estimator [2, 27].

As previously mentioned, to assess the robustness of the baseline model, three alternative
model specifications are estimated. In addition to Model (1), Model (2) includes total popula-
tion as a control variable, while Model (3) uses CO2 emissions as the dependent variable, and
Model (4) uses CO2 emissions as the dependent variable and population as control variable.
Table 4 presents the estimation results for all four models.

In the baseline model, the coefficient on the lagged dependent variable (p = 0.580) is sig-
nificant with a p-value of 0.000, and points to persistence in GHG emissions. In dynamic
panel models, the inclusion of a lagged dependent variable captures such dynamic behaviour
and allows the estimation of both short-run and long-run effects [4]. Current emission levels
are strongly influenced by past emission levels, pointing to the persistence of emissions. Thus,
changes in emissions adjust slowly over time. The estimated coefficient below one also points to
partial adjustment dynamics. Long-run coefficients on fiscal variables are therefore calculated
in line with equation (6).

In the baseline model, the energy taxes have a significant negative effect on emissions, with
a short-run elasticity of —0.39 and a long-run elasticity of —0.93. This implies that a 1%
increase in energy taxes reduces emissions by 0.39% in the short run and 0.93% in the long
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] Variable \ (1) GHG \ (2) GHG + POP \ (3) CO, + POP \ (4) CO; ‘
Lagged dependent | 0.580*** 0.367** 0.376** 0.586***
variable

(0.134) (0.143) (0.140) (0.126)
In(NRGTAX) —0.392%** —0.586"** —0.605*** —0.433"**
(0.134) (0.157) (0.184) (0.150)
In(TRATAX) 0.411** 0.508*** 0.618*** 0.453**
(0.156) (0.153) (0.171) (0.175)
In(ENVEXP) —0.371%** —0.373"** —0.445%** —0.414***
(0.108) (0.129) (0.139) (0.128)
In(POP) - —0.729* —0.673 -
(0.385) (0.441)

Table 4: Two-step difference GMM estimation results. Source: Author’s calculation, Stata 15.0.

Notes: standard errors in parentheses, *** p < 0.01, ** p < 0.05, * p < 0.10. Two-step
difference GMM with Windmeijer (2005) corrected standard errors.

run, which points to the effectiveness of energy taxation as an environmental policy instrument.
As noted in Section 1, energy taxes account for approximately 76% of total environmental tax
revenues in the EU [13]. This empirical result emphasises the important role of energy taxes
for environmental sustainability. The negative significant impact is in line with the literature
on environmental taxation impact [37, 28].

However, regarding transport taxes, the coefficient is also statistically significant, but posi-
tive, indicating that a 1% increase in transport taxes increases emissions by 0.41% in the short
run and 0.98% in the long run. This result is unexpected and should be interpreted with cau-
tion. In the EU, transport taxes are linked to vehicle ownership and use, rather than directly
to fuel consumption. As noted in Section 3, the Eurostat classification assigns fuel taxes to the
energy tax category, while transport taxes are ownership-based [11]. The positive coeflicient
on TRATAX, therefore, specifically reflects the effect of ownership-based taxation, while the
negative coefficient on NRGTAX captures the effect of usage-based energy taxation, including
taxes on transport fuels. In 2023, households accounted for about 66.5% of total transport
tax revenues, pointing to the connection between transport taxes and private vehicle owner-
ship [13]. Transport taxes mainly include vehicle registration and similar charges, which may
have only a limited effect on emissions. As outlined in Section 1, transport taxes account for
only about 19% of total environmental tax revenues in the EU, compared with 76% for energy
taxes [13]. Their relatively small revenue share, together with the structure discussed above,
may explain the finding that they do not reduce emissions. National patterns also differ across
countries. In Ireland, Malta, and Austria, most transport taxes are paid by households, while
in Slovakia and Czechia, a larger share is paid by businesses, particularly in the services sector.
This points to differences in transport habits, tax structures, and vehicle ownership across the
EU [13]. Higher registration taxes may decrease new vehicle purchases but can also impact
the decision to delay buying a new car or to purchase a used vehicle instead, increasing the
share of older and more polluting vehicles [34]. Therefore, transport tax revenues may reflect
the level of transport activity rather than reducing emissions. According to Ptak et al. [35],
the environmental impact of fuel or transport taxes can be relatively limited. Similarly, Aydin
and Bozatli [3] found that transport taxes increase air pollution for the whole panel of the
ten countries with the highest transport tax revenues, concluding that transport taxes are not
effective in reducing air pollution and that the structure of transport taxes should be changed.
Erdogan [8] found that environmental taxes do not serve as an effective green fiscal policy tool
in Germany.

Concerning government environmental expenditures, it has a significant negative effect, in-
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dicating that 1% increase in environmental expenditures decreases emissions by 0.37% in the
short run and 0.88% in the long run. This result is in line with Lopez et al. [30], who stated
that the allocation of government spending towards public goods such as environmental pro-
tection reduces pollution. Similarly, Halkos and Paizanos [21] found that higher government
spending lowers emissions, with spending measures showing a more favourable environmental
impact than tax-based instruments. Nguyen and Duong [31] confirmed that increased gov-
ernment spending significantly reduces CO4 emissions in Vietnam. Furthermore, Batini et al.
[5] concluded that green spending multipliers can significantly boost economic growth while
supporting environmental sustainability.

The robustness check results confirm the stability of the baseline results in terms of signs
and statistical significance of fiscal variables. Energy taxes and environmental protection ex-
penditure consistently show statistically significant negative impacts on emissions, while trans-
port taxes maintain their statistically significant positive impact on emissions. The population
variable shows a marginally significant negative coefficient in Model (2) with GHG emissions
(p-value = 0.069).

Long-run elasticities are presented in Table 5 and confirm the short-run results. Energy taxes
and environmental protection expenditure reduce emissions in the long-run, while transport
taxes remain positively associated with emissions.

[ Variable | (1) GHG [ (2) GHG + POP | (3) CO, + POP | (4) CO; |

NRGTAX —0.933 —0.926 —0.969 —1.045
TRATAX 0.979 0.802 0.991 1.093
ENVEXP —0.883 —0.589 —0.713 —1.000

Table 5: Long-run elasticities.

The diagnostic tests are consistent across all models and confirm the adequacy of all model
specifications, as reported in Table 6. The AR(1) test is significant, which is expected in
first-differenced models, and the AR(2) test is insignificant, indicating that second-order auto-
correlation is not present. Moreover, the Sargan test and Hansen test do not reject the null
hypothesis for all models, which confirms instrument validity. The number of instruments re-
mains relatively small (12 or 13, depending on the model) compared to the number of countries
(27), preventing instrument proliferation.

] Statistic \ (1) GHG \ (2) GHG + POP \ (3) CO; + POP \ (4) CO, ‘
Observations 349 349 349 349
Countries 27 27 27 27
Instruments 12 13 13 12
AR(1) p-value 0.018 0.051 0.059 0.015
AR(2) p-value 0.474 0.581 0.446 0.372
Sargan test p-value 0.208 0.329 0.373 0.346
Hansen test p-value 0.416 0.570 0.598 0.508

Table 6: Model diagnostic tests’ results.

These results provide several important implications for the design of environmental fis-
cal policy in the European Union, particularly regarding the balance between tax-based and
expenditure-based fiscal instruments. Both environmental taxation and protection expendi-
tures contribute to emission reductions in the European Union. In particular, energy taxes and
environmental expenditures are more effective in reducing emissions, while the current structure
of transport taxes may limit their environmental effectiveness.
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6. Conclusion

This paper assesses the impact of environmental fiscal policy instruments on greenhouse gas
emissions in the EU-27 using difference GMM estimation from 2009 to 2023. The analysis
provides an assessment of the impact of both the revenue and expenditure sides of environ-
mental fiscal policy. The revenue side is represented by energy and transport taxes, while the
expenditure side refers to government environmental protection expenditures.

The energy taxes have a significant negative effect on GHG emissions, with a 1% increase
in energy taxes reducing emissions by 0.39% in the short run and 0.93% in the long run. Given
that energy taxes account for approximately 76% of total environmental tax revenues in the EU,
this finding underlines their importance in environmental policy. Government environmental
protection expenditure also shows a significant negative effect on emissions, with short-run
and long-run elasticities of —0.37 and —0.88, respectively. This suggests that expenditure-
based fiscal instruments are effective in achieving environmental objectives. However, transport
taxes exhibit a significant positive relationship with emissions, indicating that a 1% increase
in transport taxes is associated with a 0.41% increase in emissions in the short run. This
counterintuitive result can be explained by the structure of transport taxes in the EU, which are
primarily related to vehicle ownership and registration rather than directly to fuel consumption
or emissions.

These results are robust to the inclusion of population as a control variable and to the use of
CO; emissions as an alternative dependent variable and have important policy implications for
the design of environmental fiscal policy in the European Union. First, the negative and sta-
tistically significant impact of energy taxes on greenhouse gas emissions confirms that energy
taxation is the most effective fiscal instrument on the revenue side for decreasing emissions.
Given that energy taxes represent the largest share of environmental tax revenues in the EU,
strengthening energy taxation could further support environmental sustainability. Second, the
significant negative effect of government expenditure on environmental protection emphasizes
the importance of public investment in environmental sustainability. This suggests that fiscal
policy should not rely solely on taxation measures, but should also use expenditure-based instru-
ment aimed at environmental protection. Finally, the positive relationship between transport
taxes and emissions suggests that the current structure of transport taxation may not pro-
vide a sufficiently strong environmental incentive. Under the Eurostat methodology, transport
taxes are exclusively ownership-based, while fuel taxation is captured by energy taxes [11]. The
contrasting signs of the two tax variables confirm that usage-based taxation (energy taxes)
effectively reduces emissions, whereas ownership-based taxation (transport taxes) does not.
The positive coeflicient on transport taxes therefore does not imply that all transport-related
taxation is ineffective, but rather that the ownership-based component does not contribute to
emission reductions. Policymakers may therefore consider restructuring ownership-based ve-
hicle taxes to incorporate stronger emission-related criteria. Such reforms could better align
transport taxation with environmental objectives and improve its effectiveness in reducing emis-
sions.

The limitation of the study is that the model does not account for potential heterogeneity
across member states in terms of economic development, energy mix, or institutional quality.
Moreover, pollution taxes are not included in the analysis due to data constraints. Future
research could extend this analysis by incorporating pollution taxes, as well as examining het-
erogeneous effects across different groups of EU member states. Additionally, future work could
explore the inclusion of country-specific time trends, particularly as longer time series become
available.
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Abstract. The evaluation of corporate financial performance typically entails the use of multiple finan-
cial ratios characterized by heterogeneous properties, including the potential presence of negative values.
Within this context, Multi-Criteria Decision-Making (MCDM) approaches have been extensively em-
ployed due to their capacity to systematically integrate diverse evaluation criteria into a coherent and
objective ranking framework. However, most conventional normalization techniques in MCDM are not
specifically designed to accommodate negative data, thereby potentially resulting in distorted weights
and inconsistent ranking outcomes. This study proposes a novel normalization approach, termed the
Root Distance Ratio (RDR), which is derived from the Weitendorf principle and formulated through
a non-linear root transformation. The effectiveness of the RDR method is evaluated by integrating it
into four MCDM techniques PSI;, ARAS, MABAC, and EDAS across three corporate financial data
scenarios, namely datasets with entirely positive values, negative values within benefit criteria, and
negative values within cost criteria. The results demonstrate that, across the evaluated cases, the RDR
method produces normalized values within the [0, 1] interval, generates more proportionally distributed
weights, and yields more consistent ranking outcomes compared to conventional normalization tech-
niques. These findings indicate that RDR enhances both the stability and interpretability of financial
data-driven multi-criteria decision-making processes, particularly in the presence of negative values.
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1. Introduction

Financial performance data, typically represented by financial ratios including liquidity, sol-
vency, activity, and profitability indicators [2, 16], often encompass both positive and negative
values, reflecting varying degrees of financial health and risk exposure [6, 22]. These heteroge-
neous ratios constitute the empirical foundation of the present study’s evaluation framework
within the context of Multi-Criteria Decision Making (MCDM) context.

MCDM is widely employed to comprehensively evaluate corporate financial performance
due to its capacity to integrate criteria characterized by differing scales, preference directions,
and levels of importance [8]. MCDM process typically comprises three primary stages: nor-
malization, weighting, and aggregation, which collectively produce structured and objective
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rankings that reflect the relative performance of alternatives [15]. Among these stages, nor-
malization plays a pivotal role by transforming heterogeneous data into comparable scales [7].
However, most conventional normalization techniques are developed under the assumption of
non-negative data [23], with outputs typically constrained within the [0, 1] interval [10]. Em-
pirical evidence further indicates that the choice of normalization method can substantially
influence the resulting rankings. For example, [3], demonstrated that linear and vector nor-
malization within the VIsekriterijumsko KOmpromisno Rangiranje (VIKOR) method produce
divergent outcomes, thereby underscoring that normalization constitutes a critical determinant
of overall MCDM validity rather than merely a preliminary processing step.

When datasets contain negative values, conventional normalization techniques often fail to
preserve stability within the intended range, thereby generating distorted weights and irrational
ranking outcomes. [24] reported that the application of normalization within the Preference Se-
lection Index (PSI) method to datasets containing negative values produced outputs exceeding
acceptable bounds, with a single criterion disproportionately dominating the weight distribu-
tion, thus biasing the resulting rankings. Such findings underscore the inherent vulnerability of
MCDM frameworks when confronted with non-ideal or extreme data conditions.

Previous studies have proposed alternative normalization approaches to mitigate these ef-
fects. [23] identified Weitendorf normalization as the only technique capable maintaining stabil-
ity under extreme data conditions, while [3], [9], and [21] confirmed that the choice of normal-
ization method directly influences both weighting and ranking outcomes. Consistent with these
findings, [19, 20] demonstrated that different normalization procedures can systematically alter
preference structures and lead to inconsistent MCDM rankings, thereby reinforcing the criti-
cal importance of normalization stability. Furthermore, various hybrid or integrated MCDM
approaches such as Best Worst Method (BWM)-Ranking Alternatives by Perimeter Similarity
(RAPS) [1], entropy-fuzzy Technique for Order of Preference by Similarity to Ideal Solution
(TOPSIS) [11], Stepwise Weight Assessment Ratio Analysis (SWARA)-Weighted Aggregated
Sum Product Assessment (WASPAS) [25], VIKOR [12], and PSI [24] have enhanced financial
performance evaluation; however, they predominantly focus on datasets with positive values,
thereby leaving a methodological gap in handling negative data.

Despite the development of numerous normalization techniques within the MCDM frame-
work, substantial limitations persist, particularly when decision matrices contain negative val-
ues. Linear and vector-based methods are highly sensitive to scale disparities and sign varia-
tions, often resulting in biased weights and distorted ranking outcomes. Nonlinear and hybrid
approaches, including those examined by [19, 20|, may alter preference distributions or gener-
ate unstable value ranges when criteria differ significantly in magnitude. Furthermore, two-step
procedures such as Alternative Ranking Order Method Accounting for Two-Step Normalization
(AROMAN) [4], although designed to enhance scaling robustness, rely on underlying linear
transformations that fail to ensure stability in the presence of negative or extreme financial
ratios.

Although MCDM methods permit hybridization to mitigate bias, through the integration
of PSI with Weitendorf normalization such combinations do not inherently ensure robustness.
Stability in the normalization stage does not necessarily translate into consistent weighting
and ranking outcomes. Accordingly, a clear research gap remains: many existing normaliza-
tion techniques exhibit limited capability in handling negative values within decision matrices,
particularly in preserving stability and proportionality throughout subsequent weighting and
ranking processes. The primary motivation of this study is therefore to address this limitation
by developing a normalization method that remains bounded, distributionally balanced, and
robust under conditions involving negative data. To this end, this study proposes the Root
Distance Ratio (RDR), a normalization technique designed to maintain values strictly within
the [0, 1] interval while improving distribution balance, thereby enhancing the rationality and
consistency of MCDM results.
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2. Failure of conventional MCDM methods on negative data

Four MCDM methods were employed to capture methodological diversity in multi-criteria
evaluation: PSI [14], Additive Ratio Assessment (ARAS) [26], Multi-Attributive Border Ap-
proximation Area Comparison (MABAC) [18], and Evaluation based on Distance from Average
Solution (EDAS) [5]. Each method is characterized by distinct computational mechanisms, ren-
dering them suitable for assessing sensitivity to negative data in financial performance analysis.
Their combined application facilitates a comprehensive comparison of how data irregularities
influence normalization, weighting, and ranking outcomes.

2.1. Case scenario design based on real company data

This study employs 2023 financial data from publicly listed companies on the New York
Stock Exchange (NYSE) and the National Association of Securities Dealers Automated Quo-
tations (NASDAQ), representing three industry sectors. Based on these data, three analytical
scenarios were constructed to capture varying financial conditions: Case X, comprising exclu-
sively positive values; Case Y, incorporating a negative value in a benefit criterion (Return on
Assets, ROA); and Case Z, involving a negative value in a cost criterion (Debt-to-Equity Ratio,
DER). Table 1 presents the corresponding decision matrices, with negative values explicitly
highlighted to denote anomalies.

Cases | Alternative Criteria
C1 (CR) C2 (DER) C3 (TATO) C4 (ROA)
X1 1.3545 0.9912 0.0010 0.2452
X2 2.4942 0.6791 0.7618 0.1868
X X3 2.0630 0.6527 0.8297 0.1368
X4 1.1094 0.4136 0.4637 0.3490
X5 3.3149 0.4116 0.3980 0.0810
Y1 1.0232 3.0506 0.8737 0.0475
Y2 4.2760 0.1518 0.3107 0.0879
Y3 1.2518 2.9604 0.3701 0.0172
Y Y4 6.8233 0.1314 1.2536 0.2031
Y5 0.8548 4.6928 0.0635 0.0074
Y6 7.0275 0.1846 1.0032 0.1018
Y7 1.8837 2.1803 0.3401 -0.1035
Y8 2.4938 0.3683 0.0518 -0.1883
71 2.8555 0.7762 0.7787 0.1665
72 0.7467 -2.0189 0.0513 0.0051
73 3.9872 0.2929 0.4342 0.1592
Z 74 3.0798 40.3118 0.0001 0.1053
75 5.6900 0.2736 0.3965 0.1195
76 1.2073 0.8386 0.4779 0.0360
77 9.4312 0.1363 0.1660 0.0226

Table 1: Decision matriz.

As presented in Table 1, Case X represents a fully positive and stable evaluation condition,
Case Y includes two companies exhibiting negative ROA values indicative of financial losses,
and Case Z contains negative DER values reflecting potential financial distress or heightened
bankruptcy risk. These three purposively selected cases illustrate varying financial conditions
and enable assessment of whether conventional MCDM methods can yield rational and stable
results under non-ideal data. Subsequent analyses focus on how negative values affect normal-
ization, weighting, and ranking integrity.
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2.2. Normalization using PSI, ARAS, MABAC, and EDAS

Normalization across all cases was conducted in accordance with the embedded procedures of
each method PSI, ARAS, MABAC, and EDAS. Table 2 summarizes the resulting normalization
ranges. In Case X, all methods produced values within the expected [0, 1] interval [10], indicating
stable performance under conditions involving exclusively positive data. Notably, MABAC,
which incorporates the Weitendorf normalization principle, maintained consistent and logically
coherent results. However, in Cases Y and Z, methods relying on linear normalization such as
PSI, ARAS, and EDAS exhibited notable distortions. In PSI, negative ROA values in Case Y
produced normalized outputs below zero (Y74 = —0.5095, Yg4 = —0.9273), the cost criterion
(DER) generated extreme values, whereby an alternative expected to perform best (272 =
0.1363) was instead ranked as the worst (—14.807). ARAS demonstrated similar instability, as
negative denominators led to disproportionately scaled outcomes, and EDAS likewise failed to
adequately accommodate extreme negative values, resulting in biased preference scores. Overall,
the presence of even a single negative value proved sufficient to distort the entire normalization
process across these methods.

Cases Methods
PSI ARAS MABAC EDAS
X 0<X;;<1 0<X;<1 0<X;<1 0<X;<1
Y -1<X;; <1 -1<X;;<1 0<X;;<1 0<X;;<2
Z —14<X;<1 —1<X;<1 0<X;;<1 —1<X;;<2

Table 2: Normalization value range

2.3. Impact of negative values on weight calculation

Criterion weights were primarily determined using the PSI method due to its simplicity,
objectivity, and ability to generate weights directly from normalized data. Table 3 summarizes
the resulting weight distributions. Case X produced proportional and logical weights, whereas
Cases Y and Z showed several negative and extreme values (for example, wey = 0.9984 in
Case Y and wee = 1.0040 in Case Z). These distortions indicate that negative data cause
instability in the weighting process, leading certain criteria to dominate or even contribute
negatively to final rankings. Additional analyses employing Entropy and the Method based on
the Removal Effects of Criteria (MEREC) weighting approaches further corroborated this issue,
as both methods rely on logarithmic transformations that are undefined for zero or negative
values. Consequently, conventional weighting techniques demonstrate limited robustness when
applied to datasets containing negative financial ratios.

Weights (w;)
C1 C2 C3 C4
Case X | 0.2895 0.2978 0.1482  0.2645
Case Y | -0.0553 0.1192 -0.0623 0.9984
Case Z | -0.0023 1.0040 -0.0014 -0.0003

Cases

Table 3: Weight values using conventional normalization.

2.4. Ranking evaluation

Ranking results obtained from PSI, ARAS, MABAC, and EDAS are summarized in Table
4. In Case X, all methods produced identical rankings, indicating that the normalization,
weighting, and aggregation procedures operated consistently and proportionally.
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Rank MCDM Spearman Rank Correlation
I o | Il v I 1 I 11 II | III
vs | vs | vs | vs | vs | vs

I | II1 | IV | III | IV | IV

Cases | Alternative

1 0.9 1 0.9 1 0.9

0.976| 1 ]0.976/0.976] 1 ]0.976

1 ]-0.25|-0.25(-0.25|-0.25| 1

(@)
N WOOAN U 00 WO TN &N W Ot
N WONIIH RO TN OLWHRIN WOt
NOOWk oo JWo— TN B N W Ot
NOOHWk oo IN O Ok = W ot

Table 4: Alternative spearman rank correlation (I) PSI (II) ARAS (III) MABAC (1V) EDAS.

However, Cases Y and Z revealed clear ranking irrationalities. In Case Y, inconsistencies
emerged among mid-ranked alternatives (e.g., Y5 and Ys) due to the extreme dominance of
criterion Cy (ROA), whose weight reached 0.9983, causing all methods to rely almost entirely
on ROA values. In Case Z, alternative Z; was ranked highest across all methods despite its
negative DER (C3), a value typically associated with bankruptcy risk. This anomaly resulted
from an inflated weight (> 1) assigned to Cs, demonstrating that conventional normalization
leads to distorted weights and rankings when negative data are present.

Extending this analysis to two-step normalization methods reveals that procedures such as
AROMAN [4] likewise fail to rectify the ranking distortions induced by negative entries. Al-
though AROMAN integrates a vector-based transformation with a min—max normalization, the
vector component remains negative whenever the original criterion values are negative. These
negative values propagate to the aggregation and weighting stages, causing several elements
of the weighted decision matrix to remain negative. This becomes problematic in the ranking
phase, because the computation of the benefit and cost utility terms requires exponentiation
of aggregated values; if these values are negative, the resulting expressions become undefined
or non-real. Conceptually, this limitation implies that AROMAN can only yield valid and
comparable rankings when all normalized inputs entering its final stages are strictly positive, a
condition satisfied under the proposed RDR normalization but not under AROMAN’s internal
steps when negative financial ratios are present. In essence, AROMAN becomes mathematically
infeasible when negative normalized inputs appear, because its final utility stage requires raising
aggregated values to fractional exponents. Any negative value entering this step produces a
non-real output, making the ranking computation undefined and preventing the method from
generating a valid ordering of alternatives.
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2.5. Root cause of irrational weights and rankings

As discussed in Sections 2.2 and 2.3, the irrational weights and ranking outcomes observed
in Cases Y and Z stem from the inability of conventional normalization techniques to adequately
accommodate negative data. In the PSI method, excessive preference variance led to negative
deviation values, as evidenced in Case Y, where the ROA variance reached 2.531 (deviation
—1.531) and in Case Z where the DER variance increased to 177.898 (deviation —176.898).
Under theoretically consistent conditions, preference variance should remain within the [0, 1]
interval to ensure the derivation of logical and interpretable weights.

These inflated variances arise from substantial discrepancies between average performance
values and normalized results when values fall outside the ideal range, leading to uncontrolled
dispersion and distorted weight distributions. Consequently, such distortions propagate from
mean scores to variances, deviations, and ultimately to the final rankings. Therefore, there is a
clear need for a normalization method that preserves valid value ranges and ensures stability,
even in the presence of negative data.

3. Evaluation of existing normalization techniques

3.1. Comparison of all normalization methods

A comparative analysis was conducted on nine conventional normalization techniques sum-
marized by [23], namely linear (N7), Weitendorf (Ns), vector (N3), linear sum (Ny), logarithmic
(N5), maximum linear (Ng), minimum linear (N7), Jiittler-Korth (Ng), Peldschus (Ny) and
AROMAN - Based Double Normalization (Nyg).

Figure 1 illustrates that in Case X all methods (IN;—Ny) produced normalized values within
the valid range [0, 1], thereby demonstrating conformity with fundamental normalization prin-
ciples. In these figures, the Lower Bound (LB) is defined as 0 and the Upper Bound (UB) as
1, collectively establishing the permissible normalization interval. Figure 2 shows that in Case
Y a single negative ROA value (Y74 and Yz4) leads to instability across several normalization
methods. Extreme results are observed in N7 (26.285) and Ng (—0.9272), while N5 fails to
compute outputs due to logarithmic limitations. Similar effects are also observed in Ny, Nj,
1\747 and NG-

In method N10, although two normalization stages are applied, alternatives containing
negative values in the decision matrix still produce negative final normalized results (e.g.,
Y74 = —0.024 and Ygqs = —0.143). This phenomenon arises from the aggregation mecha-
nism embedded in the double-normalization procedure, which combines vector normalization

Yii__ and Weitendorf normalization —“=*min_ The vector component preserves the sign of

2 Tmax —Lmi
> zZ; max —Zmin

negative values, since dividing a negative value by mej does not eliminate its sign, while

the Weitendorf component maps values into the non-negative range. As a result, the negative
influence from the vector normalization propagates through the aggregation process.

Because the aggregation parameter 3 is set to 0.5 to balance the contributions of both nor-
malization techniques, the negative influence originating from the vector normalization compo-
nent continues to affect the final result. Consequently, whenever negative values are present in
the decision matrix, the double-normalization procedure generally yields negative normalized
outcomes. Theoretically, a strictly non-negative result would only be attainable if the contri-
bution of the vector component were eliminated or made negligible (i.e., 8 — 0), effectively
reducing the procedure to pure Weitendorf normalization. With 8 = 0.5, it is therefore highly
unlikely for the double-normalization method to produce strictly positive normalized values
when alternatives contain negative entries.
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Figure 1: The value of all normalization techniques for case X.
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Figure 3: The value of all normalization techniques for case Z.

Figure 3 depicts similar instability in Case Z, where negative DER values affect multiple
normalization methods. Ny again fails to process the input values, while extreme values are
observed in Ny (—14.807 for Z;3) and Ng (1.050 for Zs3). Other methods, such as N3, Ny,
and Ng, also exhibit distorted results. Using the same analytical reasoning as in Case Y,
alternative Zo also produced a negative value of —0.012 under the double-normalization method
(N10). This outcome occurs because the normalization technique does not explicitly distinguish
between benefit and cost characteristics, thus reproducing the same distortion phenomenon
observed previously. These distortions in normalized values subsequently give rise to irrational
weighting outcomes and biased rankings. Among the evaluated techniques, only Weitendorf
normalization (Nz) consistently maintained results within the [0, 1] interval across Cases X, Y,
and Z, thus confirming its stability and reliability for subsequent weighting and ranking analyses.

3.2. Application of Weitendorf as a partial solution

Weitendorf normalization was employed as a partial remedy to address the limitations of
conventional linear normalization by integrating it into the PSI algorithm. The resulting crite-
rion weights are presented in Table 5 and subsequently utilized for the ranking analysis.
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Weights (w;)
C1 C2 C3 C4
Case X | 0.2425 0.2231 0.2518 0.2826
Case Y | -1.6402 -0.3046 0.1386 2.8061
Case Z | 0.3933 0.2898 0.3330 -0.0161

Table 5: Weight values using Weitendorf normalization.

Cases

Despite all normalized values falling within the valid range, Table 5 indicates that Cases Y
and Z still produced disproportionate weights, including negative and extreme values (e.g.,
—1.6402 and 2.8061). This anomaly arises from low average performance values that constrain
deviation magnitudes, thereby impeding the generation of logical and proportionate weights.
Thus, the issue lies not only in maintaining valid normalization ranges but also in ensuring a
balanced value distribution. prevents mathematical inconsistencies, it remains insufficient in
stabilizing weights or adequately improving value dispersion. Consequently, a more compre-
hensive approach is required one that simultaneously preserves valid normalization ranges and
enhances distributional balance. To address this limitation, the present study introduces the
RDR normalization technique as a more robust solution for generating consistent and inter-
pretable weights, particularly under conditions involving negative data.

4. Proposed normalization technique: root distance ratio (RDR)

4.1. Motivation and theoretical basis

The irrationality of weight values in conventional normalization techniques, including Wei-
tendorf, originates from low average performance values (NN;) produced during normalization.
Alternatively, power transformations with positive integer exponents (zP, p > 1) further reduce
the magnitude of normalized values, resulting in 2P < x for 0 < x < 1, thereby exacerbating
the problem of low average performance values. In contrast, root-based transformations (zl/ P)
increase the magnitude of values within (0, 1), making them more suitable for enhancing N;.
However, excessively high-order roots tend to compress the relative differences among alterna-
tives, as all values tend to approach 1 (formally, /P — 1 as p — oo for 0 < x < 1), reducing
the discriminative ability of the normalization.

Therefore, the square-root transformation (p = 2) is adopted as a balanced adjustment,
as it increases normalized values while preserving sufficient differentiation among alternatives.
Based on this reasoning, the Root Distance Ratio (RDR) normalization is defined as follows:

Lij — Tmin

—————— for benefit criteria,
- & — T
XZJ _ max min (1)

Tmax — Lij
)
V Tmax — Lmin

where z;; represents the value of the i-th alternative on the j-th criterion, xmax denotes the
maximum value for a given criterion, and xy;, denotes the minimum value.

for cost criteria.

4.2. Distributional comparison: RDR vs Weitendorf

A comparative evaluation between the Weitendorf and RDR normalization techniques was
conducted to examine RDR’s adaptation of Weitendorf’s principles and its capacity to enhance
normalized values. Figures 4(a)-(c) show that Weitendorf results (red points) align closely with
the linear reference line y = z, reflecting its linear transformation that maps negative values into
the [0, 1] range. In contrast, RDR results (green points) form a convex non-linear pattern above
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the line, illustrating the effect of the square root transformation on distance ratios. These visual
and quantitative observations confirm that while both techniques maintain valid normalization
ranges, RDR achieves a more balanced and expanded value distribution, promoting stability
and rationality in the subsequent weighting process.

Value Distribution: Weitendorf vs RDR (Case X) Value Distribution: Weitendorf vs RDR (Case Y) Value Distribution: Weitendorf vs RDR (Case Z)
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Figure 4: Weitendorf vs RDR on (a) Case X, (b) Case Y, and (¢) Case Z.

4.3. PSI weighting integration using RDR

RDR normalization technique was implemented as a replacement for conventional normal-
ization within the MCDM framework, applied to both weighting and ranking stages. In the
PSI method, RDR substituted the original normalization component, producing the criterion
weights shown in Table 6. As indicated in Table 6, all criteria across the three cases yielded
proportional weights within the [0,1] interval. This improvement results from RDR’s ability
to elevate average performance values, thereby reducing deviation magnitudes and generating
balanced, logically consistent weights.

Weights (w;)

Cases | —¢7 C2 C3 C4
Case X | 0.2544 02193 02377 0.28%6
Case Y | 0.0431 0.2747 0.1481 0.5341
Case Z | 0.3634 0.1903 0.2924 0.1538

Table 6: Weight values using RDR normalization.

4.4. Substitution of RDR normalization in PSI, ARAS, MABAC, and
EDAS rankings

The evaluation of ranking consistency across the conventional, Weitendorf, and RDR ap-
proaches reveals clear differences in pattern. Without normalization substitution, radar charts
for Cases X, Y, and Z (Figure 5) displayed irregular polygon shapes and large fluctuations
among alternatives, indicating that rankings were highly dependent on the specific MCDM
method. The use of Weitendorf normalization improved distribution balance, though devia-
tions persisted in cases with negative values. In contrast, applying RDR normalization pro-
duced markedly stronger consistency, as reflected in the more symmetrical radar chart shapes
in Figure 5. Rankings across PSI, ARAS, MABAC, and EDAS became closely aligned, showing
that RDR enhances both value distribution and decision stability.
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Figure 5: Ranking results across methods for (a) Case X, (b) Case Y, and (c¢) Case Z.

Cases Spearman Rank Correlation
IvsII [IvsIII |[IvsIV |IIvsIIl | IIvsIV |IIIvsIV
X 1 1 0.7 1 0.7 0.7
Y 1 1 0.976 1 0.976 0.976
Z 1 1 0.857 1 0.857 0.857

Table 7: Spearman rank correlation after the application of RDR (I) PSI (II) ARAS (III)
MABAC (IV) EDAS.

Spearman rank correlation results (Table 7) further confirm these findings. Correlations
among methods increased substantially, indicating that RDR-based normalization yields more
coherent and rational rankings than conventional approaches. The slight decrease observed in
EDAS correlations does not suggest inconsistency but rather a more realistic alignment with
the data’s intrinsic structure, underscoring the robustness of the RDR normalization.

5. Evaluation using other datasets

5.1. Normalization simulation using equivalent interval ratios

In this section, a simulation is conducted using two datasets that possess identical interval
ratios but differ in numerical ranges. Dataset A spans the interval 1-9 with a unit increment of
1 for nine alternatives (A;—Ayg), whereas Dataset B spans the interval 1-5 with an increment of
0.5 for the same nine alternatives (A;—Ayg), applied to both benefit (x) and cost (xx) criteria.

This simulation evaluates the ability of normalization techniques to generate consistent out-
comes when applied to datasets that have equivalent structural capacity yet different numerical
scales. The analysis employs five normalization techniques: Root Distance Ratio (N7), Linear
(N3), Vector (N3), Sum-Linear (N;), and AROMAN-based Double Normalization (Ns).
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Figure 6: Comparison of normalization results using equivalent interval ratios.

Overall, all normalization methods employed in this simulation produced values within the
[0, 1] interval. This outcome is expected, as all raw data in both datasets are strictly positive.
However, as illustrated in Figure 6, among the evaluated methods, N1 (RDR) demonstrates the
closest overlap between Dataset A and Dataset B for both benefit and cost criteria.

This finding indicates that RDR is capable of producing highly consistent normalized values
for datasets with equivalent interval structures, even when their numerical scales differ.

Although Ny (Sum-Linear) and N5 (AROMAN) yield curves that appear nearly overlapping,
the resulting normalized values are not exactly identical, even though both datasets possess the
same interval structure. Meanwhile, Ny (Linear) and N3 (Vector) exhibit substantially different
normalization results, as reflected by the noticeable separation between the curves across the
two datasets. Furthermore, the cost-type normalization under Ny (Linear) fails to produce a
truly linear pattern, revealing additional instability in the scale transformation process.

5.2. Weighting and ranking simulation based on case scenarios

Two simulated datasets, representing engineering and economic domains, were analyzed to
compare the performance of linear and RDR normalization. Both datasets replicated real-
world characteristics, including negative values in cost-type criteria (C7 in Dataset 1 and Cjy in
Dataset 2).

1.5

1c2[c3(c4(cs

RDR Normalization

Cl(/;ZCz I C3 (C4 ‘ Cs5
0.5 - ar Normalization (PSI)

Figure 7: Comparison of normalization value ranges in the first simulation.
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Figure 9: Ranking in the (a) first and (b) second simulation.

Figures 7-9 illustrate the comparative outcomes across normalization, weighting, and rank-
ing stages. Under linear normalization, several values exceeded the [0, 1] range, producing
distortions in both datasets. In Dataset 1, alternative A; under criterion C; yielded a negative
normalized value despite representing the lowest-cost option, while in Dataset 2 the presence
of negative values in criterion Cy destabilized the entire normalization matrix. In contrast,
the RDR approach maintained all values strictly within the [0, 1] interval, thereby preserving
proportional relationships among criteria and ensuring numerical stability.

The weighting results (Table 8) further underscore this improvement. Linear normaliza-
tion produced inconsistent weights, including negative values and coefficients exceeding unity,
thereby leading to unreliable aggregation. In contrast, RDR normalization generated balanced
and theoretically consistent weights, all confined within the [0,1] interval, thus confirming
greater accuracy and internal consistency within the PSI framework.

Data | Types of Normalization C1 C2 C3 C4 C5
1 Linear Normalization (PSI) | 1.00123 -0.00045 -0.00038 0.00041 -0.00049
RDR Normalization 0.41079  0.18233 0.17075  0.23613  0.32588
9 Linear Normalization (PSI) | -0.12229 -0.11018 1.39137 -0.15891
RDR Normalization 0.18407  0.14974  0.30097  0.36523

Table 8: The criterion weight result.
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Ranking analyses (Figure 9) reinforce the same pattern. Linear PSI exhibited extreme
preference disparities, such as the dominance of A; and the suppression of Ag in Dataset 1,
and the over-ranking of A7 and A5 in Dataset 2. The RDR-PSI integration yielded smoother,
more uniform radar profiles, where alternatives occupied logical positions with no unrealistic
dominance.

Overall, distortions arising from normalization and weighting stages in the conventional PSI
method were clearly propagated to the final ranking outcomes. The substituting of RDR nor-
malization effectively mitigated these issues, resulting in coherent aggregate scores and enhanced
decision reliability across both domains. Consequently, the RDR-PSI model demonstrates supe-
rior robustness and interpretability when applied datasets containing negative cost-type criteria.

6. Conclusion

This study investigated the limitations of conventional normalization techniques in Multi-
Criteria Decision Making (MCDM) when applied to datasets containing negative values and
proposed the Root Distance Ratio (RDR) as an alternative approach. The analysis focused
on normalization stability, weight proportionality, and ranking consistency utilizing both real
financial data (NYSE and NASDAQ) and simulated datasets.

The results indicate that linear normalization techniques are inadequate for handling neg-
ative values, leading to distorted weights and inconsistent ranking outcomes. In contrast, the
RDR method maintained normalized values within the [0, 1] interval, generated proportionate
weight distributions, and produced generally consistent ranking patterns across the evaluated
cases. These improvements were consistently observed across multiple MCDM methods (PSI,
ARAS, MABAC, and EDAS) and further validated through rank correlation analysis and radar-
based visualizations.

However, in specific scenarios involving negative cost-type criteria, such as the Debt-to-
Equity Ratio (DER), minor variations in ranking positions may still occur, despite the stability
of the normalization process. This suggests opportunities for further refinement, rather than
indicating fundamental limitations of the proposed approach. Future research should therefore
focus on developing an enhanced normalization framework capable of preserving both math-
ematical validity and semantic preference consistency, particularly under extreme or outlier
conditions.
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Abstract. Many service systems are subject to disruptions that can reduce their operational capacity,
forcing users to find alternative ways to meet their service needs. One way to mitigate such effects is
to locate temporary facilities where users can receive services. Also, users can be served in facilities
unaffected by the disruptions. This paper considers the problem of locating temporary facilities after
a disruption and redistributing users to minimize the average travel distance. Compared with existing
models, the proposed approach allows limited overcapacity and balances it across facilities to ensure a
more even redistribution of users. A mathematical formulation of mixed integer programming is pro-
posed and used to determine the locations of temporary facilities and the balanced redistribution plan.
The final number of temporary facilities is determined using a TOPSIS method. The proposed approach
integrates an exact approach with the TOPSIS method and enables the straightforward addition of new
criteria without modifying the mathematical formulation. Testing on small-sized hypothetical exam-
ples demonstrates that, without capacity constraints, overcapacity in some facilities can reach 150%,
whereas the proposed approach limits it to 45% and balances it so that differences among facilities
do not exceed 10%. The results of testing illustrate that the proposed approach effectively solves the
multi-objective location and redistribution problem while avoiding computationally intensive methods
such as multi-criteria optimization or metaheuristics. The proposed approach provides a flexible and
implementable framework that balances system management and user objectives under disruptions.
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1. Introduction

Many service systems are susceptible to disruptions that can reduce their ability to operate.
As a result, many users have to find alternative ways to meet their service needs. One way
to mitigate the negative effects of the disruption is to locate new temporary facilities where
users can receive the desired services. Unfortunately, such events have become increasingly
frequent in recent years. A disruption in the system can be acted on before or after disruptions
(pre-disruption or post-disruption). Most of the papers in the literature propose approaches
that ensure greater resistance of systems and their users to disruptions (pre-disruption) [7]
and [1]. Fewer papers in the literature deal with the post-disruption period [3]. The response
to a disruption after its occurrence ensures the immediate protection of people’s health and
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lives by establishing temporary facilities and plans to return the system to the state before the
disruption as soon as possible [§].

In case of various natural disasters, terrorist attacks, or other causes of disruption, one or
more facilities in the system may be closed. One possible response is to develop a plan for
redistributing users affected by the disruption to active facilities. However, such a way of re-
sponding to a disruption can only be applied in the case of disruptions of smaller dimensions.
To overcome disruptions of larger dimensions, the introduction of temporary facilities must be
considered. Creating a plan to redistribute users affected by the disruption to active perma-
nent facilities (PF) and locate temporary facilities (TF) allows users to receive services in an
acceptable time frame.

The importance of introducing temporary facilities after a disruption, when it is important
to allocate resources quickly and efficiently, was highlighted in a review paper [2]. The authors
provide a detailed review of the literature, including 65 papers that address location theory
problems associated with the introduction of temporary facilities. One of the most famous
location problem is the p-median problem [11]. The p-median model with capacity constraints
is known as the capacitated p-median model. The p-median problem is much more often solved
in the literature compared to the capacitated p-median problem. In the capacitated p-median
problems [12] and [10], as well as in many p-median problems, redistribution of users from one
node to one facility is allowed. This paper proposes a model based on the capacitated p-median
problem, which enables the redistribution of users from one node to one or more facilities.

Unsatisfied demand is a problem that often occurs after disruptions in the system, especially
in the case of capacity constraints. In the literature, there are papers dealing with the mini-
mization of unsatisfied demand [4] and [6]. In the case of unsatisfied demand, fictitious facilities
must be introduced, which is the case with classic capacity constraints [10]. Various forms of
capacity constraints are used in the literature [12] and [4]. Common to those constraints is
that they lead to the situation that if there is not enough capacity, not all users will receive the
service. Capacity constraints designed in this paper allow all users to receive the requested ser-
vice. This is achieved by introducing temporary facilities and allowing overcapacity to a certain
limit, which enables normal functioning of the facility. These constraints solve the problem of
unsatisfied demand while maintaining the efficiency of the system.

The use of hybrid approaches, which integrate the Exact Approach (EA) with multi-
attribute decision-making (MADM) methods, is common in location problems under disruption
conditions. MADM methods are most often used in the first phase, which includes the analysis
of locations, to generate a set of potential locations of temporary facilities [5] and [14]. Un-
like the papers in the literature, in this paper, the TOPSIS method was used after applying
the optimization model (second phase) in order to select the best solution. By combining the
EA for solving the capacitated p-median problem with the TOPSIS method (the EA-TOPSIS
approach), several issues observed in the literature are addressed, such as the redistribution of
users from one node to multiple facilities, unsatisfied demand, facility overloading, and non-
balanced user redistribution plans. In related studies, similar problems are frequently addressed
using robust, stochastic, or bi-level models, which require complex optimization methods for
their solutions. Due to the conflicting objectives of minimizing user travel distance and limit-
ing the number of temporary facilities, the considered problem has a multi-objective structure.
Without the proposed hybrid framework, it would typically require multi-objective optimization
or metaheuristic solution methods [9] and [1]. The developed EA-TOPSIS approach overcomes
this by separating optimization and decision evaluation, thereby reducing methodological and
computational complexity.

In this paper, a location model was developed that determines the location of TFs and
creates a new plan for the redistribution of users allocated to the closed PFs. A temporary
facility can be located at any demand node where there is no permanent facility. System
adaptation to disruption is also reflected in the possibility of exceeding the capacity of PF and
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TF to a certain limit. To evenly redistribute users across the functioning facilities, overcapacity
balancing constraints have been implemented. The goal of the developed model is to minimize
the average distance traveled by users affected by the disruption to obtain the requested service.
It is in the interest of the system to overcome the consequences of the disruption with as few
TFs located as possible. However, a smaller number of TFs affects the increase in the distance
traveled by users and greater overcapacity in facilities. To create a balance between the system’s
goal and its users, the TOPSIS method is combined with a developed mathematical formulation
to determine the number and location of TFs. In this way, the solution obtained by combining
the EA and the TOPSIS method (EA-TOPSIS) represents a compromise between increasing
the distance traveled by users and reducing the number of TF locations. We tested the EA-
TOPSIS approach on a hypothetical example of 20 demand nodes and 5 PFs and obtained
high-quality results. The obtained results confirm the possibility of direct application of the
developed EA-TOPSIS approach in practice. The EA-TOPSIS approach can be applied to
various systems, such as justice systems, police systems, healthcare systems, and other systems
in which a single facility serves users from a particular region.

Several main contributions are highlighted in this paper. First, a mixed-integer location
model is developed to simultaneously determine the locations of TFs and the redistribution
plan for users affected by disruptions. Second, the model allows the redistribution of users
from a single demand node to multiple facilities, enabling more flexible system adaptation un-
der disruption conditions. Third, overcapacity balancing constraints are implemented, enabling
controlled overcapacity in both PFs and TFs and ensuring an even redistribution of users across
functioning facilities. Finally, an EA-TOPSIS hybrid approach is developed for determining
the number and locations of TFs, and its practical applicability is demonstrated through com-
putational testing.

This paper is organized as follows. Section one presents the introductory remarks and
highlights the main contributions of the paper. The second section provides a description
of the considered problem, its mathematical formulation, and the TOPSIS method that is
adapted for application and combination with the previously given mathematical formulation.
The developed EA-TOPSIS approach is then tested on a hypothetical example, and the test
results are presented in the fourth section. Concluding remarks are given at the end of the

paper.

2. Methodology

In this section, the problem and the system’s response to disruptions are presented, along
with the proposed EA-TOPSIS approach. The following subsections detail the mathematical
formulation of the capacitated p-median model and the TOPSIS method.

2.1. Problem description and proposed approach

The problem considered in this paper is inspired by the functioning of systems in which a single
facility provides services to all users in the region in which it is located. A region encompasses
one or more municipalities in which users live. In such systems, all users of a region gravitate
to a single facility and can only receive the requested service in that facility. Under normal
conditions, users can only request service in the preassigned facility. They cannot receive service
in any of the facilities from other regions. The most common examples of such systems are public
buildings owned by the state, such as municipal buildings, courts, police, health institutions,
etc.

A challenge in the operation of the described systems may arise if a facility in one region is
affected by a disruption. In the event of an attack on one or more facilities, users preassigned to
that facility or those facilities must be redistributed to active facilities (non-closed). In this case,
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due to the reduction in the number of operational facilities (non-closed facilities), overcapacity
of the facilities is permitted. The permitted overcapacity of facilities and the location of TFs
will ensure that the consequences of disruption (attacks on one or more facilities) are as minimal
as possible.

All municipalities in which there is no PF were taken as potential locations for TFs. The
placement of TFs is considered with the following constraints. Only one TF can be established
at each potential location. A TF cannot be established at the locations of the PF and, therefore,
not at the site of the disruption. When addressing the described problem, it is necessary to
determine which facilities are under attack and the maximum number of TFs that can be
located. By resolving the stated issue, a solution is produced that identifies the number and
location of TFs, as well as the redistribution of users affected by the disruption. The aim of
solving this problem is to minimize the impact of the disruption on both users and the system.
More specifically, the aim is to minimize the average distance traveled by users affected by
the disruption to access the required service, while optimizing the number of located TFs, and
balancing overcapacity in facilities.

Locating a larger number of TFs will reduce the consequences of disruptions, but will result
in high construction costs. However, locating too few TFs may cause users to feel the effects
of disruptions. The goal in selecting the final solution is to find a balance between the number
of TFs located and the average distance that users affected by the disruption travel to receive
service. Therefore, the paper proposes an EA-TOPSIS approach that combines the EA, used
to solve the proposed mathematical formulation, with the TOPSIS method for multi-criteria
evaluation of the generated solutions. The methodological framework of the proposed EA-
TOPSIS approach is illustrated in Figure 1. The approach consists of two sequential phases.
In Phase I (EA), the capacitated p-median model is solved iteratively for an increasing number
of temporary facilities until a predefined maximum p,,,, is reached, generating a set of feasible
alternatives. In Phase IT (TOPSIS), the generated alternatives are evaluated and ranked using
the TOPSIS method, with criteria weights determined using the direct rating (DR) method.
This process leads to the selection of the most suitable recovery configuration.

Phase | - EA

‘ Disruption scenario & input data ‘

v

| Initialize p= 1 ‘

‘ Esact approach |

i

‘ Ot ‘

\ |
No
—_
v Yes

l Phase Il - TOPSIS

‘ Construct decision matrix ‘

| Assign:i weight ‘

‘ TOPSIS :valuztion ‘

‘ Ranking nftlmmnveg ‘

| Select the best alternative |

Figure 1: Methodological framework of the proposed EA-TOPSIS approach.
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This section presents the mathematical formulation of the considered problem. The notation
used in the model is summarized in Table 1, listing all sets, parameters, and decision variables.

’ Sets ‘
P set of locations of permanent facilities
T set of potential locations of temporary facilities
F set of all locations of facilities (F' = P UT)
U set of users represented by demand nodes (municipalities)
U; set of demand nodes preassigned to permanent facility j (U; C U,j € P) by
territorial division
’ Parameters ‘
v; demand (number of users) at node 7 (i € U)
Pmaz | the maximum number of temporary facilities that can be located
55 equals 1 if there is a permanent facility at location j, otherwise 0
T equals 1 if a permanent facility at location j is closed, otherwise 0
d;; shortest distance between demand node 7 and facility j
Qj capacity of facility j
p the maximum overcapacity ratio of the facility
B the maximum tolerance of the difference in the overcapacity ratio between
facilities
NAU | number of affected users in case of disruption
’ Decision variables ‘
{1, if the temporary facility is located at j (j € T')
$j .
0, otherwise
1, if the capacity of facility j is exceeded
Yi 0, otherwise
2j overcapacity ratio of facility j (j € F)

Table 1: Notation used in the mathematical formulation.

The mathematical formulation can be given in the following way:

subject

1
min Z = m Z Z dijq,‘j

JEF ieU;

to:

Z Zj S Pmax

jeT
Z%‘j =v;, VieU
jEF
un <wirj, VjePVielU;
leF
1#]
gij <vi(l—r;), YieUVjeP

Qij S’Ui(Sj—l-l‘j), VieUVjeF
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z; < py;, VjeEF (7)
> a4 > Qilyi+2), ViEF (8)

€U
Zqzj <Qj(l+z), VjeF )

€U
zi—a<B+p2—yi—w), VileF j#I (10)
z; €{0,1}, VjeT (11)
y; €{0,1}, VjeF (12)
¢;; > 0 and integer, Vi€ U,Vj € F (13)
2 >0, VjeF (14)

The objective function (1) represents the average distance traveled by users affected by
the disruption, and it should be minimized. This is achieved by redistributing the territorial
assigned users from the closed facilities to the nearest non-closed facilities. Constraint (2)
defines the maximum number of TFs that can be located. Constraints (3) to (6) apply to
user flows. Constraints (3) ensure that all users receive the requested service. Constraints (4),
(5), and (6) prevent the redistribution of users to a facility that is attacked, to a facility that
does not exist, and to a temporary facility that is not located. Constraints (7) - (9) define the
maximum allowed overcapacity ratio of the facility j. Constraints (10) also refer to the capacity
of facilities, and they should achieve a balance between the overcapacity in the facilities, that
is, they define the maximum allowed difference in the overcapacity ratio between facilities j and
[. The decision variables in the model are defined over the following domains: binary variables
x; and y; as specified in constraints (11) and (12), a non-negative integer variables g;; as in
constraints (13), and a non-negative continuous variables z; as in constraint (14).

The proposed model is designed for universal applicability across different systems and
incorporates fundamental criteria that are common to all of them. When applied to a specific
system, additional criteria may be introduced, particularly cost-related components such as
fixed costs for locating temporary facilities and travel costs generated by user movements. These
elements can be incorporated through an appropriate modification of the objective function.

The model also includes user splitting and explicit overcapacity control. User splitting
ensures that no demand remains unsatisfied, while overcapacity control prevents excessive load
concentration at individual facilities. By balancing the overcapacity ratio among facilities,
the model protects infrastructure resources and enhances operational sustainability. Such load
balancing contributes to system stability, especially under disruption conditions, enabling a
more resilient and flexible network response.

From a computational perspective, the resulting formulation is a mixed-integer linear pro-
gramming (MILP) model. Due to the presence of binary and integer decision variables, the
problem belongs to the class of NP-hard optimization problems.

2.3. Method for determining the number of temporary facilities

When solving the MILP model based on the proposed mathematical formulation, the number
of TFs to be located must be determined in advance. The number of TFs can be determined in
advance, based on available resources, or by applying the TOPSIS method after testing several
scenarios regarding the number of located TFs. It should be noted that when applying only the
EA, the maximum number of TFs to be located must be defined in advance. However, if the
TOPSIS method is used, it is necessary to generate several solutions with different numbers of
located TFs, based on which the best solution will be selected using the TOPSIS method. The
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EA-TOPSIS approach selects the best solution from a set of generated feasible solutions based
on defined criteria.

In certain situations, the proposed approach may be easier to implement than a full multi-
objective optimization framework. This is particularly evident when the analyst intends to
incorporate additional evaluation criteria that are difficult to formalize within a strict mathe-
matical structure. Such criteria may include location suitability, accessibility, or other context-
specific and partially subjective factors. In these cases, separating the generation of feasible
solutions from their final evaluation allows greater modeling flexibility. Additional criteria can
be introduced at the evaluation stage without reformulating the entire optimization model,
which simplifies practical application and enhances adaptability to real-world decision-making
environments.

The TOPSIS method is an MADM method used to select the best alternative from a set of
alternatives [13]. In this paper, the TOPSIS method is applied to select the best solution from a
set of solutions that represent a plan for locating TFs and redistributing users to PFs and TFs,
after disruptions. The set of alternatives depends on the available number of TF that can be
located, but also on whether the solution obtained by the EA approach is unique. In the case
where all solutions are unique, the number of alternatives is equal to the maximum number of
TF that can be located, increased by one (pmqr + 1) (the alternative when the number of TF is
zero). The number of alternatives can be even larger when the solution obtained by applying
the EA approach is not unique. In this situation, more optimal solutions for the defined number
of TF locations could be identified and inserted into the set of alternatives. For the selection of
the best solution, 5 criteria were generated, shown in Table 2. The first criterion refers to the
average distance traveled by users affected by the disruption (Z). The second criterion (Qmaz)
represents the highest value of the overcapacity ratio in facilities. The third criterion refers to
the largest difference in the overcapacity ratio between facilities (Qmaz — @min), Where Qmin
represents the smallest value of the overcapacity ratio in facilities. The fourth criterion shows
the number of facilities in which capacity was exceeded (N Q+), and the fifth criterion refers to
the number of located TFs. It should be noted that all criteria are minimization type. Based
on these five criteria, the solution is evaluated, and then the ranking is established.

Type of criteria Criteria
Z |km]  Qumaz %]  Qmaz — Qumin [%] N@"  Number of TFs
’ max/min \ min min min min min ‘

Table 2: Criteria for choosing the best solution using the TOPSIS method.

Steps of applying the TOPSIS method [13]:

1. Normalization of the initial matrix, where:
J — set of maximization criteria
J’ — set of minimization criteria
A — set of all alternatives
m — number of alternatives
¢ — index of alternative
n — number of criteria
j — criterion index
x;; — element of the initial matrix (value of alternative ¢ for criterion j)
ri; — element of the normalized matrix (normalized value of alternative ¢ for criterion j)

P = Yi=1,...mVi=1,..n (15)

)
\/ZZ; x%j
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2. Weighting of the normalized matrix by weights:
v;; — element of the weighted matrix

vij=wj Ty, t=1,...,m,j=1...,n (16)
3. Determination of ideal (A*) and anti-ideal (A™) solutions:
A* = {(mzaxvij |j€ J) , (miinvij |je J') ’ i= 1,...,m} ={vf,vs,...,0r}  (17)
AT = {(miinvij |j€ J) , (mlaxvij |je J’) ‘ i= 1,...7m} ={vi,v5,...,v,} (18)
4. Determining the distance of alternatives from the ideal (S*) and anti-ideal (S™) solutions:

(vij—vp)?% i=1,....m (19)
1

n

<

(vij—v;)%, i=1,....m (20)

=
I
NE

1

<.
I

5. Calculating the relative closeness of alternatives to the ideal solution (C}):

C’Z‘:Sii_, i=1,...,m (21)
S+ S;
6. Rank the alternatives according to their C; values. C} values range from 0 to 1. An
alternative that has a C; value closer to 1 should be ranked higher. In other words, the
alternatives should be ranked from the highest to the lowest C; value.

The EA-TOPSIS approach is applied to analyze the obtained solutions and to identify the
best one from both user and system perspectives.

3. Computational study

The main aim of this study is to develop a universal approach applicable to different real-
world systems. The implementation of the proposed approach in a specific system requires
the definition of additional criteria by domain experts, as these may vary depending on the
system’s characteristics and priorities. For this reason, the testing in this study is conducted
on hypothetical instances and relies on a fundamental set of criteria relevant to any practical
setting. This enables the evaluation of the methodological properties of the approach while
preserving its general applicability.

The hypothetical example covers a territory with 20 demand nodes (municipalities), where
2,000 users live. Users are aggregated into demand nodes so that each node has 100 users.
The distances used in the model are calculated according to the Euclidean distance based on
the (x, y) coordinates of the demand nodes shown in Table 3. In the observed hypothetical
example, there are 5 permanent facilities whose locations are shown in Figure 2 (nodes 1, 5, 9,
13, and 17). The locations of the PFs and the distribution of users they serve according to the
territorial division are shown in Figure 2.

Under normal operating conditions of the system, users must respect the territorial division,
i.e., each user is preassigned to exactly one PF. There are 20 demand nodes (municipalities) in
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the system. The PF is located in 5 municipalities and serves users from the region to which it
belongs. The capacity of PFs is defined based on the number of users who gravitate towards
it, i.e., in this example, the capacity of each PF is 400. The remaining 15 municipalities in
which there is no PF represent potential locations for locating TFs in the case of a disruption.
TF can be located next to facilities of a similar purpose in the selected municipality, which
facilitates the establishment of TF due to the proximity of trained personnel, equipment, and
other necessary resources for the operation of TFs. In this example, the capacity of TFs is
defined as 50 % of the capacity of PFs (TFs capacity is 200).

Demand Demand Demand Demand
node (x,y5) node (x,y) node (x,y) node (%, y)
1 (20, 80) 6 (60, 70) 11 (98, 90) 16 (45, 20)
2 (10, 70) 7 (45, 55) 12 (106, 65) 17 (85, 18)
3 (12, 90) 8 (42, 80) 13 (25, 30) 18 (69, 8)
4 (22, 95) 9 (73, 73) 14 (15, 10) 19 (67, 30)
5 (60, 70) 10 (94, 65) 15 (10, 40) 20 (102, 25)

Region 1 O ﬂ-.,..'
4 ::..-' x,."- 110
3 Region 2 /
O\ :Region 3 |
1 7 8 i /
o/ «— O
2 > ’
i 12
O
.............................. : O Demand node
» e Permanent facility
15 \\ —> Flow to PF by territorial division
BN 19 20
O i
16 P
17
Region 4
14 18 Region 5

Figure 2: The territorial division of the demand nodes by PFs and the potential location for
TFs.

To solve the proposed capacitated p-median model, we used ILOG CPLEX 12.1 on a 64-
bit ACER computer with an Intel(R) Core (TM) i5 2.50 GHz processor and 8 GB of RAM.
Python version 3.10.9 was used in Spyder environment version 5.4.5 to process data and search
for solutions.

The model was tested for different variants of attacks on PF and TF locations. In all tested
examples, a unique solution was obtained by applying the EA approach. Based on this, it can
be concluded that the number of alternatives is equal to the available number of TF that can
be located, increased by one (for the case when the temporary facilities are not located, i.e., p
= 0). Due to the scope of the paper, an example of an attack on two PFs (1 and 5) is shown
and explained in detail. The results of testing the developed approach in the case of an attack
on PFs (1 and 5) are shown in Table 4 and illustrated in Figure 3. Table 4 shows the solutions
obtained in 4 different situations, i.e., solutions obtained depending on the number of located
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TFs (from 0 to 3). Column three shows the locations of the TFs. N AU denotes the number of
users affected by the disruption in the case of an attack on PFs (1 and 5), and NAU is equal
to 800 users in each scenario. Z denotes the value of the objective function, i.e., the average
distance traveled by users affected by the disruption.

The total distance that users travel under normal conditions to obtain the requested service
is 27,118 km, with the average distance traveled by users being 13.6 km. The disruption caused
by the attack on two PFs (1 and 5) affected users in 8 demand nodes (1, 2, 3, 4, 5, 6, 7, and 8).
In the event of an attack on the aforementioned two PFs, it is necessary to introduce 3 TFs so
that users do not feel the consequences of the disruption in terms of traveled distance. In the
scenario in which 3 TFs are introduced, the average distance traveled is 11.8 km, which is 1.8
km less than in normal conditions. Based on this, it can be concluded that in this example, by
introducing 3 TFs, users would not feel the consequences of the disruption, from the perspective
of the traveled distance. It can also be concluded that in this example, no more than 3 TFs
should be located because locating more than 3 TFs would lead to unnecessary costs.

The highest value for Z = 45.1 km is obtained in the first scenario when zero TFs are
located. In the case of locating only one TF, the value of Z decreases from 45.1 km to 30.8
km. In this scenario, it is best to locate the PF in Municipality 3. When locating two TFs,
the objective function value is 17 km. The lowest value of the objective function is achieved by
locating three TFs, with Z = 11.8 km.

’ Number of TFs \ Attacked PFs Location of TFs NAU A ‘

0 / 45.1
1 1and 5 3 800 30.8
2 3and 7 17.0
3 2,4, and 6 11.8

Table 4: Test results given by the EA approach in the case of the attack on the two PFs.

Figure 3 shows the solutions in the case of attacking two PFs (1 and 5) and locating 0 TFs
(Figure 3a), 1 TF (Figure 3b), 2 TFs (Figure 3c), and 3 TFs (Figure 3d). For each of the four
TFs location variants, the redistribution of users from the 8 demand nodes affected by the attack
on PFs 1 and 5 is shown. In the first example (Figure 3a), generating a redistribution plan
without introducing temporary facilities is not possible due to capacity constraints (7)-(10).
Figure 3a shows a user redistribution plan assuming that each user is served by the nearest
active facility. According to the redistribution plan shown in Figure 3a, overcapacity in some
facilities is 150%. This is proof that when generating a redistribution plan, it is necessary to take
into account the facilities’ capacities, which was done in the mathematical formulation proposed
in this paper. Given that the attack on two PFs affected 800 users (45% of the total number
of users in the system), PF and TF facilities must allow overcapacity in that ratio so that all
users can be served (p = 0.45). Due to the constraints of the permitted overcapacity ratio of
facilities to 45% and the difference in overcapacity ratio between facilities of 10% (5 = 0.1),
users from certain nodes have been redistributed to multiple facilities. The stated constraints
are intended to ensure an even load on the active (non-closed) facilities. In Figures 3b, 3¢, and
3d, the redistribution plan is defined respecting the capacity constraints. From the presented
solutions, it can be seen that in the case of the introduction of 1 TF (Figure 3b), users from all
regions feel the consequences of the disruption. In the case of the introduction of 2 TFs (Figure
3c), users from one region do not feel the consequences of the disruption, while in the case of
the introduction of 3 TFs (Figure 3d), users from 2 out of 5 regions do not feel the consequences
of the disruption. Of the four considered solutions, the solution of the introduction of three
TFs (2, 4, and 6) provides minimal consequences for users after a disruption, but the highest
cost for the system.
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Figure 3: Examples of attacks of two PFs and redistribution of users in case of location: a) zero
TF; b) one TF; ¢) two TFs; d) three TFs

To obtain the final solution of the considered problem, it is necessary to select the best
scenario, i.e., the number of located TFs. The selection of the best solution can be performed
either through expert analysis of the results or by applying the MADM method. In order
to select the best solution, it is proposed to combine the exact approach for generating high-
quality feasible solutions and the TOPSIS method for selecting the best solution. We call this
approach EA-TOPSIS. The EA-TOPSIS method was developed in order to reduce subjectivity
in selecting the best solution as much as possible. The input data required for applying the
EA-TOPSIS approach to select the final solution in the case of an attack on the PF 1 and
5 are shown in Table 5. Table 5 shows the solutions obtained in 3 different situations (3
alternatives), that is, the solutions obtained depending on the number of located TFs (from 1
to 3). For the scenario where there are no temporary facilities (TF=0), the exact approach
provides an infeasible solution and therefore cannot be included in the set of alternatives. The
second to sixth columns in Table 5 show the criteria for choosing the best solution, which are
explained in detail in Section 2.3. The last row of Table 5 shows the weighting coefficients that
define the importance of each of the criteria.
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The weighting coefficients were obtained by applying the DR method. When applying this
method, the decision maker has a fixed number of points available, in this case, 100. Changing
(correcting) the number of points assigned to one of the criteria is reflected in changing the
number of points assigned to one or more of the others, i.e., their redistribution is carried out.
The average distance (Z) traveled by users affected by the disruption is assigned the highest
weight (40), indicating that it is the most important criterion. The number of located TFs is
the second most important criterion. The criteria related to overcapacity ratio in facilities (the
highest overcapacity ratio (Qmq.) and the difference between the highest and lowest overca-
pacity values (Qmasz — Qmin)) are in third place in importance. The least important criterion
is the number of facilities in which capacity has been exceeded. The values assigned to the
weight coefficients need to be normalized. The normalization of the weight coefficient values
was performed using the following formula:

Wj . /
Wi = =p——, VjeJUJ 22
J Z?:l Wja J € ( )

W;  weighting coefficient of criterion j € JU J’
w;  normalized weighting coefficient of criterion j € J U J’

In Table 5, the last two columns show the output results obtained by the TOPSIS method.
C'? represents the relative closeness of alternatives to the ideal solution, based on which the al-
ternatives are ranked. The last column shows the obtained rank of alternatives, which indicates
that the best solution is the location of 2 TFs in the Municipality 3 and 7. The EA-TOPSIS
approach shows that locating TFs in these municipalities achieves the best balance between the
number of located TFs and the average distance traveled by users affected by the disruption.
The application of the EA-TOPSIS approach reduces the average traveled distance of the users
by 28.1 km and the maximum overcapacity ratio in facilities from 150% to 40%, compared to
the case without TFs location. Under normal operating conditions of the system, users travel
on average only 3.4 km less to get the service. Respecting facility overcapacity limits and bal-
ancing in overcapacity prevents overloading of facilities in the system and ensures efficient and
sustainable operation of the system. The solution generated by applying the developed EA-
TOPSIS approach is directly applicable in practice. The developed method has the possibility
of application in various systems in which there are disruptions in the operation of facilities
(system of health facilities, system of police station facilities, system with several warehouses,
system of facilities for water supply, etc.).

Input Output
Alternatives Criteria Results
Z Qmazr Qmaz — Qmin NQ"  Number of C; Rank

[km|  [%] [%] THs

1 30.8 45 7.5 4 1 0.39 3

2 17.0 40 10 4 2 0.64 1

3 11.8 30 10 3 3 0.61 2
max/min min min min min

W; 40 15 15 5 25

Table 5: The values of solutions per criteria and the final rank.

Sensitivity analysis of the weight coefficients was conducted to evaluate the robustness of
the obtained ranking. For each criterion, the weight was independently increased and decreased
within the interval of —20% to +20%. The weights were determined using the DR method,
where the total sum equals 100. When a weight was changed, the remaining weights W; (j # k)
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were rescaled proportionally according to their original values to preserve the total sum. This
was achieved using the following formula.

W

b
ZjeJuJ’ WJ'
Jj#k

W/ = (100 — W}) VieJulJ, j#k (23)

W, weight of criterion k& after being changed by a specified percentage
W (j=1,...,n; j # k) weights of the remaining criteria adjusted proportionally
J to reflect the change in Wy

No rank reversal was observed for Wy, W3, and W, throughout the perturbation interval.
Rank changes occurred only for Wi and W5. As shown in Figure 4, the sensitivity analysis
for these two criteria is illustrated separately. Changes in the relative closeness of alternatives
Cr for different values of W; are presented in Figure 4a, and for W5 in Figure 4b. For Wi,
the ranking remained unchanged for variations from —20% to +15%, and for W5 from —15%
to +20%. Changes occurred only outside of these ranges. An increase of Wi by 16% or more
results in Alternative 3 becoming the top-ranked solution. Whereas a decrease of W5 by 16%
or more leads to a rank reversal between Alternatives 2 and 3. Since these changes occur only
under relatively large deviations in weight, the adopted weight structure can be considered
robust, and the resulting decision stable.
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Figure 4: Sensitivity analysis of the relative closeness of alternatives (C} ) with respect to weight

variations (—20% to +20%): a) Wyi; b) Ws.
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4. Conclusion

In recent years, disruptions, such as the emergence of viruses, terrorist attacks, or earthquakes,
have become increasingly frequent. Such events may interrupt the functioning of systems con-
sisting of multiple facilities to which users are allocated, highlighting the need for models that
ensure the system’s operation in conditions of disruptions.

This paper discusses the problem of determining the location of temporary facilities and the
redistribution of users to permanent and temporary facilities after disruptions. A mathematical
formulation is proposed for this problem. In order to determine the final number of located TFs,
the TOPSIS method was applied in combination with the exact approach. For the application
of the TOPSIS method, 5 criteria were selected based on which the best solution from the set
of solutions is selected. One criterion refers to the average traveled distance of users affected by
the disruption, three criteria refer to the overcapacity ratio and balancing of the overcapacity
ratio in PF and TF, and one criterion refers to the number of located TFs. The solution
obtained by applying the EA-TOPSIS approach achieves a balance between the goals of system
management and users.

The proposed EA-TOPSIS approach is tested on a hypothetical example of 20 demand
nodes and 5 PFs. The model was validated by testing against different variants of PF attacks
and by locating different numbers of TFs. The paper highlights an example of an attack on
two PFs and locations from 0 to 3 TFs. Locating TF can achieve great savings in terms of the
average distance traveled by users. In the analyzed example, it can be reduced by 31.7% by
introducing one TF, or even 62.3% by introducing 3 TFs, compared to the case when no TFs
are introduced. Also, the capacity constraints in the mathematical formulation ensure a more
even redistribution of users. Without capacity constraints in facilities, the overcapacity ratio
can reach up to 150%, while with capacity constraints, the overcapacity ratio is limited to 45%.

Overcapacity enables the service of affected users by allowing both TFs and PFs to adapt
to increased demand, with capacity allowed to be exceeded up to a predefined ratio. Balanc-
ing the overcapacity ratio across facilities distributes users more evenly, preventing extreme
overload at individual sites and supporting a more efficient and sustainable system operation
under disruption conditions. The capacity constraints enable the direct application of the de-
veloped approach. The proposed approach is flexible and can be adapted to specific systems
by incorporating additional criteria.

The study also has some limitations. The computational experiments were performed on
small-sized instances rather than real-world cases. Furthermore, the approach involves a de-
gree of subjectivity in the selection of the MADM method, the evaluation criteria, and their
weights. Additional limitations may arise from the problem size that can be solved exactly
using optimization software, such as CPLEX.

Overall, the study provides a theoretical contribution by integrating an exact approach
with the TOPSIS method for multi-criteria decision-making under disruption. It further offers
practical implications through a flexible framework that supports system managers in enhancing
operational resilience.

There are several possible directions for future research, such as: testing the proposed
solution approach on real examples (for example, in the case of disruptions in the healthcare
system), including additional constraints and criteria (for example, available budget and the
cost of locating temporary facilities), applying other MADM techniques, defining the number
of temporary facilities that need to be located using fuzzy logic systems or some artificial
intelligence methods.
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Abstract. Serverless computing systems behave like an infinite server queue, dynamically expanding
the number of instances to handle incoming batch tasks. In serverless computing, to leverage its
scalability, efficiency, and cost-effectiveness, it is essential to apply an infinite server queue with batch
task arrival. The model is used to estimate resource usage and to optimize cost-performance trade-
offs. This paper analyzes a discrete-time infinite-server batch/single-arrival queue with application to
a serverless computing system. We obtain the probability-generating function of the system size, which
characterizes a functional equation; we then solve it recursively to find state probabilities at various
epochs and some performance measures. Unlike existing discrete-time infinite-server models, this paper
explicitly compares the late-arrival system with delayed access and the early-arrival system policies in
the context of batch arrivals, and establishes convergence to their continuous-time counterparts. The
model’s numerical results have been presented in graphs and tables to illustrate the impact of batch-size
distributions and system parameters.
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1. Introduction

Serverless architecture offers numerous advantages, including lower operating costs, enhanced
application performance, and multi-language support for developers. Due to these benefits,
serverless computing is gaining popularity among companies seeking an affordable development
and implementation model. Infinite-server bulk-arrival queueing models have intriguing appli-
cations in serverless computing, particularly for handling unpredictable or high-volume work-
loads. Serverless computing has emerged as a notable framework in cloud-native application
development, primarily due to its underlying elasticity and cost efficiency [7, 14]. This paradigm
simplifies runtime resource management, leading to its widespread adoption in Function-as-a-
Service (FaaS) offerings, such as AWS Lambda [28]. [26] discussed the challenge of predicting
the performance of serverless functions in a dynamic environment. [27] and [25] noted that
the performance variability, which demonstrates differing end-to-end response latencies across
identical function invocations, is an unconsidered problem within the research community.
Serverless function performance is crucial for both practitioners seeking to optimize their
applications and cloud providers aiming to improve service quality [15]. It necessitates robust
methodologies for performance evaluation, often involving empirical studies to determine the
number of repetitions required for a serverless function with specific inputs, accounting for
observed performance fluctuations [27]. Instead of coming in one at a time, several requests
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arrive simultaneously. There is never a waiting queue because each incoming request is promptly
assigned to a server. Serverless platforms and other elastic resources are used in this model
system. These models are ideal for examining systems with nearly infinite scalability, such as
serverless operations or cloud-based microservices.

Bulk arrival models facilitate the simulation and forecasting of serverless systems’ behavior,
which often encounter unexpected spikes in requests. Analysis of latency, throughput, and
resource usage without bottlenecks is possible with infinite server queues. Many researchers
studied the continuous-time infinite server queues with many alterations like, overlap times
[18], in a semi-Markovian environment [8], system’s additional tasks and impatient customers
[1], phase-type arrivals [20], batch arrivals [21, 23], batch arrivals and dependent service times
[19]. The transient solution of the Markovian multi-server queue with balking and catastrophes
has been discussed in [16].

The arrivals and departures may co-occur at a slot’s border epoch in discrete-time queueing
system. Arrival-first (AF) and departure-first (DF) ruling strategies, sometimes mentioned as
the early arrival system (EAS) and late arrival system with delayed access (LAS-DA), respec-
tively, can deal with rules in the case of simultaneity, see [12, 13]. In the literature, multiserver
discrete-time models with various variations have been discussed: with late and early arrival
system [9], optimal control of queue [2], baling behavior [10], batch arrival [22], renewal input
[3], batch arrival with renewal input [5], batch service [11].

The discrete-time batch arrival infinite-server queueing model mapping enables the per-
formance analysis of serverless systems to predict scalability, optimize resource allocation, and
model bursty, event-driven workloads. The infinite-server assumption holds well below platform
concurrency limits, making it ideal for analyzing short-term auto-scaling behavior. [17] analyzed
the discrete-time infinite-server queueing system with batch arrivals and bulk service, formu-
lated a functional equation for the system occupancy, and solved it by recursion rather than
by the more common transform or matrix-analytic methods. [4] examined the discrete-time
infinite-server bulk-arrival renewal input queue with geometrically distributed service times.
They derived both the transient and steady-state distributions of the model’s system size. [6]
analyzed continuous-time infinite-server batch arrival queues with Poisson arrival epochs, han-
dling both stationary and nonstationary arrival rates and general service distributions. This
study extends [4] work by switching from discrete-time geometric service models to continuous-
time general service distributions.

Serverless systems, by their features, are demand-driven and event-driven. Because system
actions often occur in discrete steps or in response to discrete events, continuous-time models
are less appropriate. Analysis of concurrency constraints, burst handling, and scaling dynamics
is made easier by representing system evolution at slot boundaries. For the study of systems
with batch arrivals, synchronization effects, and time-slotted control strategies, discrete-time
queueing models offer manageable frameworks. While several studies address infinite-server
queues with batch arrivals, fewer works consider discrete-time formulations under different ar-
rival-departure conventions, which are particularly relevant for slot-based serverless platforms.
In this article, we consider a discrete-time batch/single arrival infinite-server queueing system
to enhance the effectiveness of serverless computing. The interarrival and service times are as-
sumed to be geometrically distributed. We find the state probabilities at arbitrary and outside
observer’s observation epochs for both the late arrival system with a delayed access and the
early arrival system by the recursion method. Particular cases are examined by assuming var-
ious probability distributions for the arrival batch sizes. Numerical experiments of the system
have been examined in the form of tables and graphs. It is established that, in the limiting
case, the results of this paper tend to the continuous-time counterpart.

This paper is structured as follows. Section 2 shows a serverless computing system architec-
ture as a GeoX /Geo/oo queueing system. Section 3 analyzes the GeoX /Geo/oo queue by two
methods for the late arrival system with a delayed access and the early arrival system policy.
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In Section 4, we discuss exceptional cases by assuming various probability distributions for the
arrival batch sizes and Section 5 presents the analysis of the Geo/Geo/oo queue. Section 6
illustrates the numerical results, and Section 7 concludes the paper.

2. System model

The cloud provider can dynamically allocate machine resources through a cloud architecture
called “serverless computing”. Due to their elasticity, serverless architectures can effectively
manage batch arrivals and are inherently scalable. With a sufficient number of servers, serverless
computing can handle batch arrivals as follows.

Automated Adjustment: Platforms without servers automatically allocate resources to meet
incoming tasks. AWS Lambda system scales out in response to event volume and can manage
thousands of concurrent executions. Google Cloud Functions automatically scales to handle
the volume of incoming requests, ensuring each request is processed promptly. Azure Functions
are suitable for batch processing; they scale out to handle multiple concurrent executions.

Event-driven invocation: Serverless functions are appropriate for batch job processing since
a variety of events, such as scheduled tasks, message queues, and data processing pipelines, can
trigger them.

Economy of cost: Serverless platforms bill according to the resources and real execution
time, such as pay-per-use and no idle costs.

y 3 = o
Step 1: Receive Event Step 2: Allocate Server Step 3: Execute Workload
An event trig- A dedicated server The workload is
gers a workload is allocated for executed on the
the workload allocated server
- | e
Step 5: Return Results ‘Step 4: Process Data
Results are returned Data is pro-
to the system cessed and results

are generated

Figure 1: Serverless architecture cycle.

Serverless architecture processes bursty, event-driven workloads with automatic, near-infinite
scale. The core principle is that every unit of work (job in a batch) gets its own dedicated ex-
ecution environment (server) without waiting for previous jobs to finish. Fig. 1 depicts the
serverless architecture cycle. Here is a visual representation of the core architecture.

Batch Arrival Generator (Event Sources): Here, batch arrivals originate and generate events
that trigger the system, generally in bursts.

Queueing System (Trigger and Buffer Layer): After receiving the batch, this layer sends it
to the compute layer. It decouples components and controls flow.

Infinite Server Farm (Compute Layer): The infinite server model consists of stateless,
ephemeral compute services that scale on demand.

Shared State and Orchestration (Backing Services): The compute instances depend on
managed services for durability and coordination because they are isolated and stateless.

Fig. 2 illustrates the flowchart of the serverless computing. Let us imagine a scenario where
a large number of images need to be uploaded to a cloud storage bucket and then processed.
Here, we consider an infinite server queueing model with packets arriving in batches. An
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Figure 2: Flowchart of serverless computing.

infinite number of servers are ready to handle new assignments; a server is assigned to each
task as soon as it arrives; every task is dealt with concurrently; and since there are always
enough servers to manage the load, tasks never wait in a queue. This idea can be leveraged to
handle such workloads in serverless computing by capitalizing on its scalability and event-driven
architecture. By dynamically increasing or decreasing the number of instances to accommodate
incoming batch tasks, serverless computing platforms can behave similarly to an infinite server
queue. The discrete-time infinite-server batch-arrival model may not adequately explain systems
that operate under capacity caps, burst-induced provisioning delays, or severe resource coupling,
even while it is suitable for lightly loaded, unconstrained, and brief function executions.

3. Analytical model

We consider a discrete-time batch arrival queue wherein requests arrive in batches of random
size Y with probability mass function (pmf) g; = P(Y = j), j > 1, probability generating
function (pgf) G(z) = Z;}; g;27, |z| <1 and mean batch size g. The inter-arrival times A are
independent and geometrically distributed with pmf P(A =n) = AV~ 0 < A <1, j > 1.
The batch sizes are independent of inter-arrival times. With pmf P(S = n) = pi/~!, 0 <
@ <1, 7> 1 and mean service time 1/u, the service time S of each of the infinite servers is
independent and geometrically distributed. Additionally, given that there are k busy servers,
the probability that ¢ servers finish service in the following interval is provided by

we | gy = { AT 0SS 1)
0 otherwise

Since servers are infinite, stability does not need balancing arrival and service rates, unlike
finite-server queues, because an infinite number of servers prevents queue formation. Rather,
stability is ensured provided that both the mean service time and the mean arrival rate are
finite. As it is assumed that the arrival batches and service times are independent and iden-
tically distributed throughout slots, the system dynamics are time-homogeneous. Thus, after

344



CRORR 17:2 (2026), 341-354 Goswami: Discrete-time infinite-server batch arrival queue...

the system has run long enough, the process becomes a stationary stochastic process. Perfor-
mance evaluation in real-world applications, such as serverless computing platforms, usually
focuses on long-term average behavior rather than short-term startup impacts. The workload
produced by large user populations can often be statistically consistent over sufficiently long
observation periods. The steady-state study offers useful estimates of anticipated concurrency
levels, resource usage, and system capacity requirements under these circumstances.

We study the system under both policies, the late arrival system with delayed access (LAS-
DA) and the early arrival system (EAS). Assume that the time axis is denoted as 0,1,2,...,m,
and that it is slotted into equal-length intervals with a slot length of unity. A thorough expla-
nation of these ideas has previously been provided in several places [12, 13|. According to the
LAS-DA policy, arrivals occur at the end of the slot and departures at the start. Service cannot
be provided to newly arrived clients during the same time slot. In the EAS policy, arrivals hap-
pen at the start of the slot, and departures occur at its end. If the server is idle, arrivals may
receive service immediately. Systematic delay discrepancies arise from differences in event order-
ing between LAS-DA and EAS policies. Queueing behavior is further influenced by batch-size
variability, with greater variation leading to longer lineups and delays. The service can begin
immediately in EAS policy, such as digital processors or packet-switched networks. But in the
case of LAS-DA policy processing, decisions occur at slot boundaries, such as synchronized or
gated systems.

3.1. Geo® /Geo/oco queue with LAS-DA policy

In LAS-DA, prospective arrivals take place in the interval (m—, m), whereas prospective de-
partures occur in the period (m,m+). More precisely, different periods of time during which
events take place are shown in Fig. 3.

lA lA(Arriva‘])

+ + + = + + +

m— m ID m-+ m*  (m+1)— (m+1) ID(m + 1)+
(Departure)

O : Arrival epoch % : Outside observer’s epoch
© : Departure epoch m : Random epoch

Figure 3: Flowchart of serverless computing.

Define the probability as P;(m—) = P{j requests in the system at time m—}, j > 0. Re-
lating the system’s states at two successive epochs m— and (m + 1)—, and using the notation
Pj(m) for P;(m—), we obtain

o(m + 1) Zw (m), (2)

oo j+k—1

Pj(m+1) ZA\I}z—ﬂ m)+ Y Y Agj—inU(k[)Pi(m), j> 1. (3)

k=0 i=k

Assuming that steady state exists, let P, = lim,,—so0 Pn(m), n = 0,1,... and define pgf as
P(z) =372, P;z7. From (2) and (3), in steady-state we have

Py = \W(ili)P;, (4)
=0
oo jH+k—1
P = Zw@—ﬂ P+ > Agimiw Ukl P, j> 1 (5)
k=0 i=k
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Multiplying appropriate powers of z in Egs. (4) and (5), and summing over j, after simplifica-
tion, we have

P(x) = (A +AG(2)) P (u+ i2), (6)

which is a functional equation. From Eq. (6), using power series expansion around z = 1, we
obtain

D‘

L%

£=0

f (z—1)* (7)

where hy is given by the following recursive formula

ho =1, (8)
—1
he = % <£> ik he GER(), £>1, (9)
RS
-1 0o .
- Ok Lo0>1 1
1—af &M g P> <Z—k 9 E= (10)
k=0 j=l—k

and G (1) = £-G(2)|.—;1. Calculating the n-th (n = 1,2, ...) derivatives on both sides of Eq.

(6) and setting z = 1 yields the recursive formula mentloned above.From Eq. (7), we have
P2t = ¢ —1)n—¢ -, 11
Soret =Yy (7) (1)
£=0 £=0 n=~_
Thus,
= n\ hn,
P = —1)n ¢ — £>0. 12
= () o2 (12)

Remark 1. Taking inter-arrival and service times as exponentially distributed, with mean
arrival and mean service rates v and n, respectively. Divide the time axis into equal intervals
A > 0 such that A = vA, p =nA, and p = g—ﬁ = p1, where A is appropriately small. Setting
A=A, p=nA, and taking the limit as A — 0, we have

_ sl oAkt e (T,
he = Jm Ay 22118 !~Zk 0 k)Y (13)

=) ¢ hf;: Zk (gik)gj’ (14)

i g
substituting hy in Eq. (12) it tends to M~ /M /oo queue.

Alternatively, we may solve Eq. (6) recursively, as shown below. Assume H(z) = (A + AG(z)).
Thus,

P(z) = H(2)- P(u+ pz),= H(2)- H (u+ az) - P (p + pja + i°z) (15)
After the nth recursion, we have

P(z)=H(z) - H(u+pz)...H (p+pi+ pi® + -+ pa" '+ om2)

o ; (16)
P (pA+ pfi+ pfi® + -+ pp” 4 gt z)
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AsO< pu<1,800<p<1, when n — oo, in Eq. (16) the last factor is equal to one, because

lim P (p+ pfi+ pfi® + -+ pa™ + p"z)

n— oo

= lim P(u(1+a+p*+ - +pa")=P1) =1 ()
Therefore, as n — oo, Eq. (16) reduces to
P(z) = H(2)-H (p+ pz)- - H (p+ ppi + ppi + -+ pp" ' + (") (18)
@ﬁH(ZJ:uui—lJrujz) =H(z)ﬁH(1—ﬂj+ﬁjz). (19)
j=1 i=1 j=1

It is apparent from Eq. (19) that the service rate and the PGF of packet arrival batch size
entirely describe the PGF of the system.

3.1.1. Outside observer’s observation epoch

The outside observer’s observation epoch is more likely to fall in the interval (m+, (m + 1)—).
Since nothing happens (no arrival and no departure) in this interval, the outside observer’s
distribution P? will be equal to the distribution of the number in the system noticed at (m+1)—
and hence P? = P,.

3.2. GeoX /Geo/oco queue with EAS

As was previously mentioned, the order in which packets arrive and depart around a slot
boundary varies between the two policies. In LAS-DA, prospective arrivals take place in the
period (m—,m), whereas prospective departures occur in the period (m, m+). More precisely,
different periods of time during which events take place are shown in Fig. 4.

J(A lA(Arrival)

t O t O t = } O } O }

m— m ]:D m+ m* (m+1)— (m+1) ID(m+1)+
(Departure)

O : Arrival epoch # : Outside observer’s epoch
O : Departure epoch m : Random epoch

Figure 4. Flowchart of serverless computing.

:XZ (i =4lDQi+ Y > Agreli —j+kli +k)Qs, j=0. (20)

k=1i=j—k

Multiplying Eq. (20) by appropriate powers of z and summing over j, after simplification, we
have

Q(z) = A+ AG(p + 12)) Q (p + fiz) , (21)

which is a functional equation that defines the probability generating function Q(z). Using
power series expansion around z = 1 and following the same procedure as in LAS-DA policy,
we obtain from Eq. (21),

o) d(
7 (- 1)* (22)
=0
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where d; is given by the following recursive formula

do

|
\')—‘

(23)

-1
dy = —— <£> i* d, BYR(1), > 1, (24)

where B(z) = H(u+ fiz). We obtain the alternative solution from Eq. (21) following the same
procedure as in LAS-DA policy as

oo

Q(z) = H(u+ 12)Q u+u2=H (1— @ +iz). (25)

Taking derivative with respect to z and setting z = 1, we obtain Ly = QM) (2)],—1 = %.

3.2.1. Outside observer’s observation epoch

At the outside observer’s observation epoch in EAS; let Q2 be the outside observer’s distribu-
tion, that is, there are n requests in the system. In this instance, the observation epoch of the
external observer is likely to occur between a possible arrival and a possible departure. Since
we already know the system’s number distribution at m, and since there is only one event—an
arrival or no arrival—after m, the Q)¢ is determined by

Q5 = AQo, (26)
k
Q7 =AQk+ A g;Qu—j, k> 1. (27)
j=1

The PGF at outside observer’s observation epoch in EAS using Eq. (25) simplifies as
Q°(2) = (A +XG(2) Q H (1—@ +2). (28)

Note that Q°(z) = P°(z) = P(z), which implies Q2 = P,, meaning that the system size
distribution at the observation epoch of the outside observer is equivalent in both LAS-DA and
EAS. Taking derivative with respect to z and putting z = 1, we have

12 = Q"0 (2)|sey = % (20)

Remark 2. Similar findings can be obtained from the observation epoch probabilities of outside
observers in the EAS policy, even in the limiting case. This leads to the conclusion that both
LAS-DA and EAS queue results tend to be the same in continuous time.

4. Special cases

In this section, we assume various probability distributions for the arrival batch sizes and
derive the system size distribution. The distribution of batch sizes significantly impacts queue
variability and latency when arrivals occur in batches. Geometric, Shifted Poisson, Shifted
Bernoulli, and Shifted Binomial probability distributions are discussed for arrival batch sizes.

Geometric batches. Let us assume the batch size is Geometrically distributed with pmf
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P(X =/0) = p(1—p)~! where 0 < ¢ < 1. Here, pgf of geometric distribution is G(z) = 25
and H(z) = A+ ; Applying this in Eq. (19), we have
< Apz ot [~ Ap (1 — W+ ﬂjz)
Pz)=( A+ ——— A - - . 30
@) ( +1—wz>j1:[1< T e (30)

Shifted Poisson batchles We consider that the batch arrival is shifted Poisson distributed
with pmf P(X = i) = W,z > 1, where ¢ > 0. Here, G(2) = ze=*(1=%) and H(z) =

A+ Aze=#(1=2) Applying this in (19), we have

P(z) = (J\ + )\ze_“"(l_z)) H P\ + A (1 -+ ﬂjz) e_‘p’]j(l_z)} . (31)
j=1

Shifted Bernoulli batches. Let us assume the batch size is a shifted Bernoulli random
variable that takes only two values: P(X =1) = ¢ and P(X = 2) = ¢. So, G(2) = 2(p + 92),

which gives H(z) = A+ A\z(@ + ¢z). In this case, the PGF is
P(z) = (A+A2(p+92)) [[[1 =M/ (1 —2) 1+ -9’ (1-2))]. (32)

j=1

Shifted Binomial batches. Let us assume the batch size is shifted binomial random
variable and its pmfis P(X = i) = (ifl)@i_lgﬁn_(i_l),i =1,2,...,n+1and G(z) = 2(p+p2z)",

which gives H(z) = A + A\z(@ + pz)™. In this case, the pgf is
P(z)= (A +xz(e+92)") [] [)\ A1 = (1—2)) (1—¢p’(1- z))"] : (33)

j=1
Table 1 shows the impact of several probability distributions for the arrival batch sizes on
queueing performance.

Distribution ‘ Queueing performance
Geometric High variability; bursty traffic patterns
Shifted Poisson Analytical tractability; moderate randomness;

Shifted Bernoulli | Sparse arrivals; low variability
Shifted Binomial | Smoother traffic; moderate variability

Table 1: Impact of batch-size distribution on the queueing performance.

The geometric distribution typically exhibits the highest effective burstiness among these
distributions, because it allows unbounded batch sizes, which can increase the expected number
of jobs in the system and lead to larger fluctuations in instantaneous workload. In contrast,
shifted Bernoulli and shifted binomial arrivals produce more regulated traffic patterns. They
are frequently employed as baseline models for systems that are not heavily loaded or sub-
ject to regulations. The shifted Poisson distribution is used due to its memorylessness and
mathematical tractability. As a result, the batch-size distribution selection should account
for anticipated fluctuations in actual workloads, especially in burst-sensitive settings such as
serverless computing systems.

5. Geo/Geo/>o queue with LAS-DA policy

Taking g1 = 1 and g; = 0,Vi > 2, the above model reduce to Geo/Geo/oo queue with LAS-DA
policy. Here, the functional equation is

P(z) = (A Xz) P(p+ fz). (34)
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Taking derivative of Eq. (34) with respect to z and and putting z = 1, we obtain

- A
2)Vmr =) nP, = o= Le (35)
n=0

Since we have as many servers as requests in the system, the average number of requests in the
queue and the average waiting time in the queue is zero. The sojourn time is the mean service
time, that is, W, = i Applying power series expansion about z = 1, from Eq. (34), we get
Eq. (7), where

dp =7 ——pdi-1, do=1 (36)
Using recursively the above, we get
e T s, S° Pt =S Ay D 7
=k! —_— >1, t = — - 3
e P D L T =

Remark 3. Taking inter-arrival and service times as exponentially distributed, with mean
arrival and mean service rates v and 1, respectwely Divide the time axis into equal intervals
A > 0 such that A =~vA, u=nA, and p = ;; = p1, where A is appropriately small. Setting
A=A, u=nA, and taking the limit as A — 0, we have

| pTT (=AY N,
lim dy = k! lim (yA) Hm: 1) =k (38)

So,

VAN k—¢ k—¢ oo L
012 ()" py " (p12)
ZP@Z =20 2 w0 ¢ D (39)

=0 = k=t

which matches with the results of Shortle et al. [24].

5.1. Geo/Geo/oo queue with EAS policy
Using the same procedure as discussed in previous subsection, we get the following expressions
Q(z) = (A+ M+ 2)) Q (u+ fi2) (40)
which is a functional equation. We obtain the probabilities after simplification
[e%S) k 4 k _i
Q=Y ( ) DI I 1"7_ j>o0. (41)
iy —1 T H
The PGF of outside observer’s observation epoch is Q°(z) = (A + Az) Q(z), and
k s

Q]”:Xé(];) 1)k=ap\F H ;( ) 1)’f—j+1A’“+1f[11’_‘;i. (42)

=1

The mean number of tasks in the system at outside observer’s epoch is L? = %, which is same
as of LAS-DA policy.
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6. Numerical illustrations

In this section, we examine how model parameters affect several probability distributions and
various performance metrics. The numerical experiments demonstrate some of the qualitative
aspects of the system under study and validate the analytical results obtained in the sections
above. The numerical calculations were performed on a PC with an Intel(R) Core(TM) i7-
1165G7 CPU @ 2.80 GHz and 16GB RAM, using Maple 22 software.

1

-1 J
10 § 0.95
102 7
= 3 0.9 —@— Shifted binomial-LAS-DA
%‘ 10—3 é metric-LAS-DA
2 - 2085 .
g 1074 : [
] 0.8) .
107 3
] 0.75 N
106 E
L L L L L L L= 0.7 | | | | | | | | |
0 2 4 6 g 10 12 14 0 2 4 6 8 10 12 14 16 18 20
Number of tasks in the system Number of tasks in the system
Figure 5: Number of tasks vs probability. Figure 6: Number of tasks vs CDF.

Fig. 5 illustrates the probabilities of several requests for various probability distributions
of arrival batch sizes for EAS and LAS-DA policies. As the number of tasks increases, the
probability decreases. For a shifted binomial batch, the probability is lower than for geometric-
and general-distributed batch sizes, as the batch size is small or bounded, resulting in more
compactly focused arrival forms. In contrast, distributions with higher variability, such as the
arbitrary and geometric batch size distributions, exhibit noticeably larger fluctuations. Namely,
large batches can push many jobs into the system simultaneously, increasing the likelihood of
transient workload spikes. Fig. 6 depicts the cumulative distribution function (CDF) of the
number of tasks for various distributions of fixed mean batch size. The CDF increases with
the number of tasks in the system, and eventually attains its maximum value. As expected,
the number of tasks is maximum when the probability distributions of arrival batch sizes are
arbitrary and minimum when the distribution is shifted binomial. Fig. 7 shows the probability
distribution of the number of tasks in the system for both EAS and LAS-DA policies. When
the system is empty, the probability in EAS is greater than in LAS-DA, because arrivals are
admitted immediately before departures. When the system is not idle, EAS provides immediate
service and reduces delays, but it can create sharper peaks in resource demand. Contrary, LAS-
DA imposes a one-slot delay, which can be advantageous for systems that require batching or
synchronization, as it reduces the risk of overload at slot boundaries.

For serverless systems, this difference translates into cost and performance trade-offs. There-
fore, whether the objective is to minimize delay or to stabilize resource consumption under
bursty arrival patterns, managers must align the system selection with operational require-
ments. Fig. 8 presents the number of tasks in the system when the arrival of tasks is single
for various p. Here, we consider LAS-DA policy. For fixed p, as the number of tasks in the
system increases, the probability decreases. For a fixed number of tasks in the system, the
probability decreases as p increases. In addition to the qualitative trends observed in the fig-
ures, several quantitative insights emerge regarding the impact of the batch-size distribution on
system performance. Specifically, the findings emphasize the importance of arrival variability.
For distributions with the same mean batch size, the variance significantly affects the expected
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number of jobs in the system.

Table 2 depicts steady-state probabilities of the Geo™ /Geo/oo queue for various probability
distributions for the arrival batch sizes. The parameters are A = 0.1, x = 0.4 and mean batch
size g = 2. In all cases, the probability decreases as the number of tasks increases. Proba-
bilities in the case of an idle server are higher when the arrival batch size follows a Poisson
distribution. The structure of arrival bursts influences system performance in addition to the
mean arrival rate. Large numbers of function instances may be present in serverless computing
systems, even when the average workload remains constant; distributions with greater variance
can significantly raise the peak number of concurrent executions when launched. This obser-
vation underscores the importance of accounting for arrival variability when designing resource
provisioning techniques, scaling policies, and concurrency constraints.

0.6 - B
0.6 |
—@— =025
£ o 1 S
3 = 4
| £ 04
o <
£ 02] ] S
: &
D 0.2
= . —_ _ . ]
T T T T T T
0 1 2 3 4 5 0O 2 4 6 8 10
BREASIDLAS-DA Number of tasks in the system
Figure 7: Distribution of the number of Figure 8: Distribution of the number of
tasks in the system. tasks in the system with single server.

N=0.1,pu=04g=2
Geometric Shifted Poisson Shifted Binomial
P, Qn P, Qn P, Qn

0.715786 0.795318 | 0.709933 0.788815 | 0.709210 0.788012
0.167613  0.142052 | 0.159749 0.145255 | 0.158627 0.145723
0.064377 0.041546 | 0.077744 0.048202 | 0.079778 0.049075
0.027881 0.013679 | 0.033875 0.013610 | 0.034745 0.013471
0.012738  0.004743 | 0.012725 0.003269 | 0.012435 0.003020
0.005994 0.001691 | 0.004229 0.000691 | 0.003817 0.000582
0.000166  0.000011 | 0.000005 0.000000 | 0.000002 0.000000
0.000005  0.000000 | 0.000000 0.000000 | 0.000000 0.000000
0.000000 0.000000 | 0.000000 0.000000 | 0.000000 0.000000
Sum | 1.000000 1.000000 | 1.000000 1.000000 | 1.000000 1.000000

Table 2: Steady-state probabilities of the GeoX /Geo/oo queue.

N = =
OU‘OU‘»&O&M)—‘OS

An effective model for comprehending serverless dynamics is the discrete-time batch-arrival
infinite-server queue. Managers should use it as a forecasting tool to ensure governance, budget
for volatility, and anticipate bursts. This model yields several practical qualitative insights
for managers operating serverless policies. In serverless computing, the infinite server queue
enables instant allocation of compute resources without waiting. Managers must anticipate
cost surges when large batches trigger simultaneous function executions. Due to discrete time
modelling, time-slotted arrivals mirror real-world scheduling and help managers forecast peak-
demand windows and optimize resource allocation. Pay-per-use billing can cause budget shocks
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when large batches arrive in short succession, leading to volatile costs. Infinite servers elimi-
nate queue delays but complicate system observability, and managers must track thousands of
concurrent executions. Large batch arrivals may involve sensitive data; managers must ensure
regulatory compliance during high-volume processing. The infinite-server batch-arrival queue
model captures serverless elasticity; managers should exploit it for bursty workloads. Use pre-
dictive analytics to forecast batch arrival patterns and set budget alerts. Establish monitoring
dashboards for batch arrivals and execution concurrency. Diversify across providers to reduce
lock-in and compliance exposure. Infinite servers can scale beyond budget; managers must set
usage thresholds. Batch arrivals may mask inefficiencies; invest in real-time analytics. Engage
compliance teams early when handling sensitive batch workloads.

7. Conclusions

This paper examines the effectiveness of serverless computing in a discrete-time infinite-server
batch/single-arrival queue, where customers arrive in batches rather than individually. Each
customer is immediately served by one of an infinite number of servers, thereby eliminating
waiting times due to unlimited processing capacity. We obtain state probabilities at various
epochs, along with their corresponding performance measures. We illustrate numerical illus-
trations in the form of graphs and tables. The batch-arrival infinite-server queue paradigm in
a serverless architecture is ideal for managing concurrent workloads on cloud platform. The
discrete-time model offers valuable insights for serverless computing architectures, as it can
capture key aspects of event-driven, auto-scaling systems. Thus, using discrete-time queueing
models to analyze serverless system performance helps predict scalability, optimize resource
allocation, and forecast scalability. In serverless computing platforms, where each incoming
request is executed in a separate execution environment and, in theory, may be served instantly
without waiting in line, this paradigm is particularly pertinent. Naturally, traffic spikes caused
by external factors, such as IoT signals, user surges, and planned jobs, are modelled as batch
arrivals. However, the infinite-server assumption imposes significant restrictions. Infrastructure
limitations may result in implicit resource coupling, and providers typically set concurrency lim-
its at the account or region level. It can be further extended for greater realism and practical
relevance, such as assuming an infinite number of servers, a massive but finite number, leading
to discrete-time GIX /G /c models, or state-dependent service distributions to model initialisa-
tion delays. Generalising discrete-time batch-arrival models along these lines would serve as
a bridge between analytically tractable infinite-server queues and the operating conditions of
contemporary cloud-native and serverless systems.
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Operational Research

Operational Research (OR) is an interdisciplinary scientific branch of applied mathematics that
uses methods such as mathematical modelling, statistics, and algorithms to achieve optimal
or near optimal solutions to complex problems. It is also known as Operations Research,
and is related to Management Science, Industrial Engineering, Decision Making, Statistics,
Simulations, Business Analytics, and other areas.

Operational Research is typically concerned with optimizing some objective function, or finding
non-optimal but satisfactory solutions. It generally helps management to achieve its goals using
scientific methods. Some of the primary tools used by operations researchers are optimization,
statistics, probability theory, queuing theory, game theory, graph theory, decision analysis, and
simulation.

Areas/Fields in which Operational Research may be applied can be summarized as follows:

e Assignment problem,
e Business analytics,
e Decision analytics,
e Econometrics,
e Linear and nonlinear programming,
e Inventory theory,
e Optimal maintenance,
e Scheduling,
e Stochastic process, and
e System analysis.
Operational Research has improved processes in business and all around us. It is used in

everyday situations, such as design of waiting lines, supply chain optimization, scheduling of
buses or airlines, telecommunications, or global resources planning decisions.

Operational Research is an important area of research because it enables the best use of available
resources. New methods and models in operational research are to be developed continuously
in order to provide adequate solutions to process enormous information growth resulted from
rapid technology development in today’s new economy. By improving processes it enables high-
quality products and services, better customer satisfaction, and better decision making. There
is no doubt that operational research contributes to the quality of life and economic prosperity
on microeconomic, macroeconomic, and global level.
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