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Snježana Pivac, Faculty of Economics, Business and Tourism, University of Split, Croatia,
e-mail: spivac@efst.hr
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Greys Sošić, Information and Operations Management Department, The Marshall School of
Business, University of Southern California, Los Angeles, CA, USA, e-mail:
sosic@marshall.usc.edu
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Developing a Bi-Level Structure for Evaluation of Regional Bank
Branch Managers Focusing on their Consumption
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Abstract. Regional bank branch management is the most important elements of a bank’s structure.
Each regional bank branch manager (RBBM) manages a large group of branches. In this paper, we
develop a bi-level structure for the evaluation of RBBMs. In the developed bi-level structure, RBBMs
are positioned at the upper level, and each RBBM has a group of branches located at the lower level.
Generally, each RBBM, including their branches, tries to use inputs and produce outputs efficiently.
However, each branch performs according to its goals and limited resources. The evaluation is a data
envelopment analysis (DEA)-based model that focuses on the bank’s consumption perspective. We
apply the suggested model to a real-world case study to evaluate five RBBMs, who altogether manage
110 branches in one of the expert banking systems.

Keywords: bi-level structure, regional bank branch managers (RBBMs), data envelopment analysis
(DEA), consumption perspective.
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1. Introduction

Data envelopment analysis (DEA) is the main approach for assessing the relative efficiency of
decision-making units (DMUs) with multiple inputs and outputs. Charnes et al. [7] formu-
lated this technique as a linear programming model. The first model of DEA is known as the
Charnes, Cooper, and Rhodes (CCR) model, under constant returns to scale (CRS) technol-
ogy. Later, Banker et al. [3] developed the CCR model for variable returns to scale (VRS)
and introduced the Banker, Charnes, and Cooper model. Many DEA models have been devel-
oped to assess DMUs’ performance in many activities in various contexts, such as the health
sector, telecommunications, transportation, the electricity industry, and the banking industry.
The banking industry is one of the most significant sectors of any economy because it executes
essential tasks in the economy, such as equipping deposits, intermediation, facilitating payment
flows, and allocating credit. Banks play an essential role in economic stability as a factor in
implementing monetary policy. Therefore, the banking system’s health and efficiency have al-
ways been important. Its unhealthiness and poor performance can cause financial and economic
crises. Therefore, bank managers are needed to evaluate the performance of the branches under
their supervision and plan to improve their performance continuously.

Traditional DEA models, called black-box models, evaluate DMUs regardless of their inter-
nal structure. In the real world, most DMUs have a hierarchical structure such that each unit

∗Corresponding author.

http://www.hdoi.hr/crorr-journal ©2022 Croatian Operational Research Society
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contains several subunits. The black-box models ignore the subunits’ independent performance
and consider the sum of their outputs, leading to a biased evaluation of units. Banks also have
a hierarchical structure. The process of providing services in banks consists of interactive and
interdependent steps.

In the literature, units with hierarchical structures have attracted relatively little atten-
tion. Some authors have proposed DEA approaches to consider DMUs’ internal structure; for
instance, Fare and Primont [10] suggested a distance-function model for measuring the multi-
plant firms’ efficiency, and Kao [14] utilized it to evaluate the efficiency of eight forest districts
in Taiwan with a total of thirty-four subordinate working circles. Cook et al. [8] proposed the
concept of hierarchical DEA to measure the efficiency score of a series of power plants at various
levels. Cook and Green [9] utilized the hierarchical model Cook et al. [8] proposed in their
evaluation of eight Canadian power plants consisting of forty subordinate units. Azadeh et al.
[1, 2] applied hierarchical models to determine the optimal location of solar plants and wind
plants. Kao [15] proposed an extended DEA model that evaluates DMUs with a hierarchical
structure in a “black box.” In Kao’s method, the performance score of DMUs with hierarchical
structures is the weighted average of their subunits’ efficiency at the hierarchical structure’s
lower level.

Castelli et al. [6] considered DMUs with one-level and two-level hierarchical structures. In
one-level structures, each unit is composed of serial stages of parallel subunits with constant
returns to scale. For the two-stage situation, a model was proposed by introducing balancing
constraints to guarantee degrees of coordination among the hierarchical levels’ subunits. Kashim
et al. [16] developed Kao’s model [15] to measure the efficiency of a university faculty with a
hierarchical structure. Furthermore, Gan et al. [11] extended Kao’s model [15] for evaluating
the performance of the international shipping industry in Taiwan. Wu [19] proposed a bi-level
DEA model for evaluating the cost efficiency of systems with one leader and one follower.
Zhou et al. [22] evaluated bi-level systems’ cost efficiencies, including a single leader at the
upper level and multiple followers at the lower level. Yao et al. [21] built on Zhou’s work for
regional water system vulnerability evaluation. Yang et al. [20] established a bi-level DEA
model with multiple followers for evaluating the efficiency of unattended convenience stores.
They use weak disability technology to deal with undesirable intermediate measures. Ghasemi
et al. [12] considered Farhangian University in Iran a network with a hierarchical structure
and tried to calculate the efficiency of the university’s campuses using novel models. Pachar et
al. [17] proposed a bi-level programming DEA approach to evaluate multiple retail stores’ cost
efficiency considering a network structure operating in a Stackelberg relationship and defining
benchmarks for inefficient stores in India. Hua et al. [13] developed a bi-level DEA cost
model to evaluate the efficiency of two subsystems and complete water systems in 10 cities in
the Minjiang River Basin. Barat et al. [4] suggested a network DEA-based methodology to
address the problem of non-homogeneity in settings where subunits operate in a mixed-network
structure. They evaluated layers and the overall system efficiencies.

In this paper, we present a novel DEA model to evaluate the performance of units with
bi-level structures that is suitable for units in constant or variable returns to scale technolo-
gies. The proposed DEA model focuses on the units’ internal operation. It evaluates the units’
efficiency by considering the impact of the leader’s and the subunits’ performance. Our DEA
model can be easily extended to multilevel structures. We illustrate the proposed model in a
real-world case study of the bank industry, focusing on banks’ consumption perspective. From
the consumption perspective, banks are considered financial intermediaries. They act as inter-
mediaries by collecting deposits and other liabilities and converting them into interest-bearing
assets, such as loans, securities, and other investments. In other words, in this perspective,
customer deposits are considered one of the inputs and outputs, including the total of loans
and investment services. In the next section, we present the concept of hierarchical structures.
In Section 3, we propose the bi-level DEA model. In Section 4, we present a real case study to
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show the suggested model’s application and advantages. Finally, we provide concluding remarks
in Section 5.

2. Hierarchical structures

In the real world, many organizations have a hierarchical structure, in which they have units at
the first level and each of these units has subunits at their lower level. Also, some subunits in
the second level may have several units at the third level, and this hierarchy may continue. For
example, a bank may have subdivisions in various provinces of a country, where each province
includes several regions and each region includes a number of branches. All resources, including
human and budget resources, should be assigned in a hierarchical structure for the best perfor-
mance (see Figure 1).

Figure 1: A hierarchical structure.

The traditional CCR model treats the system as a “black box” with multiple primary inputs
that generate multiple final outputs. Figure 2 shows a “black box” conceptual system. As it
shows, the interaction and relationship between the leader and the followers are ignored.

Figure 2: Structure of a ”black box” system.

The traditional DEA model to evaluate the technical efficiency (TE) of DMU0, (0 ∈
{1, 2, ..., J}) is formulated as

TE0 = Max uY0

vX0

s.t.
uYj

vXj
≤ 1, j = 1, 2, ..., J,

u ≥ ε > 0 , v ≥ ε > 0

(1)
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where ε > 0 is the non-Archimedean element and (Xj , Yj) is the input and output vector of
DMUj , j ∈ {1, 2, ..., J}. v and u are the input and output weight vectors.

Also, the black box model for assessing pure efficiency (PE) of DMU0, (0 ∈ {1, 2, ..., J})
can be stated as

PE0 = Max uY0−u0

vX0

s.t.
uYj−u0

vXj
≤ 1, j = 1, 2, ..., J,

u ≥ ε > 0 , v ≥ ε > 0, u0 free in sign

(2)

As the black-box models show, a DMU’s efficiency is defined based on the aggregation of its
and its subunits’ performance. Therefore, a unit may be efficient although many of its subunits
are not. Also, the real performance of an organization with a hierarchical structure and the
relationship between the leader and the followers has not been considered in the conventional
DEA models. In multi-level structures, the leader acts and the followers react to the leader’s
action. After receiving inputs from the leader, the followers work toward their goals and show
their performance according to their inputs. Then, followers look for the best performance using
the least inputs to obtain the most outputs. Therefore, a unit’s overall performance depends
on the leader’s and their followers’ optimal performance.

3. Proposed DEA model

In this section, we present a DEA model, considering its internal characteristics. As afore-
mentioned, a unit’s performance depends on its and its subunits’ performance. Therefore,
the efficiency of a unit with a bi-level structure should be measured based on its independent
efficiency and its subunits’ efficiency.

Consider a system that at the top level has J units, numbered as 1, 2, ..., J (Figure 3). Each
DMUj , j = 1, 2, ..., J has Rj sub-DMUs at the lower level. Note that units at the same level
do not need to have the same number of sub-units. Here, we consider a bi-level structure, and
the proposed model can be generalized to the multilevel structure.

Figure 3: Bi-level structure.

As aforementioned, in organizations with a hierarchical structure, the top management
provides inputs to the units at the first level. The managers at the first level consume a part of
their inputs to generate their independent final outputs and to produce intermediate outputs to
pass to their followers. They allocate the rest of the inputs and intermediate outputs to their
followers at the second level. Followers at the second level consume both groups of inputs to
produce their final outputs. See Figure 4.

Let Xj , j = 1, 2, ..., J be the input of the leader and Yj , Zj , j = 1, 2, ..., J be the final and

intermediate outputs, respectively. (Xj
Fq
, Zj

Fq
), q ∈ {1, 2, ..., Rj} be the input vector of the fol-
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Figure 4: The internal structure of the bi-level unit DMU0.

lower q in DMUj and Y j
Fq
, q ∈ {1, 2, ..., Rj} be the output of the follower q in DMUj . (u1, w1)

and v1 are the input and output weight vectors of the upper level (level 1). u2 and (v2, w2)

are the input and output weight vectors of the lower level (level 2). Note that Zj =
∑Rj

q=1 ZFq
.

Based on bi-level structure, the technical efficiency of the DMU0, 0 ∈ {1, 2, ..., J} under an
assumption of CRS is defined as follows:

TE0 = Max
u1Y0+w1Z0+u2(

∑R0
q=1 Y 0

Fq
)

v1X0+v2(
∑R0

q=1 X0
Fq

)+w2(
∑R0

q=1 Z0
Fq

)

s.t.
u1Yj+w1Zj+u2(

∑Rj
q=1 Y j

Fq
)

v1Xj+v2(
∑Rj

q=1 Xj
Fq

)+w2(
∑Rj

q=1 Zj
Fq

)
≤ 1, j = 1, 2, ..., J,

u1 ≥ 0 , v1 ≥ 0, w1 ≥ 0, u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0

(3)

where (u2, v2, w2) is the optimal solution of the following lower-level problem:

Max
u2(

∑R0
q=1 Y 0

Fq
)

v2(
∑R0

q=1 X0
Fq

)+w2(
∑R0

q=1 Z0
Fq

)

s.t.
u2(

∑Rj
q=1 Y j

Fq
)

v2(
∑Rj

q=1 Xj
Fq

)+w2(
∑Rj

q=1 Zj
Fq

)
≤ 1, j = 1, 2, ..., J,

u2Y
j
Fq

v2X
j
Fq

+w2Z
j
Fq

≤ 1, j = 1, 2, ..., J, q = 1, 2, ..., Rj ,

u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0

(4)

By adding the constraints u2Y
j
Fq
/
(
v2X

j
Fq

+ w2Z
j
Fq

)
≤ 1 to the low-level problem, we account

for each of the followers’ independent performance.

Let t = 2/
(
v1X0 + v2(

∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
)
)
; thus, we obtain the equivalent linear

model of model (3):
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TE0 = Max 1
2

(
u1Y0 + w1Z0 + u2(

∑R0

q=1 Y
0
Fq
)
)

s.t. u1Yj + w1Zj + u2(
∑Rj

q=1 Y
j
Fq
)− v1Xj − v2(

∑Rj

q=1 X
j
Fq
)−

w2(
∑Rj

q=1 Z
j
Fq
) ≤ 0, j = 1, 2, ..., J,

v1X0 + v2(
∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
) = 2,

u1 ≥ 0 , v1 ≥ 0, w1 ≥ 0,

u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0

(5)

where (u2, v2, w2) is the optimal solution of the following linear lower-level problem:

Max u2(
∑R0

q=1 Y
0
Fq
)

s.t. u2(
∑Rj

q=1 Y
j
Fq
)− v2(

∑Rj

q=1 X
j
Fq
)− w2(

∑Rj

q=1 Z
j
Fq
) ≤ 0, j = 1, 2, ..., J,

u2Y
j
Fq

− v2X
j
Fq

− w2Z
j
Fq

≤ 0, j = 1, 2, ..., J, q = 1, 2, ..., Rj ,

v2(
∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
) = 1,

u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0

(6)

Model (5) is a bi-level linear programming problem whose optimal solution is constrained to
solve the lower-level problem.

We solve the lower-level problem and obtain the optimal solution u∗
2(
∑R0

q=1 Y
0
Fq
), for the

objective function. Because v2 and w2 may have multiple optimal solutions, we add the con-
straints set of model (6) to the upper-level model (3) such that u2(

∑R0

q=1 Y
0
Fq
) = u∗

2(
∑R0

q=1 Y
0
Fq
).

Using this method, we calculate the unique v2 and w2 in such a way that the overall technical
efficiency of the DMU0 is maximized and the low-level efficiency remains at u∗

2(
∑R0

q=1 Y
0
Fq
).

Therefore, we have

TE0 = Max 1
2

(
u1Y0 + w1Z0 + u2(

∑R0

q=1 Y
0
Fq
)
)

s.t. u1Yj + w1Zj − v1Xj + u2(
∑Rj

q=1 Y
j
Fq
)− v2(

∑Rj

q=1 X
j
Fq
)−

w2(
∑Rj

q=1 Z
j
Fq
) ≤ 0, j = 1, 2, ..., J,

v1X0 = 1,

u2(
∑Rj

q=1 Y
j
Fq
)− v2(

∑Rj

q=1 X
j
Fq
)− w2(

∑Rj

q=1 Z
j
Fq
) ≤ 0, j = 1, 2, ..., J,

u2Y
j
Fq

− v2X
j
Fq

− w2Z
j
Fq

≤ 0, j = 1, 2, ..., J, q = 1, 2, ..., Rj ,

v2(
∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
) = 1,

u2(
∑R0

q=1 Y
0
Fq
) = u∗

2(
∑R0

q=1 Y
0
Fq
),

u1 ≥ 0 , v1 ≥ 0, w1 ≥ 0, u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0

(7)
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DMU0 is termed technically efficient if TE0 = 1. In the proposed TE model, the effect of two
levels is considered in assessing the whole performance of a unit. Our model can be expanded
to multi-level structures. Also, it can be generalized to the case in which units have variable
returns to scale.

With the addition of the free variables u0 and u02 to models (3) and (4), the overall efficiency
of the DMU0, 0 ∈ {1, 2, ..., J} under variable returns to scale assumption is obtained. Similarly,

with t = 2/
(
v1X0 + v2(

∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
)
)
and u0 = u01 + u02, which in u01 is free

in sign, the following linear model for assessing the PE of DMU0, 0 ∈ {1, 2, ..., J} is attained:

PE0 = Max 1
2

(
u1Y0 + w1Z0 − u01 + u2(

∑R0

q=1 Y
0
Fq
)− u02

)
s.t. u1Yj + w1Zj − v1Xj − u01 + u2(

∑Rj

q=1 Y
j
Fq
) − v2(

∑Rj

q=1 X
j
Fq
)−

w2(
∑Rj

q=1 Z
j
Fq
)− u02 ≤ 0, j = 1, 2, ..., J,

v1X0 = 1,

u2(
∑Rj

q=1 Y
j
Fq
)− v2(

∑Rj

q=1 X
j
Fq
)− w2(

∑Rj

q=1 Z
j
Fq
)− u02 ≤ 0, j = 1, 2, ..., J,

u2Y
j
Fq

− v2X
j
Fq

− w2Z
j
Fq

− u02 ≤ 0, j = 1, 2, ..., J, q = 1, 2, ..., Rj ,

v2(
∑R0

q=1 X
0
Fq
) + w2(

∑R0

q=1 Z
0
Fq
) = 1,

u2(
∑R0

q=1 Y
0
Fq
)− u02 = u∗

2(
∑R0

q=1 Y
0
Fq
)− u∗

02,

u1 ≥ 0 , v1 ≥ 0, w1 ≥ 0 , u2 ≥ 0 , v2 ≥ 0, w2 ≥ 0,

u01 , u02 free in sign

(8)

DMU0 is pure efficient if PE0 = 1. By considering various relationships that may exist
between upper and lower levels, we can expand the proposed model. In fact, the proposed
model is flexible to the organizations’ real internal structure.

4. Experimental results

In this section, we implement the proposed models in a real-world case study at the bank branch
level and then compare the results to those of traditional models. The results can be useful for
managerial insights. Here, we solve all models using the GAMS software by Brooke et al. [5].

A real case study

In this section, we consider a real-world case study from a specified bank in Iran and then analyze
the results of the implementation of the proposed TE and PE models. This study includes five
RBBMs located in Tehran and 110 branches. Table 1 shows the number of branches in each
region. The case study’s results can be useful for managers to measure the performance of
bi-level units and to find out how they can manage any budget to improve the units’ efficiency.

Here, each bank branch management consists of a supervisory unit as the leader and a
number of branches as followers. The number of followers altogether is 110.



144 Mona Habibpoor, Mohammad Reza Alirezaee and Jalil Rashidinia

Region Branch

South 23

North 26

Center 17

West 20

East 24

Table 1: The number of branches for each RBBM.

In the studies on the performance of the banking industry, there are two main approaches to
determining inputs, the production approach and the intermediation approach. In the produc-
tion approach, banks are producers that use human resources and other physical resources as
input to produce various types of deposit accounts and services. Therefore, the outputs of this
approach are deposits and services provided to customers. In the intermediation (or consump-
tion) approach, banks are considered intermediaries of financial services. In this approach, the
bank accepts deposits from customers and consumes personnel costs and other costs, converts
them into loans and services, and earns revenue (see Paradi and Zhu, [18]). In this case study,
we considered the consumption perspective to evaluate RBBMs’ performance. The leader’s in-
put is personnel expenses, and the leader’s outputs include services provided as the independent
final output and non-operating expenses as intermediate output. The non-operating expenses
include the administrative expenses, equipment expenses, expenses of repairs each branch re-
quires, and so on, which are determined at management’s discretion considering the number of
staff in each branch as well as each branch’s size, grading, urgent needs, etc. Therefore, the
non-operating expenses are the intermediate output to the follower branches at the lower level.

The followers’ inputs at the lower level are deposits, personnel expenses, and non-operating
expenses. The followers’ outputs are loans and services.

Figure 5: Bi-level structure in a bank.

The input of personnel expenses includes all factors related to a branch’s employees: quan-
titative inputs consist of the hours each staff member works in a month, overtime hours each
staff member works, etc. and qualitative inputs, such as personnel knowledge and personnel
experiences. All these factors have affected the amount of payment to each staff member, and
the total payments to personnel are considered the input of personnel expenses. The input of
deposits includes a variety of a branch’s methods of raising money. This index is considered the
normalized weighted sum of types of accounts according to their value and number of transac-
tions. The output of loans includes all the money given as all kinds of loans and mortgages by
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a branch. Finally, the output of services is an index that includes all kinds of services a branch
presents to its customers.

Tables 2 and 3 present the descriptive statistics of leaders’ and followers’ inputs and out-
puts, respectively. The measurement unit of personnel expenses and non-operating expenses is
1,000,000 rials. We normalized other indices and rounded all values and results to two digits.

Min Max Mean STD

Inputs:
Personnel expenses 9663.08 16172.11 12161.59 2408.48

Intermediate outputs:
Non-operating expenses 1957.60 3910.60 3011.36 884.50

Outputs:
Services 932.10 2539.00 1466.42 681.43

Table 2: Data statistics of the RBBMs.

Min Max Mean STD

Inputs:
Personnel expenses 1384.62 13332.97 4413.43 2052.48
Deposits 460.80 1454.40 1154.39 177.92

Intermediate outputs:
Non-operating expenses 8.68 359.00 136.88 72.01

Outputs:
Loans 86.80 3590.00 1368.81 720.10
Services 62.53 2861.00 676.10 458.76

Table 3: Data statistics of the branches.

We calculate the TE and PE scores for the regions at the black-box and bi-level models.
Tables 4 and 5 show the results for all selected regions. In the black-box model, we considered
the leader’s and followers’ total inputs and the sum of the final outputs the leader and followers
produce. Here, we used models (1) and (2) to calculate the black-box TEs and PEs. Also, we
used models (7) and (8) to calculate the bi-level TEs and PEs.

Regions Black-box TE Rank Bi-level TE Rank

South 0.87 4 0.84 2

North 1 1 1 1

Center 0.99 2 0.69 4

West 0.94 3 0.65 5

East 0.79 5 0.76 3

Table 4: TE results of the black-box and bi-level models.

Table 4 shows that in the regions where the regions’ performances are similar (North, Center,
and West Regions), the proposed model improved discrimination. The improved discrimination
provides a better perspective of the regions’ ranking. This result is most obvious in the PE
scores. Table 5 shows that the black-box model under the VRS assumption organizes regions
into three categories, but the proposed model with the VRS assumption organizes them into
five categories. Intermediate outputs are part of each region’s activities, which are ignored
in the conventional model. We added these outputs to the proposed model in the form of
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logical constraints, which have developed a model with more discrimination power than the
conventional model.

Regions Black-box PE Rank Bi-level PE Rank

South 0.91 2 0.86 4

North 1 1 1 1

Center 1 1 0.98 2

West 1 1 0.95 3

East 0.85 3 0.83 5

Table 5: PE results of the black-box and bi-level models.

In general, it can be said the main pitfall that can be seen in most cases of evaluation of
the upper level is the overestimation of the efficiencies, which leads to inaccurate ranking. The
problem’s origin is generally the small number of units in the upper level. Our case study
clearly shows that the number of regions in the upper level is 5.

In the proposed model in this paper, we added the internal relations of the upper and lower
levels, as intermediate outputs and inputs, to the model. These cases generate more discrimi-
nation than the black-box model, and it can improve the accuracy of the ranking compared to
the black-box model, especially in cases with a small number of units in the upper level.

As the results in Table 4 and especially Table 5 show, the overestimation of the black-box
model’s results is obvious. The rankings that we obtained based on the overestimation results
cannot be reliable, and we can see that for PEs, a complete ranking cannot be obtained. The
more discriminatory results of the proposed model lead to a complete ranking for the TEs and
PEs.

5. Conclusion

In the real world, most DMUs have a hierarchical structure such that each unit includes several
subunits at lower levels. Conventional DEA models ignore the DMUs’ internal structure. This
negligence may lead to biased evaluation of the units and produce misleading results. We
proposed a new DEA model to assess bi-level units, which are hierarchical units with two levels:
the leader at the upper level and the followers at the lower level. The proposed model can be
easily extended to hierarchical units. Our proposed model provides more meaningful evaluations
of DMUs with a hierarchical structure by considering the internal operations between upper
and lower levels and intermediate outputs and inputs. We used a real-world case study selected
from bank branches to validate the proposed model and compare it to the traditional black-
box model. We examined this assessment from the consumption perspective of the bank. The
suggested model overcomes the disadvantages of traditional DEA models, such as ignoring
the internal operations between upper and lower levels. Also, the proposed model has more
discrimination power than the conventional model. More discrimination provides a better
perspective of units’ ranking. Therefore, it helps managers make accurate assessments of the
units under their supervision.
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Abstract. Although a relatively large number of studies have been focused on evaluating the efficiency
of insurance companies from different aspects, analysis of factors that determine the achieved level
of insurers’ efficiency is still in their inception. While these studies primarily encompass insurance
companies operating in developed insurance markets, such research based on the sample of Croatian
non-life insurers does not exist. Therefore, this paper is focused on the efficiency drivers of the insurance
companies that operate in the Croatian non-life insurance market. The research is based on data for
18 insurance companies in the period from 2009 to 2021. Applying Data envelopment analysis (DEA)
and Truncated regression, the research results show that age and ownership influence the efficiency of
non-life insurance companies in Croatia, while the companies’ size, leverage, and product diversification
are not confirmed as significant determinants of the efficiency.
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1. Introduction

The liberalisation of the Croatian insurance market that came with the accession of Croatia
to the European Union put insurers under pressure to increase their efficiency. Namely, by
opening the market to foreign insurance companies, especially in the field of motor third-
party liability insurance, which is the most significant line of non-life insurance in Croatia,
the competition in the market increased. In this more competitive environment, efforts to
increase efficiency became imperative. Additionally, the relevance of technology in all aspects
of the insurance business, especially during the last two years of the pandemic, increases the
importance of efficiency even more. Consequently, an important question that arises is what
drives the efficiency of insurance companies in the Republic of Croatia. While the existing
studies based on the Croatian insurance market are focused on the achieved efficiency level,
there is no research on determinants of the non-life insurance companies’ efficiency.

The existing studies of the determinants of an insurer’s efficiency (e.g. [14], [33], [18], [6],
[9]) are focused on various company-level factors, dominantly including size, ownership form
(stock and mutual insurance companies or domestic and foreign insurers), insurance product
diversification, premium growth, distribution channels, age, and financial leverage.
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The main aim of this research is to analyse company-level determinants of the efficiency
of non-life insurance companies in the Republic of Croatia. The empirical analysis covers 18
insurance companies, including insurers conducting exclusively non-life insurance activities as
well as the non-life segment of composite insurance firms that operated in the Croatian non-life
insurance market from 2009 to 2021. The data are analysed by applying Data envelopment
analysis and Truncated regression while following Simar and Wilson procedure. The results
confirm that significant drivers of the efficiency of Croatian insurance companies are age and
ownership. These findings are relevant to various stakeholders, including market regulators
and researchers in the field, since they provide insight into the significance of factors affecting
insurer’s efficiency as well as to the managers of insurance firms, helping them to use their
resource base more efficiently and, thus, to enhance their performance as well as the quality of
services provided.

While there are studies of the factors that impact the efficiency of insurance firms in other
countries (e.g., United States ([16], [18]); Germany ([33]); Switzerland ([6]); Poland ([30]);
Taiwan ([9]); selected Central and Eastern European countries ([19]), according to the authors’
knowledge there is no study on determinants of efficiency in the exclusively non-life insurance
industry in Croatia. Precisely, Croatian insurance companies were included in the sample of a
cross-country analysis of insurers’ efficiency determinants ([19]). However, that study does not
make it clear if it refers to life or non-life insurance, which is essential from the viewpoint of the
differences in the insurance business models. Additionally, in comparison to ([19]) that applies
OLS in the second stage of the analysis, we use Bootstrapped Truncated Regression following
the procedure of Simar and Wilson. Therefore, this paper attempts to bridge the gap in the
existing literature by identifying factors that determine Croatian non-life insurers’ efficiency,
thus providing valuable insight into the efficiency of this insurance market.

The structure of the paper is as follows. Section 2 presents hypotheses with an overview
of the previous studies in the field of determinants of the efficiency of insurance companies.
Section 3 describes the data and methodology. The results and discussion of the results are
presented in Section 4. Section 5 provides concluding remarks.

2. Hypotheses and Previous Research

Following relevant literature, the authors postulate that insurers’ efficiency is a function of a
range of different variables, including the insurer’s age and size based on total gross written
premium, ownership, diversification, and leverage. Therefore, in this section, hypotheses are
set up, and an overview of prior research related to the particular hypothesis is given as well.

H1: The age of non-life insurers impacts their levels of efficiency.
Age variable has been included in our analysis as the difference between establishing year, i.e.,
the year when the insurer entered the court register and the year of the analysis plus one in
order to avoid zero values. According to [6], a company that is present in the market for a long
period, i.e., a well-established and reputable firm, is able to react successfully to changes in
the market environment, resulting in higher efficiency levels. However, these authors also state
the advantages of relatively young firms in terms of better use of innovative technologies and
consequential enhanced efficiency. Moreover, using the sample of microinsurance programs that
provide life and health insurance, [4] shows that older firms are the least efficient ones. The
same is found by [26]. Specifically, the negative impact of age on technical efficiency is found in
the sample of German life insurers, while the negative effect of age is evident in the allocative,
technical, and cost efficiency of the UK life insurance firms. However, [6] find age, measured as
the natural logarithm of operating years, to positively affect the efficiency in property-casualty
insurance, whereas it is insignificant in the life insurance segment.
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H2: The efficiency of non-life insurance companies is affected by their size.
Size variable is primarily employed potential determinant in insurers’ efficiency studies ([26],
[18], [6], [28], [19]). In our study, it is calculated as the logarithmic value of the total gross
written premium. A large number of studies assume the positive effect of size on the efficiency
that stems from exploiting advantages arising from economies of scale. Specifically, in the in-
surance industry, a larger scale of operation diminishes income volatility due to the fact that
risk pooling performs better in the case of a larger risk pool (see, e.g., [14], [18], [6]). However,
as suggested by [18], larger insurers are more probable to have gone over the constant returns
to scale region and thus to have operated with decreasing returns to scale. The same authors
justify this with the problems in running complex and large organizations, increased agency
costs as well as management control and coordination costs. Specifically, [18] finds that a large
fraction of insurers with a size below the median are functioning with increasing returns to
scale, whereas the major part of insurers with a size above the median are conducting their
activities with declining returns to scale. Nevertheless, a positive size-efficiency relationship is
found by [33] in terms of cost and technical efficiency, while [6] shows the positive impact of size
on cost, technical and revenue efficiency in both life and property-casualty segment. Having
this in mind, an adverse effect of size on efficiency could be expected. Therefore, the sign of
the size variable is ambiguous.

H3: Ownership is an important determinant of the efficiency of non-life insurance companies.
The ownership variable is encompassed with the research to analyse whether domestic or foreign-
owned insurers achieve higher levels of efficiency since our sample consists of insurance undertak-
ings with headquarters in the Republic of Croatia, which has been authorised by the Croatian
regulatory body to pursue the insurance business but are either domestic - or foreign-owned.
This variable is expressed as the percentage of shares held by domestic shareholders. [14] sug-
gests that domestically-owned insurers are more probable to have advantages in their home
markets due to reputable brand names, cultural affinities, and customers’ perceptions that such
insurers are more stable or have higher quality as opposed to foreign-owned insurers. It can
be added that indigenous insurers might have a well-developed distribution network. How-
ever, the existing research analysing firms’ profitability shows a positive relationship between
foreign ownership and corporate performance. E.g., [32] proposes that a common perspective
when investigating the determinants of foreign direct investment from the standpoint of the
firm implies the expected possession of competitive or ‘ownership’ advantage that is frequently
knowledge-based. [8] and [20] suggest that foreign firms have superior capabilities, know-how,
and better access to technical and financial resources that may lead to enhanced performance.
Therefore, either positive or negative sign of this variable can be expected.

H4: There is a relationship between non-life insurers’ product diversification and efficiency.
The diversification variable is introduced in the research to analyse whether specialised insurers
focusing on a particular line of business or diversified insurance companies offering a wide range
of insurance products perform better in terms of efficiency. Specifically, according to the con-
glomeration hypothesis, insurers, as explained by [6], can take advantage of economies of scope
if operating a larger number of insurance business lines, whereas the strategic focus hypothesis
asserts that specialised insurance firms achieve enhanced efficiency by orienting on core business
in which they demonstrate competitive advantage. Specifically, the Croatian Insurance Bureau
offers firm data on premiums of 18 business lines in the non-life insurance segment abridged
in 10 lines, thus, this variable is expressed as the Herfindahl-Hirschman index after calculating
the percentage of premiums in a particular business line. [6] documents that specialised life
insurers achieve lower levels of technical and revenue efficiency as well as property/casualty
insurers in terms of cost and technical efficiency, indicating the support of the conglomerate
hypothesis. [12] finds a reason for a positive impact of diversification on efficiency in the cyclical
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nature of the insurance business, adding that diversification benefits in cycle risk let insurers
swap reduced risks for lower costs and thus be more cost-efficient. However, [6] also finds that
specialised property/casualty insurers demonstrate enhanced revenue efficiency. Moreover, [33]
finds that specialised insurers are more cost-efficient. Similarly, findings by [16] also supports
the strategic focus hypothesis. Due to the rationale provided in the above-mentioned hypothesis
and findings of the previous research, the sign of this variable is unclear.

H5: There is a relationship between non-life insurers’ leverage and efficiency.
The net premiums to surplus ratio, is a frequently applied measure of leverage, as suggested
by [13]. Furthermore, the same authors define surplus as an insurance term for the net worth
of an insurer or equity. Moreover, such an approach was employed in papers by, e.g., [12], [18],
[36], and [14]. According to [36], insurance companies should have satisfactory policyholders’
surplus available if they tend to increase premiums since policyholders’ surplus represents the
financial buffer to absorb unexpected losses. Moreover, [12] add that high leverage is observed
in terms of insurers’ reduced capacity to absorb unexpected losses resulting in higher funding
costs and lower levels of efficiency. They also add that highly leveraged insurers are more prob-
able to be incapable of bearing shocks to their capital level resulting in a deteriorated financial
situation and consequently reduced demand for insurance products and lower levels of revenue
efficiency. On the other hand, as noted by [18], higher leveraged insurers suggest an efficient use
of resources enabling insurers to use less capital resulting in a positive influence on efficiency.
Moreover, in insolvency literature, high values of net premiums to policyholders’ surplus ratio
are often viewed in terms of higher insolvency risk ([11]; [36]). Therefore, the expected relation
between the insurer’s efficiency and the premium-to-surplus ratio is not clear.

In order to conduct the empirical part of the research, a two-step analysis is employed. In the
first step of the analysis, a DEA (Data envelopment analysis) is applied, while in the second
step of the analysis a truncated regression is performed. Both analyses, along with the results
of their application, are presented and discussed below.

3. Methodology and Data

3.1. Data Envelopment Analysis (DEA)

DEA is a nonparametric methodology that, based on linear programming, evaluates the effi-
ciency of the Decision Making Unit (DMU) - in this research, an insurance company - in the
form of a single index. If an insurer is efficient, its efficiency score will amount to 100% and, it
will form a part of the efficiency frontier against which all other inefficient insurers are evalu-
ated. It is worth mentioning that efficient insurers will have no slacks (the output shortfalls or
input excesses). Slacks will exist only for those insurers that are inefficient. Precisely, after the
proportional decrease in inputs, if an inefficient insurer still cannot obtain its efficient target
(positioned on the efficiency frontier), slacks are necessary to push the insurer to its target
(frontier). According to the scale, a CCR model (established on constant returns to scale) and
a BCC model (grounded on variable returns to scale) can be distinguished. On the other hand,
giving the model orientation, an input-oriented model (which emphasises input minimization
while keeping the output unchanged), an output-oriented model (which stresses output max-
imization with unchanged input), and a non-oriented model (which underlines simultaneous
improvement of inputs and outputs) can be identified. In this research, the authors opted for
BCC input-oriented model as this model is better at adjusting to real-world situations. Ap-
plication of the BCC input-oriented model can be found in many previous research (e.g., [21],
[18]). Moreover, in the research of [17], the authors emphasize the dominance of input-oriented
models in the insurance industry.
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When selecting the variables that would adequately represent the outputs, the authors
adhered to the prevailing view in the relevant literature, i.e., the value-added approach, which
categorizes insurance services into risk pooling and risk-bearing, intermediation activities as well
as financial services. Insurance can be observed as a mechanism providing risk diversification
for those exposed to losses through pooling ([16]), and according to [27], premiums create the
foundation for both the expenses and profits of the insurance firms capturing major features
of real insurance services. Thus, in this paper, premiums written are selected to represent
activities aimed to pool and bear insurance risks, which is also done by, e.g., [7] and [40].
Since the insurers perform intermediation activities as well, i.e., the funds received in the form
of insurance premiums are invested until they are needed in order to pay benefits or claims
([16], [4]), this function is represented with total investments which is also done by, e.g., [5],
[24] and [1]. Moreover, as suggested by [22], these outputs denote two major functions of
insurance companies, risk pooling, and financial intermediation. Due to its resemblance with
the previously mentioned functions, the function referring to financial services is not being
separately modelled in the research. When considering the selection of inputs, the authors opted
for labour and capital since these are, according to [29], the most often employed input variables.
Thus, the number of employees, following [25], [35], and [31], and paid-in capital, following
[25], were used as inputs. All inputs and outputs relate to the non-life insurance segment
since composite insurers are obliged to compile financial reports for life and non-life activities
separately. However, since the data on the number of employees are not available separately
for these two segments at the company level, the distribution was performed on the basis of
non-life net earned premiums share in total premiums. Furthermore, Performance Improvement
Management Software (PIM-DEA) has been employed to estimate efficiency scores.

3.2. Truncated Regression
In the second part of the research, a truncated regression is performed following the procedure
described in [23], and efficiency scores that were calculated in the previous step of the analysis
were now applied in the form of a dependent variable. Truncated regression is commonly
applied in research in which the sample is truncated for some specific ranges of the predicted
variable, meaning that observations above or below the specific value of the dependent variable
are omitted from further consideration. Contrary to classical (multiple or simple) regression
analysis that is based on OLS, a truncated regression uses the Maximum likelihood (ML)
method. Independent variables (described earlier in the part of the paper in which hypotheses
were presented) used in truncated regression analysis are the size of the insurance company,
age, ownership type, product diversification, and leverage. With the aim of conducting this
regression, STATA software was used.

4. Results and Discussion

4.1. Discussion of DEA Results
Once the inputs and outputs have been selected and the value of capital, investments, and
gross written premiums deflated, a correlation analysis should be performed in order to test for
the association among chosen variables. According to the results presented in Table 1, there is
a strong positive and statistically significant relationship among the variables (all correlation
coefficients are above 0.8). The positive relationship between the inputs and outputs confirms
isotonicity ([39], [34]) which is a prerequisite for applying DEA methodology.

Descriptive statistics for chosen inputs and outputs are presented in Table 2. Both inputs
and outputs show notable variation during the analysed period (2009-2021). The average value
of the insurer’s capital was 10,180,694.8, while the average number of staff employed was 425.
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Inputs Outputs
CAP EMP GWP INV

Inputs CAP 1
EMP 0.807** 1

Outputs GWP 0.831** 0.963** 1
INV 0.831** 0.924** 0.944** 1

** Correlation is significant at the 0.01 level (2-tailed).

Table 1: Correlation analysis.

The mean value of investments (88,835,264.3 EUR) was almost 70 percent higher than the mean
value of the gross insurance premiums (52,330,856.0 EUR).

N Minimum Maximum Mean Std. Deviation
Inputs CAP 200 2,823,559.8 69,669,579.3 10,180,694.8 14,199,312.4

EMP 200 4 2,522 425 530
Outputs GWP 200 17,621.4 358,434,329.6 52,330,856.0 70,247,291.3

INV 200 476,937.0 687,714,444.9 88,835,264.3 137,934,060.5
Note. All values (paid-in capital, gross written premiums, and investments) are presented in

EUR and deflated with the consumer price index (CPI) obtained from the World Bank.

Table 2: Descriptive statistics for inputs and outputs.

Pure technical efficiency (PTE) scores that indicate how well (i.e., efficiently) inputs are
transformed into outputs ([38]) and that resulted from the input-oriented BCC model are
presented in Table 3. For insurers that did not operate in a particular year due to nonexistence
in an earlier period (like DMU10 or DMU16) or due to merger and acquisition activities in
the later years (like DMU15 or DMU17), the efficiency scores are omitted from the table.
According to the results of the analysis (presented in the last column of Table 3), after the
decline of the pure technical efficiency score in 2011 (in comparison to the score in 2010), PTE
was increasing continually during the next three years and then showed volatile movement
for the following three years. Still, from 2018 onward, increasing values of PTE are recorded
again. A possible reason for that can be found in the fact that the average growth rate of
gross written premiums during that period amounted to approximately 10% annually while
investments increased by 3.7%, whereas at the same time, the number of employees decreased
by 2.4% on average. In 2021 the efficiency score reached 91.7%, implying that given the scale of
operation, insurance companies in the Croatian non-life insurance market can reduce inputs by
8.3% in order to become pure technically efficient. Additionally, out of 12 insurers that operated
in 2021, nine were efficient (efficiency score of 100%), while the remaining three were inefficient.
The least efficient insurer in 2021 was DMU12, whose efficiency score amounted 39.0%, implying
a significant potential for further improvement. Taking into consideration insurance companies
from the efficiency frontier, which represents benchmarks for inefficient insurers, the results
show that there are five insurance companies (DMU3, DMU4, DMU5, DMU8, and DMU9) that
were pure technically efficient during the whole analysed period. Three additional insurance
companies (DMU11, DMU13, and DMU16) were efficient in the whole period except for one to
three years. In addition, one insurance company (DMU2) reached its efficiency in later years
of operation.
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Efficiency scores (for selected insurers) from Table 3 are presented in Figure 1.

Figure 1: Dynamics of efficiency scores of selected insurers (DMUs).

As evident from Figure 1, insurers labelled DMU3 and DMU8 had constant values of ef-
ficiency scores (100%) during the whole period covered by the analysis, indicating they were
the most efficient insurers in transforming inputs into outputs. On the other hand, for insurers
labelled as DMU 1 and DMU 7, it can be stated that despite some minor oscillations, these
insurers registered growth in the observed period, as their output growth was more noticeable
than growth in inputs. Finally, DMU 14 shows a decline in efficiency during the period 2014-
2017, as well as during 2019 onward, mainly because a high increase in inputs was not followed
by an above-proportional increase in outputs. However, a closer look at the peak this insurer
recorded in 2014 shows that the rise in efficiency was due to a simultaneous decline in inputs
and an increase in outputs.

4.2. Discussion of Truncated Regression’s Results
Results of the descriptive statistics for the whole period (2009-2021) are presented in Table 4,
from which it is clear that the average efficiency obtained in 2021 (91.7%) is larger than the one
calculated for the whole period (2009-2021), i.e., 86.69%. On average, an insurance company
operated for approximately 17 years in the industry, while product diversification (measured
with the Herfindahl-Hirschman index) amounted to around 3,193 points, indicating relatively
moderate diversification of insurers operating in the Croatian non-life insurance industry.

Variable Mean Std. Dev. Min Max
BCC 86.69735 19.21845 25.02 100
SIZE 18.94707 1.625268 11.78611 21.7065
AGE 17.23 8.252735 1 32
OWN 45.31665 48.02121 0 100
HHI 3,192.518 3,125.512 28.8621 10,000
LEV 158.0228 218.8566 0.1016846 2,501.014

Table 4: Descriptive statistics of dependent and independent variables used in truncated
regression (2009-2021).

The results of the truncated regression are presented in Table 5. Still, according to [37], the
results of the analysis could be affected by incorrectly estimated standard errors. Hence, the
Bootstrapped Truncated Regression procedure of Simar and Wilson is performed, and 2000
bootstrap replications were used in order to compute the bias-corrected estimates (Table 6).
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As Simar and Wilson’s procedure requires efficiency scores not to be presented as a percentage,
all efficiency scores (obtained by PIM-DEA software) were divided by 100, which in turn resulted
in estimated coefficients that are 100 times smaller than those presented in Table 5. Although
Simar and Wilson’s procedure affects only the confidence interval and standard errors ([2]),
both tables are presented (Table 5 and Table 6) in order to draw attention to the importance of
using this procedure and the influence it has on the obtained results. Precisely, while age and
ownership variables continued to have a statistically significant influence on insurers’ efficiency,
the influence of leverage variable became insignificant after the application of the Simar and
Wilson’s procedure.

Variable Coef. Std. Err. z P > |z| [95% Conf. Interval]
SIZE -7.422992 5.583502 -1.33 0.184 -18.36645 3.52047
AGE 2.266063 0.8946429 2.53 0.011 0.5125955 4.019531
OWN 0.2968841 0.1376589 2.16 0.031 0.0270777 0.5666906
HHI -0.0019696 0.0019792 -1 0.32 -0.0058487 0.0019094
LEV -0.0158509 0.0094483 -1.68 0.093 -0.0343693 0.0026674
cons 180.6115 96.39688 1.87 0.061 -8.322903 369.5459

/sigma 23.09249 3.104153 7.44 0 17.00846 29.17652

Table 5: Results of truncated regression (2009-2021).

Variable Coef. Bootstrap Std. Err. z P > |z| [95% Conf. Interval]
SIZE -0.0749993 0.0583383 -1.29 0.199 -0.195931 0.0278702
AGE 0.0231657 0.0094211 2.46 0.014 0.006601 0.0434219
OWN 0.0030227 0.0014514 2.08 0.037 0.0004072 0.005968
HHI -0.0000199 0.0000213 -0.94 0.349 -0.0000595 0.0000226
LEV -0.000176 0.0001268 -1.39 0.165 -0.0004427 0.0000394
cons 1.817962 1.0126870 1.8 0.073 -0.0084128 3.957161

/sigma 0.2347428 0.0332338 7.06 0.000 0.1717006 0.29673

Table 6: Results of Bootstrapped truncated regression (2009-2021).

The authors find that the longer persistence of the insurer in a particular insurance market
positively affects efficiency. [6] also finds a positive effect of the insurer’s age on efficiency in the
Swiss non-life insurance industry, including cost, technical, and revenue efficiency, rationalizing
such a finding with reputation and adaption capability. Moreover, the findings of [3] show that
the efficiency of Angolan insurance companies can be predicted by age using neural networks.
Specifically, the efficiency levels of Angolan insurers increase with age and Portuguese origin.

The positive sign of the ownership variable suggests that domestically-owned insurers per-
form better in terms of efficiency in comparison to foreign-owned ones. Besides their reputation,
clients’ affinities, and well-developed sales networks, [14] also notes that domestic insurers may
be at an advantage due to their familiarity with the underwriting characteristics of customers
exposing foreign-owned insurers to adverse selection. E.g., [10] investigates Chinese life insurers’
efficiency by comparing foreign insurance companies with domestic ones and shows that indige-
nous life insurers demonstrate pure technical and scale efficiency advantages. Furthermore, [9]
also finds that domestically-owned insurers outperform foreign-owned ones while investigating
the efficiency of Taiwanese life insurers. Moreover, when comparing average efficiency scores
between domestic- and foreign-owned life insurance companies in Taiwan, they observed that
in the period 2010-2013, the efficiency levels of domestic companies increased steadily while,
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on the other hand, the efficiency of foreign insurers was largely affected by the global financial
crisis.

Variables size, leverage, and product diversification were not found to be statistically signif-
icant.

5. Conclusion

In this paper, the authors analysed the determinants of the efficiency of non-life insurance
companies in the Republic of Croatia. The analysed factors covered the insurance companies’
age, size, ownership, product diversification, and leverage. The data were collected for 18
insurance companies for the period 2009-2021. Still, due to M&A activities, the number of
companies varied over the years.

According to the results of the analysis, age and ownership affect the efficiency of Croatian
non-life insurance companies. Older insurers have a higher level of efficiency in comparison
to the younger ones, implying the importance of their reputation and experience. Domestic
insurers are more efficient than foreign insurance companies, which suggests that domestic
companies have advantages over foreign insurers in terms of the trust of domestic customers
and a more developed distribution network.

Our paper, however, is not exempt from limitations. Although the sample used in the
analysis comprises all specialist non-life insurers as well as the non-life segment of composite
insurance firms that operated in the observed period, the sample is still rather small. Also,
the limitations of the study refer to the limited data for some other variables that could be
added to the model. Consequently, in future work, depending on the data availability, it is
suggested to broaden the variables that potentially could influence the efficiency. In that sense,
affiliation, distribution systems, technology assets, and acquisition costs can be included in
the analysis. Additionally, since some Croatian insurance companies operate in the foreign
insurance markets, it would be useful to compare the effect of international diversification on
the efficiency of insurers. Due to the specific differences between life and non-life insurance,
comparing the efficiency of the companies operating in these two insurance fields could be a
subject of future work.
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1. Introduction

Information and communications technology (ICT) plays a crucial role in economic, social and
personal progress in developing countries [23]. The continuous improvement of ICT changes the
ways in which knowledge is created and transmitted, and affects how economies develop. ICT
enables the transfer of knowledge from developed to developing countries, influencing economic
growth and development [32]. From the national and international economic perspective, ICT
plays a significant role in innovation, competitiveness and productivity [3, 4, 28]. The ICT
industry has an impact on other economic sectors through technology diffusion and information
transformation [22]. For the assessment of the effects of ICT on other economic sectors, given
the availability of data, the choice of methodology is extremely important [2, 7].

Input–output (IO) analysis is a methodological approach that enables researchers to quantify
the direct, indirect and induced effects of a particular sector as well as the interdependence
between economic sectors. There is a lack of research that analyzes and quantifies the economic
contribution and integration of ICT sectors based on IO tables. Some of the most relevant and
recent studies that highlight the importance of ICT sectors to national economies, and which
provide the theoretical and practical basis for this study, are presented in this section.

To examine the impact and competitive advantage of the ICT industry in China, the IO
model was applied in [22]. The ICT industry was found to have a somewhat greater industrial
influence and competitive advantage than the non-ICT industries, and it was concluded that
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investment in the ICT industry offers opportunities to secure benefits to China’s overall na-
tional economy [22]. In South Korea, a higher degree of heterogeneity was found in the ICT
manufacturing industry than in the ICT services industry, implying that ICT manufacturing
is broadly used as an input to other industries. Effects of ICT manufacturing decreased in the
analyzed period, although the sensitivity effects of the ICT industry increased [12]. In [5], it was
found that the ICT sector has a strong effect on Italian economic growth, based on estimates
of the output multipliers. In [29], the ICT sector’s structural effects in the Greek economy were
quantified. The authors’ findings indicated significant effects of the Greek ICT sector on GDP
and employment, driven mainly by the ICT services component.

In addition to research where the effects of ICT industries have been assessed for a sin-
gle country, some authors have analyzed and compared effects of ICT sectors across several
economies. A comparative analysis of backward and forward effects of the ICT manufacturing
and ICT service sectors in South Korea and India, based on the IO methodology, was performed
in [21]. The authors concluded that South Korea has a competitive advantage in ICT manufac-
turing sectors, while the catch-up effect is more pronounced in the ICT manufacturing sector
in India. Comparative analysis of spillover effects of ICT and machinery equipment industry,
based on the World IO Tables, was performed in [27]. Strong forward linkages were observed
for the ICT industries in all analyzed countries, revealing the high impact of ICT innovations
on the supply side to stimulate the growth of other industries.

In [19], World IO Tables were applied to analyze the production inducement effects of the
ICT services, ICT manufacturing, chemical and medical industries in South Korea and the
Netherlands. Higher backward linkages were detected for the ICT manufacturing and chemical
industries in South Korea. On the other hand, higher forward linkages were found for the ICT
manufacturing, ICT service and medical industries in the Netherlands. Based on the World IO
tables, in [24], effects of the ICT sector were analyzed for 40 national economies. The highest
contributions of ICT to the total economic output were found in Belgium and France, and the
lowest in Indonesia and Bulgaria. Estimates of the backward and forward linkages imply that
the ICT sector plays a significant role in highly developed economies. A comparative multipliers
analysis of ICT sectors for old and new EU members was performed in [13]. The authors found
that the ICT sector had a greater impact on economic growth and development in old EU
member states.

Previous estimates of the importance of Croatian ICT sectors focused mostly on applying
the classic IO approach of multiplier calculation. In [13], output and value-added multipliers
for the Croatian ICT sector were calculated for 2004 and 2010. For the year 2004, the highest
type I output and type I value-added multipliers were found for the radio, television and com-
munication equipment and apparatus sector. For the year 2010, the highest type I output and
type I value-added multipliers were found for the publishing services sector. In [17], the type
I and type II output, gross value added (GVA) and employment multipliers of Croatian ICT
sectors for the year 2010 and 2015 were estimated. In 2015, lower type I and type II output
and GVA multipliers were observed for all Croatian ICT sectors, except telecommunications
services. Publishing services recorded growth in employment multipliers of both types.

Direct, indirect and induced effects for the period 2010–2015 for the Croatian ICT sector
were estimated using the hypothetical extraction method [16]. The share of the direct, indirect
and induced effects of the ICT sector in terms of output, GVA and employment in the total
Croatian economy in 2015 amounted to 7.37%, 7.74% and 5.58%, respectively. Based on the
alternative model for sector extraction, in [15], the contribution of Croatian ICT sectors and a
measure of their relative integration for the year 2010 were calculated. The results indicated
lower contribution values for the ICT manufacturing industry than the ICT services industry.
It was also found that computer programming and consulting and telecommunications were the
most closely integrated ICT sectors.

The goal of this paper is to assess the spillover effects of the Croatian ICT sectors within
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the national production system and identify trends in the period 2010–2020. This study fills
this gap in the literature by conducting research on the GVA and employment contribution of
ICT sectors and cross-sectoral and intra-sectoral interactions among ICT sectors.

The remainder of this paper is organized as follows: Section 2 describes the data sources
used in this research, Section 3 describes the methodology, Section 4 presents the empirical
results, and in Section 5, final remarks and recommendations for further research are presented.

2. Data sources

The main data source used to calculate the contribution of ICT sectors was the Eurostat
database. IO tables were downloaded from [8]. The Eurostat national accounts aggregates
by industry [9] provided GVA data, while data on the number of employees were taken from
the Eurostat national accounts employment data by industry [10]. According to the defini-
tions of ICT economic activities in the International Standard Industrial Classification of All
Economic Activities (ISIC) Rev. 4 [30], the following IO sectors include ICT activities: C26-
computer, electronic and optical products, G46-wholesale trade services, except motor vehicles
and motorcycles, J58-publishing services, J61-telecommunications services, J62 J63-computer
programming, consultancy and related services; information services and S95-repair services of
computers and personal and household goods. Sector codes C26, J61 and J62 J63 are relatively
homogeneous, while sector codes G46, J58 and S95 produce goods and services that are not ex-
clusively related to ICT activities. By integrating data from IO tables and Eurostat structural
business statistics, heterogeneous sectors were disaggregated and the following sectors specific
to ICT activities were obtained: G46 ICT-wholesale trade specific to ICT activities, J58 ICT-
publishing activities specific to ICT activities and S95 ICT-computer repair. Procedures of
data preparation and harmonization for ICT sectors can be found in [18].

3. Research methodology

The contribution of a specific sector of interest to the total economy is usually quantified using a
mixed IO model and the hypothetical extraction method [6, 25, 26]. In this paper, an alternative
approach is used to calculate the contributions of ICT sectors and measure the technological
integration between them [14]. The traditional type I and type II multiplier approach is designed
to measure total economic activity induced by a given value of final demand. The Leontief
inverse matrix multiplied by a vector of final demand yields the gross output from each sector
i that must be produced in a national economy to satisfy a given amount of final demand.
If instead of final demand, the initial output produced by a sector of interest is applied to
calculate total requirements, it results in an overestimate of the sector’s contribution [11, 26].
The model of sector extraction proposed in this paper is focused on the elimination of the
double-counting effects related to the existence of cross-sectoral and intra-sectoral deliveries.
The determination of these interactions is based on solving a system of linear equations where
the number of equations is equal to the number of observed sectors of interest.

The label for a given ICT sector was assigned based on the row and column number of that
sector in the IO table. For the six ICT sectors of interest, the following labels were used: label
17 for sector code C26, 29 for G46 ICT, 38 for J58 ICT, 41 for J61, 42 for J62 J63 and 64 for
S95 ICT.

The main equations describing the model of ICT sector extraction, and used to calculate
their contribution in terms of output, GVA and employment, are given below. The model is
presented for open and closed IO systems and, in addition to contribution, it provides measures
of the mutual interdependence among ICT sectors and the rest of the economy. A more detailed
description of the model of ICT sector extraction in the IO system is given in [14].
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The contribution of each ICT sector to the total economy in the open IO system in terms
of output is

TO
j = (Xj − xj) ·

67∑
i=1

αij , j = 17, 29, 38, 41, 42, 64, (1)

where Xj (j = 17, 29, 38, 41, 42, 64) represents the output of each ICT sector exogenously given.
The values αij (i, j = 17, 29, 38, 41, 42, 64) are elements of the Leontief inverse matrix L =
(I −A)−1 = [αij ] (i, j = 17, 29, 38, 41, 42, 64) and represent the total direct and indirect output
of sector i per unit of final demand in sector j. The elements

Xi =
∑

j∈{17,29,38,41,42,64}

α̂ijdj , i = 17, 29, 38, 41, 42, 64 (2)

are solutions of the system of six linear equations∑
j∈{17,29,38,41,42,64}

αijxj = dj , i = 17, 29, 38, 41, 42, 64, (3)

where the coefficients αij of the system, for i, j = 17, 29, 38, 41, 42, 64, are values of the total
deliveries of each ICT sector per unit of production. The free terms of system, denoted by
di (i = 17, 29, 38, 41, 42, 64) are known double-counting values and unknowns, while xi (i =
17, 29, 38, 41, 42, 64) are the initial cross-sectoral deliveries.

Since the contribution of a sector of interest, in the open IO system, is equal to the sum of
direct and indirect effects, the indirect effects of each ICT sector can be calculated according
to the formula

NO
j = TO

j −Xj = (Xj − xj) · (Xj − xj)αij −Xj , j = 17, 29, 38, 41, 42, 64. (4)

The cross-sectoral and intra-sectoral deliveries among ICT sectors in the open IO system are

(Xj − xj)αij if i ̸= j, i, j = 17, 29, 38, 41, 42, 64 (5)

or
(Xi − xi)(αii − 1) if i = j, i = 17, 29, 38, 41, 42, 64. (6)

By dividing deliveries of the jth ICT sector, j = 17, 29, 38, 41, 42, 64, by the total indirect effects
of the jth ICT sector, the relative integration measure of the jth ICT sector with other ICT
sectors can be obtained according to

ρlj =
(Xj − xj)αlj

(Xj − xj)(
∑67

i=1 αij − 1)
=

αlj∑67
i=1 αij − 1

, l ̸= j (7)

and

ρjj =
(Xj − xj)(αjj − 1)

(Xj − xj)(
∑67

i=1 αij − 1)
=

αjj − 1∑67
i=1 αij − 1

, l = j (8)

(j, l = 17, 29, 38, 41, 42, 64).
The contribution of each ICT sector to the total economic output in the closed IO system

is

TC
j = (Xj − x̄j) ·

67∑
i=1

ᾱij , j = 17, 29, 38, 41, 42, 64, (9)

where Xj (j = 17, 29, 38, 41, 42, 64) represents the output of each ICT sector exogenously given
and ᾱij (i, j = 17, 29, 38, 41, 42, 64) are elements of the matrix L̄11. Elements ᾱij show direct,
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indirect and induced effects on the increase in production of sector i as a result of the unit
growth of final demand by sector j. More details can be found in [1, 26]. Elements

x̄i =
∑

j∈{17,29,38,41,42,64}

α̃ij d̄j , i = 17, 29, 38, 41, 42, 64 (10)

are solutions of the system of six linear equations∑
j∈{17,29,38,41,42,64}

ᾱijxj = d̄i, i = 17, 29, 38, 41, 42, 64, (11)

where the coefficients of the system, ᾱij (i, j = 17, 29, 38, 41, 42, 64) are values of the to-
tal deliveries of each ICT sector per unit of production in the closed IO system, d̄i (i =
17, 29, 38, 41, 42, 64) are known double-counting values, free terms of the system and unknowns
and x̄i (i = 17, 29, 38, 41, 42, 64) are initial cross-sectoral deliveries in the closed IO system.

Since the contribution of a specific sector to the total economy in the closed IO system is
equal to the sum of direct, indirect and induced effects, the induced effects of each ICT sector
can be calculated using

ICj = TC
j −NO

j −Xj

= (Xj − x̄j) ·
67∑
i=1

ᾱij − ((Xj − xj) ·
67∑
i=1

αij −Xj)−Xj

= (Xj − x̄j) ·
67∑
i=1

ᾱij − (Xj − xj) ·
67∑
i=1

αij , j = 17, 29, 38, 41, 42, 64.

(12)

Contributions to the total national GVA in the open and closed IO system are calculated using
the equations presented below. Based on (1), the contribution of each ICT sector to the total
GVA in the open IO system can be obtained by

T (v)Oj = (Xj − xj) ·
67∑
i=1

αij · vi, j = 17, 29, 38, 41, 42, 64, (13)

Where the value-added coefficients vi =
Vi

Xi
, i = 1, . . . , 67 represent the share of GVA of sector

i in the output of sector i. Then the indirect effects of each ICT sector in terms of GVA in the
open IO system are

N(v)Oj = T (v)Oj − Vj , j = 17, 29, 38, 41, 42, 64. (14)

The contribution of each ICT sector to the total economy in terms of GVA in the closed IO
system is

T (v)Cj = (Xj − x̄j) ·
67∑
i=1

ᾱij · vi, j = 17, 29, 38, 41, 42, 64. (15)

The induced effects of each specific ICT sector in terms of GVA can be calculated according to

I(v)Cj = T (v)Cj −N(v)Oj − Vj , j = 17, 29, 38, 41, 42, 64. (16)

The equations used to quantify the contribution of ICT sectors to employment in the national
economy, in both the open and closed IO systems, are the same as the equations for GVA, if vi

is replaced by ei, where the employment coefficients ei =
Ei

Xi
, i = 1, . . . , 67 represent the share

of the number of employees of sector i in the output of sector i.
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4. Research results

This section presents the results of the analysis of ICT sectors’ contributions to the Croatian
economy in 2010 and 2020. Estimates based on the formulas described in the previous section
are presented in terms of GVA and employment. In addition, the results provide a measure of
relative integration of ICT sectors.

Direct Indirect Induced Contribution
effects effect effects

C26 760 273 502 1 535
G46 ICT 662 374 467 1 502
J58 ICT 74 59 76 210

J61 6 085 862 1 513 8 460
J62 J63 5 160 1 533 2 409 9 102
S95 ICT 302 96 233 630

Aggregated ICT sector 13 043 3 196 5 200 21 440

Table 1: Contribution of ICT sectors to GVA in 2010, in million HRK.
Source: authors’ calculation.

Direct Indirect Induced Contribution
effects effect effects

C26 594 247 358 1 200
G46 ICT 899 410 487 1 796
J58 ICT 116 53 64 233

J61 5 726 1 820 1 610 9 156
J62 J63 8 270 1 960 37 476 13 976
S95 ICT 916 272 420 1 608

Aggregated ICT sector 16 521 4 762 6 685 27 968

Table 2: Contribution of ICT sectors to GVA in 2020, in million HRK.
Source: authors’ calculation.

From the results presented in Tables 1, 2, 3 and 4, it can be seen that in 2020, the aggregated
ICT sector, which includes all ICT producers, generated almost 28 billion HRK of GVA (8.8%
of the total Croatian GVA) and induced 115 800 jobs (6.9% of total employment). Sector
J62 J63 (computer programming and related services) recorded the highest contribution to
the Croatian economy and its importance in the last decade has increased in terms of both
GVA and employment. In the Croatian economy, the second-most important ICT sector is
telecommunication (sector code J61).

Direct Indirect Induced Contribution
effects effect effects

C26 2 579 1 810 3 004 7 393
G46 ICT 2 455 2 237 2 799 7 491
J58 ICT 608 322 453 1 382

J61 9 050 6 015 9 736 24 801
J62 J63 16 946 6 674 14 482 38 102
S95 ICT 2 035 555 1 377 3 967

Aggregated ICT sector 33 672 17 613 31 852 83 137

Table 3: Contribution of ICT sectors to employment in 2010, in number of jobs.
Source: authors’ calculation.
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Direct Indirect Induced Contribution
effects effect effects

C26 2 202 1 071 2 463 5 736
G46 ICT 4 723 2 026 2 265 9 013
J58 ICT 1 474 627 816 2 916

J61 19 036 8 478 15 120 42 634
J62 J63 25 755 9 471 12 260 47 487
S95 ICT 5 170 1 448 1 391 8 009

Aggregated ICT sector 58 359 23 120 34 315 115 795

Table 4: Contribution of ICT sectors to employment in 2020, in number of jobs.
Source: authors’ calculation.

The two most important ICT sectors in 2020 induced more than 23 billion HRK of GVA
and over 90 thousand jobs. Between them, computer programming and telecommunications
accounted for 83% of the total GVA and 78% of the jobs induced by ICT. Among other ICT
sectors, the lowest contribution in Croatia was estimated for sector J58 ICT. It can be seen
that the contribution of the ICT manufacturing industry (sector code C26) was far behind that
of ICT services. The importance of ICT manufacturing in the Croatian economy showed a
decreasing trend in terms of both GVA and employment, being approximately 20% lower in
2020 than 2010, indicating that the domestic ICT manufacturing producers are insufficiently
competitive. On the other hand, the contribution of ICT trade (sector code G46 ICT) increased
by approximately the same percentage, pointing to a growing share of imported computers and
other ICT equipment distributed by domestic traders. The relatively low level and declin-
ing trend of contribution, shown by all observed indicators, indicates that the Croatian ICT
manufacturing sector lags behind the ICT service sector.

Figure 1: Share of GVA and employment of specific ICT sectors in the GVA and employment
of the aggregated ICT sector (%).

Source: authors’ calculation.
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Figure 2: Share of GVA and employment of specific ICT sectors in the GVA and employment
of the Croatian economy (%).

Source: authors’ calculation.

Figure 1 shows the share of GVA and employment of specific ICT sectors in the GVA and
employment of the aggregated ICT sector for the years 2010 and 2020. Of all analyzed Croatian
ICT service sectors, the computer programming and related services sector recorded the highest
share. Among ICT services, the contribution of publishing services to GVA and employment
was marginal. Compared to Croatian ICT services activities, a relatively small share in terms
of GVA and employment was found for the Croatian ICT manufacturing sector, corresponding
to sector code C26.

The importance of ICT sectors to the Croatian economy can be better understood if their
contributions are expressed in relative terms. Figure 2 shows the shares contributed by the
aggregated ICT sector and its components to the total Croatian GVA and employment. In the
observed period, extraction of domestic ICT companies from the total Croatian economy would
result in a decrease of total Croatian GVA of 7.6% in 2010 and 8.8% in 2020. If there were no
domestic ICT producers, Croatian employment would decrease by 4.9% in 2010 and 6.9% in
2020. In addition to the total effects, Figure 2 presents the structure of effects distributed to
individual sectors. It can be seen that the computer programming and related services sector
contributed the most to the Croatian economy (4.4% in 2020), followed by telecommunications
services (2.9% in 2020). While computer programming significantly increased its share in the
2010–2020 period, it appears that the telecommunication industry had reached its peak by
2010.

In addition to quantifying the contribution of the ICT sector as a whole and its various
components, the methodology applied in this paper provides an interesting insight into the
mutual interdependence of ICT sectors. Using the alternative model of ICT sector extraction,
the intensity of integration between ICT sectors was estimated. By analyzing the interactions
among ICT sectors in the open IO system, it is apparent that the relative integration measure
differs for ICT sectors (see Figure 3). It can be seen that computer programming is not only the
most important sector according to the contribution to total economic activity, but producers
in this sector are also strongly integrated with other ICT companies. Most of the indirect effects
of the computer programming and related services sector are linked to the telecommunications
services sector and on itself. This points to a high level of cooperation between Croatian
companies which are engaged in production of software and other programming services.
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Figure 3: Relative integration measure of ICT sectors in the open IO system for 2020 (%).

Source: authors’ calculation.

Figure 4: Relative integration measure of ICT sectors in the closed IO system for 2020 (%).

Source: authors’ calculation.

This high level of cooperation is probably linked to the high degree of specialization of
providers of computer services, which requires them to delegate some services to subcontrac-
tors. The relatively high integration of the computer programming and telecommunications
industries is probably a result of the application of modern technologies, which have led ICT
services to become increasingly dependent on reliable, high-speed internet access. These results
are in line with the findings in previous studies [15, 20, 31], according to which the develop-
ment of programming, consulting, data processing and website maintenance services implies
the availability of quality telecommunication services, primarily high-speed broadband internet
connections.
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In the future, improved telecommunication services as a result of deployment of 5G networks
will probably induce an even higher degree of integration among ICT sectors. Higher relative
integration of ICT sectors implies that positive effects of economic expansion of one ICT pro-
ducer result in spillover of positive stimulus to other ICT companies. The telecommunications
services sector is primarily interconnected with other telecommunications companies. The ICT
wholesale trade and ICT publishing sectors are integrated more strongly with non-ICT activi-
ties than with other ICT sectors, as indicated by their low relative integration measures. The
computer repair sector had the most intensive impact on the computer, electronic and optical
products sector, while most of the indirect effects of the latter were related to intra-sectoral
deliveries. Given indirect and induced effects, the relative integration measure in the closed IO
system is lower than in the open IO system, because of the relatively low share of ICT products
in household consumption (see Figure 4).

5. Conclusion

Analysis of the relationships between a certain sector and other productive sectors is essential
in assessing the structural role of the sector within the economic system. As ICT sectors are
identified as important economic growth accelerators in many economies, in this paper, the roles
of the ICT sectors in the Croatian economy were analyzed. The ICT industry’s inter-industrial
linkage and the competitive advantage through those linkages in the Croatian national economy
were also examined. A broad overview of the economic effects of ICT sectors and integration
among them was provided.

The aggregated ICT sector generated 8.8% of total Croatian GVA and induced 6.9% of
total Croatian employment in 2020. According to both indicators, the role of the ICT industry
in the Croatian economy increased from 2010 to 2020. Economic effects in Croatia are highly
concentrated in two of the most important ICT sectors: computer programming and related
services and telecommunication services, which together induced 83% of total GVA and 78%
of total jobs. On the other hand, publishing activities specific to ICT recorded the lowest
contribution. While most ICT activities recorded relatively strong growth in the analyzed
period, computer, electronic and optical products was the only ICT sector that recorded a
decrease in contribution. This indicates that the Croatian ICT manufacturing sector is less
competitive and lags behind the ICT service sectors.

The relative integration measure of ICT sectors indicates that producers in the computer
programming, consultancy and related services sector are strongly integrated with other ICT
companies, primarily with telecommunications services and other producers in the same branch.
Those two sectors are mutually supportive. Due to globalization and internationalization of
ICT services, computer programming and related services require a high quality of telecommu-
nications services, especially during 2020 when the COVID-19 pandemic additionally limited
human mobility and in-person contact. The ICT wholesale trade and ICT publishing sectors are
poorly integrated with other ICT sectors, but are more strongly integrated with other Croatian
productive sectors. The ICT repair services sector by its nature needs computer components
delivered from the computer, electronic and optical products sector, while the computer pro-
duction sector, except intra-sectoral deliveries of computer components, has negligible effects
on other ICT sectors.

The limitations of this research are primarily related to the assumption of constant technical
coefficients, which is a standard assumption in IO analysis. Technical progress over time leads
to changes in production technology and potential changes in technical coefficients. Therefore,
the assumption of constant technical coefficients is acceptable only in the short term and if the
structure of economic sectors changes slowly over time.

The results present an analytical background which could be used in the development of
strategies aimed at increasing the role of ICT sectors in future economic growth in Croatia.
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Policy measures supporting ICT producers could result in significant positive multiplicative
effects. The presented model of ICT sector extraction is applicable to the analysis of ICT
sectors in all economies using the same classification of activities. In future work, the model
could be used for comparative analysis of ICT sectors between European Union economies.
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doi:10.17549/gbfr.2020.25.1.13
[20] Kneller, R., Timmis, J. (2016). ICT and Exporting: The Effects of Broadband on the Ex-

tensive Margin of Business Service Exports. Review of International Economics, 24, 757-796.
doi:10.1111/roie.12237

[21] Lee, D. H., Hong, G. Y. and Lee, S. G. (2019). The relationship among competitive advantage,
catch-up, and linkage effects: a comparative study on ICT industry between South Korea and
India. Service Business, 13, 603–624. doi:10.1007/s11628-019-00397-2

[22] Li, Y., Lee, S. G. and Kong, M. (2019). The industrial impact and competitive advantage of
China’s ICT industry. Service Business 13, 101–127. doi:10.1007/s11628-018-0368-7

[23] Matei, A., and Savulescu, C. (2012). Empirical analysis of ICT, economic growth and com-
petitiveness in the EU. In: Proceedings of the international conference on ICT manage-
ment for global competitiveness and economic growth in emerging economies (ICTM 2012).
https://ssrn.com/abstract=2173340 [Accessed 20/8/2022].

[24] Mattioli, E. and Lamonica G. R. (2013). The ICT role in the world economy: an input-output
analysis. Journal of World Economic Research, 2(2), 20-25. doi:10.11648/j.jwer.20130202.11

[25] Miller, R. E. and Lahr, M. L. (2001). A taxonomy of extractions. Regional Science Perspectives
in Economics: A Festschrift in Memory of Benjamin H. Stevens. Amsterdam: Elsevier Science.

[26] Miller, R. E. and Blair, P. D. (2009). Input-Output Analysis: Foundations and Extensions. New
York: Cambridge University Press.

[27] Min, Y. K., Lee, S. G. and Aoshima, Y. (2019). A comparative study on industrial spillover effects
among Korea, China, the USA, Germany and Japan. Industrial Management and Data Systems,
119(3), 454–472. doi:10.1108/IMDS-05-2018-0215

[28] Popova, I., Popov, O. and Dalin, R. (2005). ICT knowledge 4 ICT diffusion. Information and Com-
munication Technologies and the Knowledge Economy, 2, 792-799. Available at: http://www.diva-
portal.org/smash/record.jsf?pid=diva2%3A28683&dswid=2596

[29] Stamopoulos, D., Dimas, P. and Tsakanikas, A. (2022). Exploring the structural effects of the
ICT sector in the Greek economy: A quantitative approach based on input-output and network
analysis, Telecommunications Policy, 46(7), 102332. doi:10.1016/j.telpol.2022.102332

[30] United Nations. (2008). International standard industrial classification of all economic activities.
Statistical papers, Series M No. 4/Rev. 4, New York: Department of Economic and Social Affairs.

[31] van der Marel, E. (2021). Digital-based Services Globalization and Multilateral Trade Cooperation.
Global Policy, 12(3), 392-398. doi:10.1111/1758-5899.12941

[32] Vu, K. M. (2011). ICT as a source of economic growth in the information age: Em-
pirical evidence from the 1996-2005 period. Telecommunications Policy, 35(4), 357-372.
doi:10.1016/j.telpol.2011.02.008

https://doi.org/10.17549/gbfr.2020.25.1.13
https://doi.org/10.1111/roie.12237
https://doi.org/10.1007/s11628-019-00397-2
https://doi.org/10.1007/s11628-018-0368-7
https://ssrn.com/abstract=2173340
https://doi.org/10.11648/j.jwer.20130202.11
https://doi.org/10.1108/IMDS-05-2018-0215
http://www.diva-portal.org/smash/record.jsf?pid=diva2%3A28683&dswid=2596
http://www.diva-portal.org/smash/record.jsf?pid=diva2%3A28683&dswid=2596
https://doi.org/10.1016/j.telpol.2022.102332
https://doi.org/10.1111/1758-5899.12941
https://doi.org/10.1016/j.telpol.2011.02.008


Croatian Operational Research Review 173
CRORR 13(2022), 173-185

The independent component analysis with the linear regression –
predicting the energy costs of the public sector buildings in Croatia

Marinela Mokrǐs1,2,∗
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Abstract. In the European Union, the public sector buildings are considered significant energy con-
sumers and are, thus, the subject of several directives that aim to ensure the renovation of existing and
the construction of new buildings as nearly zero-energy buildings. Therefore, as part of the decision
making, it is necessary to properly plan the renovation or construction. This research provides models
for predicting the energy costs of the public sector buildings, which are dependent upon its character-
istics (i. e., constructional, occupational, energy, etc.). For this purpose, a real data set of Croatian
public buildings was used, which included 150 variables and 1724 observations. Since the data set
consisted of a large number of variables, the motivation for the dimensionality reduction was addressed
first. Then, the independent component analysis, the principal component analysis, and the factor
analysis were performed as the dimensionality reduction methods for variable extraction. The results
of these analyses were used as inputs for modelling the energy costs of the public sector buildings. The
obtained models were compared to the model built on original variables. The obtained models show the
application potential in decision making for building renovation and construction in the public sector
of Croatia, whereas the best performance of prediction in terms of RMSE and SMAPE was achieved
by the model that integrated the independent component analysis with the linear regression.

Keywords: energy cost, factor analysis, independent component analysis, prediction, principal com-
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1. Introduction

Excessive energy consumption causes both large financial costs and environmental pollution,
which contributes to climate change and global warming (greenhouse gas emissions, etc.). The
European Union is investing considerable effort in energy, which is evident from its following
directives. In 2012, under the Energy Efficiency Directive 2012/27/EU, the EU set an objec-
tive to increase energy efficiency and to achieve saving 20 % of the Union’s primary energy
consumption by 2020 compared to projections made in 2007 [13]. In the Directive 2018/2002,
the EU set the goal to improve energy efficiency by 2030 by decreasing energy consumption
for at least 32.5 % [15]. Furthermore, according to the Directive 2010/31/EU, 40 % of total
energy consumption in the EU belongs to the ever-expanding building sector. Within that same
Directive, EU set the goal that all new public buildings constructed after 2018, and residential
buildings constructed after 2020, should be nearly zero-energy buildings (nZEB) [12]. Moreover,
in the Directive 2018/844, the EU set the goal to ensure the renovation of existing buildings
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into nZEB [14]. Therefore, the motivation for the energy consumption modelling of the public
sector buildings, which is dependent upon its characteristics, is evident.

The sample for this research is based on a real data set obtained from Croatian Energy
Management Information System (EMIS), and consists of 1724 observations on 150 variables.
Even though the data set used for this research is not high-dimensional, since [21] consider
a data set as high-dimensional if the number of variables p is larger or much larger than the
number of observations N , the data set is undoubtedly large. Consequently, a need for a
dimensionality reduction will be justified in the following section of the paper.

The aims of this paper are: (1) to consider difficulties caused by the large number of variables
in the model, (2) to reduce the dimensionality of the given data set by using the ICA, the PCA
and the FA, and (3) to create models for predicting the energy costs (as a measure of energy
consumption) of the public sector buildings and to compare their performances. By reducing
multicollinearity and other negative aspects of a large number of correlated variables, it is
assumed that a model with input obtained by the ICA, the PCA and the FA will ultimately
achieve better performance than a model built on original variables. Finally, the expected
scientific contributions of this research are: (1) the explanation of the effects that can be
caused by a large number of variables, (2) the explanation of the advantages and disadvantages
of the ICA method regarding the PCA and the FA, and (3) their application in building models
for predicting energy costs and evaluation of their prediction performance.

The rest of the paper is structured as follows: Section 2 provides the theoretical frame-
work and previous research, Section 3 focuses on the independent component analysis as the
dimensionality reduction method and gives a comparison between the ICA, the PCA and the
FA. Further, the linear regression is explained and the data are presented. The results and the
discussion are provided in Section 4. Finally, the implications and the conclusion of the research
are given in the last section.

2. Theoretical framework and previous research

Nowadays, many measurements and variables are being collected. In that sense, there is a clear
discrepancy in the standard statistical methodology where one has dealt with many observations
for several carefully selected variables based on certain theoretical or scientific knowledge [10].
Discovering relevant and non-redundant information from the collected data simultaneously is
an important task [35].

2.1. Theoretical framework

The “blessings of dimensionality” and the “curse of dimensionality” are two common terms men-
tioned in the literature that are considered to be the “two sides of the same coin” [18]. Gorban
et al. in [18] and [17] concluded that if a data set is high-dimensional, then, surprisingly, certain
problems tend to be solved more easily, i. e., by simple and robust old methods and, ultimately,
a fundamental trade-off between complexity and simplicity in high-dimensional spaces exists.
They have also discussed the main benefits (blessings) of dimensionality that are founded on
the measure phenomena “which suggest that statements about very high-dimensional settings
may be made where moderate dimensions would be too complicated”. On the other hand, the
term “curse of dimensionality” relates to many problems that become exponentially difficult in
high dimensions [17]. Dimensionality reduction is widely used as a preprocessing step in data
mining and discovering knowledge from the data. The methods can usually be divided into the
variable selection and the variable extraction approaches. The variable selection approach refers
to methods that select the subset of relevant variables, while the variable extraction methods
return new variables as a function of the original variables, i. e., transform data, potentially
to a space of fewer dimensions. Dimensionality reduction is also necessary in order to facilitate
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the data visualization and understanding, reducing training and utilization times, and reducing
measurements and storage requirements [19].

Hair et al. in [20] stated that the success of any multivariate technique depends on the
decision of the variables which are going to be used as dependent (explained) and independent
(explanatory) variables. The multiple regression analysis was performed after reducing dimen-
sionality, and the importance of that decision within the multiple regression context follows.
Namely, [20] emphasized three issues that researchers should keep in mind when making that
decision: a strong theory, the measurement error and the specification error. A strong theory
implies that the selection of the dependent and independent variables should be based on the
conceptual or theoretical grounds. The measurement error refers to the degree to which the
variable is an accurate and consistent measure of the concept being studied. If the variable used
as the dependent measure has a substantial measurement error, then even the best independent
variables may be unable to achieve acceptable levels of predictive accuracy. Nevertheless, the
specification error is considered as the most problematic issue in the independent variable selec-
tion as it concerns the inclusion of irrelevant or the omission of relevant variables from the set
of independent variables. An inclusion of an irrelevant variable may increase multicollinearity.
Multicollinearity refers to an extent to which a variable can be explained by other variables in
the analysis. If it is abundantly present, due to the independent variables’ interrelationships,
it complicates the interpretation of the regression model and it is more difficult to ascertain
the effect of any single variable. For example, it can change the value or sign of the estimated
coefficients, which could lead to certain statistically significant variables becoming insignificant.
Therefore, multicollinearity effects the estimation of the regression coefficients, as well as their
statistical significance, and it also effects the predictive ability of the regression model. What
is more, with increasing multicollinearity the total variance explained decreases, which is the
reason why multicollinearity may make the independent variable’s statistical significance testing
less precise and may reduce the statistical and practical significance of the analysis [20].

2.2. Previous research

With the advancement of machine learning, many methods from those fields are used for di-
mensionality reduction, such as convolutional neural networks [8], support vector machines
[41], decision trees [42] and others. Information criteria such as joint mutual information max-
imisation [4], statistical methods such as random forest and its Gini importance [39], [48],
correlations, χ2 test [48], and many other methods for dimensionality reduction are also used.
One of the most commonly used statistical variable extraction methods is the principal com-
ponent analysis (PCA) which transforms the starting space into a lower-dimensional one by
converting it into a new set of variables - principal components. Those are obtained by solv-
ing the eigenvectors and eigenvalues of the covariance/correlation matrix and are uncorrelated
and selected to retain most of the variations present in the original variables [28], [29]. In the
context of energy consumption, [32] used the principal components regression method to vector
autoregression model for the electricity consumption prediction.

The independent component analysis (ICA) “can be seen as a refinement of principal compo-
nent analysis or factor analysis” [40]. What distinguishes the ICA among classical multivariate
statistical methods, is the assumption of non-Gaussianity, which could capture the identification
of original, underlying components in a multivariate data [25]. Therefore, it is not unexpected
that it is quite commonly used, mainly for signal processing and data analysis. For example,
[27] presented various applications of this method, including variable extraction, biomedical
signal processing, image processing, telecommunications and econometrics. Various authors in
biomedicine used this method for extracting main characteristics from gene expression [11],
from EEG [25], and for functional magnetic resonance imaging [35]. Further, the ICA was also
used in semantic purposes where it performed better than other methods, like hierarchical clus-
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tering, in order to find invisible information from the data [7]. It was also used combined with
the PCA and neural networks for predictions in the stock market [36]. [25] also provided recent
developments in the ICA, which included various topics, such as analysis of causal relations and
others. Although the ICA has many different applications, this paper will focus on examining
its application in the context of energy costs.

Additionally, the literature review shows that in the field of public sector building energy,
authors have dealt with modelling energy consumption, energy consumption by individual en-
ergy source, energy costs, and energy intensity. Methods such as support vector machine [16],
decision trees [16], [46], Stochastic Impacts by Regression on Population, Affluence, and Tech-
nology (STIRPAT) [37], ridge regression [37], partition trees [49], CART [51], random forest
[49], [51], and linear regression [24], [49], [50] were used. Neural network was also commonly
used, as in [16], [38], [1], [48], [43], [9], [49], and [50]. The methods were performed on the whole
sample or on a sample divided into clusters, as in [38] and [22]. In addition to the methods
mentioned above, various optimizations (e. g., [2]), simulations (e. g., [9]), and also different
tools (such as the Energy Plus Software [9], [2], and others) were used.

3. Methodology and data

In this section, the independent component analysis is presented first and is followed by com-
parisons to the principal component analysis and the factor analysis. Then, the usage of the
linear regression method within this context is explained and, finally, the data set is described.

3.1. Independent component analysis

Independent component analysis (ICA) was originally designed to deal with the ”cocktail party”
problem [27], and although, today, the ICA is utilized for many various purposes, the “cocktail
party” problem will be provided as the motivation for conducting the ICA.
Suppose that two people spoke at the same time on two microphones located in different
locations. Two different signals, x1(t) and x2(t), were recorded, where x1 and x2 are amplitudes
and t is the time index. Each of the recorded signals is the weighted sum of the speech signals
of the two people who talked, denoted by s1(t) and s2(t) respectively, or:

x1(t) = a11s1(t) + a12s2(t)

x2(t) = a21s1(t) + a22s2(t),

where a11, a12, a21, and a22 are unknown parameters which depend on the distance of the person
from the microphone, while s1(t) and s2(t) are the original sources which are also unknown. It
would be desirable to estimate the two original sources s1(t) and s2(t) from x1(t) and x2(t),
which is known as the ”cocktail party” problem. If the values a11, a12, a21, and a22 are known,
the problem could be solved by simply inverting the linear system. Not knowing both the
parameters aij and the source si(t) makes the problem much more difficult.

One way to solve this problem would be to use certain statistical properties of the signal si(t)
to estimate both aij and si(t). It is enough to assume that si(t) are statistically independent at
any time t. This is not an unrealistic assumption in many cases and may not be entirely accurate
in practice. The independent component analysis can be used to estimate the parameters aij
based on the independence of si(t), which then allows to extract the original signals si(t) from
their mixtures xi(t). In the rest of the paper, the time index t will be omitted because it is
assumed that every xi and si are random variables, so then every xi(t) and si(t) are realizations
of those random variables.

The problem of the ”cocktail party” is also an example of the blind source separation prob-
lem [26]. Within that problem, situations are observed in which a source emits a number of
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signals, for example, different areas of the brain emit electrical signals, or mobile phones emit
radio waves. It is also assumed that there are several sensors or receivers which are in different
positions. Each of them records a mixture of source signals with a different weight. “Source”
means the source signal, while “blind” means that very little, if anything, is known about the
mixing matrix and little is assumed about the source signals. ICA solves that problem.

Definition and assumptions

To define the independent component analysis assume that n linear mixtures x1, ..., xn of n
independent components s1, ..., sn are observed:

xi = ai1s1 + ai2s2 + · · ·+ ainsn =

n∑
j=1

(aijsj),∀i = 1, . . . , n.

The independent components (ICs) s1, ..., sn are latent variables, meaning that they cannot
be directly observed. Mixing coefficients aij , i, j = 1, . . . , n are also assumed to be unknown.
It is, therefore, necessary to estimate both latent variables s1, ..., sn and mixing coefficients
aij , i, j = 1, . . . , n using observations x1, ..., xn [27], [26]. The IC model is a generative model,
which means that it describes how the observed data are generated by the process of mixing
the components s1, ..., sn.

Let us denote by x the random vector whose elements are the x1, ..., xn, by s the random
vector with elements s1, ..., sn and by A the matrix with elements aij , i, j = 1, . . . , n. Then, the
IC model can be written as:

x = As.

The following theoretical assumptions and restrictions are required for the IC model to be
estimated: (1) the components si are mutually independent, (2) components si come from
a non-Gaussian distribution, (3) without loss of the generality, it can be assumed that the
expectation of mixed signals xi and components si is zero (if it is not zero, they should be
centred), and (4) for simplicity, it will be assumed that matrix A is square, i. e., there is an
equal number of mixed and original signals, although this condition can be relaxed [26].
After estimating the matrix A, its inverse, say B, can be calculated and the independent
components can be obtained simply by:

s = Bx.

Here, it is also assumed that matrix A is invertible. If this is not the case, there are redundant
mixtures that could be omitted, in which case matrix A would no longer be square; which
is again the case when the number of mixtures is not equal to the number of independent
components [26].

Thus, according to the previous four assumptions (or at least the first two), the IC model
can be identified, meaning that the mixing matrix and the independent components can be
estimated up to some trivial uncertainties which will be discussed shortly.

Estimation
Now, the question is how to get independent components, i. e., how to estimate the matrix
A? Non-Gaussianity is the key to estimating the IC model, with a central limit theorem in the
background that claims that the distribution of the sum of independent random variables tends
towards the Gaussian distribution, under certain conditions. Thus, the sum of two independent
random variables usually has a distribution that is closer to Gaussian than either of the two
original random variables [26].

Suppose that all of the independent components have an identical distribution. To estimate
one of the independent components, consider a linear combination of xi which can be denoted
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by y, i. e. y = wTx =
∑

i wixi where w must be determined. If w is row of the matrix inverse
to the matrix A, the linear combination, y, is just one independent component. How to use the
result of the central limit theorem in this context?

Let us define z with z = ATw. y is then y = wTx = wTAs = zT s, i. e., a linear combination
of si with weights zi. According to the central limit theorem, zT s is more Gaussian than any
si, and is least Gaussian when it is exactly equal to si, which is true when exactly one of zi
is non-zero. Therefore, if w is a vector that maximizes the non-Gaussianity of wTx, it will
correspond to z which has exactly one component other than zero. This further means that
wTx = zT s is equal to one independent component. In that way, one independent component
is obtained. The n-dimensional space of the vector w has 2n local maxima, two for each
independent component, which corresponds to si and −si (independent components can be
estimated only up to the sign). To find all the independent components, it is necessary to
find all those local maxima. Because the independent components are uncorrelated: one can
always limit the search to a space that gives estimates uncorrelated with the previous ones.
This corresponds to orthogonalization in a suitably transformed space.

Besides maximizing non-Gaussianity, minimization of mutual information and maximum
likelihood estimation can also be used in order to estimate the IC model. All approaches are
(approximatively) equivalent (more can be read in [27] and [26]).

The mixing matrix and independent components can be estimated with some uncertain-
ties: (1) the variances (energies) of independent components cannot be determined, and (2)
the order of independent components cannot be determined, which could be considered as a
disadvantages of the ICA.

Preprocessing

Before applying the ICA on the data, it is usually very useful to do some preprocessing tech-
niques that make the problem of ICA estimation simpler. The techniques are centering and
whitening [27], [26]. Centering of the observed vector x is performed by subtracting its mean
in order for it to be zero-mean. On the other hand, whitening of x refers to a transformation
after which a white vector is obtained, i. e. a vector with components that are uncorrelated
and whose variances equal unity.

Furthermore, since it is mentioned that independent components cannot be naturally or-
dered, the fundamental issue is also to determine the number of generated independent compo-
nents. There are several theoretical approaches to this. Some of them were originally developed
for PCA analysis (e. g., the Kaiser rule [6]), whereas others use information theory (e. g., the
Akaike information [6]) or are based on cross-validation [30], [5]. However, few methods have
been proposed specifically for the ICA analysis. For example, the Bayesian information crite-
rion (BIC) can be applied to the Bayesian formulation of ICA to select the optimal number of
components [33]. [30] defined a novel criterion that considers the global properties of transcrip-
tomic multivariate data. The Maximally Stable Transcriptome Dimension (MSTD) is defined
as the maximal dimension at which the ICA still does not generate a large proportion of highly
unstable signals. In addition, components can also be ranked according to the value of the
non-Gaussianity measure used (e. g., kurtosis) or the variance explained by the components,
etc.

Nevertheless, since whitening is a very simple and standard procedure, it is advisable to
reduce the complexity of the ICA problem by reducing the dimension of the data at the same
time as performing whitening [27]. In this research, whitening was performed with the PCA, as
in [27], because the PCA is a whitening procedure that can also discard some of the principal
components and, at the same time, reduce the dimensionality. Criteria such as the scree graph,
the percentage of the variance of each principal component (the Kaiser rule), the cumulative
percentage of total variance [28] and the parallel analysis [23] were compared in order to deter-
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mine the number of retained principal components.

FastICA algorithm

One of the most commonly used algorithms for independent component analysis is the FastICA
algorithm with properties as follows: (1) convergence is cubic (or at least square) under the
assumptions of the IC model, (2) it is easy to use since, unlike gradient-based algorithms, a step
size parameter does not have to be selected, (3) finds the independent components of almost
any abnormal distribution using any nonlinear function g, unlike in many algorithms where
some estimate of the probability distribution function must be initially available, and then the
nonlinearity selected accordingly, (4) the performance of the algorithm can be optimized by se-
lecting a suitable nonlinearity g (especially, robust and/or minimal variance algorithms can be
obtained), (5) independent components can be estimated one by one, which is roughly similar
to the search for a projection, and (6) it is parallel, distributed, computationally simple, and
requires little memory space [27].

Comparison between the principal component analysis and the factor analysis (FA)

PCA is a linear transformation based, mostly, on the variance maximization representation
that is not based on a generative model, although it can be derived from one. The PCA
model is invertible if all principal components are retained. Once the principal components are
found, the original observations can be expressed as their linear functions, and the principal
components can also be easily obtained as linear functions of the observations. On the other
hand, the FA model is a generative latent variable model; the observations are expressed by
the factors, but the values of the factors cannot be calculated directly from the observations.
Furthermore, the FA, like the PCA, is a purely second-order statistical method: only covariances
between the observed variables are used in the estimation, which is due to the assumption of
Gaussianity of the factors. Finally, the factors are assumed to be uncorrelated, which also
implies independence in the case of Gaussian data. On the other hand, the ICA is a similar
generative latent variable model, where the factors or independent components are assumed to
be statistically independent and non-Gaussian, which is a much stronger assumption [26].

When considering the problem of blind source separation, it would be possible to find
many different uncorrelated representations of the signals that would not be independent and
would not separate the sources, i. e. uncorrelatedness by itself is not enough to separate the
components which is the reason why the PCA or the FA cannot separate the signals. The
PCA and the FA yield components that are uncorrelated, and independence is a much stronger
property than uncorrelatedness [26].

In this research, all three mentioned dimensionality reduction methods were performed
separately.

3.2. Linear regression

Linear regression is one of the most widely used method in social sciences [47]. The standard
model can be written as:

y = β0 + β1x1 + · · ·+ βpxp + ϵ,

where y is the explained (dependent) variable, x1, ..., xp are explanatory (independent) variables,
β0 is the intercept, β1, ..., βp are coefficients associated with variables x1, ..., xp and ϵ is the error
term. The ordinary least squares method is used to estimate the model coefficients [47].
In this research, four linear regression models were produced to predict the energy costs of the
public sector buildings. Model 1 uses the original variables as explanatory variables, Model 2
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uses the independent components obtained from the ICA as the explanatory variables, Model
3 uses the principal components obtained through the PCA, whereas Model 4 uses the factors
extracted by the FA as explanatory variables. Adjusted coefficient of determination (R2), root
mean square error (RMSE) and symmetric mean average percentage error (SMAPE) were used
for the evaluation of the models’ prediction performance and the comparisons between the
models.

3.3. Data

The real data set that was used was obtained from the Energy Management Information System
(EMIS), which is managed by the Agency for Legal Trade and Real Estate Brokerage (APN)
in Croatia. It consists of the of the following characteristics of the public sector buildings in
Croatia: constructional (share of windows, number of floors, energy coefficients of character-
istic parts of the building, etc.), geospatial (region, county, etc.), meteorological, occupational
(number of users, number of used days in a year, number of used hours in a day, etc.), energy
data (energy costs), and heating and cooling characteristics (heated / cooled surface, internal
heating / cooling temperature, etc.).

The total data set contains 1724 observations on 150 variables. 149 of them are explanatory
variables, whereas the annual energy costs is an explained variable. For the ease of reading and
clarity of the paper, the descriptive statistics of the variables are omitted. Before producing
a linear regression models to predict the energy costs of the public buildings, the sample was
first divided into a training and a testing part in the ratio 80:20, i. e., 1379 observations were
in training, whereas 345 obsevations were in the testing part.

The Kaiser-Meyer-Olkin measure of sampling adequacy is used to check whether the corre-
lation matrix of the sample is suitable for conducting the factor analysis, and is also used for
the purposes of the principal and independent components analysis [31]. The Bartlett’s test is
used for the same purpose as it tests whether a correlation matrix is an identity matrix [3].

4. Results and discussion

The whole following analysis was performed in the R software. Firstly, the Kaiser-Meyer-Olkin
(KMO) measure and the Bartlett’s test were used in order to check the sampling adequacy.
The KMO measure resulted in 0.85, and the Bartlett’s test showed the p-value as significant (p-
value = 0). Both of which justifiy the adequacy of sampling. As a first preprocessing step, prior
the independent components analysis, the explanatory variables were centered by subtracting
their means. The second step that precedes the ICA was whitening. Within that step, the
principal component analysis was performed. The principal component analysis was chosen as
a whitening procedure since the independent component analysis does not sort the components,
and, in that way, does not perform the dimensionality reduction by itself, while the principal
component analysis can discard some of the principal components according to certain criteria.
In order to determine a number of retained principal components, the following criteria were
compared: (1) the scree graph, (2) the Kaiser rule, (3) the cumulative percentage of total
variance, and (4) the parallel analysis. The scree graph is shown in Figure 1., and the results
according to all criteria are presented in Table 1.
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Figure 1: Scree graph

Criteria Number of retained princi-
pal components

Total variance explained (%)

Scree graph 5 27.16 %
Kaiser rule 45 76.48 %
Cumulative percentage of
total variance

37 70.69 %

Parallel analysis 34 68.26 %

Table 1: Number of retained principal components according to all used criteria and percentage of the total variance
that is explained

The parallel analysis results were used, and 34 components were retained as they explain a
substantial proportion of the total variance (68.26 %), while, at the same time, reduce the
dimensionality the most.

The independent component analysis was then performed by the FastICA algorithm, which
resulted in 34 components that are as independent and non-Gaussian as possible. Consequently,
the original data set of buildings characteristics was significantly reduced, from 149 to 34
dimension. This finding is in conjunction with the literature that states that this method greatly
contributed to reducing the dimensionality of the data set and extracting main underlying
components from various data.

Moreover, for the purpose of a comparison, the factor analysis was also performed. The
FA resulted in 39 factors (as suggested by the parallel analysis) that also explain a substantial
proportion of the total variance (65.2 %).

Finally, four different linear regression models were trained and their performance on the
testing subsample was evaluated. Model 1 was trained on original variables, Model 2 on in-
dependent components, Model 3 on principal components and Model 4 on factors as input
(explanatory variables). The models were compared in terms of adjusted R2 coefficient, RMSE
and SMAPE with results given in Table 2.

Model 1 Model 2 Model 3 Model 4

R2 [%] 80.06 71.97 68.21 80.06
RMSE 274 107.5 180 289.8 195 728.1 274 107.5
SMAPE 54.78 49.15 60.25 54.78

Table 2: The evaluation of models performance



182 Marinela Mokrǐs

It can be seen that Model 2, Model 3 and Model 4 reduced the dimensionality to a certain
extent. In addition, Model 4 (FA - LR) had the same performance as Model 1 (LR) in terms
of R2, RMSE and SMAPE. Model 1 and Model 4 had the highest R2, but also the highest
RMSE, while they had SMAPE lower than Model 3 (PCA - LR). Model 3 also had the lowest
R2 coefficient. Finally, Model 2 (ICA - LR) had the R2 coefficient lower than Model 1 and
Model 4, but it resulted in the lowest RMSE and SMAPE errors. Therefore, it can be said that
Model 2 outperformed other models in terms of prediction.

5. Conclusion

This paper initially addressed the motivation for building a model which predicts the energy
costs of the public sector buildings. Considering that the building sector is one of the largest
individual consumers of energy, in order to be able to implement the directives of the European
Union to increase energy efficiency and achieve nearly zero-energy buildings, it is necessary to
properly plan measures for the construction of new buildings or the renovation of existing ones.
A real data set of public sector buildings in the Republic of Croatia was used, which contained
a large number of variables (construction, occupational, energy, etc.). The effects that can
be caused by a large number of variables in the model was discussed in terms of “blessings”
and “curses” of dimensionality, with the emphasis on the latter. It is also mentioned that an
inclusion of an irrelevant variable may increase multicollinearity and a technique’s ability to
fit the sample data, with a cost of overfitting the sample data and making the results less
generalizable to the population, whereas the omission of relevant variables can bias the results
and negatively affect any interpretation.

Secondly, the analysis of independent components was conducted and presented as one of
the methods for reducing dimensionality, i. e., extraction of variables. It is a method that
has recently become more common in order to find the hidden factors behind a set of random
variables. The method estimates a linear representation from the data that would consist of
components that are statistically independent (or at least as independent as possible) and non-
Gaussian. It is often considered as an extension of the principal component analysis or the
factor analysis. Therefore, a comparison between the principal component analysis and the
factor analysis is provided, along with the motivation, definition, assumptions, estimation and
ambiguities of the independent component analysis. In addition, the main properties of the
FastICA algorithm, one of the most commonly used algorithms for the independent component
analysis, were mentioned. Furthermore, since the ICA does not result in sorted components,
in this paper, data whitening was performed by the principal component analysis that may,
according to certain criteria, discard some of the components. In this paper, criteria such as
a scree graph, the percentage of the variance of each principal component (the Kaiser rule),
the cumulative percentage of the total variance and the parallel analysis were compared and
34 components were retained, as suggested by the parallel analysis, which explained around
68.26 % of the total variance. The FastICA algorithm was performed in order to estimate
independent components and the initial set of explanatory variables were reduced from 149 to
34 dimensions. Moreover, the factor analysis was performed which resulted in 39 factors that
explained 65.2 % of the total variance.

Finally, the ultimate goal of this research was to create a model for estimating and predicting
the annual energy costs of the public sector buildings based on the mentioned characteristics.
With that purpose, four different linear regression models were created and evaluated: Model 1
was conducted on original variables, Model 2 was conducted on independent components, Model
3 was conducted on principal components and Model 4 was conducted on factors as input. The
purpose of all models is to support decision-making and planning for the implementation of
energy renovation measures or construction of buildings. The models were compared in terms
of adjusted R2 coefficient, RMSE and SMAPE on testing the sub-sample, and Model 2 resulted
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in the lowest RMSE and SMAPE errors. Finally, Model 2 could be implemented in the infor-
mation system of decision makers in order to be used in planning measures for the construction
of new buildings or renovation of existing ones. This is an important applied contribution in
the context of achieving energy efficiency and the objectives of the European Union directives.
Further research should include many different dimensionality reduction methods, e. g., meth-
ods and optimization algorithms for variable selection, and methods for modelling this data
set such as machine learning methods, in order to achieve the best prediction performance.
However, more accurate models could be created if data on the characteristics of the buildings
before and after renovation were available. It would then be possible to directly observe and
model differences in energy costs over time. The limitation of the buildings’ characteristics used
in this research is that they were collected at one point in time and there is no information on
the changes that occurred as a result of renovations. This could be solved by changes in the
information system of the decision makers and by introducing the obligation to enter such data
in the information system when a change in the buildings’ characteristics occurs. Ultimately,
that could have a significant impact not only on governmental financial costs, but also on the
environmental care and sustainability.
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1. Introduction

In view of the experiences derived from less developed countries, a significant section of policy
makers argued in favor of dismantling total government control of the infrastructure and the
financial services industries. A growing body of research literature has also provided support
in favor of deregulation of these industries, as empirical evidence suggested that government-
directed allocation of resources promoted misallocation of resources and provided undue benefits
to certain groups of beneficiaries. Becker [6] provided a theoretical model of competition among
political pressure groups that compete with each other for the directed allocation of benefits.
Averch and Johnson [2] pointed out that the presence of regulatory control promotes inefficiency
in operation and pricing by the service provider. The realization that both the entry and
regulatory policies of the insurance market need to be reviewed led to the introduction of entry
deregulation and prudential regulations for the insurance companies.

In the context of the Indian insurance sector, the general (non-life) insurance market was
fully controlled by four public sector general insurance companies between 1973 and 1999. The
absence of competition and the presence of tariff control in the industry resulted in distorted
and slow growth for the sector and hindered product discovery. Following the implementation
of the financial sector reform in India (since 1991), the government took steps to extend policy
deregulation to the insurance sector as well. Based on the recommendations by the Indian
General Insurance Sector, the industry experienced two crucial regulatory changes in 1999 (the
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establishment of the Insurance Regulatory and Development Authority as the market regulator
and the deregulation of entry). The changes facilitated the growth of the number of private
sector service providers in the market, and this in turn promoted scale and scope economies.
The deregulation of private sector entry in the Indian general insurance sector in 1999 has
resulted in a significant expansion of the industry in terms of size and product variety during
the last two decades.

Given the developments in the general insurance sector, several research studies (e.g., [19, 28,
29]) have estimated the relative efficiency performance of Indian general insurance companies
for the post-reform period using Data Envelopment Analysis (DEA), which is a non-parametric
approach i.e., it does not assume any specific parametric relationship between the inputs and
outputs of production. However, the DEA approach is incapable of capturing the statistical
noise present in the relationship. Another limitation of the DEA approach is that the production
frontier is constructed on the basis of a few influential observations and is quite sensitive to
outliers. The present study seeks to remove the difficulties by adopting a stochastic DEA
approach [25]. The approach used in the present study includes a stochastic noise term and
estimates efficiency on the basis of the entire panel of observations. The study uses a two-
stage approach. In the first stage, we have estimated insurer-wise efficiency for 15 general
insurers for the period 2012/13 - 2017/18 (post-global financial crisis period). The adoption of
a robust methodology of frontier estimation on panel data enables us to make an inter-temporal
comparison of efficiency performance as efficiency is evaluated on the basis of a global frontier.
In the second stage, we have regressed the efficiency scores estimated in the first stage on several
environmental variables which influence efficiency performance indirectly. The paper includes
five sections and proceeds in the following manner.

The paper is organized as follows. Section 2 gives an overview of the Indian general insurance
industry. Section 3 provides a brief discussion of the related efficiency literature pertaining to
both India and other countries. Section 4 discusses the methodology used in the present study,
the competing estimation paradigms, and the data used. Section 5 presents and analyzes the
results, while Section 6 concludes the paper.

2. General insurance industry in India

India had more than a hundred general insurance companies in operation at the time of its na-
tionalization in 1972. The general insurance business was taken over by the government during
this year by merging the existing private-sector general insurers. The process of nationalization
involved the establishment of the General Insurance Corporation as the state-sponsored rein-
surance company and the formation of four state-sponsored general insurance companies (the
National Insurance Company Limited, the New India Assurance Company Limited, the Orien-
tal Insurance Company Limited, and the United India Insurance Company Limited). In 1991,
India adopted LPG (liberalization, privatization, and globalization) policies with a greater role
for the private sector in the economy. In the context of the Indian financial sector, reforms
were first initiated in the banking sector, which involved deregulation of private sector entry
and the introduction of prudential regulations for banking operations. In 1993, the Govern-
ment of India set up a high-powered committee on the Indian insurance sector (headed by Shri
R. N. Malhotra) for examining the existing insurance sector scenario and suggesting required
measures for promoting competitive efficiency and framing a regulatory framework. The Com-
mittee submitted its report in 1994 and recommended that entry deregulation be introduced
in both life and general insurance markets. Consequent on policy reform, newly established
private insurers have been present in the general insurance market since their entry in 2000,
and by end-March 2018, the total number of general insurance companies (including both di-
versified and stand-alone insurers) increased to 35. During the post-liberalization phase, the
sector witnessed notable expansion in terms of various parameters like growth in gross and net
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premium collection, asset under management, number of offices of the insurance companies,
insurance penetration (ratio of aggregate insurance premium to GDP) and insurance density
(ratio of insurance premium to total population), and incurred claims ratio (ratio of total paid
claims to total premium collected). Table 1 provides a brief overview of the growth statistics
observed in the general insurance sector between end-March 2013 and end-March 2018.

Particulars 2013 2014 2015 2016 2017 2018

Number of diversified
general insurers

21 21 21 22 21 25

Insurance Penetration
0.8 0.7 0.7 0.77 0.93 0.97

Insurance Density (in
USD)

11 11 12 13.2 18 19

Number of offices 8,099 9,872 10,407 10,803 11,141 11,200

Number of New Policies
Issued (in 000)

107,000 104,800 120,200 125,700 152,500 158,485

Gross Direct Premium
(in 000 Rs)

650,230 799,340 871,510 993,330 1,309,710 1,534,377

Asset Under
Management (in 000 Rs) 1,229,920 1,495,360 1,721,440 1,881,260 2,223,440 2,689,288

Incurred claims ratio 82.8 76.5 73.6 74.4 84.4 85.26

Table 1: The general insurance industry in India - an overview.
Souce: IRDA: Handbook of Insurance Statistics, various years.

3. Review of the related literature

Several research studies estimated the efficiency and total factor productivity of non-life insur-
ance companies in the international context. Some of the studies inquired about the impact of
environmental variables on efficiency or productivity. Fukuyama and Weber [18] estimated the
technical efficiency and Malmquist index of total factor productivity growth of Japanese non-life
insurance companies for the period 1983–1994. The study found that significant productivity
improvements (induced by technological change) took place during 1983–1990. Ennsfellner et
al. [14] made efficiency evaluations of Austrian insurance companies for 1994–1999 using a
Bayesian stochastic frontier. The study found that the process of deregulation of the Austrian
insurance market had positively influenced the productive efficiency of the observed insurers.
Barros et al. [4] estimated the efficiency and productivity of Portuguese insurance companies
for the period 1995–2001 and found efficiency and productivity performance variations across
insurers caused by a variety of influencing factors, such as asymmetrical distribution of mar-
ket information across companies leading to the prevalence of incomplete insurance markets,
differences in the scale and scope economies among the competing insurers, etc.

Kao and Hwang [21] applied both relational and independent two-stage DEA models for
estimating the marketing and investment performance of 24 Taiwanese non-life insurance com-
panies. The study showed that investment efficiency was lower than marketing efficiency.
Cummins and Xie [10] examined the impact of business consolidations in the US property-
liability insurance industry on the productivity and efficiency of the insurers based on data
from 1994-2003. The results suggested that mergers and acquisitions in property-liability in-
surance improved the valuation of the concerned insurers. The acquiring insurers achieved
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more revenue efficiency gains than non-acquiring companies. Barros et al. [5] used two-stage
conditional performance benchmarking for the efficiency evaluation of 71 Greek life and non-
life insurance companies. The study assumed that returns to scale are constant for the period
under evaluation (1994–2003). The first-stage results of the study exhibited significant diver-
gence in efficiency performance for the in-sample time span. The second-stage regression results
showed that while competition is a major influencing factor of efficiency in the Greek insurance
industry, the degree of competition was not enough to improve market efficiency during the
period. Cummins and Xie [11] examined efficiency, productivity, and scale economies in the
U.S. property-liability insurance industry. The study analyzed efficiency and changes in total
factor productivity using data envelopment analysis. The results showed that the majority of
the insurers below the median size in the industry exhibited increasing returns to scale, and the
majority of the insurers above the median size exhibit decreasing returns to scale. Alhassan and
Biekpe [1] evaluated the efficiency, productivity, and returns to scale of South African non-life
insurance companies for 2007–2012. For efficiency evaluation, the study employed data envelop-
ment analysis and, for second stage regression, truncated bootstrapped and logistic regression
techniques for identifying the determinants of efficiency were applied. The results showed that
non-life insurers operated with about 50 percent efficiency. Approximately 20 percent of insur-
ers were scale-efficient. The study also found productivity improvements during this period,
which were mainly due to technological changes. The results of the regression analysis indicated
a non-linear impact of size on efficiency and constant returns to scale. Variables like product
line diversification, reinsurance, and leverage also had a significant relationship with efficiency
and constant returns to scale.

Biener et al. [8] estimated the efficiency and productivity of Swiss life, property-casualty,
and other insurance companies for the period 1997–2013 using a bootstrap DEA approach. The
study found that during the period under observation, efficiency and productivity improved in
the property-casualty and reinsurance businesses.

Ferro and León [17] applied stochastic frontier analysis to estimate the technical efficiency
of Argentine non-life insurance companies for the period 2009–2014. The study applied two
models: a time-invariant inefficiency model and a time-varying decay model. The results indi-
cated a low average of technical efficiency, a stagnated efficiency level during the later phase of
the observed time period, and a negative technical change.

In the Indian context, there are recent studies considering this topic [19, 28, 29]. Ilyas and
Rajasekharan [19] estimated the efficiency and total factor productivity of the general insurance
industry of India for the period 2005–2016. Sinha [28] estimated the efficiency performance of
the Indian general insurance sector using the conditional performance benchmarking approach.
The author has also estimated the two-stage network efficiency of Indian general insurers [29].

The existing literature on non-life insurance efficiency and productivity estimation uses
either a parametric stochastic frontier model or a purely non-parametric approach with no
statistical interpretation of results. The objective of the present study is to adopt a unified
approach for the estimation of insurer performance.

4. Methodology of estimation and data

4.1. Estimation of the efficiency frontier

In general, there are two competing approaches for estimating the efficiency performance of
decision-making units: data envelopment analysis (DEA), a non-parametric approach (no para-
metric specification of the relationship between the inputs and outputs is required), and stochas-
tic frontier analysis (SFA), an econometric approach. The DEA approach ([9] and [3]) is based
on the conceptual and empirical foundations provided by Shephard [27] and Farrell [16]. Effi-
ciency evaluation of the decision-making units using DEA is based on the assumptions of free
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disposability of inputs and outputs, convexity of technology, and returns to scale. The DEA ap-
proach is, however, deterministic and is not capable of accommodating statistical noise. In the
SFA approach, the deviations from the frontier are decomposed into a one-sided (non-negative)
component (representing firm inefficiency) and a random component accounting for measure-
ment inaccuracies and other random noise. However, a limitation of the SFA approach is the
requirement for a priori specification of a parametric relationship between the inputs and the
output. While flexible functional forms are also often used in the context of SFA, such forms
are often incompatible with the monotonicity, convexity, and homogeneity conditions.

More recent developments in the context of frontier estimation using stochastic frontier
analysis have attempted to get rid of the parametric specification through the application of
non-parametric regression. Kneip and Simar [22] introduced a general framework for the esti-
mation of a frontier model in the context of panel data. The study proposed a non-parametric
estimation methodology for individual production functions. Fan et al. [15] introduced a semi-
parametric production frontier model in which the functional form of the production frontier
is unspecified and the distribution of the composed error terms is of known form. In their
approach, the frontier is estimated by using kernel regression, and the conditional expected
inefficiency is estimated on the basis of the composite error term, which includes a two-sided
statistical noise and a one-sided error term representing technical inefficiency. Kumbhakar et al.
[24] proposed a stochastic frontier model based on local maximum likelihood techniques. Their
model extended the proposed approach by considering order-m local polynomial estimators and
using local estimates of the parametric components of the model.

In the present study, we have applied the two-stage frontier estimation approach introduced
by Kuosmanen and Kortelainen [25]. In the first stage of this approach, the shape of the frontier
is estimated by a convex nonparametric least squares approach, which satisfies monotonicity
and convexity. In the second stage, the variance parameters and the conditional expectations of
inefficiency are estimated using the method of moments approach. The method is now discussed
in brief.

Let us consider an m input single output technology Y = f(X) where X = 1, 2, 3, ...,m
represents the input vector and y represents the output vector. The frontier production function
indicates the maximum output which can be produced from the given quantities of the m
inputs. However, the observed output Yi of firm i can deviate from f(Xi) due to the presence
of inefficiency and noise. Thus, the observed output and the frontier output may be related in
the following manner:

Yi = f(Xi) + eo = f(Xi)− ui + vi (1)

Here ui represents inefficiency and vi represents the random noise. ui and vi are independent
of each other and of the m inputs. Furthermore, E(ui) = µ(> 0) and E(µi − µ)2 = σu

2. On
the other hand, E(vi) = 0 and E(vi − 0)2 = σv

2. The deterministic part of the technology is
assumed to be continuous, monotonic, and globally concave.

For the application of CNLS approach in the first stage, it is essential to rearrange (1) in
the following manner:

Yi = [f(Xi)− ui] + vi = g(Xi) + vi (2)

where g(Xi) represents the average production function instead of the frontier production func-
tion. The CNLS estimate of g(Xi) is obtained as

min

n∑
i=1

[Yi − g(Xi)]
2 = min

n∑
i=1

v2i (3)

where g(Xi) is a monotonic increasing and concave function.
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The second stage of the estimation process requires estimation of second and third order
central moments which enables the computation of the variances of inefficiency and random
noise terms. Given that the inefficiency term follows a half normal distribution and the random
noise term follows standard normal distribution, we can relate the second and third order central
moments with the variance terms as:

M2 =

[
π − 2

π

]
σ2
u + σ2

v (4)

M3 =

(√
π − 2

π

)[
1− 4

π

]
σ3
u (5)

For the CNLS approach, we can estimate the second and third order central moments:

M̂2 =
1

n

n∑
i=1

(v̂i − E(vi))
2 (6)

M̂3 =
1

n

n∑
i=1

(v̂i − E(vi))
3 (7)

The standard deviation of inefficiency σ̂u and random noise term σ̂v can be estimated from
equations (4) thorugh (7).

4.2. Influence of environmental variables

It is critical to consider the influence of environmental variables on estimated efficiencies when
explaining the efficiency performance of observed productive units. In most of the research
studies, the second-stage analysis (for estimating the influence of environmental variables) uses
either pooled ordinary least squares or censored regression. However, if the data set has outliers
and is not normally distributed, then ordinal least squares give biased estimates. Further
efficiency data is not censored. In view of this, quantile regression, introduced by Koenker and
Bassett [23] is applied in the second stage of the current study as it provides a robust estimate
of the regression relation. In order to briefly explain of the methodology of quantile regression,
let us consider a regression model

Y = βX + e (8)

where Y stands for the dependent variable and X represents the vector of explanatory variables.
On the other hand, β represents the coefficients subject to estimation and e stands for the white
noise error. In the least squares method, the sum of squares of deviations is minimized:

min

n∑
i=1

(Yi − Ŷ )2 (9)

In the quantile regression approach, one minimizes the weighted total of positive and negative
deviations of the estimates from the observed values min[Ψ(YU − Xβ̂) + (1 − Ψ)(Xβ̂ − YL)],

where YU includes all such values of Y which are greater than Xβ̂ and YL represents those
values of Y which are less than Xβ̂. Ψ portrays the quantile level.
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4.3. Description of variables and data

Estimation of efficiency based on a stochastic frontier requires the identification of inputs and
outputs. However, the specification of inputs and outputs in the context of the insurance
industry depends on the perspective from which the frontier is estimated. Erling and Luhnen
[13] pointed out that the following three types of inputs are mainly used in the insurance
industry: labor (office employees and agents), business services, and capital (debt and equity
capital). On the output side, Leverty and Grace [26] found three alternative approaches for
choosing outputs: the financial intermediation approach, the user cost approach, and the value
added approach. In the context of banking and other financial intermediaries (who are engaged
in fund-based activities), this approach treats financial service firms as intermediaries who
bridge the gap between demanders and suppliers of funds. The value added approach considers
as outputs those activities that give significant value, assessed using operating cost allocations
[7]. Broadly speaking, the value-added approach assumes that the insurers provide three major
services: risk-pooling and risk bearing, real financial services, and intermediation. Some studies
([12] and [20]) used net premiums as value added, while Ennsfellner et al. [14] used incurred
benefits and the changes in reserves as output proxies.

The present study seeks to construct an income frontier. Therefore, we need to identify the
major activities that contribute to insurer revenue. In the absence of very detailed information
on various inputs separately, we have considered two inputs: total operating expenses and
investments. The first input is used as a proxy to capture operational activities that are
required to generate premium. The second input captures the investment activities of general
insurance companies. On the output side, we have considered net premium income and income
from investments as the two outputs. For the second stage analysis (linkage of efficiency with
environmental variables), we have considered an ownership indicator (a dummy variable that
is 0 for public sector general insurers and 1 for private sector general insurers), insurer age (in
years), insurer size (log of total asset), market share (in terms of gross direct premium collected),
and return on equity. Table 2 provides an overview of inputs and outputs and environmental
variables.

Description Input/Output

Operating expenses Input
Investments Input

Total income = Net Premium Income
+ Investment Income

Output

Ownership, Insurer Age, Insurer Size,
Market Share, and Return on Equity

(ROE)

Environmental
variables

Table 2: Inputs, outputs, and environmental variables.

The period of the present study is 2012/13 - 2017/18. For the current study, we have
collected data relating to the input, output, and environmental variables from the IRDA annual
reports and the IRDA Handbook on Indian Insurance Statistics for the relevant years.
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5. Results and analysis

5.1. Frontier related results

Table 3 provides the mean values of the regression coefficients observed for the in-sample years.
β1 denotes the coefficient of input 1 (operating expenses) and β2 represents the coefficient
of input 2 (investments). The insurer-wise coefficients for the observed years are included in
appendix tables A-1 through A-6.

Our model is robust as a global benchmark has been and was constructed based on the
entire panel data. Consequently, the efficiency scores are intertemporally comparable. Through
appropriate normalization, the problem of heteroskedasticity has been taken care of. Table 4
presents the descriptive statistics (mean, standard deviation, skewness, and kurtosis) of the
efficiency scores for the observed time period (2011/12 - 2016/17). The insurer-wise efficiency
scores are presented in appendix table A-7. Please note that due to the presence of two-sided
random noise v in the model, efficiency scores can be greater than 1 in some cases. This is
because vi > 0 and |vi| > |ui|, we have Yi > f(Xi).

Coefficient 2013 2014 2015 2016 2017 2018
Intercept 1.6407 2.2767 2.4830 2.6047 2.8320 2.8623

β1 0.2147 0.3185 0.3005 0.2942 0.2677 0.3435
β2 0.7682 0.5896 0.5734 0.5729 0.5612 0.4866

Table 3: Mean values of coefficients.
Souce: Authors’ calculations.

Table 4 shows that during the period under consideration, the mean efficiency score varied
between 95.06% and 97.67%. Between 2013/14 and 2017/18, there has been secular improve-
ment in the mean efficiency. Variability in efficiency has declined during the same period, which
can be seen in the movement in the standard deviation of efficiency scores. Apart from the
period 2015/16, efficiency distribution has exhibited negative skewness, indicating a long left
tail of efficiency distribution. Kurtosis was highest for 2014/15 and lowest for 2012/13. It is
evident that since 2014/15, the peak of efficiency distribution has declined over the years.

Particulars 2012/13 2013/14 2014/15 2015/16 2016/17 2017/18
Mean efficiency 0.9506 0.9498 0.9580 0.9655 0.9651 0.9767

Standard deviation 0.0396 0.0407 0.0349 0.0296 0.0249 0.0237
Skewness -1.3308 -1.6904 -0.4793 0.0579 -0.0346 -0.2728
Kurtosis 0.3846 3.7559 4.1530 1.8889 2.4792 2.1678

Table 4: Descriptive statistics of efficiency scores.
Souce: Authors’ calculations.

5.2. Relationship of efficiency with environmental variables

In the present study, we have used quantile regression for estimating the relationship of the
log of efficiency with the selected environmental variables (ownership indicator, insurer age,
market share of the observed insurance companies, insurer size, and return on equity). We used
a 16-section dummy to control insurer-specific factors. The ownership indicator is 0 for public
sector insurers and 1 for the private sector. Insurer age is expressed in the number of completed
years. A log of total assets is taken as the proxy of size. We have considered three quantiles
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(0.25, 0.50, and 0.75) for the purpose of estimation. Theoretically, private ownership, market
share, age, and return on equity should positively influence efficiency. The linkage between
efficiency and insurer size, however, depends on whether economies or diseconomies of scale are
present. The presence of economies of scale should positively influence efficiency. On the other
hand, the linkage between efficiency and insurer size will be negative if diseconomies of scale
are present.

The regression results are presented in Table 5 and Table 6. Table 5 provides the estimates
of the coefficients for the explanatory variables, standard errors of the coefficient estimates, and
the observed t ratios. The estimated relationships indicate that efficiency is positively related
to ownership dummy, insurer age, market share, and return on equity but negatively related
to size. For all selected quantile levels (0.25, 0.5, and 0.75), the coefficients of ownership, age,
market share, and size are significant at the 95% level. The coefficient of return on equity is
significant (at 95% level of confidence) for quantile levels of 0.25 and 0.5.

Variables Quantile Coefficient Standard Error Observed t-ratio

Intercept
0.25 -0.2077 0.0259 -8.012
0.50 -0.1404 0.0326 -4.310
0.75 -0.0956 0.0372 -2.566

Ownership
Dummy

0.25 0.1587 0.0150 10.56
0.50 0.1087 0.0189 5.761
0.75 0.0855 0.0216 3.960

Return on
Equity
(ROE)

0.25 0.0970 0.0151 6.427
0.50 0.1237 0.0190 6.521
0.75 0.0732 0.0217 3.375

Log of
Total
Assets

0.25 -0.0141 0.0034 -4.107
0.50 -0.0119 0.0043 -2.763
0.75 -0.0105 0.0049 -2.137

Market
Share

0.25 0.4042 0.0825 4.901
0.50 0.2502 0.1036 2.415
0.75 0.1422 0.1185 1.201

Insurer
Age

0.25 0.0056 0.0005 12.08
0.50 0.0042 0.0006 7.192
0.75 0.0035 0.0007 5.227

Table 5: Quantile regression of log of efficiency scores on environmental variables.
Souce: Authors’ calculations.

Table 6 provides the estimates for the regression residuals. The sum of absolute residuals
and sum of squared residuals improved for the 50 percent quantile but deteriorated for the 75
percent quantile.

Sum of absolute residual Sum of squared residual
Quantile Value Quantile Value

0.25 1.7446 0.25 0.0596
0.5 1.424 0.5 0.0416
0.75 1.7606 0.75 0.0639

Table 6: Regression residuals.
Souce: Authors’ calculations.
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6. Conclusion

This study follows a two-stage approach for insurance efficiency evaluation and exploration of
the impact of determinants of efficiency. In the first stage, it evaluates the efficiency of Indian
general insurers. In the second stage, it seeks to explain efficiency by regressing efficiency scores
on environmental variables (insurer age, market share, insurer size, and return on equity), which
influence insurer performance. However, our approach is different from the methods used in
the extant literature for both the first and second stages. In the first stage (in which efficiency
is evaluated), we used the convex nonparametric least squares. In the second stage, in order to
provide robust regression estimates, we used quantile regression instead of the mean-based least
squares approach. The results indicate that private insurer ownership has a positive influence on
efficiency performance. Furthermore, experience (age) also has a positive impact on efficiency.
The role of market share and profitability (return on equity) is also positive and significant.
However, the negative relationship between efficiency and insurer size is (perhaps) indicative of
diseconomies of scale. Overall, the second stage results are in conformity with [28], although
the current study includes many more environmental variables. The second-stage results enable
us to assess the importance of the environmental variables on insurer efficiency.

The study, however, has two weaknesses. First, the sample size could be increased by
including more insurance firms – however, this would make the panel unbalanced. Second, the
period of analysis could also be extended to provide more insight about the sector’s performance.
We expect that future studies will take care of that issue.
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Appendices

A1. Frontier Regression estimates for 2012/13.

Insurance Company Intercept β1 β2

Bajaj Allianz 1.4575 0.2026 0.7899
Bharti Axa 1.4575 0.2026 0.7899

Cholamandalam 0.1588 0.2113 0.9953
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 1.4575 0.2026 0.7899

ICICI Lombard 1.4575 0.2026 0.7899
IFFCO Tokio 1.4575 0.2026 0.7899

Reliance General 3.0524 0.3238 0.4718
Royal Sundaram 0.2573 0.1012 1.0842
SBI General 1.4575 0.2026 0.7899

Shri Ram General 0.1017 0.3741 0.8743
Tata AIG 1.4575 0.2026 0.7899

National Insurance 1.3779 0.0819 0.9199
New India Assurance 4.2721 0.5192 0.1591
Oriental Insurance 1.4575 0.2026 0.7899

United India 3.9130 0.0000 0.6774

Souce: Authors’ calculations.

A2. Frontier Regression estimates for 2013/14.

Insurance Company Intercept β1 β2

Bajaj Allianz 1.4575 0.2026 0.7899
Bharti Axa 1.4575 0.2026 0.7899

Cholamandalam 1.4575 0.2026 0.7899
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 1.4575 0.2026 0.7899

ICICI Lombard 3.0524 0.3238 0.4718
IFFCO Tokio 1.4575 0.2026 0.7899

Reliance General 3.0524 0.3238 0.4718
Royal Sundaram 1.4575 0.2026 0.7899
SBI General 1.4575 0.2026 0.7899

Shri Ram General 0.1155 0.5474 0.7447
Tata AIG 1.4575 0.2026 0.7899

National Insurance 4.2721 0.5192 0.1591
New India Assurance 4.2721 0.5192 0.1591
Oriental Insurance 4.2721 0.5192 0.1591

United India 4.2721 0.5192 0.1591

Souce: Authors’ calculations.
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A3. Frontier Regression estimates for 2014/15.

Insurance Company Intercept β1 β2

Bajaj Allianz 3.0524 0.3238 0.4718
Bharti Axa 1.4575 0.2026 0.7899

Cholamandalam 1.4575 0.2026 0.7899
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 1.4575 0.2026 0.7899

ICICI Lombard 3.0524 0.3238 0.4718
IFFCO Tokio 1.4575 0.2026 0.7899

Reliance General 3.0524 0.3238 0.4718
Royal Sundaram 1.4575 0.2026 0.7899
SBI General 1.4575 0.2026 0.7899

Shri Ram General 1.4575 0.2026 0.7899
Tata AIG 1.4575 0.2026 0.7899

National Insurance 4.6366 0.4555 0.1735
New India Assurance 4.2721 0.5192 0.1591
Oriental Insurance 4.2721 0.5192 0.1591

United India 4.2721 0.5192 0.1591

Souce: Authors’ calculations.

A4. Frontier Regression estimates for 2015/16.

Insurance Company Intercept β1 β2

Bajaj Allianz 3.0524 0.3238 0.4718
Bharti Axa 3.0524 0.3238 0.4718

Cholamandalam 1.4575 0.2026 0.7899
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 1.4575 0.2026 0.7899

ICICI Lombard 3.0524 0.3238 0.4718
IFFCO Tokio 1.4575 0.2026 0.7899

Reliance General 1.4575 0.2026 0.7899
Royal Sundaram 1.4575 0.2026 0.7899
SBI General 1.4575 0.2026 0.7899

Shri Ram General 0.1435 0.6208 0.6864
Tata AIG 1.4575 0.2026 0.7899

National Insurance 7.5332 0.0000 0.2532
New India Assurance 4.2721 0.5192 0.1591
Oriental Insurance 4.2721 0.5192 0.1591

United India 4.6366 0.4555 0.1735

Souce: Authors’ calculations.
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A5. Frontier Regression estimates for 2016/17.

Insurance Company Intercept β1 β2

Bajaj Allianz 3.0524 0.3238 0.4718
Bharti Axa 3.0524 0.3238 0.4718

Cholamandalam 1.4575 0.2026 0.7899
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 1.4575 0.2026 0.7899

ICICI Lombard 3.0524 0.3238 0.4718
IFFCO Tokio 1.4575 0.2026 0.7899

Reliance General 1.4575 0.2026 0.7899
Royal Sundaram 1.4575 0.2026 0.7899
SBI General 1.4575 0.2026 0.7899

Shri Ram General 3.0524 0.3238 0.4718
Tata AIG 1.4575 0.2026 0.7899

National Insurance 7.5332 0.0000 0.2532
New India Assurance 4.6366 0.4555 0.1735
Oriental Insurance 4.6366 0.4555 0.1735

United India 4.6366 0.4555 0.1735

Souce: Authors’ calculations.

A6. Frontier Regression estimates for 2017/18.

Insurance Company Intercept β1 β2

Bajaj Allianz 4.2721 0.5192 0.1591
Bharti Axa 4.2721 0.5192 0.1591

Cholamandalam 1.4575 0.2026 0.7899
Future Generali 1.4575 0.2026 0.7899
HDFC Ergo 3.0524 0.3238 0.4718

ICICI Lombard 3.4819 0.3894 0.3641
IFFCO Tokio 3.0524 0.3238 0.4718

Reliance General 1.4575 0.2026 0.7899
Royal Sundaram 1.4575 0.2026 0.7899
SBI General 1.4575 0.2026 0.7899

Shri Ram General 3.0524 0.3238 0.4718
Tata AIG 1.4575 0.2026 0.7899

National Insurance 3.0524 0.3238 0.4718
New India Assurance 4.2721 0.5192 0.1591
Oriental Insurance 4.2721 0.5192 0.1591

United India 4.2721 0.5192 0.1591

Souce: Authors’ calculations.
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A7. Insurer wise efficiency scores for the in-sample years.

Insurance Company 2013 2014 2015 2016 2017 2018

Bajaj Allianz 0.9793 0.9744 0.9670 0.9721 0.9654 0.9824
Bharti Axa 0.8718 0.8336 0.8659 0.9014 0.9075 0.9194

Cholamandalam 0.9586 0.9649 0.9777 0.9837 0.9780 0.9815
Future Generali 0.8916 0.9073 0.9345 0.9369 0.9426 0.9630
HDFC Ergo 0.9543 0.9595 0.9614 0.9678 0.9572 0.9728

ICICI Lombard 0.9705 0.9716 0.9661 0.9729 0.9717 0.9807
IFFCO Tokio 0.9794 0.9709 0.9712 0.9698 0.9715 0.9772

Reliance General 0.9212 0.9344 0.9543 0.9912 0.9837 0.9913
Royal Sundaram 0.9718 0.9698 0.9743 0.9794 0.9741 0.9691
SBI General 0.8691 0.9001 0.9290 0.9340 0.9501 0.9637

Shri Ram General 0.9853 1.0092 1.0393 1.0350 1.0238 1.0272
Tata AIG 0.9603 0.9601 0.9554 0.9593 0.9547 0.9653

National Insurance 0.9866 0.9567 0.9511 0.9596 0.9661 0.9840
New India Assurance 0.9703 0.9669 0.9721 0.9759 0.9757 0.9909
Oriental Insurance 0.9723 0.9440 0.9382 0.9360 0.9398 0.9520

United India 0.9666 0.9741 0.9701 0.9730 0.9791 1.0064

Souce: Authors’ calculations.
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Abstract. The causes and the consequences of the real exchange rates misalignment’s of European
Union (EU) members were examined in this paper by implementing stationary panel vector autore-
gression (PVAR) model with fixed effects. PVAR methodology was recognized as the most appropriate
in line with data structure and the objectives of the research. For estimation purpose, the generalized
method of moments (GMM) in first differences, with a reduced number of instruments, was applied.
Primarily objective was to find whether a collapsed matrix of instruments helps in reducing the dynamic
panel bias within the two–step estimation of PVAR model when employing the first difference GMM
estimator. Even though, the benefits of collapsed instrument matrix have been documented in rare
simulation studies, this paper empirically demonstrates it’s utility considering balanced panel data. In
that context, recommendations to potential users are given and supported by open source codes in the
RStudio environment. Besides, auxiliary findings contribute to a better understanding of influential
channels through which EU policy makers should reduce a real exchange rates misalignment’s.
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1. Introduction

Recent studies have confirmed real exchange rates misalignment’s issue regarding a different
productivity and growth among EU members, resulting in economic divergence instead of the
preferred convergence [8, 9, 10]. It is generally accepted attitude that imbalance of the real ex-
change rate and it’s volatility affect economic variables such as imports, exports, the balance of
payments, inflation and production [12, 13, 14], which directly affect the economic performance
of a particular country. Moreover, [16] pointed out that intense exchange rate fluctuations are
the main cause of uncertainty in the export and import of competitive goods and services,
and thus discourages investment in these sectors. A real exchange rate misalignment can also
affect domestic and foreign investments through the gross capital formation [27], while in other
instances, it can affect the tradable goods sector and its competitiveness vis-á-vis the trading
partners. A firm’s trade cannot be returned to the original level after extreme exchange rate
changes and real exchange rate appreciation serves as a subsidy for imports, while [2] observe
the negative effect of high and frequent volatility on the productivity growth of developing
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countries as well as countries with poorly developed financial markets. Higher real exchange
rate volatility can induce increased profit uncertainty on foreign currency–denominated con-
tracts, which causes a greater reduction in economic growth. Further, higher real exchange rate
volatility often leads to higher prices of goods traded internationally causing traders to add a
risk premium to these goods to cover unexpected exchange rate fluctuations.

Hence, the paper intends to analyze macroeconomic variables that cause real exchange rate
misalignment’s of EU members using panel vector autoregression methodology (PVAR) which
is a great challenge due to the most common, but usually overlooked and neglected issue of too
many instruments used for model estimation [22, 28]. By employing the PVAR methodology
to a real life problem, this paper empirically demonstrates whether the collapsed matrix of
instruments is more convenient in short panel with limited number of cross–sectional units N ,
which is a primary objective. The reason for employing PVAR at first is dealing with a historical
data (observed annually) of EU members (N = 27) and keeping in mind that real exchange
rate misalignment can be the cause and the consequence of economic variables simultaneously.
The second, more relevant reason, is utilizing a decreased number of instruments in the GMM
estimation to reduce the exposure to overfitting endogenous variables when cross–sectional
dimension of panel data is not large even it’s greater than time dimension. As far as we know
from the previous studies, several authors have already found interactions between real exchange
rates misalignment’s and various macroeconomic variables, see e.g. [21, 27, 30], but there is no
similar empirical study that considers the PVAR methodology within EU members and handles
the instrument proliferation.

This paper primarily contributes to the existing studies of PVAR methodology by empir-
ical demonstration of the benefits from collapsed matrix of instruments. It also enriches the
literature on real exchange rates misalignment’s, i.e. it offers a more comprehensive analysis
of EU real exchange rate behavior due to impulses in other variables by employing stationary
panel vector autoregression model with fixed effects, and contributes to a better understanding
of the explained variance of real exchange rates misalignment’s in the log–run. Finally, a less
formal purpose of this research is to encourage potential users to implement open source codes
in RStudio within panelvar package, and to popularize the improved PVAR GMM estimator
proposed by [31].

After the introduction section, Section 2 reviews the literature about real exchange rate
misalignment’s with a special attention to models and variables employed in previous studies.
In Section 3 the data and PVAR methodology are given. Section 4 presents empirical results
along with interpretation and discussion, while Section 5 concludes.

2. Literature review

The real exchange rate misalignment is well–known as a discrepancy of the actual real exchange
rate from its long–run equilibrium, see e.g. [25], but the issue of establishing an equilibrium
real exchange rate remains unsolved. Conforming to [8] several approaches of the equilibrium
exchange rate exist: 1) purchasing power parity (PPP), 2) fundamental equilibrium exchange
rate (FEER), 3) behavioral equilibrium exchange rate (BEER), and 4) permanent equilibrium
exchange rate (PEER). PPP most common criticisms are focused on real exchange rate oscil-
lations that theory holds constant or approximately equal in the medium and longer period.
FEER approach engages with price elasticities that are not easy to estimate, as well as current
account targets that should be achieved, which in turn is its main drawback [25]. Due to [11],
the critique of the most commonly employed BEER and PEER approaches suggests that eco-
nomic fundamentals used in equilibrium exchange rate estimation do not necessarily have to be
at equilibrium level, which consequently results in a poor estimation.

Various authors have been studied interactions among current account balance and real
exchange rate [8, 9]. In particular [9] has applied a panel VAR analysis to 27 EU members over
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the period 1994–2012 and has found that the increase in a current account imbalance causes
an expansion of real exchange rate misalignment and thus lowering competitiveness. However,
author [9] does not report the number of instruments, which in case of T = 19 can not be less
than N = 27 when applying standard GMM–style estimator to the homogeneous PVAR model
[1]. The same author also applies a Bayesian PVAR to overcome cross–sectional dependence,
heterogeneity of groups and the bias in the small sample, but gives no explanation of it’s set-
tings or any appropriateness of it’s use. Further, authors [26, 29] have recognized public debt as
a significant explanatory variable of the real exchange rate misalignment, i.e. the higher public
debt of a specific country is associated with the real exchange rate depreciation. Using the
Johansen cointegration approach limited to a single country [24] come to a similar conclusions
about the negative impact of exchange rate depreciation which stimulates an external indebted-
ness in Croatia. Conventional economic theory also assumes that government spending affects
the real exchange rate, e.g. [7] within structural VAR for the period 2002–2012 concluded that a
positive shock to government spending in Turkey induces real exchange rate appreciation. Like-
wise, price levels have been recognized as an important source of exchange rate misalignment.
Using a dynamic panel data (DPD) model [32] on the Middle East and North Africa countries
(MENA) showed that inflation along with the institutions quality and financial development
are important factors that drift the real exchange rate from its steady–state. [19] using the
structural vector autoregressive model (SVAR) on the example of Egypt found that nominal
shock attributed to consumer price index (CPI) leads to the real exchange rate depreciation,
but only in the short–run. It is explained that higher inflation rates cause real exchange rate
depreciation. Contrary, a depreciated real exchange rate stimulates inflation.

Most of the studies involving panel analysis of the real exchange rates misalignment’s are
concentrated on a single equation approach [21, 27], such as panel ARDL (panel autoregres-
sive distributed lag model) or DOLS (dynamic OLS panel model), while others neglect panel
structure of the data by using euro area aggregated variables, see e.g. [30]. Even though,
dynamic panel models have experienced a great popularity among users, the main drawback
is the bias of the coefficient with respect to the lagged endogenous variable, which cannot be
easily annulated for small T and large N [23]. Some bias corrected estimators were proposed
in the literature, but unbiased estimators of dynamic panels considering generalized method
of moments (GMM), which are in the focus of practitioners as well as academics, still suffer
from overfitting problem and instrument proliferation [18]. This means that the number of
instruments increase quadratically with respect to T and GMM estimator is not consistent any
more.

From the methodological point of view it is advisable to address the number of instruments
when using GMM dynamic panel models, having in mind that inclusion of all available instru-
ments can cause above mentioned problems. This is a case when the number of instruments
surpasses the number of cross–sectional units [28]. Consequently, it weakens the power of the
Sargan–Hansen–J test for instrument validity [17]. Therefore, indisputable indicator of too
many instruments is a high p–value of the J–statistic, i.e. close or equal to 1, which mislead-
ingly forces the researchers to never reject the null hypothesis of instruments validity. Keeping
the number of instruments small when cross–sectional dimension is small should not be an
exception, particularly when dealing with PVAR models. [22] suggests simply to increase the
number of cross-sectional units whenever is possible, to limit the lag length of instruments, or
to reduce too many instruments by principal component analysis. Factorization of the instru-
ments can be helpful when employing a single DPD model, but not in case of a system of DPD
models such as PVAR. An elegant solution is to collapse the instruments.

This paper offers several contributions to the existing literature. It empirically demonstrates
that collapsed matrix of instruments helps in avoiding instrument proliferation and ensures
GMM unbiasedness and consistency when PVAR model is implemented. Namely, in case when
N is limited and small it clearly suggests the optimal number of time units T as well as the
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number of endogenous variables m, for which the collapsed number of instruments is less than
the number of cross–sectional units. Moreover, in a given settings, results notably confirm that
Hansen overidentification test is not weakened any more. From the practical point of view
this paper provides a straightforward guidance how to get the most from the short panel data
when users decide to utilize PVAR in their studies. Further, it collects economics variables
as the leading causes of real exchange rates misalignment’s. Previous studies on this topic
have analyzed misalignment’s only in one particular country or in more countries with different
currencies in a given year, but this paper focuses on understanding of misalignment’s in all EU
countries over more years. By employing PVAR methodology with collapsed instruments, an
unbiased and consistent estimates with all endogenous variables are achieved. Finally, the most
effective channels for misalignment’s reduction are suggested.

3. Data and methodology

Current study focuses on real exchange rates misalignment’s determinants of EU member coun-
tries (N = 27) from 2010 to 2019 (T = 10) by using a PVAR model. Apart from the real
exchange rate misalignment (MIS), two additional endogenous variables were selected as the
most relevant and prevailing in the ongoing literature: current account balance (CUR) and
public debt (PD). CUR variable is given as percentage of the gross domestic product (GDP)
considering EU countries and rest of the world as trading partners, PD represents a general
government net lending or borrowing as a percentage of GDP likewise, while RER was orig-
inally reported as index (2015=100) of real effective exchange rate towards 27 EU members.
The sample of panel data was downloaded from EUROSTAT public source. A limitation to
three endogenous variables was imposed due to relatively small number of observations even
though N is greater than T . Otherwise, estimates will not be unbiased and consistent. For
the same reason predetermined or any exogenous variables are not contemplated in this paper.
Still, PVAR model includes two or more endogenous variables, which is the minimum for its use.
With three endogenous variables (m = 3) and one time lag (p = 1) nine parameters should be
estimated. However, the optimal lag length procedure of [3] is applied in the following section.
Imposed restrictions cause PVAR usage more challenging in getting the most we can achieve
from the EU members when historical data are observed annually. Moreover, annual data are
not contaminated by seasonality. Because of the large number of endogenous variables m and
the number of lags p, the PVAR model can be oversized, i.e. too many parameters have to be
estimated, hence there is a great chance that stability condition of the model is not met. This
makes even more difficult to identify valid instruments when employing GMM estimator in the
first differences.

To obtain historical data of real exchange rate misalignment (MIS) for each member of
the EU, an equilibrium real exchange rate (ERER) was initially calculated directly from the
actual real exchange rate time–series (RER) using Hodrick–Prescott (HP) filter with adjustment
parameter λ = 100. In this way short–term fluctuations are eliminated from yearly data, and
EU members’ real exchange rate misalignment’s were computed in the next step as:

MIS =
RER− ERER

ERER
× 100. (1)

A visual inspection of the real exchange rate and it’s misalignment across EU members over
10 years period is provided (Figure 1). The right panel of Figure 1 presents RER positive and
negative misalignment’s (MIS), that is, currency is overvalued or undervalued relative to it’s
long–run, while zero misalignment indicates equilibrium state. In general, RER fluctuations
induced by changes in transportation costs or tariffs don’t necessarily demonstrate fundamental
misalignment’s, but play a key role in equalizing the prices of tradables across countries. RER
misalignment ranges from −5.89% to +6.47%. The minimum is observed for Czechia (country
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code CZ) and the maximum is observed for Sweden (country code SE). Although both countries
have experienced extreme values of RER misalignment’s, and therefore can be identified as
outliers among other EU countries, they are not omitted from PVAR analysis due to requirement
of cross–sectional dimension.

(a) Time–series of RER indices (b) Time–series of RER misalignment’s

Figure 1: EU real exchange rates indices and misalignment’s from 2010 to 2019.

Prior to the PVAR model estimation, various panel unit root tests were conducted for 10,
9 and 8 years to examine stationarity of panel time–series over three periods of time (Table 1).
First one is a complete sample period (T = 10), while the other two are reduced for a one year
successively, keeping the most recent year fixed. Decreasing a number of years is particularly
relevant for instruments reduction. Test of Im, Pesaran and Shin as well as Levin, Lin and
Chu test were solely used as unformal tests, without heavy conclusion about stationarity when
dealing with very short time–series. In spite of that, authors intention was to check stationarity
of endogenous variables as an indicator of PVAR model stability in the post–estimation stage.
Stability condition plays important role when applying first–difference GMM with lagged level
of endogenous variables as instruments, that is, the same method fails if unit roots exist in
short PVAR model [5].

Unit root Im, Pesaran and Shin Levin, Lin and Chu
statistic T = 10 T = 9 T = 8 T = 10 T = 9 T = 8

MIS −5∗∗∗ −4∗∗∗ −8∗∗∗ −9∗∗∗ −6∗∗∗ −9∗∗∗

CUR −8∗∗∗ −7∗∗∗ −8∗∗∗ −11∗∗∗ −10∗∗∗ −12∗∗∗

PD −4∗∗∗ −10∗∗∗ −12∗∗∗ −6∗∗∗ −16∗∗∗ −18∗∗∗

Note: statistical significance at 10%, 5% and 1% level is denoted by *, **, ***

Table 1: Panel unit root test results for three time periods.

Results of panel unit root tests imply the rejection of null hypothesis in favor of alternative
indicating that all variables are stationary in the levels for all time periods considering 0.01
significance level. These results, although unofficial, are acceptable as they suggest that PVAR
model might be stable.

Since the seminal paper of [18] who have first formalized the vector autoregressive model
with panel data, it has not been extensively studied in empirical papers. A PVAR model be-
come popular after the breakthrough of [1] who provided an pvar code for Stata. However, [31]
extended the PVAR model of [18] to allow for p lags of m endogenous variables, k predeter-
mined variables, n strictly exogenous variables and provided an panelvar package for RStudio
users. The same package incorporates an Hansen overidenification test, the model selection
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procedure and Windmeijer corrected standard errors adopted to both extended estimators, the
first difference and the system PVAR GMM estimator.

Due to a low and limited number of cross–sectional units of EU countries (N = 27) this
paper considers only endogenous variables within stationary PVAR(m, p) with fixed effects:

yi,t = µi +

p∑
l=1

Alyi,t−l + εi,t i = 1, 2, ..., N t = 1, 2, ..., T, (2)

where yi,t is m–dimensional vector of endogenous variables for the i-th cross–sectional unit at
time t, terms µi represent time invariant fixed effects, and Al are the m×m companion matrices
of the coefficients with respect to the vector of lagged endogenous variables yi,t−l. Subscript
l denotes the time lag l = 1, 2, ..., p and all unit roots of companion matrices Al should lie
inside the unit circle [31]. The disturbances εi,t which are assumed to be independently and
identically distributed for all i and t with zero expectation and positive semidefinite covariance
matrix, should be independent from µi. Likewise, µi are supposed to be independent from
lagged endogenous variables yi,t−l, otherwise diagonal coefficients of companion matrix could
be upward biased, causing the endogeneity problem. The first difference transformation is used
to eliminate fixed effects:

∆yi,t =

p∑
l=1

Al∆yi,t−l +∆εi,t i = 1, 2, ..., N t = p+ 2, p+ 3, ..., T, (3)

but lagged endogenous variables might be potentially correlated with disturbances εi,t and
instrumenting is required [4, 18, 28]. The first difference GMM moment conditions for each
cross–sectional unit emerge from orthogonality conditions:

E
[
Qi∆εi

]
= 0, (4)

where Qi is a block diagonal matrix of instruments stacked over t = p + 2, p + 3, ..., T . This
means that matrix Qi has T − p− 1 columns with instruments generated for each time period
and available lag. Standard instruments are lagged levels of endogenous variables which are
orthogonal to the disturbances of first–differenced PVAR(m, p) model in Eq. (3). Unavailable
instruments cause of missing lags of endogenous variables for certain time periods are set to zero.
For simplicity of exposition lets consider standard DPD model as a special case of PVAR(1, 1)
with single endogenous variable m = 1 and one time lag p = 1. All available instruments for
periods t = 3, 4, ..., T are stacked into blocks of diagonal matrix with increasing dimension of
each subsequent block by one, which generates uncollapsed matrix of instruments:

Qi =

t = p+ 2 t = p+ 3 t = p+ 4 · · · t = T



yi,t−p−1 0 0 0 0
0 yi,t−p−1 0 0 0
0 yi,t−p−2 0 0 0
0 0 yi,t−p−1 0 0
0 0 yi,t−p−2 0 0
0 0 yi,t−p−3 0 0
...

. . .
...

0 0 0 0 yi,t−p−1

0 0 0 0 yi,t−p−2

0 0 0 0 yi,t−p−3

0 0 0 0 yi,t−p−4

0 0 0 0
...

0 0 0 0 yi,t−p−(T−p−1)

=



yi,1 0 0 0 0
0 yi,2 0 0 0
0 yi,1 0 0 0
0 0 yi,3 0 0
0 0 yi,2 0 0
0 0 yi,1 0 0
...

. . .
...

0 0 0 0 yi,T−2

0 0 0 0 yi,T−3

0 0 0 0 yi,T−4

0 0 0 0 yi,T−5

0 0 0 0
...

0 0 0 0 yi,1



. (5)
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Uncollapsed matrix in Eq. (5) has (T − p − 1)(T − p)/2 instruments, that is, for p = 1 it
equals (T − 2)(T − 1)/2. Every row of matrix Qi is orthogonal to the vector of differenced
disturbances according to the GMM moment conditions in Eq. (4). To clarify a distinction in
generating instruments between a single equation DPD and a system of two equations with two
endogenous variables, e.g. y and x, lets consider the PVAR(2, 1). Uncollapsed matrix Qi then
has m(T − 2)(T − 1)/2 unique instruments per equation, and after the Kronecker product with
m–dimensional identity matrix it results in total of m2(T − 2)(T − 1)/2 instruments:

Qi ⊗ Im×m =



yi,1 0 0 0
xi,1 0 0 0
0 yi,2 0 0
0 xi,2 0 0
0 yi,1 0 0
0 xi,1 0 0
...

. . .
...

0 0 0 yi,T−2

0 0 0 xi,T−2

0 0 0 yi,T−3

0 0 0 xi,T−3

0 0 0 yi,T−4

0 0 0 xi,T−4

0 0 0
...

0 0 0 yi,1
0 0 0 xi,1



⊗
[
1 0
0 1

]
=



yi,1 0 0 0 0 0 0
0 yi,1 0 0 0 0 0

xi,1 0 0 0 0 0 0
0 xi,1 0 0 0 0 0
0 0 yi,2 0 0 0 0
0 0 0 yi,2 0 0 0
0 0 xi,2 0 0 0 0
0 0 0 xi,2 0 0 0
0 0 yi1 0 0 0 0
0 0 0 yi1 0 0 0
0 0 xi1 0 0 0 0
0 0 0 xi1 0 0 0
...

. . .
...

0 0 0 0 0 yi,T−2 0
0 0 0 0 0 0 yi,T−2

0 0 0 0 0 xi,T−2 0
0 0 0 0 0 0 xi,T−2

0 0 0 0 0 yi,T−3 0
0 0 0 0 0 0 yi,T−3

0 0 0 0 0 xi,T−3 0
0 0 0 0 0 0 xi,T−3

0 0 0 0 0 yi,T−4 0
0 0 0 0 0 0 yi,T−4

0 0 0 0 0 xi,T−4 0
0 0 0 0 0 0 xi,T−4

0 0 0 0 0
...

...
0 0 0 0 0 yi,1 0
0 0 0 0 0 0 yi,1
0 0 0 0 0 xi,1 0
0 0 0 0 0 0 xi,1



. (6)

The number of uncollapsed instruments reduces with respect to p for unchanged time dimen-
sion T and the number of endogenous variables m. For example, there would be m2p(p− 1)/2
less instruments by cutting the first 4 rows and the first 2 columns from a full instrument ma-
trix in Eq. (6) for time lag p = 2. Therefore, a general expression for counting the number of
uncollapsed instruments in PVAR(m, p) model, as long as all variables are endogenous, is:

nrow(Qi) = m2

[
(T − 2)(T − 1)− p2 + p

2

]
(7)

It is evident that the number of uncollapsed instruments is equal to the number of rows of
matrix Qi. Given expression in Eq. (7) is valid for PVAR(m, p) model with m ≥ 2 and without
any predetermined or exogenous variables. To reduce the number of instruments the blocks of
matrix Eq. (6) can be collapsed vertically to the top of the matrix:
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Q∗
i =



yi,1 0 yi,2 0 · · · yi,T−2 0
0 yi,1 0 yi,2 0 yi,T−2

xi,1 0 xi,2 0 xi,T−2 0
0 xi,1 0 xi,2 0 xi,T−2

0 0 yi,1 0 yi,T−3 0
0 0 0 yi,1 0 yi,T−3

0 0 xi,1 0 xi,T−3 0
0 0 0 xi,1 0 xi,T−3

0 0 0 0
. . .

...
...

0 0 0 0 yi,1 0
0 0 0 0 0 yi,1
0 0 0 0 xi,1 0
0 0 0 0 · · · 0 xi,1



. (8)

Collapsed matrix Q∗
i imposes instruments which number is invariant of lag p:

nrow(Q∗
i ) = m2(T − 2). (9)

Thus, if researcher decides to use PVAR in short panels then collapsing of instrument matrix is
recommended as the number of instruments can be reduced bellow the number of cross–sectional
units with respect to the number of endogenous variables m and time period T .

4. Results and discussion

Results from estimated PVAR models are presented and discussed in this section. In short
panels (N = 27) uncollapsed and collapsed number of instruments should be reported before
employing the first difference GMM estimator to determine possible m and T over multiple
lags p for which PVAR(m, p) meets the necessary constraints for it’s use. This study allows
different number of endogenous variables m (2 or 3), different number of time periods T (10, 9
or 8) and different time lags p (1, 2 or 3). Considering these settings and according to Eq. (7)
and Eq. (9) the number of uncollapsed and collapsed instruments are given in Table 2.

T = 10 Uncollapsed instruments Collapsed instruments
m = 2 m = 3 m = 2 m = 3

p = 1 144 324 32 72
p = 2 140 315 32 72
p = 3 132 297 32 72

T = 9 Uncollapsed instruments Collapsed instruments

p = 1 112 252 28 63
p = 2 108 243 28 63
p = 3 100 225 28 63

T = 8 Uncollapsed instruments Collapsed instruments

p = 1 84 189 24 54
p = 2 80 180 24 54
p = 3 72 162 24 54

Table 2: Number of uncollapsed and collapsed instruments with respect to T, m and p.

It is not surprising that among all combinations in Table 2 only one is feasible for running
PVAR which indisputably confirms it’s very restrictive usage in practical applications. These
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feasible settings refer to 24 collapsed instruments with only 2 endogenous variables and 8 years of
observation at any time lag, that is, the number of collapsed instruments is less then the number
of cross–sectional units (27 EU members). Although uncollapsed instruments are decreasing
with respect to the time lag p it is not acceptable to have a large number of estimated parameters
for computational reasons. This feature is not an issue when dealing with collapsed instruments
as they are invariant from p, leaving some flexibility to appropriate lag selection according to
commonly used information criteria.

Two PVAR models are estimated which combine different pairs of endogenous variables as
collapsed number of instruments 24 is only feasible for PVAR(2, p) with N = 27 and T = 8.
Thus, theModel 1 analyzes the interdependency between real exchange rate misalignment (MIS)
and current account balance (CUR), while in the Model 2 current account balance is replaced
with the public debt (PD) keeping real exchange rate misalignment as a crucial variable in
this study. For estimation purpose panelvar package was used within RStudio programming
environment (link to the reproducible commands is in the appendix). Since the aim of the
paper is to determine the variables that most influence real exchange rate misalignments of EU
members, in Tables 3-4 estimation results are presented along with lags p = 1, 2, 3.

Time lag p = 1 p = 2 p = 3

Endo. variable ∆MISi,t ∆CURi,t ∆MISi,t ∆CURi,t ∆MISi,t ∆CURi,t

∆MISi,t−1 0.7665∗∗∗ −0.2089∗∗ 0.8000∗∗∗ −0.1340∗∗ 0.8509∗∗∗ 0.6294
(0.0451) (0.1046) (0.0925) (0.0475) (0.1479) (0.4970)

∆CURi,t−1 0.1221∗∗∗ 0.0723 0.2266∗∗ 0.4049 0.1807∗∗ 0.5898
(0.0298) (0.2352) (0.1198) (0.4606) (0.0686) (0.4261)

∆MISi,t−2 0.2561∗∗ 0.0873 0.2313∗∗ 0.1699
(0.0783) (0.1524) (0.0417) (0.2917)

∆CURi,t−2 −0.0401 0.4126 0.0522 0.4928∗

(0.0560) (0.2255) (0.0686) (0.2439)
∆MISi,t−3 −0.0858 −0.4232

(0.1570) (0.2642)
∆CURi,t−3 0.0871 0.1958

(0.0896) (0.2015)

Observations 162 135 108
Groups 27 27 27
Obs per group 6 5 4
Instruments 24 24 24
Hansen p−value 0.198 0.292 0.244
MMSC–BIC −88.9522 −77.6045 −69.3243
MMSC–AIC −21.0251 −19.4991 −21.0460
MMSC–HQIC −52.1835 −46.2920 −43.3998
Stability Yes Yes Yes

Note: statistical significance at 10%, 5% and 1% level is denoted by *, **, ***, while
Windmeijer robust standard errors are in the parentheses

Table 3: PVAR(2,p) estimation results from Model 1.

All three types of model and moment selection criteria (MMSC) indicate the appropriateness
of Model 1 with one lag over the models with two and three lags. These criteria are analogous
to the already known information criteria for deciding between alternative models (Akaike,
Bayesian and Hannan–Quinn information criteria). Each PVAR(2, p) model satisfies stability
condition as all the eigenvalues lie inside the unit circle. Hansen test is not weakened due to
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collapsed number of instruments, and the null hypothesis of joint instrument validity can not
be rejected, that is, model is correctly specified as the p−value of J−statistic, with degrees of
freedom equal to the number of instruments corrected for the number of estimates, is greater
than any significance level. These findings confirm that overfitting of endogenous variables is
successfully avoided and there is no risk of instrument proliferation. Another issue in short
panels concerns biased standard errors [20]. For the same reason a Windmeijer finite sample
correction of the two–step GMM standard errors are obtained [6, 33]. According to model
PVAR(2, 1) in Table 3 current account balance is positively significant at the 1% level. This
result is contrary to [9], but expected as the current account imbalance leads to the RER
misalignment. Likewise, autoregressive coefficient is significant at 1% level in the first equation
and it is significant at 5% level in the second equation although negative. However, results from
Table 4 indicate that RER misalignment effects public debt significantly but not otherwise, while
autoregressive coefficient is still persistent and significant at 1% level. The same conclusion
about adequacy of the Model 1 with one lag can be carried as for Model 2 with respect to
Hansen test, MMSC information criteria and stability condition. Regarding both models with
lags p = 3 it is common that most estimates are not significant cause of the many parameters.

Time lag p = 1 p = 2 p = 3

Endo. variable ∆MISi,t ∆PDi,t ∆MISi,t ∆PDi,t ∆MISi,t ∆PDi,t

∆MISi,t−1 0.7653∗∗∗ 0.5921∗∗ 0.7848∗∗∗ 0.6072∗ 0.8886∗∗∗ 0.3530
(0.0439) (0.2204) (0.0968) (0.2724) (0.1641) (0.3531)

∆PDi,t−1 −0.0020 0.4111∗∗∗ 0.0096 0.3168∗∗∗ −0.0299 0.0866
(0.0149) (0.1172) (0.0165) (0.0901) (0.0212) (0.1437)

∆MISi,t−2 −0.3028∗∗ −0.1853 −0.1663 −0.0483
(0.0995) (0.1869) (0.1453) (0.1910)

∆PDi,t−2 0.0094 0.0690 0.0167 0.1026
(0.0101) (0.0759) (0.0166) (0.1137)

∆MISi,t−3 −0.1057 −0.0539
(0.1388) (0.2172)

∆PDi,t−3 −0.0047 −0.0357
(0.0171) (0.0599)

Observations 162 135 108
Groups 27 27 27
Obs per group 6 5 4
Instruments 24 24 24
Hansen p−value 0.424 0.390 0.257
MMSC–BIC −91.3771 −81.1799 −69.5541
MMSC–AIC −23.4499 −23.0745 −21.2757
MMSC–HQIC −54.6084 −49.8675 −43.6296
Stability Yes Yes Yes

Note: statistical significance at 10%, 5% and 1% level is denoted by *, **, ***, while
Windmeijer robust standard errors are in the parentheses

Table 4: PVAR(2,p) estimation results from Model 2.

A particular advantage of PVAR is the ability to estimate the responses to the orthogonal
shocks, i.e. the impact of a shock of one variable on another variable, holding the shocks of
the other variables equal to zero [15]. Orthogonal impulse response function (OIRF) shows
the size and duration of the shock response with a confidence limits in order to determine the
uncertainty of the shock response using bootstrapping method (Figure 2).
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(a) OIRF from Model 1 (b) OIRF from Model 2

Figure 2: Orthogonalized impulse response functions and 95% confidence limits.

The forecast error variance decomposition (FEVD) is another tool for interpreting the PVAR
model that determines how much of the forecast error variance of each variable can be explained
by shocks of other variables. As seen in Table 5, variable current account can explain 2.29% of
the variation in real exchange rate misalignments up to 6th year while public debt can account
for more than 5% of the variation in the MIS. Contrary, results indicate that variable MIS
account more explained variation in CUR then on PD.

Forecast PVAR(2,1) Model 1 PVAR(2,1) Model 2

horizon MIS → CUR CUR → MIS MIS → PD PD → MIS

1 0.0000 0.00476 0.0000 0.0005
3 0.0051 0.0178 0.0001 0.0283
6 0.0059 0.0229 0.0002 0.0559

Table 5: Forecast error variance decomposition from Model 1 and Model 2.

5. Conclusion

Although PVAR models are suitable for capturing both static and dynamic interdependencies
in the panel data and treating the causality between variables symmetrically, a great causation
should be given do the number of instruments when dealing with short panels. Contrary, in
case of long panels (large N) it is advised to report the number of instruments and to check the
robustness of results to instrument reduction, as too many instruments might cause overfitting
problem. When N is small the only feasible solution is to collapse the matrix of instruments
and accordingly adopt the number of endogenous variables and time periods for which PVAR
can be applied. This makes PVAR utility very restrictive, particularly as the first difference
two–step GMM estimator requires all eigenvalues of companion matrices inside the unit circle
and all valid instruments. Indisputable indicator of too many instruments issue is a high p–value
of the Hansen J−statistic, i.e. close or equal to 1, which misleadingly forces the researchers
to never reject the null hypothesis of instruments validity. Keeping the number of instruments
small when cross–sectional dimension is small should not be an exception, particularly when
dealing with PVAR models.
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This paper primarily contributes to the existing studies of PVAR methodology by empirical
demonstration of the benefits from collapsed matrix of instruments, i.e. in a given settings
of 24 collapsed instruments results notably confirm that Hansen overidentification test is not
weakened any more. It also enriches the literature on real exchange rates misalignment’s, that
is, it offers a more comprehensive analysis of EU real exchange rate behavior due to the shocks
in other variables by employing stationary panel vector autoregression model with fixed effects,
and contributes to a profound understanding of the explained variance of real exchange rates
misalignment in the log–run. Summarized findings imply that real exchange rate misalignment
effects more current account balance than public debt, while public debt effects more real
exchange rate misalignment then otherwise. This paper is limited to a PVAR(2,1) model, but
from the practical point of view it provides a straightforward guidance how to get the most
from the short panel data when users decide to utilize PVAR in their studies.

Appendix

Implementation of the codes in RStudio requires installation of three additional packages with
accompanying dependencies: pdfetch for loading the data directly into RStudio from EURO-
STAT web source, mFilter for employing Hodrick–Prescott filter, and panelvar package for
PVAR estimation by pvargmm() command. Codes are available at this link.
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Abstract. Being a pensioner in Croatia carries certain risks of poverty and inequality compared to
the rest of the population. Low level of average pension compared to the minimal wage is just one case
in point. On the other hand, the labour market shortage is not negligible and there is also a poor track
record when it comes to pension system reforms in the last two decades. This paper investigates a
possible path of the future pension system reform aimed at increasing household income levels – focused
on the labour market participation of people aged 65+ who are willing and able to solve labour shortages
present in the market. The general aim of the paper is to analyze the effects that the establishment of
the Pensioners Service Center might have on market income, mean household income by decile groups,
poverty and inequality indices. It fills the research gap by conducting the first microsimulation of the
pension system reform in Croatia focusing on market income. The hypothetical reform is simulated
using the tax–benefit microsimulation model EUROMOD based on EU–SILC 2019 data for Croatia.
Results confirm market income as the main cause of income inequality as well as that the second decile
is the target group of the proposed intervention. Pensioners have a clear monetary incentive to increase
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1. Introduction

”One of the things you realize about gettin older is that not
ever’body is goin to get older with you”

– Sheriff Ed Tom Bell

A famous line by Sheriff Ed Tom Bell, played by renowned actor Tommy Lee Jones, in the
Hollywood movie titled ”No Country for Old Men” might have a different meaning when ob-
served with respect to the re-activation of pensioners on the labour market. Namely, not all
pensioners grow older and retire, some of them are willing to prolong their active status on the
labour market due to monetary or even non–monetary incentives [1]. This paper focuses on
more than 1.2 million pensioners living in Croatia with the majority of them receiving pensions
below the level of the minimum wage in Croatia, i.e. HRK 3750.00 [6, 16].
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http://www.hdoi.hr/crorr-journal ©2022 Croatian Operational Research Society



218 Nora Mustać, Velibor Mačkić and Lucija Rogić Dumančić

Furthermore, if you are aged 65+ and you live in Croatia you have a huge chance of living
below the at–the–risk–of–poverty–rate in Croatia which currently stands at 19.2% [5]. At the
same time, Croatia is experiencing labour market shortages with no clear strategy on how to
attract foreign workers besides temporary quotas for the tourism and the construction sector.
Since inadequate pension system reforms in the last two decades have failed to ensure a decent
living standard for pensioners’ households, the aim of this paper is to investigate an interesting
research avenue: labour market participation of people aged 65+ who are willing and able to
solve labour shortages in the short run. During May 2022 six focus group interviews were
conducted with the help and participation of members of Matica umirovljenika Hrvatske. On
18th May 2022 and 19th May 2022 focus groups were established to discuss the following two
topics: the promotion of active participation of the elderly population in the labour market,
and pension system reforms. These interviews yielded several interesting conclusions out of
which we single out the following: labour law amendments aimed at keeping the population
65+ active through mentorship and/or part-time employment contracts and the establishment
of the Pensioners Service Cente r(PSC). The main idea of the PSC is to act as a marketplace
where supply and demand for currently–retired–potential–workers would meet (similar to the
existing Student Centre and its role for the student labour force). The PSC would encourage
self–employment, offer lifelong learning programmes and promote active participation of the
elderly population in the labour market. The establishment of the PSC was the main motivation
for this paper and the microsimulation exercise conducted within it.

This places our subject of research within the social (i.e. pension) system reform. The
pensions are usually not simulated because of specific information required in simulation [20],
but EUROMOD contains data about the economic status of pensioners, along with all other
necessary data for microsimulation that this paper uses. The simulation of the reform is a useful
tool for presenting future consequences of the introduction of the reform on public finances and
the population’s income level. Hence, this paper tends to analyse the pension system reform
with the following goals: (i) to reduce poverty and inequality, (ii) to stimulate employment and
(iii) to achieve more equality of income distribution. In order to do that it sets the following
hypothesis, following seminal paper [7]: ”The establishment of the PSC will decrease income
inequality thus proving that the effects of the permanent income hypothesis can be decreased
by optimal policy interventions”.

The paper [9] uses notion on the permanent and transitory component of income where
the permanent component refers to, for example, the effect of occupation while the transitory
component refers to, for example, the effect of illness on the level of income. Since the gen-
eral aim of the paper is a microsimulation of the effects of the re–activation of pensioners on
the labour market it directly follows that this will affect the permanent component of one’s
income (i.e. occupation shifts from the pensioner to the employee), thus the permanent income
hypothesis. Although it is tempting to interpret the permanent income hypothesis solely con-
cerning consumption, due to the opposing approaches within the economic theory that range
from Keynes’s marginal propensity to consume to Friedman’s permanent component, the paper
builds on [7] conclusion on increasing inequality for each age group. Namely, ”. . . if the age
distribution of the population remains unchanged, and if the inequality in the distribution of
earnings remains constant, consumption and income inequality will also remain constant in the
society as a whole, even though inequality is increasing for each age group” [7]. The paper rests
on the premise that re-activating pensioners is a possible path to decreasing inequality.

The importance of encouraging part–time paid work opportunities for older people of re-
tirement age is also highlighted in [12]. Indeed, many countries aim to increase labour market
participation at an older age. The increase in the retirement age affects the frequency of vol-
untary work provisions. [8] report the positive effect that retirement has on the frequency of
voluntary work provision in Europe and the U.S. for the period 2009–2017. [1] highlight the role
of identity when analysing the labour market participation of the elderly. If one is no longer a
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worker, how does that affect his interaction with other economic agents? If a pensioner does not
manage in new circumstances, (s)he may want to return to the labour market and a familiar
role. Besides the increase in income, pensioners opt to work (despite receiving a pension) due
to a variety of reasons. [10] single out the following reasons: (i) keeping active and fit, (ii)
maintaining social contacts and (iii) others.

Similar to [3], who use behavioral microsimulation techniques as a tool for the analysis of
public policies and the response of individuals and households to changes in their budget, this
paper models pensioners’ labour supply and the effect on income inequality in order to confirm
or reject the stated hypothesis. [15] also use EUROMOD to simulate a set of common illustrative
pension system reforms and patterns of poverty among the elderly in Denmark, Germany, Italy
and the UK. The results suggest that different paths for reform are necessary for countries to
achieve common objectives. Some research based on the microsimulation approach shows that
ageing does not have a positive effect on the income dispersion increase [2]. Inequality might
also be reduced due to higher educational attainment.

According to the literature [13, 17] all fiscal interventions reduce inequality and poverty,
except indirect taxes which widen the income gap among the population and increase poverty
and inequality. Fiscal expansion and reforms in the period 2018–2021 in Croatia reduced
poverty but increased inequality as the consequence of income tax reduction which favors the
population with higher income [13]. This paper adds to the literature since it focuses on reforms
that increase market income and observes the effects on basic poverty and inequality indices.
To the authors’ knowledge the paper presents the first microsimulation of pensioners’ activation
for the case study of Croatia.

The rest of the paper is organized as follows. After the introduction, Section 2 provides an
overview of the methodology and data. The results of the microsimulation and the following
discussion are presented in Section 3. Section 4 provides the conclusion.

2. Methodology and data

This research uses actual data provided by EU–SILC (European Union Statistics on Income and
Living Conditions). The main method used is the microsimulation model EUROMOD for the
year 2019 for the Republic of Croatia. One needs to acknowledge the complementarity between
microsimulations based on representative microdata and a hypothetical household simulation
in the context of policy analysis. Microsimulations show the effects on the population (e.g.
poverty, inequality and budget) while hypothetical households present the effects of the tax–
benefit system [11].

Every microsimulation consists of two scenarios. The first step is to simulate a base scenario,
i.e. the actual situation in the observed moment. After that, a reform scenario which includes
changing parameters is simulated [19]. Our reform scenario simulates the following hypothetical
reform: introduction of permitted work up to the amount of HRK 1250.00 per month (pensioners
can work up to 42 hours per month at the minimum wage per hour equal to HRK 30.00). The
microsimulation discusses the direct monetary effects of the potential reform on three levels:
(i) fiscal implication on the total population, (ii) effects on the number of receiving households
and their socio-demographic characteristics, and (iii) effects on the income distribution and the
risk of poverty.

For certain groups of households that receive social benefits such as old–age benefits, al-
lowances for heating or household expenses, reactivation on the labour market (part–time work)
would not be profitable. The reason for that is straightforward: a household’s market income
increases upon reactivation on the labour market, which eliminates or reduces certain social
benefits. Since household disposable income is calculated by adding private transfers and social
benefits to market income and subtracting taxes and social contribution of every person in the
household, the role of the state and its social services is important. EUROMOD differentiates
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between the benefits that are fully simulated, benefits that are partly simulated and benefits
that are not simulated but included in the input data [18]. State pensions are not simulated
and the amount is taken from the EU–SILC survey. Also, non–cash or in–kind benefits are
not included in the exercise. Thus, the only constraint for pensioners is the one connected to
social benefits, so microsimulation examines the usefulness of the proposed policy/reform for
improving the profitability of work depending on that.

One clear incentive for the reactivation of pensioners is the level of their pensions. In June
2022 there were 456 065 pensioners, excluding disability pensions and not including pensions
paid through international agreements, whose pensions amounted to less than HRK 3500.00
[6]. At the same time, there were 19767 pensioners (beneficiaries of old–age, early old–age
and family pension) who work up to 20 hours a week [6]. Unfortunately, there is no data
on the structure (age, net pension, type of pension) of pensioners who work according to the
existing Pension Insurance Act. The size of that population (relative to the total of 3.8 million
inhabitants in Croatia [4] and their average net pensions (relative to the minimum wage of
HRK 3750.00) are presented in Table 1.

Type of pension Share Average net pension in HRK

Old–age pension 54.27% 2934.50
Early pension 18.26% 2904.24
Disability pension 8.57% 2191.40
Survivor’s pension 18.72% 2183.28

Source: Croatian Pension Insurance Institute

Table 1: Number of pensioners based on the type of pension.

Table 2 shows that in June 2022 there were just 19 767 pensioners (2% of all retired people in
Croatia) active on the labour market. The conditions under which they can re–activate are the
following: pensioners who are beneficiaries of an old–age pension, an early old–age pension, or
a family pension and are older than 65 years. Retired police officers and soldiers enjoy special
privileges due to their early retirement schemes while pensioners who use a disability pension
are not allowed to work at all.

Type of pensioners Number of pensioners Share

Working pensioners 19767 2%
Pensioners with pension up to HRK 3500.00 456065 48%
Pension beneficiaries 953119 100%
Source: Croatian Pension Insurance Institute (June 2022) [working pensioners:

beneficiaries of old–age, early old–age and family pension; pensioners with pensions
up to HRK 3500.00: not including disability pensioners; pension beneficiaries:
not including active military personnel, police officers and authorised officials;

not including international agreements]

Table 2: Type and number of pensioners in Croatia, June 2022.

The microsimulation exercise assumes that the PSC offers its services to the most vulnerable
group of pensioners (pension below HRK 3500.00) that can be found among pensioners who are
beneficiaries of old–age, early old–age and family pension older than 65 years that have the right
to work. Additionally, the microsimulation assumes that the employer does not pay pension
and health insurance. The PSC could charge a commission for its services to the employer but
the administrative costs of introducing this measure and the centre’s operating costs are not
analyzed in this paper.
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EUROMOD data (EU–SILC) used in this research contain 4519 pensioners older than 65
years (excluding disability pensioners) with pensions lower than HRK 3500.00. They represent
711059 people in Croatia with the same characteristics. The exercise simulates the reform sce-
nario in a way that it randomly chooses pensioners (with the above–mentioned characteristics)
and increases their market income by an additional HRK 1250.00. More precisely, the exercise
yields three different scenarios:

1. 2% of pensioners are working on Pensioners Service Centre contracts for a salary of HRK
1250.00 monthly

2. 5% of pensioners are working on Pensioners Service Centre contracts for a salary of HRK
1250.00 monthly

3. 10% of pensioners are working on Pensioners Service Centre contracts for a salary of
HRK 1250.00 monthly

The number of hours worked for employees is excluded, i.e. all pensioners stop working upon
reaching the maximum amount of salary (HRK 1250.00). In this way, the simulation creates
hypothetical data to understand how policy works.

3. Results and discussion

The output from EUROMOD shows the change in total market incomes (Table 3), the change
in the level of poverty (Table 4) and inequality indices (Tables 5–6) and the change in household
income by decile groups (Table 7).

Reform Scenario 1 Reform Scenario 2 Reform Scenario 3

Base Reform Difference Reform Difference Reform Difference
scenario 2% to base 5% to base 10% to base

168898 169050 152.31 169291 393.43 169577 679.06
Source: Authors’ simulations from EUROMOD

Table 3: Total market incomes, base scenario vs. reform scenario (yearly, millions, HRK).

The fiscal overview presented in Table 3 shows that total market incomes increase as the
share of working pensioners increases. If 10% of pensioners aged 65+, with pensions below
HRK 3500.00 reactivate on the labour market, the total market income will increase to HRK
679 milion per year. Market/original incomes are the sum of income from employment and self-
employment plus income from other sources. Other sources include income from investment,
property, private pensions, private transfers, and children younger than 16, minus private trans-
fers paid to other households. The estimated increases are small but one needs to have in mind
that the focus is on pensioners, and among them on the poorest members of the Croatian
society.

Households are defined as being at risk of poverty (poor) if their equivalised disposable
household income (every individual in the household has at his/her disposal the same amount
of money) is below the poverty line. The poverty line is defined as 60% of the country–specific
median equivalised disposable household income. Table 4 points to the positive relationship
between the re-employment of pensioners and poverty levels. Namely, if 2 percent (5 percent)
of pensioners are re–employed, poverty will decrease by 0.32 pp (1.08 pp). Out of the five
groups presented in Table 4 one can easily see that in all three reform scenarios it is the elderly
who report the highest changes as opposed to children and working–age economically active
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Reform Scenario 1 Reform Scenario 2 Reform Scenario 3

Base Reform Difference Reform Difference Reform Difference
scenario 2% to base 5% to base 10% to base

Population 19.14% 19.03% −0.11pp 18.83% −0.31pp 18.61% −0.53pp
Children 17.32% 17.27% −0.06pp 17.27% −0.06pp 17.22% −0.11pp
Working age 15.31% 15.25% −0.06pp 15.09% −0.13pp 15.10% −0.21pp
Working age
Economically 8.11% 8.07% −0.03pp 8.02% −0.09pp 7.95% −0.16pp
Active
Elderly 32.55% 32.23% −0.32pp 31.47% −1.08pp 30.67% −1.88pp

FPL 3088.48
Source: Authors’ simulations from EUROMOD

Table 4: Basic Poverty Indices using a fixed poverty line FPL.

members of the society. This again re–confirms the importance of market income for the poverty
levels of pensioners. However, one needs to acknowledge the fact that the effects of simulations
may be difficult to translate into real-life situations due to a mismatch in pensioners’ skills and
knowledge and employers’ demands. Pensioners’ impaired health condition is another constraint
in this process.

The basic inequality measures are shown in Tables 5–6. The Gini measures the distribution
of income within a country where 0 means perfect income equality and 1 means perfect income
inequality. The S80/20 ratio – also referred to as the income quintile share ratio – is the ratio
of the total income received by the 20% of the population with the highest income to 80%
of the population with the lowest income. All basic indicators of inequality indicate that the
inclusion of the poorest pensioners in the labour market has a significant and positive impact
on the entire population. The reduction in inequality is not large, but it increases with the
growth of working pensioners. The highest value of the Gini coefficient is shown by the original
income, which indicates that the original income is the main cause of high inequalities and
should be the focus of policy interventions. Furthermore, the results from Tables 5–6 confirm
our hypothesis. Namely, the simulation shows that the implications of the life cycle theory
(young and old members of the society spend, rather than save money, while people of working
age save money) can limit inequality due to the positive policy intervention outside the ones
proposed by [7], e.g. insurance arrangements.

Reform Scenario 1 Reform Scenario 2 Reform Scenario 3

Base Reform Difference Reform Difference Reform Difference
scenario 2% to base 5% to base 10% to base

Original Income 0.4778 0.4772 −0.0006 0.4762 −0.0016 0.4749 −0.0029
Original Income
after Taxes/SIC 0.4617 0.4610 −0.0007 0.4597 −0.0020 0.4582 −0.0035
Original Income
incl. Public Pensions 0.3184 0.3181 −0.0003 0.3174 −0.0010 0.3165 −0.0019
after Taxes/SIC
Disposable Income 0.2985 0.2981 −0.0003 0.2975 −0.0010 0.2966 −0.0019

Source: Authors’ simulations from EUROMOD

Table 5: Basic Inequality Indices with respect to Gini.
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Reform Scenario 1 Reform Scenario 2 Reform Scenario 3

Base Reform Difference Reform Difference Reform Difference
scenario 2% to base 5% to base 10% to base

Original Income 12.4382 12.3983 −0.0400 12.1993 −0.2389 11.8732 −0.5650
Original Income
after Taxes/SIC 11.0662 11.0252 −0.0410 10.8366 −0.2296 10.5207 −0.5456
Original Income
incl. Public Pensions 5.6402 5.6056 −0.0346 5.6016 −0.0386 5.5661 −0.0741
after Taxes/SIC
Disposable Income 4.9391 4.9138 −0.0253 4.8995 −0.0396 4.8776 −0.0615

Source: Authors’ simulations from EUROMOD

Table 6: Basic Inequality Indices with respect to S80/S20.

All estimations point to the fact that one can achieve the same results presented by [21], i.e.
reducing budgetary expenditures, increasing labour participation and positive redistributive
effects, by activating positive incentives (those who are willing can re–enter the labour market)
instead of concentrating on constraints (e.g. raising the retirement age). Both politically and
socially, incentivising is easier than imposing constraints. Table 7 shows the mean equivalised
income of decile groups. Decile groups are calculated by ranking individuals according to their
equivalized disposable household income and dividing them into ten similar–sized groups.

Reform Scenario 1 Reform Scenario 2 Reform Scenario 3

Base Reform Difference Reform Difference Reform Difference
scenario 2% to base 5% to base 10% to base

Decile 1 2342.24 2353.88 11.65 2374.70 32.46 2397.25 55.01
Decile 2 4276.81 4291.55 14.73 4326.72 49.91 4363.16 86.35
Decile 3 5836.61 5845.91 9.29 5863.91 27.29 5891.43 54.82
Decile 4 7818.15 7834.45 16.30 7850.80 32.64 7872.76 54.60
Decile 5 9738.16 9751.30 13.13 9758.16 19.99 9772.26 34.10
Decile 6 10553.58 10557.97 4.38 10569.30 15.72 10579.00 25.42
Decile 7 12475.23 12475.23 0.00 12487.60 12.37 12493.68 18.45
Decile 8 14084.36 14089.22 4.86 14089.97 5.61 14099.40 15.04
Decile 9 16329.64 16329.64 0.00 16329.64 0.00 16329.64 0.00
Decile 10 24044.07 24051.95 7.88 24054.76 10.69 24055.88 11.82
All 10107.90 10116.51 8.61 10130.14 22.24 10146.28 38.39
Poor 3170.36 3170.45 0.09 3179.05 8.69 3184.15 13.79

Source: Authors’ simulations from EUROMOD

Table 7: Mean household income by decile groups.

Similar to the findings by [14] unretirement is part–time and provides a non–trivial source
of income. Simulation confirms that household income increases as the number of working
pensioners increases, but more importantly it identifies the target group for the intervention.
Since the second decile will have the greatest benefit from re–activating on the labour market
(taking into consideration possible loss of social benefits) they should be the target group.
Nonetheless, the bottom five deciles confirm that the proposed policy intervention is properly
targeted towards the poorest members of the Croatian society.
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4. Conclusion

The stated main goal of the paper – microsimulation of the effects of establishing the PSC on
the household level – was fulfilled. For the first time, the calculation of incentivising pensioners’
return to the workforce by simulating standard student wage rates per hour on the household
incomes of retired people was presented. The exercise proved that both total market income
and mean household income by decile groups increased, while all poverty indices decreased. In
addition to that, inequality indices decreased thus confirming the stated hypothesis that a smart
public intervention (establishment of the PSC) aimed at re–activating pensioners can decrease
inequality levels. The paper reports the following results that can be of use for public policy
implementation. First, market income was identified as the main cause of income inequality.
Thus, activating pensioners’ willingness to work is a direct channel which reduces both inequal-
ity and poverty. Second, microsimulation enables targeting the exact group of pensioners which
opens up possibilities to expand coverage and effects (e.g. to increase the maximum amount
pensioners can earn). Third, the state can decrease its allocations for benefits such as heating
costs, housing, guaranteed minimum benefits, etc. for those pensioners who can earn enough
money to cover those costs themselves (this is then a clear opportunity cost of government
funds). Fourth, pensioners have a clear monetary incentive to increase their labour supply.

The paper does not claim that this should be the only public policy approach or that
this should be made mandatory for all pensioners. Pensioners’ impaired health conditions,
skills mismatch and employers’ preferences also play a critical role in observing whether the
final results will follow the results of this simulation. Namely, the paper takes into account the
ageing population, labour market shortages and the results from SENIOR 2030 focus interviews
and presents the first microsimulation of these effects on the household level in Croatia.

Limitations of the study stem from the fact that this is the first such study since microsim-
ulation is performed with the aim of improving tax and benefits of the social system, while
pensions are outside its scope and focus. Thus, fine-tuning is possible (e.g. including costs of
the PSC) to get the costs of the programme and not just the benefits. This is also a promis-
ing research avenue that can be expanded by simulating other work arrangements (mentorship
contracts and other sources of part–time contracting) that fit under the tax and contribution
schemes of the government. This could in return yield higher estimated effects of the proposed
reforms. Living in a time of labour shortages, ageing and the unsustainability of the pension
insurance system, reforms are a necessity. We hope that this idea could also contribute to the
betterment of the society.
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1. Introduction

This paper studies the impact of incomplete information, namely the consequence of statisti-
cally estimating model parameters, to the precision of stochastic optimization. The standard
formulation of a stochastic optimization problem is given as a search for solution to

inf
v
ϕF (v) = inf

v
EFφ(Y, v), (1)

where φ is a cost function, v are input (control) variables from certain feasibility set V , EF

stands for the expectation under distribution function F , and, finally, Y is a random variable
(or vector) possessing this distribution function. An alternative formulation may ask for the
optimization of a certain quantile of random criterion φ(Y, v) instead of its expectation. A
combination of several criteria may also be considered, which would lead to a multi-objective
problem.

When the distribution function F is not known, it has to be estimated from observed data.
This estimate is random (based on available data), hence the obtained solution based on an
estimated distribution instead of the correct one is random as well. Either a parametric form of
the underlying distribution can be assumed, or a non-parametric estimator is used. Both these
instances were, for example, analyzed in [9] and [10], where the case of incomplete (censored)
data has also been explored. In fact, the impact of using an empirical distribution instead of
the exact one has been studied for a long time; see, e.g., [4].

http://www.hdoi.hr/crorr-journal ©2022 Croatian Operational Research Society
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This contribution considers just the parametric case. In Section 2, several assumptions
concerning both the cost function φ and the distribution of Y are formulated in order to prove
the proposition asserting the consistency of solutions based on consistent parameters estimates.
This proposition provides a theoretical framework guaranteeing a successful use of the estimates
instead of the unknown correct values of parameters.

In subsequent sections, we then focus on a related task, namely, what the precision of a
solution is when the estimates are obtained from a finite data sample. In other words, we
intend to explore the speed of convergence by comparing several data designs. Moreover, in the
same setting of parametric models for the distribution of Y , it is assumed that Y depends on a
set of covariates via a convenient parametric regression model. It means that the corresponding
regression parameters should be estimated as well, which contributes to additional variability
of the problem solution.

The contribution of this paper is thus two-fold: A theoretical result relating the convergence
of parameters estimates to the convergence of related optimization problem solutions, and
empirical exploration of this convergence speed.

The second problem is solved in the setting of regression models. Therefore, several types
of parametric regression models are recalled in Section 3; for instance, a standard linear model,
its transformation, and the Cox regression model, which is typically used in lifetime studies.
In all of the presented instances, the consistent parameters estimates are available, and the
convergence of the obtained sub-optimal solutions to the optimal results is therefore granted
by Theorem 1. What remains is thus exploring the precision of solutions based on estimates
from finite data samples. This is done in Section 4, which presents an example dealing with an
optimal maintenance problem depending on a covariate (e.g. a load) via the log-linear regression
model. A simulation study shows the behavior of sub-optimal solutions based on data samples
of small and medium size. The last section then compares the results of the optimization based
on censored data with the results obtained without censoring.

2. Consistency of optimum

Let us assume that the distribution function F = F (y, θ) is parameterized (by a parameter θ
from a set Θ ⊂ Rm) and is of continuous type, with a density function f(y, θ). The following
statement on the consistency of optimal decision as a consequence of the consistency of the
estimate of parameter θ is in fact a variant of well-known results (see again [4] or [7]), which are
mostly based on the uniform convergence of estimated distribution functions. It will be shown
that, in a parametric case, the convergence of parameter estimates is sufficient. Naturally,
under appropriate assumptions. Let us first introduce some notation:

ϕ(v, θ) =

∫ ∞

−∞
φ(y, v)f(y, θ)dy, ϕN (v) = ϕ(v, θ̂N ), ϕF (v) = ϕ(v, θ0),

v∗F = argmin
v

ϕF (v), ϕ∗
F = ϕF (v

∗
F ), v∗N = argmin

v
ϕ(v, θ̂N ), ϕ∗

N = ϕ(v∗N , θ̂N ). (2)

Here, as in (1), φ is a cost function, ϕ(v, θ) its expectation for the given values of control

variable v and parameter θ. Further, θ0 denotes the ‘true’ value of the parameter, while θ̂N its
statistical estimate from data of size N . Then v∗F , ϕ

∗
F are optimal solutions with respect to θ0,

while v∗N , ϕ∗
N are optimal with respect to θ̂N .

Let us further assume that there exists a sequence of estimates θ̂N converging in probability

to θ0. If we use the Taylor expansion at θ0, denoting f ′(y, θ) = ∂f(y,θ)
∂θ , we obtain that

ϕ(v, θ̂N )− ϕ(v, θ0) =

∫ ∞

−∞
φ(y, v)f(y, θ̂N )dy −

∫ ∞

−∞
φ(y, v)f(y, θ0)dy =
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=

∫ ∞

−∞
φ(y, v)f ′(y, θN )dy · (θ̂N − θ0), (3)

where, for sufficiently large N , θN , lying between θ0 and θ̂N , is arbitrarily close to θ0 (in the
sense of convergence in probability).

Let us formulate several assumptions; first three concern general properties of the optimiza-
tion criterion, they were already formulated in [7] in order to ensure the closeness of the solutions
for sufficiently close (in the sense of L1 norm) distribution functions. The other assumptions
are inspired by (3).

A1. Values of variable v are from V , where V is a compact subset in R1.

A2. Functions φ(y, v) are continuous in v on V , uniformly with respect to y ∈ R1.

A3. EFφ(Y, v) are finite for all v ∈ V .

A4. The distribution of r.v. Y is continuous, with density function f(y; θ) and its derivative
f ′(y, θ) = ∂f(y, θ)/∂θ existing on Θ.

A5. There exists a compact neighborhood O of θ0 and a positive number K < ∞ such that
|ϕ′(v, θ)| = |

∫∞
−∞ φ(y, v)f ′(y, θ)dy| ≤ K, for each v ∈ V and θ ∈ O.

Theorem 1. Let θ̂N be a sequence of estimates of θ0 consistent in probability. Further, let
assumptions A1 through A5 hold. Then, for N → ∞,

1. lim ϕ∗
N = ϕ∗

F in probability,

2. There exists a sub-sequence v∗N,k ⊂ {v∗N}, k = 1, 2, ... such that it converges (even a.s.)
when k → ∞, lim v∗N,k = v∗0 , and v∗0 ∈ {argminϕF (v)}.

Proof: Let us divide the proof into several steps:

i) For a sequence of consistent estimates θ̂N it holds that each ϕ∗
N ≤ ϕN (v∗) and that also

|ϕN (v∗)− ϕ∗
F | → 0 in P (due to A5). Then both lim inf ϕ∗

N ≤ ϕ∗
F and lim sup ϕ∗

N ≤ ϕ∗
F ;

this assertion must hold a.s. Denote ϕ = lim inf ϕ∗
N . We want to prove that ϕ = ϕ∗

F a.s.
(notice that ϕ is random, defined a.s., while ϕ∗

F is a constant).

ii) As each sequence converging in probability has a sub-sequence converging a.s. (see e.g.
[5], Th. 3.4), there exists a sub-sequence of indices {N1} ⊂ {1, 2, ...} such that ϕ =
limN1→∞ ϕ∗

N1 a.s., with the corresponding sub-sequence of solutions v∗N1. Then, due to
the compactness of V , there is another sub-sequence with indices {N2} ⊂ {N1} such that
limN2→∞ v∗N2 = v ∈ V exists a.s. Both ϕ and v are defined a.s., to show this existence of
theirs is the substance of this point.

iii) From A2 and ii) it follows that also limN2→∞ ϕN2(v) = ϕ, a.s. It follows that ϕ cannot be
smaller than the optimal value ϕ∗

F ,

iv) Now we wish to prove that (at least in probability) limN→∞ ϕN (v) = ϕF (v). This fact
follows directly from (3) and assumption A5.

v) When combining iii) and iv), we can see that ϕF (v) = ϕ a.s. Simultaneously, ϕ ≤ ϕ∗
F holds

true. It follows that ϕ = ϕ∗
F and v is also a solution, i.e., v ∈ {argmin ϕF (v)} a.s. If the

set {argmin ϕF (v)} contains just one point then v coincides with it a.s.
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Theorem 1 concerns the case when the estimated parameters are used instead of the correct
parameters values. It shows that ϕ∗

N,k = ϕ(v∗N,k, θ̂N,k) → ϕ∗
F in probability. However, in

practice, we derive v∗N optimal with respect to estimated parameter θ̂N and then we use it in
the setting governed by the underlying (unknown) correct distribution F . That is why the result
is in fact ϕ(v∗N , θ0). The next proposition therefore proves the convergence of these sub-optimal
solutions to the optimum.

Corollary. Under the assumptions and with the notation of Theorem 1,

lim
k→∞

ϕ(v∗N,k, θ0) = ϕ∗
F .

holds in probability.

Proof: From (3) and A5 it follows that |ϕ(v∗N,k, θ̂N,k| − ϕ(v∗N,k, θ0)) ≤ K · |θ̂N,k − θ0|. As A5

holds uniformly for each v ∈ V and θ̂N,k → θ0 in probability, Theorem 1 simultaneously claims

that ϕ(v∗N,k, θ̂N,k) → ϕ∗
F as well, the proposition is proved.

We will assume below that the optimization problem depends on a set of covariates. Let
us denote the space of covariates Z ⊂ Rk, and their values z ∈ Z. The impact of covariates
is then expressed via a convenient regression model. Such a case may correspond to a number
of real problems. The final part of this paper deals with one of them, namely the problem of
optimal maintenance depending on the load affecting the maintained device.

In the derivation of the main result above, the value of covariate z was not included. In the
context of the following setting dealing with (parametric) regression models, we can imagine
that the covariate is taken as fixed. Nevertheless, the regression parameters are also subject to
statistical estimation. In other words, the statements hold for any consistent sequence of model
parameters estimates θ̂N and for such z ∈ Z that the assumptions listed above are fulfilled.

3. Examples of regression models and their parameters

A parametric regression model means that the type of distribution F (y; z, θ) of random variable
Y for the given value of covariate z is known, while the parameters θ are unknown; their values
lie in a set Θ ⊂ Rm, containing both the parameters of a “baseline” distribution and the
parameters characterizing the regression. Let us mention here several examples often used in
practice:

1. Standard linear regression model, in which

Y = α+ β · z + ε, ε ∼ N(0, σ2). (4)

Here the “baseline” parameters are α, σ, all parameters are θ = (α, σ, β).

Details on the analysis of the linear regression model and the corresponding confidence
intervals and bands can be found elsewhere, e.g. in Lehmann and Romano [8], Ch. 7 and
9.

2. Let us consider Example 1 described above, however, with a transformation T = exp(Y ) =
exp(β · z) · ϵ, where the random variable ϵ now has the lognormal distribution with pa-
rameters (α, σ). Let us denote the distribution function of ϵ by Fe(.). The distribution
function of T , for given covariate z, then equals

FT (t; z) = P (T ≤ t; z) = P (ϵ ≤ exp(−β · z) · t) = Fe(exp(−β · z) · t). (5)
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We can see that this instance leads to the so-called Accelerated Failure Time (AFT)
regression model, which is often used in statistical reliability analysis to describe the
consequences of a load or degradation (expressed via covariates) to the lifetime of a
device. For more information see, e.g., [1].

3. Let the baseline distribution be the Weibull one, with distribution function F0(y) =
1 − exp{−(y/a)b} defined for y > 0, and with parameters, both positive, a, b. The
dependence on a covariate z can be described via the Cox (proportional hazard) regression
model (cf. [6]):

F (y; z) = 1− exp{−(y/a)b · exp(β z)} = 1− exp{−(
y

a(z)
)b}, (6)

where a(z) = a · exp{−β z/b}. The scale parameter a(z) thus depends on the covariate,
while the shape parameter remains b. We can formally write that θ = (a, b, β) is the set
of the parameters we wish to estimate.

Parameters θ are estimated, as a rule, with the aid of the maximum likelihood estimation
(MLE) method. Good properties of the MLE stem out of the so-called regularity conditions
concerning the distributions F (y; z, θ). The formulation of these conditions can be found in
statistical textbooks, for instance in [3], Ch. 7.3. If they are fulfilled then there exists a

consistent sequence of the estimates, i.e. such that θ̂N → θ0 in probability when the data size
N → ∞. Here, θ0 again denotes the ‘true’ value of the parameter. Further, the estimates are
asymptotically normal, which means that the distribution of

√
N(θ̂N − θ0) converges to the

normal distribution with zero mean and finite variance given by the inversion of the Fisher
information matrix, I−1(θ0). In practice, the MLE is based on the data {yi, zi}, i = 1, ..., N
and maximizes the log-likelihood function

LN (θ) =

N∑
i=1

ln f(yi; zi, θ)) (7)

over Θ. A consistent estimate of the Fisher information is then obtained as

IN (θ) = − 1

N

(
d(LN (θ))2

d2θ

)
. (8)

In the preceding part, it has been shown that the consistency of an estimate of θ ensures
the consistency of the solutions computed as optimal with respect to this estimate. However,
the estimates of parameters are in reality computed from a limited data sample {yi, zi, i =
1, ..., N} providing just limited and random information for the identification of the system to
be optimized. That is why we will now study the precision of the estimates and, consequently,
of the solutions based on these estimates. We will proceed with the aid of randomly generated
data from a selected type of the regression model.

The setting outlined above can also be interpreted as the regression parameter being an
additional parameter; estimating it increases the uncertainty of the solution. It should be
mentioned here that the confidence of the estimates depends also on the covariate design, not
only on the data size. The impact of the covariate design has already been explored sufficiently
elsewhere, cf. again remarks on the design of experiments in [8].

4. Example

Let us consider the following rather simple example of a stochastic optimization problem:
A component of a machine has its time to failure T given (modeled) by a continuous-type proba-
bility distribution with distribution function, density, and survival function F, f, F̄ = 1−F , re-
spectively. The cost of repair after failure is C1, the cost of preventive repair is C2, 0 < C2 < C1.
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Figure 1: Functions ϕN (τ) and their maximal values at optimal τ∗, for z = 0 (above) and
z = 3 (below).

For the sake of simplicity, we assume that only complete repairs, ’renewals’, are provided, i.e.
after each repair the component is new (exchanged) or as new. Let τ be the time from renewal
to preventive repair. Further, let us consider the proportion of time of component availability
to the unit of cost as a random criterion function,

φ(T, τ) =
T

C1
if T ≤ τ, φ(T, τ) =

τ

C2
if T > τ. (9)

Our task is to find optimal τ from a reasonable closed interval T , i.e. to maximize

ϕF (τ) = EFφ(T, τ) =

∫ τ

0

t

C1
dF (t) +

τ

C2
F (τ). (10)

Note that this formulation corresponds to scheme (1) with control variable τ , our goal here is
to reach the maximum of (10).

In this example, the optimal solution τ∗ can be found by solving the equation dϕF (τ)/dτ =
0. Namely, we solve

dϕF (τ)

dτ
=

τ

C1
f(τ) +

1

C2

(
F (τ)− τf(τ)

)
= 0. (11)

After some re-computation, we obtain the optimal τ∗, which fulfills

τ∗ h(τ∗) =
C1

C1 − C2
, (12)

where h(t) = f(t)/F (t) denotes the hazard rate of random variable T . We can see that the
right-hand side in (12) does not depend on the covariate. Let us also recall that, in the case of
Cox regression model the hazard rate equals h(t; z) = h(t; 0) · exp(β z), while in the AFT model
it equals h(t; z) = h(t · exp(β z); 0) · exp(β z).

4.1. Example specification

The lifetime distribution will be specified below and we will compare the deterministic solution,
in which all of the parameters are known, with the variability of ’sub-solutions’, for which the
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Figure 2: Estimates of parameters from 100 data sets of size N = 50. Above α, then β, below
σ.
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Figure 3: Values of τ and ϕ achieved for parameters estimated from data of size N = 50,
repeated 100 times.

parameters are estimated. Namely, let us consider a case outlined in Example 2 of Section 3:
Let the distribution of T be lognormal, fulfilling the relation

lnT = α+ β · z + ε, ε ∼ N(0, σ2), (13)

with parameters α = 4.5, β = −0.1, σ = 0.4. Further, let a 1-dimensional covariate z have its
values distributed uniformly in (−5, 5). For z = 0 we have the “baseline” lognormal distribution
with parameters α, σ; the approximate value of its expectation ET0 = 97.51, the standard
deviation stdT0 = 40.62,. For instance, when z = 3, these characteristics are ET3 = 72.24,
stdT3 = 30.09.

Further, let the costs be C1 = 10 and C2 = 1. When all parameters are known, optimal
values of the inter-maintenance time τ and the achieved maximum of ϕ(τ) are τ∗0 = 69.95, ϕ∗

0 =
52.94 and τ∗3 = 51.82, ϕ∗

3 = 39.22 for z = 0, z = 3, respectively. These solutions have been
obtained from (10) and (11) and are shown in Figure 1.

The data of a size N=50 are then generated from the correct model, i.e., first the values of
covariate zi, i = 1, ..., N, are generated uniformly in (−5, 5) and then one value of Ti is generated
from (13) for each zi. The parameters are now estimated from this data. Finally, we select
one value of the covariate (namely, we put z = 3 to have a comparison with the corresponding
correct τ∗3 and ϕ∗

3 from above) and compute the optimal values of τ3 according to (11), taking
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Figure 4: Values of τ and ϕ achieved for parameters estimated from data of size N = 200,
repeated 100 times.

the estimated parameters instead of the ‘true’ ones. These sub-optimal τ values are inserted
into (10) together with the correct F , i.e. given by the correct values of the parameters. The
result is, naturally, smaller than the maximal possible value of ϕ∗. This procedure has been
repeated 100 times in order to obtain a representation of the parameter estimates (this is shown
in Figure 2) and the corresponding sub-optimal solutions, shown in Figure 3. It is seen how these
values copy the curve from Figure 1 (for z = 3) and are more or less close to the optimal point.

The same procedure has been then performed for a larger data size, N=200. Table 1 lists the
observed characteristics of the estimated parameters (from their 100 repetitions), for all of the
instances reported here. We can see that the uncertainty of estimates (characterized by their
standard deviations) for the case N=200 (second row of Table 1) is smaller than for N=50,
i.e. the estimated values are closer to the correct values and, consequently, the sub-optimal
solutions based on these estimates are closer to the correct solution. This observation follows
from Figure 4 and its comparison with Figure 3.

Case N α̂: mean std β̂: mean std σ̂: mean std
noncens. 50 4.5015 0.0539 -0.1038 0.0219 0.4019 0.0465
noncens. 200 4.5001 0.0264 -0.1002 0.0108 0.4014 0.0205
fixed z=3 50 µ̂=4.2051 0.0565 NA NA 0.4089 0.0395
censored 200 4.4969 0.0383 -0.0991 0.0126 0.3953 0.0242

Table 1: Sample means and standard deviations from 100 times repeated estimation of
parameters.

4.2. Comparison with the case without covariates

To show an increase in the uncertainty of the solution caused by the presence of an unknown
regression parameter, let us compare the instances studied above with a case in which all the
data are related to just one covariate value, for instance, again to z = 3. Namely, let us have
N = 50 realizations of times Ti from a simple model

Yi = ln Ti = µ+ εi, (14)

where again εi are the i.i.d. random variables from N(0, σ2) distribution, µ = α + β · 3 and
the values of the parameters are the same as above. Therefore, µ is estimated as the mean and
σ as the standard deviation from the values of Yi (while α, β are not identifiable). The ’true’
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value is µ0 = 4.2, and Figure 5 again shows 100 sub-optimal solutions obtained on the basis of
100 repetitions of randomly generating such data, with a data size N = 50. Notice that the
variability of the optimal results is really smaller than in the preceding case, in which the values
of the covariate varied and, therefore, additional estimation of the regression parameter β was
necessary.
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Figure 5: Values of τ and ϕ achieved for parameters estimated from data of size N = 50, with
fixed z = 3, repeated 100 times.

5. Linear model with censoring

The phenomenon of censored data, a special case of incomplete data observation, is encountered
quite often in lifetime data studies. Let us again consider model (4),

Yi = α+ β · zi + εi, i = 1, ..., N.

The random right-censoring means that there exists a random variable C, say, independent of
Y and not providing us any information on the model parameters (the so-called ’uninformative
censoring’). Then the variable Y ∗ = min(Y,C) is observed instead of Y . As a rule, it is known
whether Y ≤ C or Y > C; this is denoted by an indicator δi = 1 if Y ≤ C, δi = 0 if Y > C.

One of the first methods of analyzing the linear regression model with right-censoring has
been proposed in Buckley and James [2]. However, a practical application of their iterative
procedure is, in fact, not much effective; the slope is overestimated as a rule. There are some
other, more direct options. Let us recall that the log-likelihood for right-censored data has the
following form:

LN (θ) =

N∑
i=1

[δi · ln(f(Y ∗
i , z, θ)) + (1− δi) · ln(1− F (Y ∗

i , z, θ))]. (15)

The MLE, via solving equation dLN (θ)/dθ = 0, can easily be found (e.g. by the Newton-
Raphson algorithm), for instance, for the Weibull distribution, while the case of the normal
distribution has to be solved numerically, by a convenient search procedure. Such a method
has also been used in the present paper. Hence, the solution is then just an approximation of
the exact solution, however with an arbitrarily high precision level. Therefore this approach
yields estimates which are still consistent in probability.

5.1. Example – continuation

Let us consider the same specification as above, in (13) in Subsection 4.1. Moreover, let the
output values Y = lnT be censored from the right-hand side by realizations of random variable
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C ∼ N(µC = α, σC = 3 ·σ). The rate of the censoring is then about 50%. N = 200 values have
been generated, and again, the experiment has been repeated 100 times to obtain 100 estimates
and, from them, 100 sub-optimal solutions to the optimal maintenance period problem. The
results are shown in Figure 6, the characteristics of the estimated parameters are again listed
in Table 1.
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Figure 6: Values of τ and ϕ achieved for parameters estimated from censored data of size
N = 200, again repeated 100 times.

As expected, the variation of the estimates as well as of the sub-optimal solutions is higher
than those achieved in the case without censoring and the same N .

6. Concluding remarks

We have studied the impact of the variability of statistical estimates on the precision of solutions
in a stochastic optimization problem. First, in the setting of parametric models with consistent
estimates of parameters, the consistency of corresponding solutions of optimization has been
proved. Further, the influence of empirical estimates on optimal solutions has been studied
with the aid of randomly generated examples. This study has been performed in a situation
when the random element of the optimization problem depends on covariates, via a parametric
regression model. Finally, the analysis has been extended to the case of randomly right-censored
data. Another extension to semi-parametric regression models, where the baseline distribution
is not specified, should be a further step. Such a generalization may concern both the Cox and
AFT models mentioned in the present paper.

As regards the example presented in Section 4, dealing with the optimal maintenance prob-
lem, another interesting point is worth exploring, namely, the proportion of failures allowed by
optimal renewal interval. It theoretically equals P (Tz ≤ τ∗z ) = Fz(τ

∗
z ). It can be shown, and it

also follows from (12), that in the AFT model this proportion does not depend on z because
the accelerating term exp(β · z) just changes the scale of time. An equality τ∗z = τ∗0 · exp(β z)
also holds true. Naturally, this proportion in general depends on covariates as well. It simulta-
neously depends on costs C1, C2 because the optimal value of τ∗ also depends on them.

Under the specification given in (13), the proportion of admissible failures equals P (Tz ≤
τ∗z ) = P (Yz < ln τ∗z ), where Yz has normal distribution N(µ = α+ β · z, σ2). For instance, this
proportion equals 0.264 for costs C1 = 10, C2 = 1; however, when the costs are C1 = 5, C2 = 2,
then for instance the optimal value is τ∗0 = 82.62, ϕ∗

0 = 29.42 for z = 0, and the proportion
P (Tz ≤ τ∗z ) changes to 0.415.
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Prof. Valter Boljunčić, PhD, University of Pula (2004-2008)
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Prof. Zrinka Lukač, PhD, University of Zagreb (2016-2020)
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If you want to become a member of the CRORS, please fill in the application form available at

http://www.hdoi.hr

http://www.hdoi.hr

	Developing_a_Bi_Level_Structure_for_Evaluation_of_Regional_Bank_Branch_Managers_Focusing_on_their_Consumption.pdf
	Introduction
	 Hierarchical structures
	 Proposed DEA model
	 Experimental results
	Conclusion

	2_Determinants_of_Croatian_Non_Life_Insurance_Companies__Efficiency.pdf
	Introduction
	Hypotheses and Previous Research
	Methodology and Data
	Data Envelopment Analysis (DEA)
	Truncated Regression

	Results and Discussion
	Discussion of DEA Results 
	Discussion of Truncated Regression’s Results

	Conclusion

	3_Economic_contribution_and_integration_of_Croatian_ICT_sectors.pdf
	Introduction
	Data sources
	Research methodology
	Research results
	Conclusion

	4_The_independent_component_analysis_with_the_linear_regression___predicting_the_energy_costs_of_the_public_sector_buildings_in_Croatia__1_ (1).pdf
	Introduction
	Theoretical framework and previous research
	Theoretical framework
	Previous research

	Methodology and data
	Independent component analysis
	Linear regression
	Data

	Results and discussion
	Conclusion

	5_Efficiency_of_Indian_General_Insurance_Companies__A_Convex_Nonparametric_Least_Squares_Approach.pdf
	Introduction
	General insurance industry in India
	Review of the related literature
	Methodology of estimation and data
	Estimation of the efficiency frontier
	Influence of environmental variables
	Description of variables and data

	Results and analysis
	Frontier related results
	Relationship of efficiency with environmental variables

	Conclusion

	6_PVAR_model_with_collapsed_instruments_in_the_real_exchange_rates_misalignment_s_analysis.pdf
	Introduction
	Literature review
	Data and methodology
	Results and discussion
	Conclusion

	7_No_country_for_old_men__Microsimulation_effects_of_activating_pensioners_on_the_labour_market.pdf
	Introduction
	Methodology and data
	Results and discussion
	Conclusion

	8_On impact of statistical estimates on precision of stochastic.pdf
	Introduction
	Consistency of optimum
	Examples of regression models and their parameters
	Example
	Example specification
	Comparison with the case without covariates

	Linear model with censoring
	Example – continuation

	Concluding remarks




