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Mario Jadrić
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Tea Šestanović
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Maja Ćukušić, University of Split, Faculty of Economics, Business and Tourism, Croatia,
e-mail: maja.cukusic@efst.hr
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Snježana Pivac, Faculty of Economics, Business and Tourism, University of Split, Croatia,
e-mail: spivac@efst.hr
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Tea Šestanović, University of Split, Faculty of Economics, Business and Tourism, Croatia,
e-mail: tea.sestanovic@efst.hr
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Determining the Optimal Location of Substations for Electric
Distribution: A Real Application on a Regional Basis

Sema Cebeci1 and Ömer Faruk Baykoç2,∗

1 Trilux GmbH, Cologne, Germany
E-mail: 〈sema.cbc@gmail.com〉

2 Department of Industrial Engineering, Gazi University, Ankara, Turkey
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Abstract. Substation optimization involves positioning a substation(s) at the most suitable point
with minimum cost. In this study, multiple data were collected from the Turkish Electric Distribution
Incorporated Company (TEİAŞ) for the substation in the Eryaman region. The substations will be
placed at straight points. Using the capacity of the substations, power, voltage drops, and service
interruptions were calculated for a 10-year planning period. Each criterion represents one constraint.
The established model serves the following objectives: determining the optimal point and size of the
substations in the given planning period by minimizing costs and satisfying the demand of the sectors
without service interruption.
The model is solved in GAMS and optimal results are obtained. Our results demonstrate that by
installing the two substations at the given locations the energy demand of the Eryaman region will
be satisfied. To test the model’s applicability for larger systems, the number and the capacity of the
substations and the transformers are increased. The results show that optimality has been maintained
and that the model remains valid.

Keywords: energy, optimization, power distribution, substation
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1. Introduction

Energy is vital for human beings to avoid extinction. Many studies have been performed
regarding the daily production, location, and timing of electrical energy [1]. As the population
grows, the demand for energy simultaneously grows. To satisfy the electrical energy demand
without harming nature and to minimally affect the natural balance, new technologies and
methodologies are continuously used. Because electrical energy cannot be stored for a long
period, the production cost remains high. To depend less on electrical energy, new low-energy
technologies are invented [7].

Power distribution can be regarded as the final stage of electric power delivery. It gained
significance in the 1880’s when electricity started being generated in power stations. In order to
distribute electrical energy to individual consumers, power stations were installed all over the
world to transmit the electricity produced. Until that time, the electricity had been consumed
at the same point where it was produced [19].

Undoubtedly, there is a large body of literature on energy; therefore, we only deal with some
studies below that can be thought of as most related to our study. Salyani et al. [17] performed

∗Corresponding author.
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simultaneous optimization of substations, feeders, and renewable and nonrenewable distributed
generations in a distribution network. Wang et al. [23] used an optimization method based
on random fork tree coding for the electrical networks of offshore wind farms. Li et al. [9]
combined a technique with a labeling-bus-set approach to configure the substations in power
systems. Mak et al. [10] used sensitivity analysis of volt-VAR optimization in order to deter-
mine the data changes in distribution networks with distributed energy resources. Mikulović et
al. [13] rationalized the operation for industrial networks. Roig and Segundo [18] reduced the
low voltage using power cables in electromagnetic field emission. Giassi et al. [6] performed an
economical layout optimization of wave energy parks clustered in electrical subsystems. Khodr
et al. [8] designed grounding systems in substations using a Mixed-Integer Linear Program-
ming (MILP) formulation. Aydın et al. [3] determined an optimum route for the electrical
energy transmission line using multicriteria with Q-learning. Jing et al. [21] studied the results
of the multicriteria decision analysis aid in sustainable energy decision-making. Ekren and
Ekren [4] studied the simulation-based optimization of a PV/wind hybrid energy conversion
system. Ortmann et al. [14] used experimental validation of feedback optimization in power
distribution grids. Alcayde et al. [12] used Pareto optimization methods to minimize voltage
deviation and power losses. Jing et al. [22] maximized the system to save energy and reduce
environmental impact. Maestre et al. [15] studied the energy flow in HVAC systems. Chojnacki
[2] optimized the time periods of MV/LV transformer-distribution substations. Mancarella et
al. [11] optimized low-voltage distribution networks to minimize CO(2) emissions. Das et al.
[16] planned electrical distribution systems based on a probabilistic model using multiobjective
particle swarm optimization. Singh et al. [20] used multicriteria decision-making with monarch
butterfly optimization to optimize the distributed energy resources in distribution networks.

El-Fouly et al. [5] developed a new optimization model for substation siting, sizing, and
timing. For the proposed model, linear functions are used to generate the total cost function.
In the developed model, the voltage drops, the capacity of the substations and the transformers,
and power flows are used as the electric constraints. To prevent nonlinearity and avoid local
solutions, the model is formulated as a Mixed Integer Linear Programming (MILP) model. To
calculate its efficiency, the model is operated with a numerical sample.

In the present study, we implement a case study for which substations are to be positioned
in the Eryaman region in Ankara, the capital of Turkey. For this purpose, substantive data were
collected for the substation(s) that is (are) going to be positioned and balanced distribution was
integrated into the cost minimization. However, a balanced distribution does not significantly
affect the objective function. Thus, the integrated component is considered the background
and it provides a balanced distribution for the generated power. In addition to the constraints
that are considered in the literature, especially in El-Fouly et al. [5], there is another constraint
in case a short circuit occurs, which is unlikely to appear in the related literature, to the best
of our knowledge. The purpose of this additional constraint is to distribute balanced power
to prevent system defects that may occur except in the case of external factors (bad weather
conditions, acts of terrorism, etc.).

The rest of the paper is organized as follows: after the problem is defined in Section 2, we
propose our mathematical model in Section 3. Section 4 includes computational results and their
analysis. We present sensitivity analysis of our model in Section 5 and finally our conclusion
and future research directions are revealed in Section 6.

2. Problem Definition

The explored area consists of nine sectors. The area is estimated as a square and the distances
among the power distributing cables are assumed to be equal. When the cable length increases,
the cost increases and the efficiency decreases. The long cable lines to be placed also require
mid points, which increases total cost. The area of each sector is 6 km2. The fourth and sixth
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sectors are chosen to place the substations. The chosen positions are the most suitable because
they can easily distribute power to all nine sectors. Each substation (TM) has capacity of 50
MW and has two transformers (TR) with a capacity of 25 MW. Figure 1 shows the sectors and
positions of the placed substations.

Figure 1: Points of placed substations.

Capacity Location

Substation 1 50 MW Sector 4
Transformer 1 25 MW Sector 4
Transformer 2 25 MW Sector 4

Substation 2 50 MW Sector 6
Transformer 1 25 MW Sector 6
Transformer 2 25 MW Sector 6

Table 1: Substation and Transformers Unit Capacities

As observed in Table 1, the unit capacities of the substations and the transformers are 50
MW and 25 MW, respectively. The planning period is 10 years; each period consists of 2 years.
Thus, the demands will be studied for 5 periods. The 10-year demands are shown in Table 2.
The feeder lines of the substations are shown in Table 3.

Dn,p (MW) Sectors (p)

Period (n) 1 2 3 4 5 6 7 8 9
1 5 5 5 4 7 5 7 4 9
2 6 7 6 6 7 6 7 6 8
3 5 6 7 6 7 5 8 6 8
4 6 7 7 5 6 6 8 7 8
5 8 7 8 6 6 5 9 7 9

Table 2: 10-year Demands of All Regions
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Sectors Sectors

TM 1 -
feeders

Starting
Point

Ending
Point

TM 2 -
feeders

Starting
Point

Ending
Point

1 4 1 1 6 1
2 4 2 2 6 2
3 4 3 3 6 3
4 4 4 4 6 4
5 4 5 5 6 5
6 4 6 6 6 6
7 4 7 7 6 7
8 4 8 8 6 8
9 4 9 9 6 9

Table 3: Feeder lines of the substations

3. Mathematical Model

The main objective of planning the position to place a substation and its components is to
minimize the cost and the energy loss. The cost involves determining a substation location,
placing period, loading the transformers, etc. While planning a substation location, if more
substations are placed than required, the installation cost will significantly increase. In this
case, the placing period will lengthen, and the interest rate, the taxes, the inflation rate, and
the insurance rates will be affected. The energy loss is directly connected with loading the
power equipment. If the loading values increase, the total cost will uniformly increase.

This problem is formulated to achieve the following objective components:

• Determining the optimal placing locations in the planned period and

• Satisfying the electric demand of the sectors without service interruption.

The notations used in the model are as follows:

Index Set:
N : the number of periods in 10 years (because one period consists of 2 years, this planned

period is chosen to supply the necessary time to install the substations)
I : the number of substations; I = 1, 2 shows that two substations are planned to be placed.
J : the number of transformers. J = 1, 2 shows that there are two transformers per substation

planned to be placed.

Parameters:
TM SMI,N : fixed cost of substation I, installed in the N th period
TR SMI,J,N : fixed cost of the transformers J from substation I, installed in the N th period

Kcu : copper loss of the transformer in nominal power (kW)
C : energy cost ($/kWh)

Htr : unit efficiency of the transformer (MW)
R : resistance of the feeders, the value is 0.047

Vnom : system’s nominal voltage; the feeder line types are 154 kV
Vmax : system’s maximum permitted voltage drop value, which is ± 1.25% of the

nominal voltage value. If the nominal voltage is 154 kV, the maximal permitted
voltage drop value is 155.925 kV
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Decision Variables:

SI,N :

{
1; if substation I is installed in the N th period.

0; o.w.

XI,J,N :

{
1; if transformer J of substation I is installed in the N th period.

0; o.w.

ZI,J,N,P :

{
1; transformer J of substation I supplies energy to sec. P in theN th period.

0; o.w.

LI,J,N :

{
1; if a malfunction of transformer J of substation I occurs in period N.

0; o.w.

FI,J,N,P : the amount of transmitted power to sector P from transformer J of substation I
in the N th period.

DN,P : the demand of sector P in the N th period.

MaxL : balanced distribution of the service interruption period in the feeders.

Mathematical Model:
Objective function:

minZ =

2∑
I=1

5∑
N=1

(TM SMI,N ∗ SI,N ) +

2∑
I=1

2∑
J=1

5∑
N=1

[
TRSMI,J,N

∗XI,J,N

+

(
Kcu ∗ C
Htr

∗ 8760 ∗XI,J,N

)]
+ 0.1 ∗minL

(1)

Constraints:

SI,N ≤ SI,N+1 I = 1, 2;N = 1, . . . , 4 (2)

XI,J,N ≤ XI,J,N+1 I = 1, 2; J = 1, 2;N = 1, . . . , 4 (3)
2∑

i=1

2∑

j=1

ZI,J,N,P = 1 N = 1, . . . , 5;P = 1, . . . , 9 (4)

2∑

i=1

2∑

j=1

FI,J,N,P = DN,P N = 1, . . . , 5;P = 1, . . . , 9 (5)

FI,J,N,P = DN,P ∗ ZI,J,N,P I = 1, 2; J = 1, 2; N = 1, . . . , 5;P = 1, . . . , 9 (6)

ZI,J,N,P ≤ ZI,J,N+1,P I = 1, 2; J = 1, 2; N = 1, . . . , 5;P = 1, . . . , 9 (7)
2∑

i=1

2∑

j=1

ZI,J,N,P ≤ CARD(P) ∗XI,J,N N = 1, . . . , 5; P = 1, . . . , 9 (8)

2∑

i=1

2∑

j=1

XI,J,N ≤ CARD(J) ∗ SI,N J = 1, 2; N = 1, . . . , 5 (9)

2∑

j=1

9∑

P=1

FI,J,N,P ≤ 40 I = 1, 2; N = 1, . . . , 5 (10)
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9∑

P=1

FI,J,N,P ≤ 20 I = 1, 2; J = 1, 2; N = 1, . . . , 5 (11)

((1000 ∗DN,P ∗R) /Vnom) ∗ ZI,J,N,P ≤ Vmax I = 1, 2; J = 1, 2; N = 1, . . . , 5;P = 1, . . . , 9 (12)

LI,J,N =

9∑

P=1

ZI,J,N,P I = 1, 2; J = 1, 2; N = 1, . . . , 5 (13)

maxL ≤ LI,J,N I = 1, 2; J = 1, 2; N = 1, . . . , 5 (14)

SI,N , XI,J,N , ZI,J,N,P , LI,J,N ∈ {0, 1} I = 1, 2; J = 1, 2; N = 1, . . . , 5;P = 1, . . . , 9 (15)

FI,J,N,P , DN,P ,maxL ≥ 0 I = 1, 2; J = 1, 2; N = 1, . . . , 5;P = 1, . . . , 9 (16)

The objective function (1) is determined in a 10-year planning period.

Even if there is a load connected to the primary bobbins of the transformer, specific losses occur
because of the magnetic field from the bobbin resistances. These losses are named copper losses and
appear as heat.

To not significantly affect the total cost, the value is multiplied by a 0.1 scaled multiplier and
added to the total cost function. Because of service interruptions, the electric demands will not be
satisfied; thus, significant financial losses will occur. When service interruptions cannot be prevented
(bad weather conditions, terrorist incidents, etc.), the power cuts must be limited to a short period.
The service interruption of each feeder indicates a total power cut for each substation. In addition
to the external factors, when a malfunction occurs due to internal factors, distribution balancing is
considered an option.

Fixed cost constraint (2) is a decision variable and represents whether substation I is installed in the
N th period. The substation cost considers when the substation is installed. If the power is transmitted
in the first period, then SI,N = 1 and the substation is installed. In addition, if the substation is
installed in the first period, it will remain functional for the remaining periods. The substation cannot
be uninstalled for the remaining periods.

The other fixed cost constraint, (3) XI,J,N , is also a 0 − 1 integer decision variable. This variable
depends on the first variable, which shows the transformers in substation I. If transformer J is placed
in substation I in the N th period, the value is 1. Similar to the first variable, if the second variable J
is installed in the N th period, it cannot be uninstalled in the N + 1th period.

Each sector demand can be fulfilled from only one feeder. In other words, each sector will supply
energy from only one substation to satisfy the radial flow constraint (4). The radial flow is the current
that flows through the bobbin diameter of the transformers. Thus, the current reaches the feeders and
the sectors via the distributing lines.

FI,J,N,P (5) and DN,P (6) represent the amount of transmitted power and demand of the sector P
from transformer J of substation I in the N th period, respectively.

ZI,J,N,P (7) represents the continuity of energy distribution to sector P in period N ; it will continue
to distribute energy in the remaining periods if the value is 1.

The power flow constraint represents the law of energy preservation. The substation loading and
the transformer loading of period N are equal, which must be simultaneously equal to or greater than
the energy demand of each sector.

When transformer J of substation I distributes energy to sector P in period N , the amount must
be equal to or greater than the demand of the distributed sector. If the substation or one of the
transformers of the substation is not functional or not installed, the energy distribution of sector P
is interrupted. If the substation or the transformers are installed, the energy is transmitted to the
determined sector for period N and remains transmitted for the remainder of the period to the same
sector from the same substation or its transformer. This state can be provided using the CARD(P)

command in GAMS (8).

The loading amount of substation I must be equal to or greater than the loading amount of
transformer J in period N to ensure that transformer J can satisfy the energy demand of the sectors.
If substation I is not functional or not installed, the energy distribution to transformer J will be
interrupted. If substation I is operational or installed, transformer J will distribute energy from the
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period that the substation is installed and continue distributing energy for the remaining periods. This
state can also be provided using the CARD(PJ) command (9).

The capacities of each substation and each transformer are 50 MW and 25 MW, respectively. The
transformers can operate with max. 80% efficiency. Thus, the usage capacities of each substation and
each transformer are 40 MW (10) and 20 MW (11), respectively.

The voltage constraint (12) enables the feeders’ voltage to remain within the permissible standard
values. Each feeder requires the constraint to determine and not to exceed the voltage drop maximum
limit value. If the voltage drop value exceeds the maximum permissible limit, the feeders may become
overloaded and malfunction. Because each feeder distributes energy to only one sector, the demand
will not be satisfied.

A service interruption is a defect that occurs mostly because of the conditions that are irrelevant to
the internal system. Bad weather conditions (snow, lightning, etc.), terrorist incidents, and technical
and suddenly occurring defects (isolator defect, phase conductor defect) are some of the reasons that
the feeders cannot transmit energy, which results in the substation being out of order.

Service interruptions are mostly inevitable and can cause a serious problem. Although technical
defects can be prevented, for malfunctions caused by external defects, the effective methods are not
sufficiently applied. The transformer remains out of order until the defect is rectified. To determine
the service interruption number for the substation to be placed, retrospective data are gathered from
several provinces. The calculation is based on the cumulative annual service interruption periods. The
inoperative period of the substation is equal to the repairing period of the feeders. By determining the
maximal service interruption number (13), each feeder of the substation will be balance-distributed by
shortening the repair periods and re-operating the substations.

If LI,J,N is 1, transformer J remains operating and the feeder distributes the energy to sector P .
Otherwise, if the value is 0, service interruption occurs, and the feeder cannot distribute energy to
sector P .

maxL represents the maximum assigned sector number; if the number exceeds the maxL value,
service interruption occurs (14).

4. Computational Analysis

The model is solved using GAMS and the optimal result is found. The solution is shown in Table 4.
The optimal cost for the 10 -year planning period is $4,250,249.00. The cost obtained is near the value
that Turkish Electric Distribution Inc. (TEİAŞ) intends to spend, which shows that the resulting cost
is meaningful.

Sectors (P )

Period (N) 1 2 3 4 5 6 7 8 9

1 1,1 1,2 1,1 2,1 1,2 2,2 2,1 1,2 2,2

2 1,1 1,2 1,1 2,1 1,2 2,2 2,1 1,2 2,2

3 1,1 1,2 1,1 2,1 1,2 2,2 2,1 1,2 2,2

4 1,1 1,2 1,1 2,1 1,2 2,2 2,1 1,2 2,2

5 1,1 1,2 1,1 2,1 1,2 2,2 2,1 1,2 2,2

Table 4: Sector energy distribution

As observed in Figure 2, the first transformer (TR) of the first substation (TM) distributes energy
to sectors 1 and 3, and the second transformer distributes energy to sectors 2, 5, and 8. The first
transformer of the second substation distributes energy to sectors 4 and 7, whereas the second trans-
former distributes energy to sectors 6 and 9. From another viewpoint, sectors 1, 2, 3, 5, and 8 receive
their energy from the first substation, whereas sectors 4, 6, 7, and 9 receive their energy from the
second substation. The distribution assignment shows that each sector is supplied with energy from
only one substation, i.e., the electric energy demand of one sector cannot be satisfied by more than one
substation.
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Figure 2: Electric distribution of substations.

Table 5 shows the satisfied demands of the sectors in a periodical base. As observed from the table,
the values are equal to the electric energy demand of the sectors.

Dn,p (MW) Sectors (P )

Period (N) 1 2 3 4 5 6 7 8 9

1 5 5 5 4 7 5 7 4 9

2 6 7 6 6 7 6 7 6 8

3 5 6 7 6 7 5 8 6 8

4 6 7 7 5 6 6 8 7 8

5 8 7 8 6 6 5 9 7 9

Table 5: Satisfied energy demand of the sectors

In Table 5, the energy distributions in all five periods to each sector are shown in detail. The
distribution to a specific sector starting from the first period for all five periods is supplied by one
substation, which results from the CARD(P) and CARD(J) commands of the power flow constraint. If
a substation and its transformers are installed in a specific period and distribute energy to sector P ,
they will continue distributing energy to the same sector for the remaining periods. For example, if the
energy demand of sector 1 is satisfied by the first transformer of the first substation in period 1, this
transformer will continue supplying energy to sector 1 for the remaining periods. If the energy demand
of sector 7 is satisfied by the first transformer of the second substation in period 1, this transformer
will continue supplying energy to sector 7 for the remaining periods.

The capacities of the substations and the transformers for five periods are shown in Tables 6 and
7. As observed from the tables, the substations and the transformers produce and distribute energy
without exceeding the 80% efficiency and capacity limit. The second transformer of each substation
produces and distributes energy near the capacity limit.

Sectors (I)

Period (N) 1 2

1 26 25

2 32 27

3 31 27

4 33 27

5 36 29

Table 6: Usage capacity of the substations

As shown in Table 6, the maximum usage capacity of each substation is 40 MW, neither substation
exceeds the capacity, and both substations operate with optimum efficiency.
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Substation 1 Substation 2

Period (N) Transformer 1 Transformer 2 Transformer 1 Transformer 2

1 10 16 7 18

2 12 20 7 20

3 12 19 8 19

4 13 20 8 19

5 16 20 9 20

Table 7: Usage capacity of the transformer

As shown in Table 7, the maximum usage capacity of each transformer is 20 MW, neither transformer
exceeds the maximum usage limit, and both operate with optimum efficiency. The second transformer
of each substation is operating at nearly full capacity for all five periods.

Sectors (P )

Period (N) 1 2 3 4 5 6 7 8 9

1 1,526 1,526 1,526 1,221 2,136 1,526 2,136 1,221 2,747

2 1,831 2,136 1,831 1,831 2,136 1,831 2,136 1,831 2,442

3 1,526 1,831 2,136 1,831 2,136 1,526 2,442 1,831 2,442

4 1,831 2,136 2,136 1,526 1,831 1,831 2,442 2,136 2,442

5 2,442 2,136 2,442 1,831 1,831 1,526 2,747 2,136 2,747

Table 8: Voltage drop values

Table 8 shows the voltage drop values of the feeders. Because all entries in the table are nonzero,
no feeder has exceeded the maximum voltage drop limit. Thus, the system operates/distributes energy
without interruption. Increasing the power also increases the voltage drops.

As observed from all tables, each decision variable takes a value of 1 from the {0, 1} space. In
other words, each substation and each transformer are operating fully and each is assigned for specific
sectors.

Balanced distribution, which helps avoid service interruptions, is shown in Table 9.

Substation 1 Substation 2

Period (N) 1 2 1 2

1 2 3 1 3

2 2 3 1 3

3 2 3 1 3

4 2 3 1 3

5 2 3 1 3

Table 9: Balanced distribution

To better understand the table entries, the first transformer of the first substation simultaneously
distributes energy to two sectors in period 1 and continues simultaneously distributing energy to two
sectors for all five periods. The second transformer of the second substation simultaneously distributes
energy to three sectors in period 1 and continues simultaneously distributing energy to three sectors
for the remaining periods.

The max. L value is 3, which indicates that a transformer can simultaneously distribute energy to,
at most, three sectors. If this value is exceeded, service interruption will occur.
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5. Sensitivity Analysis

The 10-year retrospective data are gathered and formed into five periods to calculate the energy demand
and determine the optimal points for the substation(s) to be placed in the Eryaman region. Two
substations with a capacity of 50 MW, two transformers for each substation, and nine feeders are
sufficient to meet the electric demand of the Eryaman region. The cost gained from the calculations is
near the cost that TEİAŞ intends to incur.

The present study, which was applied for the Eryaman region, can also be easily applied to other
regions using identical or different constraints. Table 10 represents a realistic example for this study.
The model is tested by increasing the substation capacities using the same constraints.

2 Substations & 4 Transformers

Capacity(MW) Solving Time

100 0,031 sec.

200 0,032 sec.

300 0,024 sec.

400 0,036 sec.

Table 10: Solution time of the model by increasing the capacities of the two substations

For the Eryaman region, two substations with a total capacity of 100 MW were sufficient to satisfy
the energy demand of all sectors. By increasing the capacities to 200, 300, and 400 MW, the solutions
show that the model can be easily solved and that optimality is not affected. It also shows that the
model can be used for larger regions with higher energy demands.

Another testing method is to increase the capacities and the number of substations. The substation
capacities are increased to 200, 300, and 500 MW, and the number of substations is increased to 3, 4,
and 10, respectively. Thus, the number of transformers will be uniformly increased.

The results are given in Table 11.

Capacity (MW) Substation Transformer Solving Time

200 4 8 0,047 sec.

200 4 16 0,110 sec.

300 3 18 0,109 sec.

500 10 50 0,202 sec.

Table 11: Solving time with increased capacities

As observed from both tables, the model can be used for larger areas and higher energy demands.
Optimality will not be affected and the problem will be solved without difficulty.

6. Conclusion and Future Research Perspectives

The model is operated using retrospective data and the energy demand is calculated for the Eryaman
region. The results show that if two substations and nine feeders are placed, the energy demand
of the region is satisfied. The results obtained demonstrate that the solution is optimal and by using
alternative inputs optimality is not affected. In other words, our model can also serve for larger systems
with higher energy demands.

For further studies, the model can be used for one specific region, more than one sector in one town,
and for the entire country. In the case of modification, the installation and the fixed cost will most
likely be changed. The feeder lines to be placed will lose linearity because of the geographical position
(field incompatibilities, building location points, etc.). Placing mid points for the feeders and using
other technical electric components will introduce different points and visions to the study. Another
expansion of the model is to add alternative current circuits or to change the network tensions based
on the circuit currency degrees, etc. Corporations use reactive energy in addition to active energy.
The reactive energy is calculated and paid for by TEDAŞ (Turkish Electricity Distribution Inc.). The
reactive power is unused power and can be reduced. To prevent power loss, the power factor can be
calculated and used for further studies as an alternative.
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1. Introduction

Several decision problems are modeled by mathematical programming problems, whether in
physics, industry, biology, economics or other fields; optimization methods are then used to solve
these problems. At the beginning, problems were modeled with a single objective function, in
which only one decision-maker was involved. Then, problems were discovered in which a single
decision-maker seeks to optimize several objectives that are generally in conflict, these are
multi-objective programming problems, see [4, 7]. It was therefore necessary to specify a sense
of resolution and then develop methods of resolution. Other decision-making problems exist
when several decision-makers are involved in the decision-making process; each decision-maker
seeks to solve a problem with several objectives. These types of problems are modeled by
multi-level multi-objective programming problems, see [6, 8, 1].

Multi-level optimization appears to be a very suitable tool to model decision-making prob-
lems where multiple decision-makers interact in a hierarchical structure. Mathematically, in
a multi-level programming problem, the higher level variables are considered as parameters
in the lower level programming problems and the problems of the higher level are regarded
as constraints of the lower level. Multi-level programming problems have several applications
in different branches such as supply chain management, network defense, planning, logistics,
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economics, government, autonomous institutions, agriculture, army, management, schools, hos-
pitals, banks, etc . . . Although most research on multi-level programming has focused on cases
with only two levels (called two-level programming), see [6]. There are many programming
problems that involve more than two levels. Since the pioneering work of Bracken and McGill
[2, 3], several researchers have published monographs and literature reviews in which theoretical
and methodological aspects of two-level optimization were discussed. Several approaches have
been developed to solve the multi-level programming problems. For a good bibliography of
these problems and their applications, see [5].

In this paper, we consider a ML-MOLPP where the objective functions and the constraints
are linear. We exploit the algorithms developed by P.L. Yu and M. Zeleny in [10] page 450 and
461, to develop a new algorithm to generate the entire set of all the possible compromises.

So, in this paper, we propose an adaptation of the methods given in [10] to generate the
entire set of possible compromise solutions. In other words, we aim to provide decision-makers
involved in decision-making with a set containing all feasible solutions that are non-dominated
solutions for all their multi-objective problems. First, we define the set of all non-dominated
feasible solutions (set of all possible compromise solution) for a ML-MOLPP and prove that
it can be decomposed into non-dominated facets of the feasible region. So, we develop an
algorithms to generate the entire non-dominated feasible solutions set. The algorithm use the
P.L. Yu and M. Zeleny’s method for generating non-dominated facets of multi-objective linear
programming problem (MOLPP), see [10]. Next, we define a sorting set as the facets (convex
subsets) constituting the non-dominated feasible solutions set.

The paper is organized as follows. In the next section, we develop the mathematical formula-
tion of the problem. In Section 3, we present some tools of multi-objective linear programming,
that is non-dominated solutions and some necessary results about non-dominated facets of a
given feasible region. In Section 4, we present the algorithm to generate the entire set of all
possible compromise solutions of a ML-MOLPP. In Section 5, we demonstrate the approach
with a numerical example. Finally, a conclusion is given in Section 6.

2. Problem formulation

Consider a P -level linear programming problem (P ≥ 2) and denote DMp the decision maker
at pth level that has control over the decision variables xp = xp1, . . . , xpnp

∈ R
np , p = 1, . . . , P ,

where x = (x1, . . . , xP )t, n = n1 + . . .+ nP and k = k1 + . . .+ kP .
We define

Fp : Rn1 × R
n2 × . . .× R

nP �−→ R
kp

x �−→ Fp(x) = cpx,
(1)

where

cp =

⎛
⎜⎜⎜⎜⎝

cp1

cp2
...

cpkp

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

c11p1 . . . c1n1
p1 c21p1 . . . c2n2

p1 . . . cP1
p1 . . . cPnP

p1

c11p2 . . . c1n1
p2 c21p2 . . . c2n2

p2 . . . cP1
p2 . . . cPnP

p2
...

...
...

...
...

...

c11pkp
. . . c1n1

pkp
c21pkp

. . . c2n2

pkp
. . . cP1

pkp
. . . cPnP

pkp

⎞
⎟⎟⎟⎟⎟⎠ , p = 1, . . . , P,

cpqx = c1jpqx
1 + c2jpqx

2 + . . .+ cPj
pq x

P , (p = 1, . . . , P, q = 1, . . . , kp, j = 1, . . . , np)

= c11pqx11 + . . .+ c1n1
pq x1n1 + c21pqx21 + . . .+ c2n2

pq x2n2 + . . .+ cP1
pq xP1 + . . .+ cPnP

pq xPnP
,

and
cpjpq = cp1pq, c

p2
pq, . . . , c

pnp
pq , p = 1, . . . , P, q = 1, . . . , kp.
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The formulation of a P -level multi-objective linear programming problem is given as follows:

Level 1

max
x1

F1(x) = max
x1

⎛
⎜⎜⎜⎜⎝

c11x

c12x
...

c1k1
x

⎞
⎟⎟⎟⎟⎠ ,

such that x2, . . . , xP solve
Level 2

max
x2

F2(x) = max
x2

⎛
⎜⎜⎜⎜⎝

c21x

c22x
...

c2k2x

⎞
⎟⎟⎟⎟⎠ ,

...
such that xP solves

Level P

max
xP

FP (x) = max
xP

⎛
⎜⎜⎜⎜⎝

cP1x

cP2x
...

cPkP
x

⎞
⎟⎟⎟⎟⎠

(2)

subject to
x ∈ S = {x ∈ R

n | Ax ≤ b, x ≥ 0, b ∈ R
m} ,

where S 	= ∅ is the multi-level convex constraints feasible choice set, m is the number of the
constraints, kp is the number of DMp’s objective functions, k is the number of all the objective
functions that constitutes the ML-MOLPP, cijpq are constants, A is a (m× n)-matrix and b is a
m−vector. We assume that m < n and the feasible region S is a compact polyhedron, which
means bounded polyhedron.

Notation 1.

• For any x ∈ S, we use xi to indicate its ith coordinate, also called its ith component and
we define the following sets of indices:

I = {1, 2, . . . ,m} , J = {1, 2, . . . , n} ,M = {1, 2, . . . , n+m} .
Let JB and JN be two subsets of J verifying

J = JB ∪ JN , JB ∩ JN = ∅, |JB | = m, |JN | = n−m,

this will allow us to write the partition of x as follows:

x = x(J) = (xj , j ∈ J), x =

(
xN

xB

)
,

xN = x(JN ) = (xj , j ∈ JN ), xB = x(JB) = (xj , j ∈ JB).

(3)

The decision variables vectors x ∈ S will be considered as column vectors, unless otherwise
explicitly stated and xt refers to the transposition of x which is a row vector. The x > 0
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and x ≥ 0 ratings indicate that all x components are positive and not negative, respectively.
For two vectors x1 and x2, the x1 > x2 notation means x1−x2 > 0. The x1 ≥ x2, x1 < x2,
x1 ≤ x2 . . .etc, notations should be interpreted accordingly.

• Let A = (aij) be a matrix of size m1 ×m2, where m1,m2 are any integers. We denote by
At the transposed matrix of A, defined by At = (aji).

• For practical calculations, we introduce the following notation of a matrix A:

A = (a1, a2, · · · , aj , · · · , an) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1

A2

...
Ai

...
Am

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

aj = A(I, j) =

⎛
⎜⎜⎜⎝

a1j
a2j
...

amj

⎞
⎟⎟⎟⎠ , j ∈ J

is a column vector of dimension m and is considered as an matrix of order (m× 1) and

Ai =
(
ai1 ai2 . . . ain

)
, i ∈ I

is a row vector of dimension n and can be considered as an matrix of order (1× n). So,
we can write the partition of a matrix A as follows:

A = (AN , AB), AN = A(I, JN ), AB = A(I, JB). (4)

3. Preliminaries

We already know that the feasible region S defined from a linear inequality system is a convex
polyhedron, see [10], moreover we have assumed that S is bounded. Then, it is clear that
the notion of polyhedron, which is a geometric notion, is naturally attached to the linear
optimization models, in particular the multi-objective multi-level linear programming problems
that we consider in this work. For more details about the results given here, see [10].

Let’s denote by Ã a ((n +m) × n)−matrix which the first m rows correspond to the rows
of the matrix A and the last rows correspond to the n non-negativity constraints (xij ≥ 0, i =

1, . . . , P, j = 1, . . . , ni), b̃ be a (n + m)−vector with b̃i = bi for i = 1, . . . ,m and b̃i = 0 for
i = m+ 1, . . . ,m+ n, which means:

Ã =

(
A

−Idn

)
, b̃ =

⎛
⎜⎜⎜⎜⎜⎝

b
0
0
...
0

⎞
⎟⎟⎟⎟⎟⎠ ,

where Idn is the identity matrix of order n. Consider the linear constraints of the problem (2)
(linear system of inequalities), defined by

Ãx ≤ b̃. (5)

Then, for all i ∈ M , we have
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1. The solution set F i of the system Ãix = b̃i is the affine hyperplane defined by

F i =
{
x ∈ R

n | Ãix = b̃i

}
.

2. The solution set Si of the system Ãix ≤ bi is the affine half-space defined by

Si =
{
x ∈ R

n | Ãix ≤ b̃i

}
.

3. The feasible region S of the solutions of the inequality system (5) is obtained by the
intersection of a finite number of half-spaces Si of Rn

S =

m+n⋂
i=1

Si.

Definition 1.

1. For all i = 1, . . . ,m, F i is called boundary hyperplane. Note that a boundary hyperplane
does not necessarily meet the polyhedron S, see the Figure 1.

2. The intersection of a boundary hyperplane with the polyhedron S forms a face of S.

3. The intersection of a boundary hyperplane with the polyhedron S containing exactly one
point is an extreme point of S.

4. A face is also a polyhedron and a polyhedron is a face of itself.

More generally, for a given Q ⊆ M , let ÃQ be the matrix derived from Ã by deleting the

rows which are not in Q. Similarly, b̃Q is derived. Then, we call a facet of S the set defined by

F (Q) =
{
x ∈ S : ÃQx = b̃Q

}
.

Remark 1. For all Q ⊆ M , we have

1. A facet F (Q) of S can be empty.

2. The dimension of a facet F (Q) is the dimension of the affine manifold generated by F (Q).

3. If Q contains only one element, then a facet F (Q) of S is a face. If moreover F (Q) 	= ∅,
then the dimension of F (Q) is equal to n− 1.

4. If Q contains more than one element, then the dimension of F (Q) is less or equal to n−1.

Notation 2. Let X be an arbitrary subset of S, then its closure, relative interior (with respect
to the relative topology induced in the manifold generated by S) will be denoted by X̄, X

′

respectively.

Definition 2. Let F (Q) be a facet of a polyhedron S, then

1. The closure F (Q) and the relative interior F (Q)
′
are convex sets.

2. F (Q) is called a proper facet if it is different from the polyhedron S.
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Figure 1: Boundary hyperplanes in R
2

3.1. Dominated and non-dominated feasible solutions

Let p = 1, . . . , P and consider the following multi-objective linear programming problem:⎧⎨
⎩

max cpx
Ax ≤ b
x ≥ 0

(6)

where A is a (m× n)-matrix and b is a m−vector.
Let Zp be the DMp’s criteria space defined as follows:

Zp =
{
z ∈ R

kp : z = cpx, x ∈ S
}
.

Definition 3.

• For z1, z2 ∈ Zp, we say that z1 dominates z2 if z1 ≥ z2.

• For the feasible solutions x1, x2 ∈ S, we say that x1 dominates x2 if cpx
1 ≥ cpx

2.

• A feasible solution x ∈ S is non-dominated if it is not dominated by any other feasible
point of S.

Notation 3.

• Np denotes the set of all non-dominated feasible solutions and Dp denotes the set of all
dominated feasible solutions of the problem (6).

• Since the feasible region S is a compact polyhedron, then it has a finite number of vertices
(also called extreme points). We denote the set of all extreme points of S by Sdex.

• We denote the set of all non-dominated extreme points (non-dominated feasible solution
that belongs to Sdex) of the problem (6) by:

Ndex
p = Sdex ∩Np

and Ndx
p will denote an arbitrary element of Ndex

p .
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Lemma 1. Let x1, x2 ∈ S and x1 ∈ Dp. Then,
[
x1, x2

) ⊂ Dp, where[
x1, x2

)
=

{
αx1 + (1− α)x2 | 0 < α ≤ 1

}
is the line segment bounded by x1 and x2. Specifically, if x1 ∈ S

′
then S

′ ⊆ Dp.

Theorem 1. Let X be an any subset of S, suppose that x1 ∈ X
′
and x1 ∈ Np. Then, X̄ ⊂ Np.

Generally, the objectives of a MOLPP are in conflict, which means that for all p = 1, . . . , P
we have S 	= Np. Then, from theorem 1 and lemma 1, we get that S

′ ⊆ Dp. This means that
the non-dominated feasible points belong to the facets of the feasible region S. This is why the
search for non-dominated points of a MOLPP is done on the boundary of the feasible region
(S private of S

′
).

Definition 4. Given Q ⊆ M , then the set

Np(Q) = Np ∩ F (Q)

is called non-dominated facet.

Theorem 2. (Decomposition of Np into non-dominated facets) Let Q ⊂ M , l = 0, . . . ,m + n
and

F l = {Q ⊂ M : |Q| = l} .
Then,

Np =

m+n⋃
l=0

⋂
Q∈Fl

Np(Q). (7)

Definition 5. A facet F (Q) is called a full facet, if there is no Q
′
containing Q such that

F (Q) = F (Q
′
). In other words, if F (Q

′
) also represents the facet F (Q), then Q

′ ⊂ Q.

Theorem 3. Let F (Q) be a full facet such that Ndex
p (Q) := Ndex

p ∩F (Q) 	= ∅, then F (Q) ⊂ Np,

only if Ndex
p (Q) has at least n− |Q|+ 1 elements.

After adding the slacks variables to the linear constraints (Ax ≥ b), we get Bx = b, where
B = (A, Idm) and Idm is the identity matrix of size m ×m. To simplify the presentation, we
will not change the notation of the decision variable vector x and the matrix cp. The use of the
matrix B means that x is a (n+m)−vector and cp =

(
cp, 0kp×m

)
, where 0kp×m is a matrix of

size (kp ×m) with components equal to zero.

Definition 6. Let JB ⊂ M such that |JB | = m, JN = M − JB, BJB
be the non-singular

sub-matrix of B (called basis) of size m×m and BJN
be the remaining sub-matrix. We define

xJB
=

((
B−1

JB
b
)
j
: j ∈ JB

)
and xJN

= (xj = 0 : j ∈ JN ) .

Then, the point x0 = (xJB
, xJN

) (renumber the indexes if necessary) is called basic feasible
solution. Then, we use JB to represent BJB

.

Theorem 4. Let x0 = (xJB
, xJN

) be a basic feasible solution with basis JB and consider the
linear problem

wp = max

kp∑
i=1

vpi (8)

subject to
S̃p =

{
(x, vp) : x ∈ S, cpx− vp ≥ cpx

0, vp ≥ 0
}
,

where
vp =

(
vp1, . . . , vpkp

)
.

Then,
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• x0 is a non-dominated point, if and only if, wp = 0.

• x0 is a dominated point, if and only if, wp > 0.

4. Results

Multi-level multi-objective linear programming problems are characterized by the presence of a
hierarchy. That is to say, the solution chosen by the decision maker of the lower level depends
on the one chosen by the higher level, then the procedures built to obtain a compromise solution
of the ML-MOLPP must take this fact into account. So, the hierarchy takes its meaning when
we try to determine one and only one compromise, in other words, it is a way of favoring a
compromise among other existing ones. On the other hand, sometimes the compromise achieved
is not satisfactory and the procedure has to be restarted to find another one, which is sometimes
annoying, hence the interest of developing an algorithm to generate all the possible compromise
solution. So, to get all possible compromise solutions, we don’t need to consider any hierarchy.

In 1975, P.L. Yu and M. Zeleny presented two methods for locating the set of all non-
dominated solutions of a MOLPP, the first allows to generate the set of all non-dominated
extreme points Ndex

p see [9] and the second generates the entire set of all non-dominated solu-
tions Np through the set of all non-dominated extreme points, see [10].

In a ML-MOLPP each DMp looks for a non-dominated feasible solution (non-dominated
point) in the set of non-dominated solution Np, so as to maximize its objective function Fp only
over the decision variable xp that are over his controls. So, any potential compromise solution
c
x of a ML-MOLPP is necessarily included in the intersection of the P -sets of non-dominated

solutions of the P -MOLPPs which constitutes the P -levels. Indeed, if
c
x does not belong to the

intersection of Np for p = 1, . . . , P , then the compromise
c
x becomes a dominated solution for

at least one decision maker which would contradict the fact that
c
x is a compromise solution of

ML-MOLPP. So, we can naturally define the set of all the compromise solutions (non-dominated
feasible solutions) of a ML-MOLPP as follows:

N̂ =

P⋂
p=1

Np. (9)

Similarly, we define the set of all non-dominated extreme points of a ML-MOLPP as the set of
common non-dominated extreme points between all the sets Ndex

p , that is:

N̂dex =
P⋂

p=1

Ndex
p . (10)

The definition of the set N̂dex is consistent and does not miss any other non-dominated extreme
point. Indeed, since for all p = 1, . . . , P , the set of non-dominated points Np is a polyhedron
not necessarily convex obtained as an union of non-dominated facets of S, see [10]. Then, for
any two levels p1, p2, the intersection Np1

∩ Np2
can never contain any new non-dominated

extreme point that does not belong to both Np1
and Np2

. Which means, all the extreme points
of the polyhedron Np1

∩Np2
are extreme points of both Np1

and Np2
. This is true because Np1

and Np2 are polyhedrons contained in the boundary of another polyhedron S, this is not true
in general, see Figures 2.

Remark 2. Since for p = 1, . . . , P , Np is not necessarily a convex set, N̂ is not convex in

general. If N̂ = ∅, we say that the problem (2) is unsolvable.
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Figure 2: Illustrate the set N̂dex for P = 2 and S ⊂ R
3.

4.1. Non-dominated facets of ML-MOLPP

Let assume that N̂ 	= ∅ and define the set of all subsets Q of M that corresponds to non-empty
facets F (Q) of the feasible region S, that are contained in N̂ , as follows:

N̂ =
{
Q ⊂ M | F (Q) 	= ∅ and F (Q) ⊆ N̂

}
.

Notation 4. The facet corresponding to a subset Q of N̂ is called non-dominated facet for
ML-MOLPP and denoted by

N̂(Q) =
P⋂

p=1

Np(Q).

It is clear that for two subsets Q1 et Q2 in N̂ verifying Q1 ⊂ Q2, we have F (Q2) ⊆ F (Q1).
In order to eliminate all the facets F (Q2) that are contained in bigger one F (Q1), we define a
new set Ñ that contains the elements of N̂ which does not contain any other subset of N̂ , as
follows:

Ñ =
{
Q ∈ N̂ | for all Q

′ ∈ N̂ , Q 	= Q
′
: Q

′ 	⊂ Q
}
.

Then, we have the decomposition of N̂ in the following theorem.

Theorem 5. The following decomposition of N̂ holds:

N̂ =
⋃

Q∈Ñ
N̂(Q). (11)

Proof. Since for all p = 1, . . . , P , we have:

Np =

n+m⋃
l=0

⋂
Q∈FQ

Np(Q)

then, we get

N̂ =
⋂P

p=1 Np

=
⋂P

p=1

(⋃n+m
l=0

⋂
Q∈Fl Np(Q)

)
=

⋃n+m
l=0

⋂
Q∈Fl

(⋂P
p=1 Np(Q)

)
=

⋃n+m
l=0

⋂
Q∈Fl N̂(Q).
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Definition 7. A facet F (Q), such that Q ∈ Ñ , is called sorting set for ML-MOLPP, we denote
it by SP.

4.2. Algorithm to generate the entire set N̂

We can generate the entire set N̂ as follows: we begin by generate all the set Np of non-
dominated solutions of all the multi-objective problems of all the levels, after that we take their
intersection. To do it suffices to apply the method of P.L. Yu and M. Zeleny described in [10],
since each Np in an union of facets, so, their intersection is not hard to get.

But the method proposed by P.L. Yu and M. Zeleny is composed of two major phases. The
first in which the set of all extreme non-dominated points are determined and the second phase
in which we recover the set of all the non-dominated points. In addition, the procedure must
be repeated P times to obtain all the sets Np, which makes the task very expensive in time and

memory. For this reason, we propose another way to get the solution set N̂ .

4.2.1. Algorithm construction

1. First of all, we start by getting all the set N̂dex of non-dominated extreme points of all
the MOLPPs of all levels. Using the procedure described by P.L. Yu and M. Zeleny, we
generate all the sets Ndex

p , see [10, 9]. It means, for any p = 1, . . . , P , we use the P.L.

Yu and M. Zeleny’s algorithm to generate the set Ndex
p of all non-dominated extreme

points of the problem 6, then we deduce the set N̂dex of non-dominated extreme points
of ML-MOLPP.

2. We start looking for all the facets that are non-dominated for all levels at the same time.
Note that if we assume that N̂ 	= ∅, then, we always find a non-dominated facet for a
given ML-MOLPP. In the worst case, we get facets of dimension 0 (elements of N̂dex), or
even segments (facet of dimension 1).

3. An important note is that we are looking for facets that have all their extreme points in
the set N̂dex and those facets are of dimension less or equal to n− 1. These are the only
facets that will pass the non-dominance test that we will set out in the next steps. So, to
get those facets we do:

(a) Let d̂ denote the cardinal of N̂dex and N̂dxi for i = 1, . . . , d̂ denotes an element of
N̂dex.

(b) For all g = 1, . . . , d̂, we define the set of all subsets of the set
{
1, . . . , d̂

}
that contains

exactly g elements, as follows:

Ug =
{
U ⊆

{
1, . . . , d̂

}
: |U | = g

}
. (12)

(c) For all g = 1, . . . , d̂ and U ∈ Ug, we can associate the convex hull of the points N̂dxi

for i ∈ U , as follows:

H(U) =
({

N̂dxi | i ∈ U
})

. (13)

Note that the set H(U) is not always a facet of S.

(d) Among all the sets of the form (13), we determinate those that are facets of S. In
other words, determine a set of indexes Q ⊂ M such as the facet F (Q) verifies:

F (Q) = H(U).
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To this, simply substitute all the points N̂dxj for j ∈ U , in the system Ãx = b̃, then
take Q the set of indixes i ∈ M for which:

ÃiN̂
dxj = b̃i for all, j ∈ U.

If the obtained Q is an empty set, then H(U) is not a facet of S.

(e) For all g = 1, . . . , d̂ and U ∈ Ug, define the set Gg which contains only the faces of the
feasible region S that can be defined as the convex hall of g extreme non-dominated
points of N̂dex, as follows:

Gg = {F (Q) | F (Q) = H (U)} . (14)

(f) Since we are looking for a sorting set F (Q) as a convex hall of some extremes non-
dominated point (F (Q) ∈ Gg), where Q ∈ F l, then from theorem 3, we assume that
g ≥ n− l + 1. Then, the set

Ĝg =
⋃

l≥n−g+1

{
F (Q) | Q ∈ F l, F (Q) = H (U)

}
(15)

contains only the facets of the feasible region S that can be defined as the convex
hall of at least g-extreme non-dominated points of N̂dex and that need to be checked
for non-dominance.

4. Define the set of all facets of S that needs to be checked for non-dominance by

Ĝ =
d̂⋃

g=1

Ĝg. (16)

Note that
Ĝ1 = N̂dex.

5. Use the following results to test the elements of Ĝ.
Proposition 1 (Non-dominance criterion for a point). Let Pdx ∈ S and wp be the optimal
value of the problem (8) subject to

S̃p =
{
(x, vp) / x ∈ S, cpx− vp ≥ cpP

dx, vp ≥ 0
}

and define
R = w1 + . . .+ wP .

Then, Pdx is a non-dominated point for ML-MOLPP, if and only if R = 0.

Theorem 6 (Non-dominance criterion for a facet). Let g ≥ 2 and F (Q) ∈ Ĝg, suppose
that Pdx ∈ F (Q). Then: Pdx ∈ N̂ − N̂dex if and only if F (Q) ⊆ N̂ .

Proof.

• (⇒) Since

Pdx ∈ F (Q) ∩
(
N̂ − N̂dex

)
,

then, Pdx ∈ F (Q)
′
. From theorem 1, we have

F (Q) = F (Q) ⊆ N̂ .
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• (⇐) is immediate.

Remark 3. Theorem 6 says that: if a given facet F (Q) contains a non-dominated point
Pdx in its relative interior F (Q)

′
, then, F (Q) is a non-dominated facet for a ML-MOLPP.

To apply the theorem, it suffices to choose g−numbers α1, . . . , αg verifying

0 < αt < 1 and

g∑
t=1

αt = 1

and check the point

Pdx =

g∑
t=1

αtN
dxt

for non-dominance using proposition 1. In other words, a facet is non-dominated for a
ML-MOLPP, if and only if, there is at least one non-dominated point that belongs to its
relative interior.

6. During the execution of the procedure, if a non-dominated facet F (Q) is found, then
all the facets contained in F (Q) must be discard from the test, because they are all
non-dominated facets, for this we do:

(a) For a non-dominated facet F (Q) ∈ Ĝg, denote by VF (Q) the set of all the facets that
are strictly contained in F (Q).

(b) Denote by ŜP, the set of all the sorting sets of the ML-MOLPP and for all F (Q) ∈
ŜP denote by W the set of facets that will not be checked for the non-dominance
test defined by

W =
⋃

F (Q)∈ŜP
VF (Q).

4.3. Full algorithm

In this section, we shall use the previous algorithm construction to describe a method for
generating the set N̂ of all possible compromises of ML-MOLPP. Briefly, our method is first
to generate the set N̂dex of common non-dominated extreme points between all the MOLPPs
that constitute the ML-MOLPP. Then, test the non-dominance of all the facets of S that have
all their extreme points on N̂dex.

Explanation of Flow Diagram

Box 1 Generate the set N̂dex of extreme non-dominated points of a ML-MOLPP, by applying
the method of P.L. Yu and M. Zeleny, see [10], to all the MOLPP that constitute the
P−level problem. We get P -sets and then take their intersection.

Box 6 Illustrate the set Ĝd, by locating all the facets of the feasible region S, that contains
exactly d extreme non-dominated points that belong to N̂dex, see the previous section.

Box (7)-(12) Test all the elements of Ĝd, using the criterion given by the theorem 6. In step
10, we put the non-dominated ones in ŜP and put their non-dominated sub-facets in W
to avoid testing them again.
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4.3.1. Flow Diagram

Start

(0)

Get the set N̂dex

(1)

d̂ = 1

(2)
Stop

N̂ = N̂dex

(3)

d = d̂

(4)

ŜP = ∅
W = ∅

(5)

Illustrate
the set Ĝd

(6)

Select
K ∈ Ĝd

(7)

Elicit VK

(8)

Is
K a non-

dominated facet
?

(9)

ŜP = ŜP ∪K

W = W ∪ VK

(10)

Put Ĝd = Ĝd −W

(11)

Is Ĝd = ∅?

(12)

d = d− 1

(13)

Is d > 1 ?

(14)

Stop

N̂ =
⋃{

K : K ∈ ŜP
}
∪ N̂dex

(16)

Is W = ∅ ?

(15)

yes

no

yes
no

yes no

yes

no

yes

no
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4.3.2. Algorithm

In this section, we present the full scheme of our method which we constructed previously and
explained with the previous diagram.

Step 1 Get the set N̂dex as described in the previous section. If d̂ = 1, then stop with

N̂ = N̂dex.

Otherwise, go to Step 2.

Step 2 Put ŜP = ∅ and W = ∅.
Step 3 While d̂ > 1 do:

1. Set d̂ = d̂− 1.

2. Illustrate the set Ĝd̂.

3. Put Ĝd̂ = Ĝd̂ −W .

4. While Ĝd̂ 	= ∅ do:

(a) Select K ∈ Ĝd̂.

(b) Select Pdx ∈ K
′
.

(c) Set p = 1.

(d) Solve the problem (8) subject to

S̃p =
{
(x, vp) / x ∈ S, cpx− vp ≥ cpP

dx, vp ≥ 0
}

(e) If p > P , put R = w1, . . . , wP and go to step (f). Otherwise, put p = p+ 1 and
go to step (d).

(f) If R = 0, elicit VK and put

ŜP = ŜP ∪K,

W = W ∪ VK .
.

(g) Put Ĝd̂ = Ĝd̂ −K.

(h) End while.

5. End while.

Step 4 Get the entire set N̂ as follows:

N̂ =

{⋃{
K : K ∈ ŜP

}
∪ N̂dex, if W 	= ∅

N̂dex, if W = ∅
.

5. Numerical example

Consider the following Two-levels-multi-objective linear programming problem:

Level 1
max
x1

(
f11(x) = 2x1 + 2x2, f12(x) = − 1

2x1 +
7
25x2, f13(x) = − 1

5x1 +
1
2x2

)
,

such that x2 solves
Level 2

max
x2

(f21(x) = x1 + 3x2, f22(x) = −2x1 − 1x2, f23(x) = x2)

(17)
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subject to
x ∈ S =

{
x ∈ R

9 | Bx = b, x ≥ 0, b ∈ R
7
}
,

where

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 1 0 0 0 0 0 0
−1 2 0 1 0 0 0 0 0
0 1 0 0 1 0 0 0 0
1 0 0 0 0 1 0 0 0

−1 −2 0 0 0 0 1 0 0
3 −4 0 0 0 0 0 1 0
1 −2 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, b =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
9
6
6

−9
7
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Consider the following two MOLPPs:

(1)

⎧⎨
⎩

max c1x
Bx = b
x ≥ 0

(2)

⎧⎨
⎩

max c2x
Bx = b
x ≥ 0

, (18)

where

c1 =

⎛
⎜⎝

2 2 0 0 0 0 0 0 0

− 1
2

7
25 0 0 0 0 0 0 0

− 1
5

1
2 0 0 0 0 0 0 0

⎞
⎟⎠ , c2 =

⎛
⎜⎝

1 3 0 0 0 0 0 0 0

−2 −1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

⎞
⎟⎠ .

Step 1 We apply the algorithm described in [10, 9], we get the following two non-dominated
extreme points sets of the linear MOLPP (1) and (2):

• Non-dominated extreme points of problem (1):

Ndx1 = (6, 6), Ndx2 = (3, 6), Ndx3 = (1, 5).

• Non-dominated extreme points of problem (2):

Ndx1 = (6, 6), Ndx2 = (3, 6), Ndx3 = (1, 5),

Ndx4 = (0, 3), Ndx5 = (0, 0).

Then, we get
N̂dex =

{
Ndx1 , Ndx2 , Ndx3

}
.

Step 2 Put
ŜP = ∅ and W = ∅.

Step 3 1. Choose

Pdx =
Ndx1 +Ndx2 +Ndx3

3
.

By solving the linear problem (8) for all p = 1, 2, we get

R = w1 + w2 	= 0.

Then, the set
H ({

Ndx1 , Ndx2 , Ndx3
})

is not non-dominated facet of the Two-Level-MOLPP .

2. (a) d̂ = d̂− 1 = 2
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(b) The set Ĝ2 is given by:

Ĝ2 =
{H ({

Ndx1 , Ndx2
})

,H ({
Ndx2 , Ndx3

})}
,

see figure 3.

(c) Put
Ĝ2 = Ĝ2 −W = Ĝ2.

(d) i. Test the facet K = H ({
Ndx1 , Ndx2

})
, choose

Pdx =
Ndx1 +Ndx2

2
∈ K

′
.

By solving the linear problem (8) for all p = 1, 2, we get

R = w1 + w2 = 0.

Then, put
ŜP =

{H (
Ndx1 , Ndx2

)}
and put

Ĝ2 = Ĝ2 −K and W = ∅.
ii. Test the facet K = H ({

Ndx2 , Ndx3
})

, choose

Pdx =
Ndx2 +Ndx3

2
∈ K

′
.

By solving the linear problem (8) for all p = 1, 2, we get

R = w1 + w2 = 0.

Then, put

ŜP = ŜP ∪ {H (
Ndx2 , Ndx3

)}
=

{H (
Ndx1 , Ndx2

)} ∪ {H (
Ndx2 , Ndx3

)}
and put

Ĝ2 = Ĝ2 −K and W = ∅.

Step 4 Get the entire set N̂ of all possible compromises of the Two-Level-MOLPP (17), equal
to:

N̂ = H (
Ndx1 , Ndx2

) ∪H (
Ndx2 , Ndx3

)
,

see figure 3.

Remark 4. Consider the non-dominated solution sets of the MOLPP (1)

N1 = H (
Ndx1 , Ndx2

) ∪H (
Ndx2 , Ndx3

)
,

and the non-dominated solution set of the MOLPP (2)

N2 = H (
Ndx1 , Ndx2

) ∪H (
Ndx2 , Ndx3

) ∪H (
Ndx3 , Ndx4

) ∪H (
Ndx4 , Ndx5

)
,

see Figure 4. Then, the set of all the possible compromises N̂ of the Two-levels-MOLPP (17)
contains only the non-dominated facets of both problem (1) and (2), see Figure 3.
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Figure 3: The set of all possible compromises of the Two-levels-MOLPP (17)

(a) Solutions set of problem (1) (b) Solutions set of problem (2)

Figure 4: Non-dominated solutions sets of problems (1) and (2).

6. Conclusion

In this work, we construct a method that generalizes the P.L. Yu and M. Zeleny’s procedure to
solve a ML-MOLPP. First, we defined the set of all the possible compromises of ML-MOLPP
N̂ , it is a set containing all the non-dominated points of all the MOLPP that constitute the
multi-level linear programming problem, also we defined the set of non-dominated extreme
points. We give a criterion of non-dominance of facets. Then, we explain the construction
of our method, we determine the facets that pass the test of non-dominance. After that, we
describe the full algorithm that selects all non-dominated facets for our ML-MOLPP. The union
of the obtained facets made up what we called set of all the possible compromises.

Our goal was to give a method that provides decision-makers involved in the decision-making
process with a set of all the possible compromises that can be considered as the new feasible
region on which the existing approaches can be applied to achieve a single satisfactory solution.
We will try in the near future to examine the robustness of the method and report the results.

Finally, we illustrated our method with an example of two-levels-MOLPP. The extreme
points are calculated manually and the linear mono-objective programs are solved on MATLAB
R2007b after implementing the simplex method.
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Abstract. Information Systems (IS) have turned into vital means for companies to survive in the
contemporary technology-oriented environment. Subsequently, over the last decades, this has brought
about the heavy investment of companies in ISs to guarantee high-quality products and services. Simi-
larly, supplier selection (SS) plays an inescapable role in today’s business. In addition, there are several
studies published showing the importance of the ISs in the SS problem. However, there has not been
any work evaluating the effectiveness of ISs on the SS problem, including a comprehensive and up-to-
date SS model. Therefore, this study proposed a complete model including six criteria that are almost
most important and shared in the literature: sustainability, reliability, resiliency, greenness, risk and
cost, and 31 sub-criteria. Then the effectiveness of 10 ISs on the SS problem has been shown through
using BWM in two consecutive stages, and then the model conducted in Emdadkhodro automotive
company to show its practicality and accuracy.
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1. Introduction

Information Systems (IS), as a scientific discipline, firstly grabbed the attention of researchers
in the 1960s [20]. That was when applied computer science emerged, which aimed at designing
and implementing data processing applications [5]. Information Systems (ISs) have turned into
a vital factor so that all organizations should take it into account to survive in the current
technology-oriented market. Accordingly, more organizations have invested widely in their IS
infrastructures to provide better services and produce better value products. These fast-growing
numbers result in the question of how much those systems add value to the business or the
organization compared to their investment. The role of information systems (IS) in providing
businesses with a competitive edge has recently been the topic of many discussions. Therefore,
this reveals that the competitive advantages stem from the IS solution and its utilization [44].
Indeed, on account of the functions above and the importance of ISs, there are so many studies
showing the significance of ISs regarding a wide range of different disciplines such as health
and medicine [37, 31], transportation [7], energy [36], biology [27], education, environment
[4], geography [42] and so many other ones. However, there are many studies about supplier
selection in which different types of ISs play a significant role [35, 2].
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On the other hand, owing to the indispensable role of SS in supply chain management,
over the recent years, so many studies have been published about the models based on which
the best suppliers are selected. Nevertheless, because of several contributing factors such as
time, discipline, and studies’ purpose, each of these researches has followed various models with
different priorities so that some studies have taken into account the sustainability factor in their
SS problem [23, 34], someone emphasizes on resiliency [8], some other scholars have worked on
reliability [45] and undoubtedly greenness has also been one of the most popular criteria in the
SS models [23, 18, 15] so that a large number of researchers have considered varying aspects
of the green suppliers selecting; specifically they have focused on the evaluation and ranking of
the weighting factors critical in choosing of green suppliers [41]. In addition, in so many works,
researchers have considered two terms of risk and cost in their studies regarding SS because of
their undeniable significance in realistic situations. Further, these criteria have been integrated
into the SS models [26, 3, 21, 40]. This undoubtedly illustrates the significance of SS models for
companies’ prosperity because of their adaptability and functionality in different circumstances.

Finally, when the heavy impact of ISs on SS is coupled with the undeniable role of SS in
supply chain management, this is highly likely to be vital for firms to have a thorough cognition
and understanding of the effectiveness and functionality of their ISs on their using SS model,
regardless of what criteria it includes. Probably once [16] have considered IS as a contributing
factor affecting supplier selection, was the first time when a study referred to a close correlation
between green SS and IS.

As there are different types of information systems and each of them concentrates on various
parts and targets in an organization, or generally a system, each of them impacts on selection
process differently; the purpose of this study is the evaluation the effectiveness of various ISs
not only on each of aforementioned primary criteria in SS models including sustainability,
reliability, resiliency, greenness, cost, and risk but also on SS model including all of these
criteria as a general model. Accordingly, this paper proposes a comprehensive framework to
support its purposes. Initially, it examines other studies, literature, and experts’ opinions to
gather the most determining criteria and sub-criteria which affect the general supplier selection
(by considering sustainability, reliability, resiliency, greenness, cost, and risk as criteria and their
sub-criteria). Then, through the Best-Worst method (BWM), the local and global weights of
criteria and sub-criteria will be calculated in accordance with the experts’ opinions. The next
step is computing the ISs’ performance associated with sustainability, reliability, resiliency,
greenness, cost, and risk separately and the general supplier selection in two different stages,
based on the experts’ opinions. Finally, firms could work on specific IS or ISs playing the most
crucial role in their SS processes and manage them, if necessary. All of these steps are designed
to answer this study’s research questions:

How does each of the information systems affect the six main criteria of the SS model?
What is the most effective information system in supplier selection problem?
Aiming to address the research objective of this study, evaluating the effectiveness of 10

different information systems on supplier selection is proposed.

2. Literature review

This section investigates the literature to illustrate the significance of information systems in
the supplier selection problem. To this end, this section includes four main parts in which four
different pieces of this puzzle are clarified separately. Accordingly, in the first part, the studies
illustrate the importance of ISs in supply chain or supplier selection. [17] used a Geographic
Information System (GIS) to select the best location between some candidates aiming to de-
sign a high-resolution microalgae-based biofuel supply chain through three phases. Similarly,
a Geographic Information System (GIS) software associated with a network analysis and vehi-
cle routing problem was considered by [43] to design a green vehicle routing to evaluate and
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decrease the carbon footprint of the papaya supply chain in Thailand. [1] took into account
information systems to support the business processes of the cocoa supply chain as one of the
most important economic industries in Ghana to identify its downsides. [9] proposed a novel
integrated MCDM model including 12 determining factors under the four divisions to select
the most efficient Inter-Organizational Information Systems as the basis of the modern sup-
ply chain. [13] considered one of the information systems, E-commerce, to represent a criteria
model for E-supplier in the mechanical manufacturing industry. [35] worked on the web-based
information system, including five critical criteria for selecting the optimal supplier to address
the problem of providing similar goods by various suppliers.

Finally, [2] propose a dynamic decision support system (DSS) as an information system to
select a sustainable supplier in a circular supplier chain. These studies published in recent years
show how important ISs are in the SS problems and the supply chain. In the next part, the
studies represent the ISs as contributing factors in the six criteria (sustainability, reliability,
resiliency, greenness, risk, and cost) in various fields. [12] considered information system in-
tegration associated with internal cost management and absorptive capacity as three effective
criteria in inter-organizational cost management in the supply chain. [10] used geographical ISs
to green areas’ accessibility in Turkey. With the aim of the effectiveness of ISs on reliability
criteria, this study inspired by research has been done by [19], adopted an ontological model of
an IS for evaluating and ensuring transportation reliability. [6] illustrated that an appropriate
decision support tool could guarantee the resiliency of a system such as a power distribution
system.

As decision support systems are among the most important ISs, this shows the importance of
this tool for enabling resiliency. [33] adopted a geographic IS to determine the risk of contracting
some specific diseases in different areas in Thailand. [39] developed an integrated accounting
and agricultural IS to guarantee sustainability and productivity in the farming sector. In these
sections, the significance of ISs in SS problems and the six main criteria have been shown by
citing recent studies.

However, in the next part of this section, the studies are presented in which the SS models
include one, two or three numbers of those six criteria to show the significance of these criteria
in the recent studies in the SS problems. Undoubtedly, greenness is one of the criteria playing a
leading role in SS problems. Researchers [18, 23, 15] proposed three different methods, including
Modified two-phase fuzzy goal programming integrated with IF-TOPSIS, a novel hybrid MCDM
model including the support vector machine (SVM), the fuzzy BWM and the fuzzy TOPSIS
approaches, and finally BWM and fuzzy TOPSIS, respectively, to select green suppliers. Some
researcher considered transportation cost to be one of the essential criteria in SS problems based
on an MCDA referring to the significance of cost factor in SS problem. [40], however, applied
the Fuzzy FANP, DEMATEL, fuzzy TOPSIS, and finaly a Weighted Goal Programming (WGP)
to select sustainable-reliable suppliers to increase three vital elements for customer satisfaction
and environmental regulations. [22] proposed a hybrid method including AHP, TOPSIS, and
finally, interval-valued intuitionistic fuzzy sets (IVIFSs) to select the sustainable supplier for
water environment treatment Public-Private Partnership projects.

Some researcher took into account two critical criteria regarding risk including disruption
risks and a risk-averse decision-maker to select the supplier selection and order allocation
through the particle swarm optimization (PSO) algorithm in the centralized supply chain,
which illustrates the strong influence of risk criteria in SS problem. Finally, [8] proposed a
model to select the resilient supplier. To this end, they utilized an integrated efficiency mea-
surement model consisting of Data Envelopment Analysis (DEA) and principal components
analysis (PCA). And finally, in this part, first, it is mentioned why the BWM method is su-
perior to other traditional MCDM techniques. then some recent studies are represented using
this method in SS problems.
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According to [29], BWM should be considered a powerful MCDM method to address compli-
cated problems. What is more, in his study, he mentions four distinct benefits of this method,
distinguishing that from other MCDM techniques such as AHP. And these superiorities are:

1. The number of pairwise comparisons needed in BWM is highly fewer than the figure for
matrix-based MCDM methods.

2. Even though in a sizeable number of MCDM methods, consistency ratio is utilized to find
out whether the comparisons are reliable or not, since the output of this method is always
consistent, the consistency ratio is used to check the reliability level, thereby the results
arising from BWM is highly more likely to be reliable.

3. One of the most practical advantages of BWM is that not only used independently but
also integrated with other techniques.

4. Removing fractional numbers used in some of the other MCDM methods such as AHP
and only using integer numbers makes BWM easier to use.

Nevertheless, in this situation, it should be mentioned that [28] referred to such weakness
of BWM based on which in some realistic situations it is almost impossible to determine the
best and the worst option, and it is possible to have two best options or two worst options.
Accordingly, they proposed a modified BWM method to address this problem. However, several
studies using BWM to select the suppliers are shown below. [25] proposed an integrated method
including fuzzy BWM, fuzzy COPRAS, and fuzzy WASPAS to choose the excellent strategic
supplier in accordance with their greenness capabilities. In another study, [15] have used BWM
in addition to fuzzy TOPSIS to determine contributing factors of green supplier selection. And
[38] have proposed an integrated method consisting of a fuzzy group BWM and a fuzzy combined
compromise solution (CoCoSo), aiming to select the best supplier in reverse supply chains by
taking four contributing factors, namely lean, agile, resilient, and green elements into account.
As a result, in this section, it has been tried to cover all different aspects of the SS problem
represented in this study, ranging from the importance of ISs on the SS problem and on the
six main criteria to the importance of the six criteria on the SS problem to the significance of
BWM technique.

3. Statement of the problem

As almost all companies in today’s complicated market ought to have relationships with partners
in different parts of their supply chain, especially supplier selection, the fast flow of thorough and
practical information would be highly demanded to optimize the connection of all determining
sectors of the supply chain that lead into competitive advantages. This significance of having
a long-term relationship with partners in the contemporary market illustrates the necessity
of the supplier selection problem as one of the essential parts of the supply chain [14]. This
importance and necessity are the exact reason why companies should take a wide range of
criteria and weighting factors into account in their SS problem. That is to say, undoubtedly,
to minimize the risk and cost resulting from selecting the wrong suppliers as well as attaining
the potential profits arising from the selection of a sustainable, reliable, resilient, and green
supplier, SS plays a critical role for companies. Accordingly, there are extrinsic and intrinsic
contributing factors such as environmental, economic and social performance, forcing companies
to consider the critical criteria so as to fulfill their expectations [21]. On the other hand,
mounting evidence has revealed the undeniable effectiveness of ISs in the supply chain, so
that adoption of appropriate information systems not only impacts positively on the process
of the supplier selection but also influences different significant criteria such as sustainability,
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reliability, resiliency, greenness, risk, and cost that are some of the most common contributing
factors in SS problems. However, although there are several studies in the literature in which
one information system or information system as a whole has been introduced as a weighting
factor for SS problems, there is not any study evaluating the effectiveness of a wide range of
information systems on different types of SS models.

Therefore, to address the problem mentioned above and to fill the mentioned gap in the
literature, this study:

1. Proposes a comprehensive SS model that rarely is found in the literature: This model
consists of six main criteria regarding the SS problem that are currently considered by
scholars, including sustainability, reliability, resiliency, greenness, risk, and cost. Although
all of these criteria have been used in a long list of studies published in the literature, there
is not any paper in this field in which its SS model includes all of these six criteria, which
are almost the most common, at the same time. That is to say, most of the studies which
have proposed models for the SS problem take one, two, or three criteria. Therefore, a
study takes all of them into account for the first time.

2. Takes 10 different types of ISs into account in order to evaluate their influence on SS.
Usually, in the literature, the papers working on the SS problem mainly have taken
information system alone as a contributing factor in the SS problem. However, these
days almost all companies benefit from different types of ISs. Thus, it is almost for the
first time that a study examines the effectiveness of 10 various ISs on the SS problem by
considering those six major criteria.

3. Orders the ISs according to their effectiveness on SS. As just mentioned, until now, there
has been no research examining the effectiveness of a wide range of ISs on a comprehensive
SS model. As a result, this study shows the significance of each information system on a
model, including all the primary criteria of the SS problem. In this way, managers and
decision-makers in the company can gain an excellent understanding of the relationships
between two integral parts of their company.

4. Orders the ISs according to their effectiveness on the six criteria individually. As some
companies maybe have not all of these ISs or, on the other hand, give some of those six
criteria, not all, priority, this study provides them with such facilities that they emphasize
the effectiveness of each ISs on each criterion. for example, if in a company greenness is
placed on the premium, they can use this model to find out the effectiveness of each ISs
on the greenness factor.

To this end, initially, a general supplier selection model including six criteria and 31 sub-
criteria is proposed, so that its criteria are the six main factors that a contemporary SS model
would take into account, sustainability, reliability, resiliency, greenness, risk, and cost, in as-
sociation with their own contributing factors as the sub-criteria. In the subsequent stage, this
study employs the BWM method to find out the contribution or effectiveness of each of those
criteria in supplier selection. Then, the BWM method is used again to compute the effective-
ness of each of the predetermined information systems in each of those six criteria separately.
In this way, two sets of weights are gained through two-stage use of the BWM method showing
the effectiveness of different ISs on different criteria, and subsequently, the effectiveness of the
criteria on SS (see Figure 1).
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Figure 1: The hierarchy of green supplier selection’s criteria and sub-criteria.

4. Methods and materials

As the purpose of this study is to evaluate the effectiveness of different information systems
on a supplier selection problem in which six different criteria and their sub-criteria have been
taken into account, the BWM as an MCDM method is adopted in two successive stages in order
to deal with this problem. Accordingly, firstly the BWM is used to gain the weights of criteria
and sub-criteria. Then, this method is used one more time to find out the weights of different
ISs in accordance with their effectiveness on those sub-criteria.

4.1. Best Worst Method

There is a large number of MCDMmethods applied in the published researches. However, BWM
as a newly developed MCDM method is utilized in this study [29, 30]. Mounting evidence has
revealed that this method possesses some unique features making this method superior to so
many other MCDM methods. This method demands fewer data and does not require a full
pairwise comparison matrix making this method the most appropriate one for this study- and
ease of use for experts and decision-makers are some of those advantages. Nevertheless, in the
following, different stages of this method have been represented:

Step 1 - Determine a set of decision criteria. In this study, the criteria are presented in two
levels as criteria and sub-criteria.

Step 2 - Determine the best (B) (e.g., the most desirable, the most important) and the
worst (W ) (e.g., the least desirable, the least important) decision criteria based on the decision-
maker(s)/expert(s) opinion.

Step 3 - Determine the preference of the best decision criterion (B) over all the other
decision criteria, using a Linguistic 9-point scale for pairwise comparison for the best-worst
method (Figure 2). The result is a best-to-others (BO) vector as follows;

AB = (aB1, aB2, ..., aBn)
Whereas aBj represents the preference of B over j and as expected aBB = 1.
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Step 4 - Determine the preference of all the decision criteria over the worst criterion (W ),
using a Linguistic 9-point scale for pairwise comparison for best-worst method (Figure 2), Which
results in the others-to-worst (OW ) vector as follows;

AW = (aW1, aW2, ..., aWn)
T

Whereas ajW represents the preference of j over W and as expected aWW = 1.

Step 5 - Find the optimal weights(W ∗
1 ,W

∗
2 , . . . ,W

∗
n). The optimal weights should be deter-

mined such that the maximum absolute differences |WB − aBjWj |, |Wj − ajWWw| for all j is
minimized, or equivalently;

minmax|WB − aBjWj |, |Wj − ajWWw|
s.t.∑

j Wj = 1

Wj ≥ 0forallj (1)

Problem (2) is equal to the following linear problem:

minξL

|WB − aBjWj | ≤ xiLforallj

|Wj − ajWWw| ≤ xiLforallj∑
j Wj = 1

Wj ≥ 0forallj (2)

Solving the above model (2), optimized weights (W ∗
1 ,W

∗
2 , . . . ,W

∗
n) and the optimal objective

function value ξL will be gained. For this model, ξL can be directly considered as an indicator
of the consistency of the comparisons (here, we do not use Consistency Index, so that values
close to zero show a high level of consistency of the pairwise comparisons provided by the
decision-maker(s)/expert(s). For MCDM problems with more than one level of criteria such
as this study, first of all, the weights for different levels should be obtained through the BWM
steps, then, the weights of different levels have to be multiplied to determine the global weights
[32].

Figure 2: Linguistic scale for pairwise comparison for best worst.

4.2. Evaluation of the effectiveness of ISs

SO far, by using the BWM method, the optimal weights of the criteria and sub-criteria have
been calculated for supplier selection. Similarly, the same method has been adopted, aiming
to calculate the optimal weights of ISs regarding those sub-criteria. Accordingly, in this stage,
to calculate the final weights of information systems based on the BWM, these (ISs) should be
considered the new sub-criteria for each of the main sub-criteria of the represented model. Then,
the subsequent stage (calculation of the global weights of ISs) is the same as the operations
done for calculation the global weights of sub-criteria in the last section. However, in this phase,
the number of times BWM has been used for ISs is as many as those sub-criteria. Finally, all
weights of each IS in different sub-criteria categories ought to be aggregated.
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5. Case Study

The proposed model and method are conducted in Emdad-Khodro Company in Saipa automo-
tive group as one of the two largest automotive companies in Iran, to evaluate the effectiveness
of its information systems on the supplier selection problem in this company. In 2011, almost
all ISs in this company were converted from windows-based ISs to web-based systems. Then,
since 2014, all of them have been substituted with the mobile ISs covering almost all different
sectors in the company. However, from the utilization of these information systems in the com-
pany, there has not been any study to evaluate these ISs on the Supplier selection process by
considering the most contributing factors, including sustainability, reliability, resiliency, green-
ness, cost, and risk. Furthermore, there has not been any research showing what ISs should be
focused on more and what ISs are using too many resources.

Currently, the using ISs of this company are; 1 - transaction processing system (TPS), 2 -
customer relation management (CRM), 3 - management information system (MIS), 4 - office
automation system (OAS), 5 - knowledge management (KM), 6 - supply chain management
(SCM), and 7 - enterprise resource planning (ERP). To this end, in the following section,
different steps of evaluating the effectiveness of 10 ISs (including 1 - transaction processing
system (TPS), 2 - electronic commerce (EC), 3 - customer relation management (CRM), 4 -
decision support system (DSS), 5 - management information system (MIS), 6 - office automation
system (OAS), 7 - knowledge management (KM), 8 - supply chain management (SCM), 9 -
enterprise resource planning (ERP) and 10 - business intelligence (BI)) on the SS problem
by considering the six determining factors through the proposed method are represented. In
order to create a balance among the experts’ ideas, this study benefits from the opinions of 50
academics and industrial experts to determine the criteria, sub-criteria, and different stages of
the BWM relying on the experts’ opinions. Totally, all of the questionnaires had been sent to
87 experts, and finally, 50 of them have responded completely to all of those questionnaires. In
the following, however, the figure gives more detailed information about the experts.

Figure 3: Experts information.
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6. Discussion

6.1. Calculating the global weights of sub-criteria

Step 1- in this stage, based on the opinions of the company’s experts and literature, six criteria,
namely; stainability, reliability, resiliency, greenness, cost, and risk, have been determined to
form the first level of the SS problem. Subsequently, several sub-criteria are first gathered
and then selected according to the experts’ opinion by considering the literature and published
related studies.

As a result, a SS model is proposed, including six criteria and 31 sub-criteria (Figure 1).
In order to select criteria and their sub-criteria, a questionnaire has been prepared, aiming to
gather the experts’ opinions through scoring them from 1 to 10 according to their importance
(1; not effective to 10; perfectly effective). These selected criteria and sub-criteria are those
factors that the accounting average of experts’ opinions about them have been seven or more.

Figure 4: Determining criteria based on expert’s opinion.

Figure 1 illustrates the main list of criteria gathered from the literature (first column) and
according to the experts’ opinions (second column as the average score of experts), scoring
them from 1 to 10, by considering their significance as the appropriate criteria for the supplier
selection model. And after obtaining the criteria, their sub-criteria are gathered from the
literature.

Similarly, the same procedures have been followed to find out the most appropriate sub-
criteria for the SS model by the experts’ opinions (Figure 4).



40 Navid Kazemitash and Hamed Fazlollahtabar

Figure 5: Determining sub-criteria based on expert’s opinion.

Step 2- in this stage, BWM has been used in order to calculate the global weights of sub-
criteria. To this end, the following steps have been done;

Step 2-1- determining the best and the worst criteria based on the experts’ opinion. Ac-
cordingly, sustainability and resiliency have been chosen as the best and the worst criteria,
respectively. In the subsequent phase, the BO and OW stages of the BWM have been operated
to calculate the optimal weights of criteria.

Step 2-2- The same operations have been used for sub-criteria to calculate their optimal
weights in the next stage,

Step 2-3- Finally, for calculating the global weights of sub-criteria, the optimal weight of
each sub-criterion multiples to the optimal weight of its criteria.

The results of these operations are shown in Figure 1. In the first column, the criteria are
illustrated, and through green and yellow colors, the best and the worst criteria have been
marked, respectively. In the second column, the local weights of those criteria are shown
calculated through the BWM. The third and fourth columns represent the sub-criteria and
their local weights. Finally, in the last column, the global weights of the sub-criteria are shown
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calculated by multiplying the numbers of the fourth column (local weights of sub-criteria) by
the related numbers of the second column (local weights of their criteria).

Figure 6: Local weights of criteria and sub-criteria and the global weights of sub-criteria.

6.2. Calculating the global weights of information systems

In this stage, it is time to calculate the weights of ISs regarding the SS problem. So far, the
weights of two levels of factors (criteria and their sub-criteria) have been calculated. Then,
the global weights of these sub-criteria have been gained to determine the effectiveness of each
sub-criteria on the SS problem. Similarly, if it is going to evaluate the effectiveness of several
ISs on the SS problem, the effectiveness of each single IS ought to be determined regarding
those sub-criteria. This is just like a three-tier model including criteria, sub-criteria, and ISs.
in this case, it is noticeable that all of the 10 ISs are considered as the new sub-criteria for
the main sub-criteria of the SS model in this study. This means that the BWM method must
be repeated as many as the number of sub-criteria (31 times in this study, on account of 31
sub-criteria) to calculate the weights of all ISs regarding every single sub-criterion.

Step 1- Using the BWM to find the local weights of ISs in accordance with 31 sub-criteria.

Step 2- In order to calculate the global weights of ISs regarding every sub-criterion, the local
weight of each IS, is multiplied to the global weights of the related sub-criteria calculated in
the last stage. As a result, the global weights of every single IS are computed in 31 different
categories (the number of sub-criteria). That is to say, all different stages done in these steps
for the calculation of the global weights of ISs are as similar as those of calculating the global
weights of sub-criteria. However, the criteria and sub-criteria in this stage are different so that
the criteria are the sub-criteria of the SS problem and the new sub-criteria are the ISs that are
similar for all 31 new criteria (31 sub-criteria). In the following, Figure 4 and Figure 5 show the
local weights and global weights of one criterion (sustainability) for instance. Firstly, in Figure 7,
the local weights of all 10 ISs regarding every single sub-criterion (in this figure, the sub-criteria
of sustainability) are shown, calculating through BWM. Then, in Figure 8, the global weights
of all 10 ISs regarding each sub-criterion (in this figure, the sub-criteria of sustainability) are
shown calculating through multiplying the local weights of ISs regarding each sub-criterion with
the global weights of that sub-criterion calculated in the last stage.
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Figure 7: local weights of ISs regarding six sub-criteria of Sustainability criteria.

Figure 8: Global weights of ISs regarding six sub-criteria of Sustainability criteria.

6.3. Determining the effectiveness of information systems

After calculating the global weights of ISs regarding all 31 sub-criteria, it is possible to calculate
the total weights of each IS regarding supplier selection showing its effectiveness. To this end,
all 31 global weights of each IS (resulting from its 31 global weights regarding 31 sub-criteria)
must be aggregated for every single IS. In other words, in this step, all 31 global weights of
each IS illustrating its effectiveness in 31 sub-criteria of the SS model should be summed to
determine the total weights (effectiveness) of the specific IS. Accordingly, this process should
be repeated for all other nine ISs. In the following, Figure 6 shows the total weights of ISs
regarding only sustainability criteria. In fact, this figure possesses only one more column than
Figure 8, aiming to show the steps more precisely.

Figure 9: Total weights of ISs regarding six sub-criteria of Sustainability criteria.

Similarly, this step should be repeated for the sub-criteria of the other five criteria. Figure
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10 below illustrates the aggregated weights of all ISs regarding all 31 sub-criteria. That is to
say, this figure shows the last column of Figure 9, but for all six criteria.

Figure 10: Total weights of ISs regarding six sub-criteria of Sustainability criteria.

As a result, the last column of Figure 10 shows the total weights of all 10 ISs in the SS
problem. Accordingly, among the all different ISs, SCM plays the most effective role with
0.216434812; it has the largest weights in five out of six criteria (except in sustainability). Con-
versely, OAS is the least effective IS (0.047084614), and the least effective IS in five out of six
criteria (Except in resiliency). ERP and CRM have the second and the third largest weights at
0.173760399 and 0.125104209, respectively. By contrast, TPS and BI are the second and the
third least effective ISs (with the weights of 0.060113212 and 0.060424941, respectively). Nev-
ertheless, the values for KM and DSS were slightly more than those of TPS and BI, whereas the
values for MIS and EC are more than those values at 0.095215202 and 0.088508116, respectively.

6.4. Managerial decision in Emdadkhodro

As mentioned, there are seven different information systems in Emdadkhodro company: TPS,
CRM, MIS, OAS, KM, SCM, and ERP. According to this company’s managers, these ISs in
decreasing order of significance are CRM, ERP, MIS, SCM, KM, OAS, TPS. That is to say,
they spend the largest and the smallest amount of money, energy, and time on CRM and TPS,
respectively. Furthermore, the first four ISs in this company account for around 85% of the
resources. What is more, they mainly place the premium on sustainability, risk, and cost.
On the other hand, based on Figure 10, although the four most important ISs are the same
(SCM, ERP, CRM, MIS), their order are completely different. In other words, SCM is the
most effective IS and other items in decreasing order are ERP, CRM, SCM. Plus, considering
the figure (Figure 10), these four ISs make up 60% of the importance, and there should be at
least 10 ISs. Therefore, there are some essential lessons that Emdadkhodro should consider.
To begin with, by considering that they are working on sustainability, risk and cost, giving
ERP and SCM priority in sustainability and risk and cost, respectively. It means that there
is no one-size-fits-all, and they should focus on different ISs for different purposes. However,
in general, SCM still should be the most important IS. And there are three other ISs: DSS,
EC, and BI that, according to Figure 10, are almost as important as TPS and KM and are
more important than OAS. This shows that undoubtedly they should start working on these
ISs in their companies. In addition, it seems that they underestimate the significance of TPS,
while Figure 10 illustrates that it would be considered as much as DSS, KM, and BI. Thus, this
comparison shows that if wanting to maximize the effectiveness of its ISs in the SS problem,
the Edadkhodro company ought to revise its ISs in different parts and reorganize its focus on
them.
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7. Managerial implication

As mentioned in the introduction section, nowadays, the supplier selection problem has been
turned into an inescapable part of business and organization because of several contributing
social and economic factors. On the other hand, several studies have shown the indispensable
role of different information systems in not only the SS problem, but also organizations as inde-
pendent meas. However, there has not been any study in the literature showing the effectiveness
of a wide range of information systems on the supplier selection process by considering some
of the most important criteria and sub-criteria. Nevertheless, this is not the only contribution
that this study has been represented. One of the most advantageous contributions of this study
is the practical horizon. This means that this study has considered some of the most impor-
tant and practical criteria and sub-criteria in the SS model. Undoubtedly criteria including
sustainability, reliability, resiliency, greenness, risk, and cost are not only current issues of the
literature, but also are some of the most essential factors that almost all organizations consider
in the contemporary market. In addition, regarding the sub-criteria, this study has considered
the same approach.

What is more, through using BWM in two consecutive stages, the effectiveness of all different
components of this study, including criteria, sub-criteria, ISs on criteria, and ISs on sub-criteria,
have been clarified. That is to say, beside Figure 6 showing the weights of criteria and sub-criteria
that could be so important for decision-makers because of the significance and practicality of
those factors, Figure 8 helps managers in order to know the effectiveness of each single IS on
every single sub-criterion. For instance, managers could understand that ERP is the most
effective IS on productivity, Reusability, recycling, and reverse logistics program, order status,
and material, while MIS and CRM are the most effective ISs on management and quality,
respectively. Similarly, there is the same information about the least effective ISs. This, actually,
enables managers and decision-makers to take the most optimized factors in their decisions to
minimize the risk, cost, and error. The information in Figure 9, on the other hand, benefits
the managers in a more general way so that they are able to know about the effectiveness
of ISs on criteria. For example, if focusing on sustainability, the company could know that
ERP is the most effective IS, whereas OAS has the least importance. And according to Figure
10, managers could optimize their concentration and investment of their whole ISs regarding
the SS problems because they can know different levels of effectiveness of ISs. Accordingly,
they could strengthen their weaknesses and better understand the importance of different ISs
in the SS problem by considering some of the most practical criteria and sub-criteria that
normally all organizations take into account. Finally, although almost all of the criteria and
their sub-criteria have been used in different studies and there have been so many studies taking
sustainability, resiliency, greenness, reliability, cost, and risk independently into consideration,
this study provides decision-makers with a comprehensive model including all of those significant
contributing factors in order to show the effectiveness of almost all using ISs on those factors
by considering sustainability, reliability, resiliency, greenness, risk, and cost which are some of
the most practical and important criteria in SS problem.

8. Conclusions

Although there are so many studies in the literature about supplier selection, it is rarely found
that research has proposed a model including a wide range of major criteria and sub-criteria. On
the other hand, there are so many studies in the literature about the importance of information
systems in the business, and several studies have shown the significance of ISs in SS problems,
but mainly as a sub-criterion of the SS models. However, there has not been any research
illustrating the effectiveness of some ISs on SS by considering some of the most important and
current criteria consisting of sustainability, reliability, resiliency, greenness, risk, and cost.
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Accordingly, this study has proposed a SS model including sustainability, reliability, re-
siliency, greenness, risk, and cost as criteria and 31 sub-criteria. In this way, almost all of the
current important and practical contributing factors in the SS problem are considered. Fur-
thermore, a two-stage BWM is used to determine the effectiveness of ISs on the SS problem. To
this end, firstly, the global weights of sub-criteria are calculated. Secondly, this method is used
again to determine the global weights of ISs regarding sub-criteria. Finally, the aggregated
weights (effectiveness) of ISs on the SS problem are calculated. In addition to the advan-
tages of BWM as a methodology mentioned, its simplicity and practicality enable managers
and decision-makers to adopt it. However, the results of this study show that Sustainability
and resiliency are the most and the least important criteria in the SS problem. Similarly, the
most and the least effective sub-criteria on every criterion are represented. In addition, ac-
cording to the result, SCM and ERP are the most effective ISs regarding the SS problem with
0.216434812 and 0.173760399, respectively. Conversely, OAS and TPS have the least and the
second least amount of effectiveness on the SS problem, respectively. Other ISs in decreasing
order of effectiveness are CRM, MIS, EC, DSS, KM, and BI.

Indeed, the most important contributions of this study are; initially proposing a thorough
and comprehensive SS model including the main new and practical criteria and sub-criteria,
evaluation of ISs performance in this SS model, and using an accurate, easy to use and practical
Method to address the problem. This is because managers enable to consider and be informed
about the all-different components of this problem, including criteria, sub-criteria, and ISs that
provide decision-makers with accurate and detailed information minimizing errors, risk, and
cost in realistic situations.

Undoubtedly two of the most important limitations of this study were; finding a company
in which there are a sizeable number of ISs set and organized systematically and finding a com-
pany seriously taking sustainability, resiliency, reliability, greenness, risk, and cost into account
in their processes. However, the concept of this study could create several ideas for future
studies by emphasizing the effectiveness of ISs on different important problems, evaluating the
effectiveness of other important and practical factors on the SS problem, and even using some
other method to cope with this problem.
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Abstract. Birth-death processes are applied in the modelling of many biological populations, such
as tumour cells and viruses. Various studies have established that birth-death processes, which occur
when the population size is zero, are not in-line with reality in many situations. Therefore, in this study,
the birth-death processes with immigration were investigated. We considered two immigration policies.
First, immigration is allowed if and only if the population size is zero. Second, immigration at a constant
rate is allowed irrespective of the population size. Birth and death rates were chosen such that the mean
population size is a Gompertz function when the immigration rate is zero. The transient population
size probability was obtained for both cases. Several tumour growth datasets were fitted using the
mean population size of the above models and standard birth-death model without immigration. The
two models with immigration provided entirely different probabilities of the population size being zero
at an arbitrary epoch when compared with the model without immigration. Moreover, all three models
provided a similar fit to the data. For each of the datasets studied, the models that allowed immigration
produced less variance than the non-immigration model.
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1. Introduction

Birth-death processes are considerably important tools in modelling many real-world phenom-
ena, such as queues, inventory, evolution, population biology, and epidemiology. General inputs
to the birth-death process are the birth and death rates. Although assuming these rates to be
independent of time simplifies the analysis of the modelling stochastic process, in real-world
applications, the above rates are often time- dependent. Kendall [15] studied a birth-death
process in which birth and death rates were assumed as functions of time. The author provided
the explicit expression for the expected population size, its variance, and the probability of
extinction, and also discussed the possibility of a model with minimum variance, depending on
the nature of the birth and death rates.

Often, biological applications demand the modelling of large populations. For example,
studies have reported that tumours with a diameter of 1 mm may contain 106 tumour cells [13].
A mathematical model intended to predict the time when the tumour is 2 mm in diameter
would need to address a significantly large population size. In such cases, the probability that
the population size is equal to a particular value (e.g., 106) may not be significantly important
to biologists. This could be the reason deterministic models are the first choice for a tumour
mathematical model [26]. Some popular deterministic models include exponential, power law,
Gompertz, logistic, generalised logistic, and von Bertalanffy models [4]. The growth pattern
of human breast cancer shows that tumours do not grow exponentially after a certain period,
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and this is incorporated in the Gompertz model of cell growth [21]. Although this is the case,
to obtain more details such as the variability in the size of the tumour or the probability of
the tumour disappearing before gaining detectable size, a natural choice for a mathematical
model would be a stochastic model [5, 26]. Speer et al. [25] developed a stochastic numerical
model of breast cancer growth. This model suggests that Gomperzian kinetics govern tumour
growth; however, from time to time, there is a random change in the growth rate. Mazlan
and Rosli [19] described the growth process of breast cancer by including noisy behaviour in
the Gomperzian model, and obtained better results for this stochastic model compared with
those of its deterministic counterpart. Lo [17] proposed a stochastic nonlinear model of tumour
growth based on the Gompertz growth law, in which the probability density function of the
tumour size obeys a nonlinear Fokker-Planck equation that can be solved analytically. Lo [16]
proposed a stochastic model of tumour cell growth based on the deterministic Gompertz law
of cell growth, which assumes a bound on the number of tumour cells. Tumour growth was
studied as a diffusion approximation of a continuous time and density-dependent branching
process with the Gompertz law as the deterministic counterpart [2, 14]. Hence, all the above
studies can be considered as attempts to combine the advantages of a deterministic model with
a more informative stochastic model.

Before we discuss some similar attempts in the case of birth-death processes, let us discuss
the idea of combining deterministic models with a birth-death model. For example, consider
the Gompertz model defined by the differential equation:

dN

dt
= N(β − α logN), t > 0, α, β > 0 (1)

where N(t) is the population size at time t. The solution to Eq. (1) is given by:

N(t) = e(
β
α−(

β−α log N0
α )e−αt) (2)

A random analogue of the above Gompertz model can be considered as a birth-death process
in which a transition from state i can occur only to states i − 1 or i + 1 in a small interval of
time. The transition from state i to i− 1 is considered death, and the transition from i to i+1
is considered birth. Taking the birth rate as λ(t) = βe−αt and μ(t) = α logN0e

−αt, the random
analogue becomes Kendall’s birth–death process [15].

Gompertz’s birth-death process is shown as a special case of the non-homogeneous birth-
death process in [27], which obtained the first four cumulants and absorption probabilities.
The density-dependent birth-death process with a mean satisfying the logistic equation was
given, and expressions for the probability generating function and stationary distributions were
obtained in [22]. The solution of the associated Fokker-Planck equation was used to build a
likelihood function for the unknown parameters. In the above study, the stochastic counterparts
and relevant properties of the logistic growth model were considered and compared with those
of other growth models.

According to [10], the absorbing state at zero in Kendall’s process fails to mimic a real-world
situation in which the reduction of cell size to zero does not occur. Therefore, the authors
considered a random analogue of the Gompertz model as a pure birth process with an average
value that was the same as that of the deterministic Gompertz model. A similar technique
was considered in the logistic growth model [12]. According to Weedon-Fekjær et al. [30],
Gompertz’s and logistic models are popular for modelling tumour growth data. They did not
consider the exponential growth model to be reliable. Because the logistic model behaves as
an exponential model, when the maximum tumour volume is significantly large, the Gompertz
model is more suitable for modelling tumour growth data. Motivated by these studies, we
consider a birth–death analogue of the Gompertz model and the immigration of a single cell if
and only if the cell size becomes zero to avoid the absorbing state. The model obtained differs
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from the usual immigration model where immigration is allowed for any population size [9, 11].
Our immigration policy may be considered as a special case to the one studied by [23], which
assumes that the immigration of particles occurs at a rate λbk whenever the population size is
zero. However, the birth and death rates are assumed to be a2

n and a0

n , respectively, such that the
cumulative birth and death rates remain constant. Conversely, the cumulative birth and death
rates in this study were nλ and nμ respectively. Thus, the analysis of modelled Markov chain
becomes entirely different. We conducted a transient study of the resulting model. The type
of immigration policy discussed in this study can be seen in polling models without switchover
lines, which can be considered a multitype branching process with immigration only in state
zero [1, 6]. Zheng et al. [31] considered a similar immigration policy with time-independent
birth and death rates. This study differs from the aforementioned studies in that the birth and
death rates are of the Gompertz type, which is time- dependent. Moreover, the average cell
population size, which emerges from the stochastic model, was applied to model tumour growth
data, such as to obtain a less variant stochastic model. Hence a comparison of three stochastic
models, namely: i) a model with no immigration; ii) a model with immigration if and only if
the population size is zero; and iii) a model with immigration irrespective of the population
size, was conducted.

The reminder of this paper is organised as follows. In Section 2, we introduce the Markov
chain model and study its transient characteristics. In Section 3, we compare the models with
and without immigration by fitting the models to tumour growth data. Finally, Section 4
concludes the study.

2. Methodology

2.1. Birth-Death process with immigration only when the population
size is zero

Here, we consider Kendall’s birth-death process [15] in which immigration is allowed only when
the population size is zero. We discuss two cases: first, constant birth and death rates, and
second, time-dependent Gompertzian birth and death rates.

2.1.1. Constant birth and death rare case

Consider a Kendall’s birth–death process {N(t); t ≥ 0} [15] in which immigration is allowed
only when the population size is zero. Let γ, λ and μ denote constant immigration, birth, and
death rates, respectively. The transition probabilities in {N(t)} over an infinitesimal interval
of length h are given by:

P [N(t+ h) = 1/N(t) = 0] = γ

P [N(t+ h) = j + 1/N(t) = j] = jλh+ o(h), j ≥ 1,

P [N(t+ h) = j − 1/N(t) = j] = jμh+ o(h), j ≥ 1

(3)

where o(h) → 0 as h → 0.
It follows that pn(t) satisfies the differential difference equations:

p′0(t) = −γp0(t) + μp1(t) (4)

p′1(t) = γp0(t)− (λ+ μ)p1(t) + 2μp2(t) (5)

p′n(t) = (n− 1)λpn−1(t)− n(λ+ μ)pn(t) + (n+ 1)μpn+1(t), n ≥ 2. (6)

We assume that N(0) = 1, such that:
p1(0) = 1. (7)
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Consider the generating function:

P (z, t) =
∞∑

n=0

pn(t)z
n. (8)

Equations (4)–(7) imply that P (z, t) satisfies the partial differential equation:

∂

∂t
P (z, t)− (λz2 − (λ+ μ)z + μ)

∂

∂z
P (z, t) = γ(z − 1)p0(t), (9)

with initial condition:
P (1, t) = 1, P (z, 0) = z. (10)

To find the solution of this equation, we introduce the auxiliary variable ζ such that:

dt

dζ
= 1 and

dz

dζ
= −(λz2 − (λ+ μ)z + μ), (11)

with initial conditions:
t = 0, z = ξ, when ζ = 0. (12)

Eq. (11) yields:

t = ζ and
dz

(λz2 − (λ+ μ)z + μ)
= −dζ. (13)

By partial fractioning the left-hand side of Eq. (13), we obtain:

dz

[
1

1− μ
λ

1

z − 1
− 1

1− μ
λ

1

z − μ
λ

]
= −λdζ, (14)

which implies:

log

(
z − 1

z − μ
λ

)
= (μ− λ)ζ + c1. (15)

Applying the initial condition in Eq. (12), we obtain:

z − 1

z − μ
λ

= exp((μ− λ)ζ)

(
ζ − 1

ζ − μ
λ

)
, (16)

which gives:

(z − 1) =
φ(ζ)

1− φ(ζ)

(
1− μ

λ

)
, (17)

where:

φ(ζ) = exp((μ− λ)ζ)

(
ζ − 1

ζ − μ
λ

)
. (18)

Now, Eq. (9) is reduced to the form:

dP

dt

dt

dζ
+

dP

dz

dz

dζ
= γ(z(ζ)− 1)p0(ζ), (19)

dP

dζ
= γ(z(ζ)− 1)p0(ζ). (20)

By integrating, we obtain:

P (z, t) =

∫ ζ

0

γ
φ(u)

1− φ(u)

(
1− μ

λ

)
p0(u)du+ k, (21)
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where k is an integration constant. The initial conditions in Eq. (12) implies that P (z, t) = ξ,
when ξ = 0, which gives k = ξ. Thus:

P (z, t) =

∫ ζ

0

γ
φ(u)

1− φ(u)

(
1− μ

λ

)
p0(u)du+ ξ. (22)

Substituting ζ as t, we obtain:

P (z, t) =

∫ t

0

γ
φ(u)

1− φ(u)

(
1− μ

λ

)
p0(u)du+ ξ. (23)

To determine p0(t), we note that P (0, t) = p0(t). Hence, for a given t, p0(t) is obtained by
selecting ξ such that z = 0 in Eq. (23).

From Eq. (16), it follows that when z = 0:

ξ =
1

1− λ
μ exp(λ− μ)t

− μ

λ
. (24)

For the above ξ, Eq. (23) gives:

p0(t) =

∫ t

0

γ
φ(u)

1− φ(u)
(1− μ

λ
)p0(u)du+

1

1− λ
μ exp(λ− μ)t

− μ

λ
(25)

which is a Volterra integral equation of the second type. Efficient numerical methods are
available for solving such equations (please refer to Brunner et al. [7]).

Note that Eq. (4) can be solved to obtain:

exp(γt)p0(t) =

∫ t

0

exp(γu)μp1(u)du. (26)

Because p0(t) is known, the above equation can be considered a Volterra integral equation of
the first type, which can be solved to obtain p1(t). Mirzaee [20] described a numerical procedure
for solving the Volterra integral equations of the first type.

Expected value of N(t).
Let E(t) = E(N(t)) =

∑∞
n=0 npn(t).

Partially differentiating Eq. (9) with respect to z, we obtain:

∂2P (z, t)

∂z∂t
= γp0(t) + (λz2 − (λ+ μ)z + μ)

∂2P (z, t)

∂z2
+

∂P (z, t)

∂z
(2λz − (λ+ μ)). (27)

Note that ∂P (z,t)
∂z is E(t), when z = 1.

When z = 1, we obtain the differential equation for expectation as:

E′(t) = γp0(t) + (λ− μ)E(t). (28)

By integrating, we obtain:

E(t) exp((μ− λ)t) =

∫ t

0

γ exp((μ− λ)u)p0(u)du+ c. (29)

The initial condition, E(0) = 1, gives c = 1.

E(t) = exp((λ− μ)t)

[∫ t

0

γ exp((μ− λ)u)p0(u)du+ 1

]
. (30)
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Variance of N(t).
Let V (t) = V (N(t)) be the variance of N(t).
Partially differentiating Eq. (27) with respect to z, we obtain:

∂3P (z, t)

∂z2∂t
= (λz2 − (λ+ μ)z + μ)

∂3P (z, t)

∂z3
+ 2

∂2P (z, t)

∂z2
(2λz − (λ+ μ)) +

∂P (z, t)

∂z
(2λ). (31)

Note that ∂2P (z,t)
∂z2 − E(t)− E(t)2 is V (t) when z = 1, which leads to the differential equation:

V ′(t)− 2(λ− μ)V (t) = γp0(t)(1− 2E(t)) + (λ+ μ)E(t). (32)

Thus, we obtain:

V (t) = exp(2(λ− μ)t)

(∫ t

0

(γp0(u)(1− 2E(u)) + (λ+ μ)E(u)) exp(2(μ− λ)u)du+ c1

)
(33)

V (0) = 0, implies c1 = 0.

2.1.2. Time-dependent Gompertzian birth and death rate case

Here, we assume that the birth and death rates are time-dependent, as given by λ(t) = βe−αt

and μ(t) = α logN0e
−αt. Note that Kendall’s birth–death process [15] with these rates and

without immigration implies that the expected value of N(t) is a Gompertz function [10].
However, under the assumption of immigration, these rates yield a different E(t). For more
generality, we assume that N(0) = N0. In this case, P (z, t) satisfies the partial differential
equation:

∂

∂t
P (z, t)− exp(−αt)(βz2 − (β + α logN0)z + α logN0)

∂

∂z
P (z, t) = γ(z − 1)p0(t) (34)

with initial and boundary conditions:

p(ξ, 0) = ξN0 , P (1, t) = 1, P (0, t) = p0(t). (35)

Proceeding in lines similar to those in the previous subsection, the generating functions p0(t),
p1(t), expectation, and variance are obtained as:

P (z, t) =

∫ t

0

γ
φ(u)

1− φ(u)

(
1− α logN0

β

)
p0(u)du+ ξN0 (36)

where

φ(u) = exp

(
β − α logN0

α
(exp(−αu)− 1)

)[
ξ − 1

ξ − α logN0

β

]
, (37)

where ξ is given by:

ξ =
1− exp(β−α logN0

α (1− exp(−αt)))

1− β
α logN0

exp(β−α logN0

α (1− exp(−αt)))
(38)

φ(u) is given by Eq. (37) for the above ξ, and p0(t) satisfies the Volterra integral equation of
the second type:

p0(t) =

∫ t

0

γ
φ(u)

1− φ(u)
(1− α logN0

β
)p0(u)du

+

(
1− exp(β−α logN0

α (1− exp(−αt)))

1− β
α logN0

exp(β−α logN0

α (1− exp(−αt)))

)N0 (39)
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Further, p1(t) satisfies the Volterra integral equation of the first type:

exp(γt)p0(t) =

∫ t

0

exp(γu)α logN0 exp(−αu)p1(u)du (40)

E(t) = exp

(
α logN0 − β

α
exp(−αt)

)

×
[∫ t

0

γp0(u) exp(
β − α logN0

α
exp(−αu))du+N0 exp(

β − α logN0

α
)

]
(41)

V (t) = exp

(
2

(
α logN0 − β

α

)
exp(−αt)

)
ϑ(t), (42)

where:

ϑ(t) =

∫ t

0

(γp0(u)[1− 2E(u)] + exp(−αu)(β + α logN0)E(u))

exp(2(
β − α logN0

α
) exp(−αu)du) (43)

2.2. Birth and Death process with immigration in all states

Here, we consider the birth–death process in which immigration occurs at a constant rate,
irrespective of the population size. The immigration, birth, and death rates are described in
Subsection 2.1.2. The transition probabilities over an infinitesimal interval of length h are given
by:

P [N(t+ h) = j + 1/N(t) = j] = jλh+ γ + o(h), j ≥ 1

P [N(t+ h) = j − 1/N(t) = j] = jμh+ o(h), j ≥ 1
(44)

It follows that pn(t) satisfies the differential difference equations:

p′0(t) = −γp0(t) + α logN0 exp(−αt)p1(t) (45)

p′1(t) = γp0(t)− (β exp(−αt) + α logN0 exp(−αt) + γ)p1(t) + 2α logN0 exp(−αt)p2(t) (46)

p′n(t) = ((n− 1)β exp(−αt) + γ)pn−1(t)− (n(β exp(−αt) + α logN0 exp(−αt)) + γ)pn(t)

+ (n+ 1)α logN0 exp(−αt)pn+1(t), n ≥ 2 (47)

Equations (44–47) imply that the generating function P (z, t) satisfy the partial differential
equation:

∂

∂t
P (z, t)− exp(−αt)(βz2 − (β + α logN0)z + α logN0)

∂

∂z
P (z, t) = γ(z − 1)P (z, t). (48)

To determine the solution of this equation, we introduce the auxiliary variable ζ such that:

dt

dζ
= 1 and

dz

dζ
= −(exp(−αt)(βz2 − (β + α logN0)z + α logN0)), (49)

with initial conditions:
t = 0, z = ξN0 , when ζ = 0. (50)

Now, Eq. (48) reduces to the form:

dP

dζ
= γ(z − 1)P. (51)
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A similar procedure as in Subsection 2.1.1 gives:

P (z, t) = exp

(
γ

∫ t

0

φ(u)

1− φ(u)

(
1− α logN0

β

)
du

)
ξN0 , (52)

where φ is the same as in Eq. (37).
With ξ as given by Eq. (38), and φ(u) as given by Eq. (37) for this ξ, p0(t) satisfies the

Volterra integral equation of the second type:

p0(t) = exp

(
γ

∫ t

0

φ(u)

1− φ

(
1− α logN0

β

)
du

)(
1− exp(β−α logN0

α (1− exp(−αt)))

1− β
α logN0

exp(β−α logN0

α (1− exp(−αt)))

)N0

(53)
Furthermore, p1(t) satisfies the Volterra integral equation of the first type:

exp(γt)p0(t) =

∫ t

0

exp(γu)α logN0 exp(−αu)p1(u)du. (54)

The expectation and variance of N(t) are given by:

E(t) = exp

(
α logN0 − β

α
exp(−αt)

)(∫ t

0

γ exp

(
β − α logN0

α
exp(−αu)

)
du

+N0 exp

(
β − α logN0

α

))
(55)

V (t) = exp

(
2

(
α logN0 − β

α

)
exp(−αt)

)
ϑ1(t) (56)

ϑ1(t) =

∫ t

0

(γ + exp(−αu)(β + α logN0)E(t)) exp

(
2

(
β − α logN0

α

)
exp(−αu)du

)
. (57)

2.3. Birth and death processes with no immigration

To compare the models with and without immigration, we discuss the case of a birth–death
process with 0 as the absorbing state. We derive their transient solution when the birth and
death rates are of Gompertz nature using a method similar to that described in the previous
section. We note that a solution to the above problem is given in [8] by exploiting the theory
of the continued fraction to obtain the Laplace transforms of the transient probabilities.

We consider the birth–death process in Subsection 2.1.2 and assume that the immigration
rate is zero. In lines similar to those in Subsection 2.1.2, the generating function is obtained as:

P (z, t) = ξN0 , (58)

where:

ξ =
z[β − α logN0f(t)] + α logN0(f(t)− 1)

z(1− f(t))β + [f(t)β − α logN0]
, (59)

with

f(t) = exp

(
α logN0 − β

α
(exp(−αt)− 1)

)
(60)

By expanding the right-hand side of Eq. (59) as a Taylor series and equating the constant term
and coefficient of z, we obtain p0(t) and p1(t) as:

p0(t) =

(
α logN0(f(t)− 1)

f(t)β − α logN0

)N0

(61)

and p1(t) = N0p0(t)

(
(f(t)− 1)β

f(t)β − α logN0
+

β − α logN0f(t)

α logN0(f(t)− 1)

)
. (62)
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The expected value and variance of N(t) are given by:

E(t) = N0 exp

(
α logN0 − β

α
(exp(−αt)− 1)

)
(63)

V (t) = N0
β + α logN0

α logN0 − β
exp

(
β − α logN0

α

)
exp

(
α logN0 − β

α
exp(−αt)

)
(64)

3. Numerical Examples

The computations of various performance measures were performed using MATLAB R2019b.
Curve fitting was performed by applying the nonlinear least-squares method with a trust-region-
reflective algorithm in MATLAB R2019b.

3.1. Tumour growth data in Tan et al.

A comparison of the birth-death models with and without immigration was performed based
on the tumour growth data given in [28] in terms of the number of tumour cells in different
epochs, to identify the model that best mimics reality. The number of tumour cells at various
epochs was fitted using the mean population size given by Eqs. (41), (55) and (63). Figure 1
shows the fit. The parameter values that provide the fit are listed in Table 1. As shown in the
figure, all three models produced a similar data fit. This may be attributed to the large tumour
population size N(t) to the tune of 768,720, such that the averages produced by each of the
three stochastic models converge to the deterministic model. It is important to note that the
probability p0(t) does not tend to zero in the case of the model with no immigration, which
is the main difference between the three models. More precisely, this probability increased
for the model with no immigration, as depicted in Figure 2, which is the opposite for models
with immigration. This is expected because in the case of the no immigration model, the
presence of the absorbing state at zero continues to add some mass to the probability p0(t) as
t increases. Figure 3 shows that the probability p1(t) continues to decrease with increasing t in
all three models. The behaviour of probabilities p0(t) and p1(t) together suggest that allowing
immigration is more realistic for the stochastic tumour model. Figure 4 shows the variances
of the three models. As observed, the models with immigration produce less variance than
the non-immigration model. These facts suggest that immigration models are more realistic
when compared with the non-immigration model in the case of the data in [28]. Figure 5 shows
that the time-dependent birth and death rates decrease with time rather than remain constant,
which further justifies the choice of the Gompertz model.

Model Immigration when and only All state immigration model No immigration model
when population size is 0

β 1.5948 1.4259 1.5925
α 0.0966 0.0919 0.0966
N0 2.0386 6.0000 2.0000
γ 99.1902 12.9519

Table 1: Gompertzian parameters for the fit of the tumour cell count data [28].
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Figure 1: Fit of the tumour cell count [28] by the expected cell population size obtained from
the birth–death models with and without immigration.

Figure 2: Comparison of the probability of the cell population size being zero at an arbitrary
epoch t in the case of birth–death models with and without immigration based on the data in
[28].

Figure 3: Comparison of the probability of the cell population size being one at an arbitrary
epoch t in the case of birth–death models with and without immigration based on the data in
[28].



Study of Birth-Death Processes with Immigration 59

Figure 4: Comparison of the variance in the cell population size in the case of birth–death
models with and without immigration based on the data in [28].

Figure 5: Birth and death rates in the case of birth–death models with and without immigration
based on the data in [28].

3.2. Tumour growth data in Mastri et al.

Here, we consider the tumour growth data given by [18]. These data were obtained from studies
performed on mice after injecting 106 tumour cells and periodically measuring the tumour size
in mm3. The data consisted of the number of tumour cells in 66 animals at different epochs
and are available at https://zenodo.org/record/3574531.

We repeated the comparison performed in the previous section for the above data. The
parameter values that provided the fit in the case of eight animals (animal identification number
1–8 in the study) are given in Table 2. In the case of each animal, a conclusion similar to that
in Section 3.1 is obtained. Figures showing the cell count fit, behaviour of the probabilities
p0(t) and p1(t), behaviour of the cell count variance, and the birth and death rates in the case
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of animal 1 are given in the supplementary material. Therefore, in the case of the data in [18],
the immigration models are more realistic than the non-immigration model.

β α γ N0

Animal 1
Model 1 2.99092113 0.14219634 36.38902689 2.00066629
Model 2 2.98946308 0.14185352 1.00007742 2.00000000
Model 3 2.98946321 0.14212689 2.00000000

Animal 2
Model 1 2.70223853 0.12400724 14.78321876 2.01204108
Model 2 2.70028587 0.12363064 0.99940879 2.00000000
Model 3 2.70028597 0.12394977 2.00000000

Animal 3
Model 1 2.97523983 0.14082930 14.22743179 1.99066115
Model 2 2.97362404 0.14044251 0.99952214 2.00000000
Model 3 2.97362406 0.14071604 2.00000000

Animal 4
Model 1 2.80828457 0.13254888 0.19390893 1.99941087
Model 2 2.80692204 0.13217717 0.99976647 2.00000000
Model 3 2.80692219 0.13248052 2.00000000

Animal 5
Model 1 3.15561319 0.15206211 0.17662123 1.99974785
Model 2 3.15406158 0.15159687 0.99899721 2.00000000
Model 3 3.15406164 0.15198512 2.00000000

Animal 6
Model 1 2.52228960 0.11787264 51.69518522 2.00158947
Model 2 2.52100299 0.11745620 1.00022790 2.00000000
Model 3 2.52100308 0.11781404 2.00000000

Animal 7
Model 1 2.94661214 0.14079881 6.86245272 1.99955558
Model 2 2.94522122 0.14044876 0.99995963
Model 3 2.94522134 0.14072858 2.00000000

Animal 8
Model 1 2.99742413 0.14451661 15.95860856 2.00010829
Model 2 2.99600019 0.14417569 1.00001095 2.00000000
Model 3 2.99600030 0.14444600 2.00000000

Table 2: Gompertzian parameters for the fit of the tumour cell count data [18]. In the table,
Model 1 denotes birth–death model with immigration only when the population size is zero,
Model 2 denotes birth–death model with immigration in all states, and Model 3 denotes birth–
death model with no immigration.

3.3. Tumour growth data in Rodallec et al.

An additional comparison of the birth-death models with and without immigration was per-
formed based on the tumour growth data given by [24]. To obtain this data, mice were initially
injected with 80,000 tumour cells, and the tumour size was measured using optical imaging.
Therefore, these data consisted of measurements of the number of photons and can be obtained
from the website: https://zenodo.org/record/3593919.

Vaghi et al. [29], which had previously analysed the above data, noted that the initial
80,000 cells corresponded to 1.22 × 107 photons. Hence, to convert the number of photons to
the number of cells, we multiplied the former by a factor of 0.0065574.

The parameter values, when the comparison of the three models was conducted in the
case of eight animals (animal identification number 0–7 in the study), are given in Table 3.
Figures showing the cell count fit, behaviour of the probabilities p0(t) and p1(t), behaviour
of the cell count variance, and the birth and death rates in the case of animal 0 are given in
the supplementary material. These results are similar to those obtained by [18]. This further
strengthens the conclusion that immigration models are more realistic than non-immigration
models.
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β α γ N0

Animal 0
Model 1 3.06496 0.14928 25.53077 2.00231
Model 2 3.06322 0.14888 0.99953 2.00000
Model 3 3.06322 0.14920 2.00000

Animal 1
Model 1 2.43777 0.11668 37.92036 2.00120
Model 2 2.43655 0.11666 1.00001 2.00000
Model 3 2.43655 0.11662 2.00000

Animal 2
Model 1 2.60459 0.12584 0.50000 1.99983
Model 2 2.60347 0.12541 0.99979 2.00000
Model 3 2.60347 0.12578 2.00000

Animal 3
Model 1 1.90257 0.08840 94.78272 2.00569
Model 2 1.90216 0.08839 1.00001 2.00000
Model 3 1.90216 0.08839 2.00000

Animal 4
Model 1 2.62651 0.12769 86.13296 2.00220
Model 2 2.62504 0.12724 1.00021 2.00000
Model 3 2.62504 0.12762 2.00000

Animal 5
Model 1 2.91604 0.14090 9.63470 1.99984
Model 2 2.91599 0.14057 0.99894 2.00000
Model 3 2.91599 0.14090 2.00000

Animal 6
Model 1 3.98557 0.19566 40.88037 2.00040
Model 2 3.98339 0.19520 1.00085 2.00000
Model 3 3.98339 0.19556 2.00000

Animal 7
Model 1 1.99909 0.09379 98.50918 2.01848
Model 2 1.99747 0.09369 1.00023 2.00000
Model 3 1.99747 0.09375 2.00000

Table 3: Gompertzian parameters for the fit of the tumour cell count data [24]. Models 1, 2,
and 3 have the same definition as for Table 2.

4. Conclusions

In this study, two birth-death processes with immigration were considered. First, immigration
is allowed if and only if the population size becomes zero. Second, immigration is allowed
irrespective of the population size. The birth and death rates were considered such that the
mean population size is a Gompertz function when immigration is not allowed. These results
were in time-dependent transition rates in modelling the Markov chain. The generating function
of the transient probabilities was obtained by solving a Volterra integral when immigration was
allowed only when the population size was zero. The expected population size suitable for
fitting real-world data was obtained. We compared the models with and without immigration
by fitting the respective mean population sizes to several tumour growth datasets. In each case,
all three models produced a similar fit for the data. Moreover, the models in which immigration
was allowed produced less variance compared to non-immigration model. The probability of
the population size being zero at an arbitrary epoch was found to decrease with time in the
case of the two immigration models. The same probability was found to increase with time in
the case of the birth-death model without immigration. Thus, the models with immigration
were more realistic than the non-immigration model.

Although the assumption that the birth and death rates depend on time brings some gener-
ality in the modelling, assuming them as also depending on the present population size would
be more realistic. Furthermore, considering the logistic model instead of the Gompertz model
would be interesting. Most of the tumour data that we could find started with a large pop-
ulation size. Analysis of tumour growth data that starts with a population size of less than
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1,000 cells would also be interesting. With improvements in tumour detection techniques and
frequent screening, such data may become common in the future.
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Abstract. Financial analysis plays a major role in investing the disposable income of various economic
agents. Stock markets are predominantly made up of small investors with limited information and low
capabilities for a suitable analysis. Researchers, as well as practitioners, are divided over the findings
on the adequacy of technical analysis in investing. This paper examines the Markov chain process
in the stock market to discover the essential links and probabilities for the stocks’ transition through
three states of stagnation, growth, and decline (i.e., stagnant, bull, and bear markets). The subject of
analysis is a randomly selected portfolio of 20 shares traded on the New York Stock Exchange. The
data suggest that the portfolio relatively quickly, in four trading days, achieves equilibrium probabilities
that allow a certain amount of predictability of future movements. At the same time, when analyzing
the expected time intervals for the first transition, we found that the portfolio returns to a state of
growth much faster than a decline. In addition, the results negate the basic habits of frequent trading,
herding, and taking a short position in events of negative price fluctuations. Our research contributes
towards observing regularities and stock market efficiency with a clear goal of improving expectations
and technical analysis for small individual investors.
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1. Introduction

Operational research often becomes a structural part of corporate management and investment
decision- making on both microeconomic and macroeconomic levels. Special applications in the
microeconomic processes of firms and households are found to be usually related to financial
problems and their complex solving systems. The quantitative analysis is a special mixture of
statistical, econometric, and optimization methods, all emerging from broader mathematical
modelling. Applications are related but not limited to project planning, resource allocation,
investment decision-making in the real and financial sectors, process automation, etc. Mathe-
matical models are used to approximate reality. They have never been nor will ever be perfect
in depicting the deterministic (or stochastic) reality, but they are a crucial tool for modern
economists. With their help we come to a general understanding of the underlying processes
and factors which contribute to theory formulation and challenging. Recently, special attention
is devoted to models used in formulating and making decisions. Depending on their precision,
they can be a clear algorithm in decision making for various levels of management or even a
breakthrough analysis for inclusion of other determinants which were previously unobserved. In
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addition, including qualitative factors is necessary, since reality is not completely quantitative,
after all.

In this paper, we will study the stochastic nature of the stock market and the formulation
of an investment strategy for a small and average investor. According to general theory, we
assume that such investors make their decisions predominantly based on technical rather than
fundamental analysis. By doing so, we aim to formulate a guide for investment decisions in a
stochastic set-up of a fluctuating market. To account for market dynamics, we observe stocks
traded at the New York Stock Exchange. Through a Markov chain process, our goal is to explain
the transition dynamics of a random portfolio through three states of return. Formulating such
fictional investment should simplify the market dynamics in the states of stagnation (objectively
defined as portfolio return in the interval between -0.1% and 0.1%), growth, and fall, which are
related to the concepts of bull and bear markets. The analysis is based on high-frequency (daily)
data for the period between January 2, 2018, and November 30, 2021. This timeline includes
the COVID-19 pandemic and its influence on price fluctuations. The random portfolio consists
of 20 stocks of companies in basic industries - the energy, financial, health, and technology
sectors, which have critical economic importance. Our findings support the main hypothesis
that the market quickly reaches equilibrium, especially after initial plummeting in valuation.
The time needed for transitioning to a state of growth from an initial state of fall, though
minor, is shorter in the opposite case. We show that such results do not support panic selling
after a day of bad results, opposing the concept of herding in financial investing. The random
portfolio has a greater probability of growth in the following days compared to the probability
for value decreasing. Due to the specific period, the stocks are observed to be rarely stagnant
in their returns.

Formulating new rules and expectations for trading at the stock market is necessary. Through
the incorporation of mathematical models in finance as an emerging research field, we contribute
to the academic literature of operational research. Our study focuses on the financial markets
through observation of transition probabilities and expected first passage times (EFPT) through
three states of portfolio returns. By doing so, small investors can observe regularities and mar-
ket efficiency, which assist in executing decisions and avoiding irrational behavior such as the
phenomenon of herding.

The paper is structured as follows. Section 2 overviews the theoretical background of port-
folio theory, stock investment, and Markov processes and their importance in modern academic
work. Section 3 discusses the methodological approaches in operational research (OR here-
after), developing the research model, and data acquiring and analysis. Upon this, the paper
relates the observed results with adequate elaboration, finishing with a systematic conclusion
of the research.

2. Theoretical background

Operational research dates formally back to the 17th century with the first complex decision
analysis, but the modern format of quantitative analysis was introduced in the 20th century.
Most commonly today, the quantitative methods are applied in the financial and industrial
systems alongside their usage in the sector of non-financial services. Process optimization and
generating a unique insight into their nature is the main idea behind operational research,
independent of whether we talk about stochastic or deterministic processes [7, 5]. Andrey
Andreyevich Markov, who the stochastic process was named after, introduced the idea in the
early 20th century through studying the interdependence between certain events and the law of
large numbers in probability theory [15]. The practical usage of the Markov chain in economics
is immense. Changes in the market structure of companies may follow the Markov process
[18, 13], implying that firms transit between sizes in their lifetime. Similar concepts are found
in studies of the agricultural sector [11], income distribution and disparities [14] as well as
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predicting human potential in ICT firms [10]. The literature dominantly deals with concepts
such as service optimization, income maximization, or cost minimization.

With the rapid development of financial markets, portfolio optimization becomes a key
component in formulating investment decisions. Markowitz [16] emphasizes the fundamental
concept of rational financial investors who act according to their own ‘subjective perception
of event probabilities’ in times of rising uncertainty. The relationship between such a concept
with the expected returns and the risk of a stock portfolio is the starting point in our study.
The dominant proportion of stock market investors is small and possesses significantly less
information compared to the large institutional investors, limiting their ability for deep market
analysis [3]. Some studies imply that portfolios of average individual investors lag behind the
market return by an average of 1.5% annually, with increased market activity (evident in times of
greater market distortions) further decreasing it [2]. Due to low aggregate levels of information
in possession, small investors usually incorporate technical or partial fundamental analysis of
market tendencies. The concept of technical analysis is often criticized. Brown and Jennings
[4] suggest that it is impossible for the spot price to be completely determined by information
contained in the previous periods. Following the results of Barber and Odean [2], Hoffman and
Chefrin [9] note that the investors who are highly dependent on technical analysis usually achieve
unsatisfactory results and trade speculatively. One of the main motivations behind our research
is the paper of Zhu and Zhou [25], which suggests that the technical analysis (mainly the moving
average analysis of prices) is especially useful in creating a sufficient portfolio return, on the
condition that stock returns are predictable. Park and Irwin [19] conducted a general review on
earlier studies related to the effectiveness of technical analysis, with 56 out of 95 modern studies
indicating that such methods consistently generate economic profits for individual investors. For
additional research revisiting the positive aspects of technical analysis, we strongly suggest the
work of Shynkevich [22].

So far, the usage of Markov chains in explaining stock market movements is stationed around
trend and volatility studies, with little attention placed on expected intervals of transition and
their connection to technical analysis. Using a Markov process, Hamilton and Lin [8] analyze
the monthly volatility of stocks in recession environments, combined with the respective ARCH
and GARCH models. The authors conclude that recessions are the main source of fluctua-
tion, coinciding with the specific timeline chosen for our study which includes the COVID-19
pandemic. The ability to form precise expectations is strengthened with the usage of Markov
chain models and neural networks in the computer modeling works of Dai et al. [6]. Financial
portfolios, such as the Tunisian public debt portfolio, can be studied through hidden Markov
models (HMM) for the expected Value-at-Risk (VaR) changes [21]. Such approach was found to
be robust and accurate enough for formulating predictions. Two-state and eight-state models
were used in studying the Prague Stock Exchange Index, systematizing the states of growth
and fall depending on their intensity [23]. However, the authors do not include the possibility
of the market being in a stagnant state, which can be regarded as a fundamental shortcoming.
Even though stocks are rarely stagnant, the inclusion of such a state may significantly change
the state transition hypotheses. The COVID-19 pandemic and its relationship with the US
stock market, volatility, correlation, and liquidity was also analyzed. Based on a Markov chain
model, the results imply a connection between stock returns, volatility, and correlation, but not
with the liquidity component during the turbulent period [12]. Changes in the traditional co-
movement between variables usually appear a day prior to structural changes in returns, which
may imply certain predictability of market risks. Recent research incorporating the Markov
chain models study the Nigerian, Chinese, and London stock exchanges, [1, 24, 20] respectively.

Our study builds upon the preexisting knowledge and research with a clear goal of contribut-
ing towards stock market decision making of small individual investors. Through operational
research incorporating the Markov chain models, we fill the gap in the literature left due to omit-
tance of stagnant returns, technical analysis, and critical sector portfolios, as well as inclusion
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of the pre- and post-pandemic periods for the case of the New York Stock Exchange.

3. Methodological approach

The methodological approach in operational research (OR) is usually based on typical steps
and procedures that allow for better creation, specification, and adequacy of the implemented
mathematical models. In the following sections, we relate the standard OR procedures to the
employed Markov chain model in the context of stock markets.

3.1. Defining the problem

Capital markets are fundamentally created by the agents, i.e., investors, rather than the pub-
licly traded companies. In practice, the pool of investors is dominated by the small ‘uninformed’
investors, contrary to the large ‘well-informed’ ones. Classical portfolio theory suggests that,
predominantly, market investors do not achieve above-average returns but rather a return pro-
portional to that of the market in the long run. They do not possess significant expertise for
deep quantitative analysis, so they focus on technical analysis quite often instead. Their deci-
sions are based on historical price fluctuations with the single goal of finding regularities in their
movements, which in turn can help predict the future. Starting from the behavioral concept of
herding, a large number of investors base their decisions on general market tendencies rather
than fundamental principles.

Since financial time series are often characterized with volatility clustering, with the Markov
chain model we estimate the probability of persistent devaluation of stocks. Our main hypothe-
ses are aimed at checking the presence of quick return stabilization of our respective random
portfolio and faster transition from initial fall to a state of growth. Supporting such assump-
tions contributes towards developing a broader range of technical analysis and formulating new
trading rules and expectations.

3.2. Developing the mathematical model

The main modeling approach in this study is the Markov process. We base the probability
of a random portfolio being in a given state and transiting through predefined states on an
examination of the return as a controlled variable in the model.

The Markov process is a model of real events which defines their randomness a priori It
is suitable for studying processes which are not based on natural laws and do not follow a
deterministic trajectory (e.g., the rotation of the Earth around its axis). Traditionally, it
examines subsequent events that depend solely on the event that precedes them. The model
excludes the conditionality of the present event on all past events. However, this does not imply
that the information is not incorporated in the price of the asset. Even if today’s status depends
on that of yesterday, it is implicitly conditioned by the event that precedes yesterday’s - and
so forth in a chain. We employ a discrete-time Markov chain which is useful for monitoring
random walks at the stock market. Having this in mind, the capability of trend analysis is of
key importance irrespective of the type of the asset, e.g. securities, commodities, etc. [7].

Let Xt be a random variable in time t where t = 0, 1, 2, 3, ..., n. Subsequently, the state of
the random variable at a given point in time isXt = {X0, X1, X2, ..., Xn}. For simplification, we
define three ’market states’ - stagnation, growth (i.e., bull market), and fall (i.e., bear market),
making a state space S = {1, 2, 3}. Such set-up simplifies the subsequent matrix operations and
is a fair representation of reality. The portfolio theory signals that the market efficiency depends
on the level of informational integration in security prices, and so, semi-strong efficiency implies
that all publicly available information and historical prices are already incorporated in asset
prices [16]. This is a fair representation of the statement that the present stock price (not all
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previous) impacts the future price, which in turn is the main idea behind the Markov process.
This conditional relationship can be stated as

P (Xt+1 = s|Xt = st) (1)

where P is the probability for reaching a certain state for each time period t throughout all
possible states s0, s1, s2, ..., s. The main output is the transition matrix which depicts the
probabilities of transition through various states. In our case it is a square matrix with a
(3× 3) dimension which can be written as

P =

⎡
⎣p11 p12 p13
p21 p22 p23
p31 p32 p33

⎤
⎦ (2)

such that the traditional definition of transition probability is 0 ≤ pij ≤ 1 and where pij =
P (Xt+1 = j|Xt = i) signals the probability that our process will transit from state i to state
j in one trading day. The matrix rows indicate the state at time t while the columns show
one step ahead at (t + 1). In our model, jumps between states are possible in any given time
period, not implying any 0 or 1 restrictions in the transition matrix. Such structure follows
the stochastic component of the stock market where interchangeable and reoccurring states are
completely possible. Consequently, the proposed Markov chain of the study is irreducible i.e.,
ergodic. The stochastic model is said to be ergodic if it is possible to transition from any initial
state to another state in a certain amount of steps, implied by

Pij(t) > 0 (3)

where P is the probability of transitioning from initial state i to state j in t steps, which does
not necessarily one. Moreover, the employed model in this study restricts the possibility of
absorbing states as there is no reason for such assumption when dealing with stock market
series.

3.3. Data acquiring and analysis

For the purpose of our research, we used secondary data for the stocks traded at the New York
Stock Exchange for the time period between 2018 and 2021. The data were collected from the
NASDAQ - Stock Screener database [17]. Daily adjusted closing prices are taken for the stocks
of companies coming from the basic industries - the energy, financial, health, and technology
sectors. Only common stocks are used. The data are further transformed to obtain price returns
through nominal prices

Rt =
ΔP

Pt−1
(4)

where ΔP is the one-period difference in prices and R is the return. is the one-period difference
in prices and R is the return. We created a portfolio with 20 stocks based on a stratified sample
of sectors. For the hypothetical portfolio an equal weighting system is employed, defining a
portfolio return as

Rt
p =

n∑
i=1

ωiRit, ∀ω =
1

n
(5)

where Rp is the portfolio return, R is the return of individual stock i , and ω denotes the
wights given to each stock in the portfolio. General summary of the stocks traded at the NYSE
classified by sectors and sizes used in the analysis are provided in Table 1.
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Market Capitalization Nano-Micro (0-$300M) Small-Medium ($300M-$10B Large-Mega ($10B+)
Sector No. of companies Share No. of companies Share No. of companies Share

Basic Industries 5 3.85% 89 68.46% 36 27.69%
Energy 26 18.71% 84 60.43% 29 20.86%
Financial 187 27.3% 409 59.71% 89 12.99%
Health 8 6.67% 55 45.83% 57 47.5%

Technology 15 6.67% 140 62.22% 70 31.11%
Total 241 18.55% 777 59.82% 281 21.63%

Table 1: Number and share of companies traded at the NYSE, classified by sector and market
capitalization, December 2021.

The random stratified sample portfolio consists of four stocks of companies per sector, get-
ting a total of 20 stocks. To preserve anonymity, we deliberately decided not to provide the
names of the companies used. In our fictional investment, 10% of the share are stocks of nano-
micro companies, small-medium companies account for 75% of the stocks used, and the rest
are large-mega corporations. All companies are American and their main activities include: oil
and gas production, production of medical and dental instruments, medical specialization, man-
agement of hospitals and geriatric institutions, investment management, financial corporations
with a wider range of operations, marketing, secondary car markets, non-life insurance, prod-
uct packaging, and electronic data processing. The data cover the time period from January
2, 2018 to November 30, 2021, providing 986 observations for further analysis. The following
figure depicts the nominal and relative price changes of our portfolio. Structural disruption is
evident during the onset of the COVID-19 pandemic, after which the trend changes significantly
from fairly stagnant to growing.

Figure 1: Portfolio value and return, January 02,2018 - November 30, 2021.

The main analysis is concentrated on measuring the probabilities for the portfolio to reach
one of the three predefined states. We calculate them based on relative frequencies, depending
on the number of days that the portfolio was at state si

P (X = si) =
fsi∑n
i=1 fsi

(6)

where i = 1, 2, 3 are states of stagnation, growth and fall, respectively, and f is the frequency i.e.,
the number of daily occurrences for each state. The biggest problem is defining the stagnation
state interval which should formally be fixed exclusively at 0% return, but for objective reasons
such as too few observations, the mathematical model would be operable with only two states
- something that does not represent reality. Arbitrarily, we define stagnation as −0.1% ≤ s1 ≤
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0.1%, with growth returns higher than the upper bound s2 > 0.1% and decreasing returns
below the lower bound of stagnation s3 < −0.1%. The absolute and relative frequencies (i.e.,
probabilities) of each state are presented in the following table 2.

State Numerical notation Interval Frequency Probability

Stagnation 1 −0.1% ≤ s1 ≤ 0.1% 81 0.08223
Growth 2 s2 > 0.1% 488 0.49543
Fall 3 s3 < −0.1% 416 0.42234

Table 2: Absolute frequencies and state probabilities of the Markov process.

We checked for different intervals of return for the stagnation state, such as -0.5% and 0.5%, as
lower and upper bound. The probability distribution changed significantly into 0.3472, 0.3492,
and 0.3036 for each of the three states, respectively. However, defining the stagnation state in a
narrower interval is favorable from both theoretical and practical aspects. Defining a too narrow
stagnant state may result in it being practically non-existent. For example, if we further reduce
the stagnation interval by half (between -0.05% and 0.05%), the frequency of stagnant states
approximately halves to 44 observations and to a 0.0447 probability. This will logically impose
changes in the probabilities of growth and fall states as well. A three-state Markov chain for
monitoring stock returns is quite a simplification of reality. At this point, we ought to mention
that the incorporation of more than three states or significant change in percentage intervals,
as previously noted, may substantially change subsequent matrix operations. Consequently,
caution is advised when interpreting the results.

4. Implementation, results, and discussion of the Markov process

The central idea of Markov chain processes is the formulation of the transition matrix between
predefined states in which the random variable can be found. With it we define all nine out-
comes in the specific case of a discrete stochastic process. Self-fulfilling outcomes with 0 and 1
restrictions are not possible in this study, as there is no reason why a portfolio could not transit
in any state at any given time or remain ’trapped’ in a specific one. The transition matrix can
also be represented by the following diagram.

Figure 2: Transition probabilities diagram.

The obtained results are summarized within the transition matrix. Consequently, it can be
observed that the portfolio is most likely to transition from a downtrend to a growth position
with 54.33%, followed by the probabilities of a transition from stagnation to decline by 48.15%,
and from growth to decline by 43.44%. If the portfolio is in a state of decline in the initial
period, it is the least probable that in the next one it will ’jump’ into a state of stagnation
(5.29%). The same can be recorded in matrix form:
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P =

⎡
⎣p11 p12 p13
p21 p22 p23
p31 p32 p33

⎤
⎦ =

⎡
⎣0.0864 0.4321 0.4815
0.0963 0.4693 0.4344
0.0529 0.5433 0.4038

⎤
⎦ (7)

However, the transition matrix indicates the probability of passing through states within one
step (i.e., one time interval). We broaden the analysis considering a four-day trading interval
after the initial period. With that we complete the five-day trading week on the stock exchange.
The calculations of transition probabilities through n steps, which in our case is n = 2, 3, 4, are

P 2 =

⎡
⎣0.0745 0.5017 0.4237
0.0765 0.4979 0.4256
0.0783 0.4972 0.4245

⎤
⎦ (8)

P 3 =

⎡
⎣0.0772 0.4979 0.4249
0.0771 0.4980 0.4250
0.0771 0.4978 0.4251

⎤
⎦ (9)

P 4 =

⎡
⎣0.0771 0.4979 0.4250
0.0771 0.4979 0.4250
0.0771 0.4979 0.4250

⎤
⎦ (10)

Transition matrices can be calculated even for the next 15, 100, or 500 periods, but after a
certain number of steps (in our case, for the first time approximately 4 days from the initial
moment) the system achieves a stable (long-term) state of transition probabilities. Essentially,
this does not mean that they never change, but that it determines a certain level of predictability
of the future state of the system [5]. After conducting additional power operations, we found
that the stable state of the system has the following distribution

X ∼ (Π1 Π2 Π3) ∼ (0.07709 0.49788 0.42503) (11)

which can be explained as the portfolio having a 7.709% chance of being in a stable state,
49.788% chance of being in a state of growth, and 42.503% chance of being in a state of fall,
irrespective of the initial state. The system distribution can be analyzed from two aspects - if we
observe what happens on a particular day or if we draw conclusions without observing based on
the previously determined probabilities. Whether we a priori determine a certain probability of
achieving a particular state or study the system though observations, the distribution stabilizes
at a predetermined level over a certain period.

In technical analysis, it is useful to know the probability of the portfolio transiting between
states for the first time after certain number of trading days. We often encounter statements
that stocks face difficulties returning ‘on track’ and that such phenomenon is evident in cases
of multiple-day devaluation. In that manner, we define the probability that the portfolio will
transit from state i to state j after exactly n periods. Is it more likely that the portfolio
will reach a growth position for the first time in 4 trading days after initial period decline
or maybe the opposite is more probable? The results of this analysis can be related to the
initially set hypothesis. Expected first passage times (EFPT) are obtained through first passage
probabilities calculated as

f
(n)
ij = p

(n)
ij −

n−1∑
k=1

f
(k)
ij p

(n−k)
ij (12)

where f
(n)
ij is a first passage probability and p

(n)
ij is a transition probability, both from state i

to state j in n trading days. Aggregated, these probabilities of first transition may be observed
in matrix form F (n) with the resulting output presented in table 3.
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State in period 0
State in period n

1 2 3

F (1)
1 0.0864 0.4321 0.4815
2 0.0963 0.4693 0.4344
3 0.0529 0.5433 0.4038

F (2)
1 0.0671 0.2989 0.2293
2 0.0682 0.2777 0.2502
3 0.0737 0.2423 0.2614

F (3)
1 0.0649 0.1425 0.1279
2 0.0641 0.1340 0.1395
3 0.0668 0.1136 0.1481

F (4)
1 0.0598 0.0670 0.0632
2 0.0590 0.0631 0.0778
3 0.0617 0.0534 0.0826

Table 3: First transition probabilities.

We found that after two trading days, first-time transiting from stagnant to growth state
has the highest probability. After three and four trading days, the highest probability of
first transition is noted for the self-returning state of fall (value decreasing). Consequently,
our indication leads to a higher portfolio probability of devaluation for the first time after a
longer period rather than returning to growth. This means that the investment regains positive
momentum fairly quickly, even after initial fall. Such results oppose the statement that a longer
period is needed to regain value after achieving bad results due to various factors.

Apart from using first-passage probabilities, we can calculate the expected first passage
time (EFPT) based on the initial state. According to Carter et al. [5], expected values can
be obtained through solving several systems of simultaneous equations based on transition
probabilities

E(Tij) = mij = 1 +

N∑
k=1

pikmkj , such that k 	= j (13)

where m is expected number of trading days until first passage from state i to state j. In cases
where i = j we discuss special cases of expected reoccurrence times. Those probabilities do not
need to be calculated through simultaneous systems since we only need stable state probabilities
- something that we already calculated. Consequently, we obtain the following set of equations:

m11 =
1

Π1
(14)

m12 = 1 + p11m12 + p13m32 (15)

m13 = 1 + p11m13 + p12m23 (16)

m21 = 1 + p22m21 + p23m31 (17)

m22 =
1

Π2
(18)

m23 = 1 + p21m13 + p22m23 (19)

m31 = 1 + p32m21 + p33m31 (20)

m32 = 1 + p33m32 + p31m12 (21)

m33 =
1

Π3
(22)
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Simultaneously, we can solve equations 15 and 21, obtaining an expected 2.08 trading days
for the first transition from initial stagnant state to a state of growth and expected 1.86 trading
days for the first transition from initial fall to growth.
Proof. The simultaneous nature of the m12 and m32 variables defines a two-equation system as{

m12 = 1 + p11m12 + p13m32

m32 = 1 + p33m32 + p31m12

which can be further transformed into{
(1− p11)m12 = 1 + p13m32

(1− p33)m32 = 1 + p31m12

After incorporating transition matrix probabilities into our system, we obtain{
0.9136m12 = 1 + 0.4815m32

0.5962m32 = 1 + 0.0529m12

⎧⎪⎨
⎪⎩
m12 =

1 + 0.4815m32

0.9136

0.5962m32 = 1 + 0.0529m12

1 + 0.4815m32

0.9136

∴ 0.56832m32 = 1.0579

leading us to the solutions {
m32 = 1.8615

m12 = 2.076

Solving equations 16 and 19, we found that the expected first passage time is 2.17 trading
days from stagnation to fall and 2.28 trading days from initial growth to fall. In a general
context, the portfolio is expected to recover quickly from initial downfall. Combining equations
17 and 20 yields expected first transition intervals - from growth and fall to stagnation - of
12.82 and 13.36 trading days, respectively. This may be accounted to the especially rare state
of stagnation for the analyzed portfolio. Studying the results for the reoccurring states, we
found that the shortest interval is noted for growth (2.01 trading days), followed by fall (2.35
trading days), and approximately 13 days for reoccurring stagnation. Based on these results,
small investors can further develop their market expectations and capabilities for technical
analysis. Instead of herding and focusing on extremely short-term trading strategies, it would
be opportunistic to form a longer-term approach in investing, having in mind the frequent
readjustment of the portfolio value. Moreover, these results signal market efficiency, which was
initially expected for highly developed capital markets in the USA. To avoid repetition and
over-extensiveness in stating solutions, we present a compact proof of the obtained results.
Proof. The simultaneous nature of the m21 and m31 and the m13 and m23 variables define two
systems presented as{

m21 = 1 + p22m21 + p23m31

m31 = 1 + p32m21 + p33m31

and

{
m13 = 1 + p11m13 + p12m23

m23 = 1 + p21m13 + p22m23

which can be further transformed into{
(1− p22)m21 = 1 + p23m31

(1− p33)m31 = 1 + p32m21

and

{
(1− p11)m13 = 1 + p12m23

(1− p22)m23 = 1 + p21m13
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obtaining the solutions after incorporating transition probabilities from equation 7{
m31 = 13.357

m21 = 12.818
and

{
m23 = 2.2785

m13 = 2.172

Even though our results support the initially set hypotheses, there are some limitations to
our research. First, to simplify matrix operations we used a three-state system. Even though
a perfect approach doesn’t exist, we believe that defining a wider range of accessible states is
favorable. Second, we note that the main restriction in our study is the assumption of return
intervals. There is no clear-cut border between different levels of return, which may be perceived
as a subjective approach. Even though the results portray a quick shift from negative to positive
portfolio returns, this may not mean that returning to a growth state is sufficient to offset the
initial devaluation. An important limitation to point out is the chosen data frequencies in this
study. Since the research employs daily returns, the usage of intraday returns, for example,
may significantly change the transition and subsequent steady-state probabilities. We ought to
explore such a case in a separate study since obtaining intraday data at this point was out of
reach. Being completely aware of the noted research imperfections, we deliberately leave these
questions and limitations open for our future work and for inspiring other scholars’ research.

5. Conclusion

Through the implementation of Markov chain models in financial time series, we monitored
the predictability of NYSE portfolio returns throughout the 2018-2021 period. We managed to
formulate a rule of thumb in the technical analysis for small individual investors, confirming
that frequent trading, immediate short positions in the initial downfall of portfolio value, and
herding are unnecessary behavioral reactions. The resulting matrix of transition indicates
a greater probability for transiting into a state of growth after initial fall for the analyzed
period, with a possibility of reaching long-term steady-state probabilities in approximately four
trading days. Moreover, the expected first passage times (EFPT) suggest that the hypothetical
portfolio needs the least time (1.86 trading days) to jump from a state of fall to growth, unlike
the reverse situation which needs approximately 2.28 trading days to occur. However, the
three-state system defined in our study is not a clear definition of reality but rather a necessary
simplification. A clearer image could be obtained through a larger set of multi-level states of
return, discussing the sufficiency of achieved returns in offsetting initial fluctuations. Moreover,
our initial analysis can be further broadened with a larger sample of observations, preferably
at least a decade-long window. Additionally, we leave the study of a non-US stock market with
larger volatility open for future work. Finally, the capacity for structural changes in portfolio
returns may vary and is dependent on exogenous shocks, policy changes, as well as the investors’
risk perceptions. The impact of such variables should be studied in a different environment and
model setting rather than strictly through Markov chains.

References

[1] Agbam, A. S. and Udo, E. O. (2020). Application of Markov chain (MC) model to the stochastic
forecasting of stocks prices in Nigeria: The case study of Dangote Cement. International Journal
of Applied Science and Mathematical Theory, 6(1), 14-33.

[2] Barber, B. M. and Odean, T. (2000). Trading is hazardous to your wealth: The common stock
investment performance of individual investors. The Journal of Finance, 55(2), 773-806. doi:
10.1111/0022-1082.00226

[3] Barber, B. M. and Odean, T. (2013). The behavior of individual investors. In Constantinides, G.
M., Harris, M. and Stulz, R. M. (Eds.) Handbook of Economics of Finance, Vol. 2 (pp. 1533-1570).
Amsterdam: North-Holland, Elsevier.



76 Filip Peovski, Violeta Cvetkoska, Predrag Trpeski and Igor Ivanovski

[4] Brown, D. P. and Jennings, R. H. (1989). On technical analysis. The Review of Financial Studies,
2(4), 527-551. https://www.jstor.org/stable/2962067

[5] Carter, M. W., Price, C. C. and Rabadi, G. (2019). Markov Processes. In Zwillinger, D. (Ed.)
Operations Research: A Practical Introduction, 2nd Edition (pp. 249-284). Miami: CRC Press.

[6] Dai, Y., Han, D. and Dai, W. (2014). Modeling and computing of stock index forecasting based on
neural network and Markov chain. The Scientific World Journal, 2014. doi: 10.1155/2014/124523

[7] Edmundo G. de Silva, E. G. d. S., Legey, L. and e Silva, E. A. d. S. (2010). Forecasting oil
price trends using wavelets and hidden Markov models. Energy Economics, 32(6), 1507-1519 doi:
10.1016/j.eneco.2010.08.006.

[8] Hamilton, J. D. and Lin, G. (1996). Stock market volatility and the business cycle. Journal
of Applied Econometrics, 11(5), 573-593. doi:10.1002/(sici)1099-1255(199609)11:5%3C573::aid-
jae413%3E3.0.co;2-t

[9] Hoffmann, A. O. I. and Shefrin, H. (2014). Technical analysis and individual investors. Journal of
Economic Behavior & Organization, 107, 487-511. doi: 10.1016/j.jebo.2014.04.002
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Abstract. In this paper, it is aimed to computationally conduct a performance benchmarking for the
steepest descent and the three well-known conjugate gradient methods (i.e., Fletcher-Reeves, Polak-
Ribiere and Hestenes-Stiefel) along with six different step length calculation techniques/conditions,
namely Backtracking, Armijo-Backtracking, Goldstein, weakWolfe, strongWolfe, Exact local minimizer
in the unconstrained optimization. To this end, a series of computational experiments on a test function
set is completed using the combinations of those optimization methods and line search conditions.
During these experiments, the number of function evaluations for every iteration are monitored and
recorded for all the optimization method-line search condition combinations. The total number of
function evaluations are then set a performance measure when the combination in question converges to
the functions minimums within the given convergence tolerance. Through those data, the performance
and data profiles are created for all the optimization method-line search condition combinations with the
purpose of a reliable and an efficient benchmarking. It has been determined that, for this test function
set, the steepest descent-Goldstein combination is the fastest one whereas the steepest descent-exact
local minimizer is the most robust one with a high convergence accuracy. By making a trade-off
between convergence speed and robustness, it has been identified that the steepest descent-weak Wolfe
combination is the optimal choice for this test function set.
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1. Introduction

Steepest descent (SD), developed by Cauchy [8], is a fundamental optimization technique. Over
the years, it is used in many studies such as those in [20, 28, 7, 33, 45, 37]. On the other hand,
conjugate gradient (CG) method was first presented by Hestenes and Stiefel [21] to numerically
solve the linear equations. Fletcher and Reeves [17] later improved it for nonlinear optimization.
Since then, the CG methods and their variants [10, 15, 4, 16] have become the focus of many
researchers. The details about the nonlinear CG methods in more depth can be found in the
survey performed by Hager and Zhang [19]. All those methods or other optimization methods,
which are available in the literature, might exhibit a different behavior and performance from
problem-to-problem. Therefore, the benchmarking studies on the optimization methods have
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gained a great attention in recent years, because they provide the end-users an insight about
the optimization methods and help them to select an optimal method for their problems. These
studies can be seen in many areas such as computer science [12], engineering [35, 3, 11, 24],
biology [43, 41], etc. In addition to those, Khan and Lobiyal [23] conducted a performance
evaluation study on the SD, CG and Newton–Raphson methods in optimization of backbone
based wireless networks. They recommended that the SD method should be used for accuracy
whereas the CG method may be chosen for a higher solution speed. In [39], the authors per-
formed a benchmarking of five global optimization methods (i.e., particle swarm, differential
evolution, Bayesian, downhill simplex and limited-memory Broyden-Fletcher-Goldfarb-Shanno)
on the nano-optical shape optimization and the parameter reconstruction. They reported that
the Bayesian optimization method outperforms the other ones. Truong and Nguyen [42] have
recently proposed new gradient descent algorithms for the large scale optimization. The au-
thors showed that the performances of these new algorithms are better than the well-known
ones (e.g., Momentum, Nesterov accelerated gradient, Adagrad, etc.). In [44], the well-known
global optimization methods such as genetic algorithm, differential evolution and particle swarm
methods are compared each other for switched reluctance machine design. The study showed
that the differential evolution method stands out with better performance. On the other hand,
a great performance benchmarking tool, namely performance profiles, was developed by Dolan
and Moré [13]. This tool provides the end-users a valuable insight about the optimization meth-
ods being used on the problems. Therefore, many researchers have implemented this approach
in their studies to be able to perform a reliable and an efficient benchmarking on the opti-
mization methods. Andrei [2], for instance, employed the performance profiles to benchmark
newly developed conjugate gradient method with the well-known ones and the limited memory
quasi-Newton L-BFGS algorithm. Another study implementing performance profiles was car-
ried out by Dolan et. al [14] in order to explore the effect of optimality measures on a set of
solvers performances. In addition to the performance profiles, Moré and Wild [29] proposed the
data profiles to perform an independent assessment on the optimation methods or the solvers.
In other words, by means of these profiles, we may define the optimal optimization method
within the given computational budget, which is not possible using the performance profiles.
The performance and data profiles were successfully employed together in some studies such
as those in [32, 27]. Besides, they have a great potential to be implemented in other areas
including manufacturing, machining dynamics models [26, 25, 38], etc. Further information on
benchmarking of optimization algorithms can be found in [6, 5] as well.

In the optimization using the SD and CG methods, the line search techniques [18, 30, 40, 9]
are generally employed for a progress along with the given direction and the step length. In the
line search methods, the direction and the step length play a crucial role for the performance
of the optimization method being used. However, it is not found any comprehensive study
on the performances of the SD and CG methods-line search conditions combinations in the
literature. To make a contribution to this gap, therefore, in this paper, we focus on the effect
of step length computation techniques or line search conditions such as Backtracking (BC),
Armijo-Backtracking (ABC), Goldstein(GC), weak Wolfe(WWC), strong Wolfe (SWC) and lo-
cal minimizer (LM) on the performances of the SD and three well-known CG methods (i.e.,
Fletcher-Reeves (FR), Polak-Ribiere (PR) and Hestenes-Stiefel (HS)). For benchmarking pur-
pose, the optimization methods and line search conditions are considered as the combinations.
More clearly, totally 24 combinations, which consist of 4 optimization methods and 6 line search
conditions, are put to test on the 13 two-dimensional test functions. For each combination, the
total number of function evaluations required to converge to the test functions minimums are
recorded and set as a performance measure. Using those data, the performance and data pro-
files are created to benchmark the combinations. By means of these profiles, we are able to
answer the following example questions: I)What are the fastest, the most robust and the opti-
mal optimization method-line search condition combinations for those test functions?, II) What
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is the percentage of the functions that a particular optimization method-line search condition
combination is successful on?, III) What is the probability of finding functions minimums if we
choose one of these combinations? and IV) How many functions can a particular optimization
method-line search condition combination minimize within the given computational budget?

From here on in, the remainder of this paper is structured as follows. Section 2 provides a
summary on the mathematical background of the methods used in the study. Section 3 covers
the test functions used in the computational experiments and the benchmarking procedures.
Section 4 presents the benchmarking results with discussion. Finally, in Section 5, conclusions
on the study are performed.

2. Mathematical Preliminaries

This section is intended to give a summary on the mathematical concepts of the SD and CG
methods, and the line search conditions used in the study.

2.1. Steepest Descent Method

The steepest descent method, which was presented by Cauchy [8], is one of best known opti-
mization methods in the literature. It performs a line search along the descent direction. In this
method, the minimization of a function f(x), which depends on real values (i.e., x ∈ IRn with
n ≥ 1) [30] and might be unimodal, multimodal, linear, nonlinear, continuous, discontinuous,
convex, non-convex [22], can be completed as follows:

xq+1 = xq − γq∇f(xq) (1)

where the xq and xq+1 are the current and next points, respectively. The ∇f(xq) is the gradient
of the function at the current point and the γq > 0 is the step length at the q. iteration. In (1),
notice that the search direction in the SD method is the opposite of the function gradient. It
is also noteworthy that γq > 0 is a scalar and it defines the amount of movement along the
descent direction in the line search . Hence, the γq plays a major role on the performance of the
optimization methods being applied as well as the search direction. Computationally exploring
its role in the minimization with the SD and CG methods is the main focus of this paper, which
is elaborated in Section 4.

2.2. Conjugate Gradient Methods

Hestenes and Stiefel [21] developed the linear CG method to iteratively solve the linear equa-
tions. Later on, the method was improved by Fletcher and Reeves [17] for solving nonlinear
optimization problems. Polak and Ribiere [31] presented another version of the Fletcher and
Reeves method as well. For the mathematical derivation of the CG methods, the interested
reader is referred to Refs. [21, 17, 31, 18, 30]. Only a summary for those methods are provided
in this section.

The next point in the CG methods is computed as follows:

xq+1 = xq + γqsq (2)

where γq is the step length and sq is the search direction. s0 at the starting point x0 is the
same with the SD method which means that it is the negative direction of the function gradient
at the current point. This is mathematically written in (3).

s0 = −∇f(x0) (3)



80 Kadir Kiran

The successive search directions are then computed as:

sq+1 = −∇f(xq+1) + βq+1sq (4)

where βq+1 is the CG coefficient. There are many formulas to calculate this coefficient in the
literature. In this study, we use three best known formulas that are shown below.

Fletcher-Reeves:

βFR−q+1 =
∇f(xq+1)

T∇f(xq+1)

∇f(xq)T∇f(xq)
(5)

Polak-Ribiere:

βPR−q+1 =
∇f(xq+1)

T (∇f(xq+1)−∇f(xq))

∇f(xq)T∇f(xq)
(6)

Hestenes-Stiefel:

βHS−q+1 =
∇f(xq+1)

T (∇f(xq+1)−∇f(xq))

sTq (∇f(xq+1)−∇f(xq))
(7)

In these equations, the ∇f(xq) the ∇f(xq+1) are the function gradients at the previous and
current points, respectively.

2.3. Line Search Conditions

This section covers the well-known line search conditions that are frequently used to compute
the step length in a line search. For the sake of better understanding how the step length is
computed, we first define the line search as follows:

xq+1 = xq + γqsq (8)

As previously mentioned, in the line search, the next point is achieved along the given direc-
tion sq. The amount of movement along this direction is defined by the step length γq. Its
computation is actually one dimensional minimization problem, as described in (9).

minimize
γ>0

g(γ) ≡ f(xq + γsq) (9)

The function g is a univariate function [30], and for a significant progress in the line search,
one of the local minimizers or global minimizer of the g are desired to be found (see Figure 1).
However, this requires an exact solution for (9) with a very high computational cost.

Local minimizers

Global minimizer

g(γ)

γ

Figure 1: Schematic description of step length computation problem

On the other hand, inexact methods or line search conditions for computing step length provide
reasonable progress in the line search with a minimal computational cost. In the following sec-
tions, five line search conditions as the inexact methods and an exact method, which numerically
finds one of the local minimizers of the g, are given.
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2.3.1. Backtracking

The backtracking condition focuses on only a reduction in the function value. The initial step
length (e.g., γ0 = 1) is decreased by multiplying with a coefficient ζ (e.g., ζ = 0.5) until the
condition below is met.

f(xq + γqsq) ≤ f(xq) (10)

2.3.2. Armijo-Backtracking

In some cases, the BC may not provide sufficient decrease in the function value. This might lead
to poor performance in the optimization method, even it could result in failure to converge [30].
To avoid this fact, Armijo-Backtracking condition, which is defined in (11), is available in the
literature.

f(xq + γqsq) ≤ f(xq) + μγq∇f(xq)
T sq (11)

In this inequality, μ ∈ (0, 1) is some scalar. Notice that the sufficient decrease in the function
value is ensured by including the directional derivative ∇f(xq)

T sq [30].

2.3.3. Goldstein Conditions

The Goldstein conditions consist of two inequalities [30] as follows:

f(xq) + (1− ν)γq∇f(xq)
T sq ≤ f(xq + γqsq) ≤ f(xq) + νγq∇f(xq)

T sq (12)

where ν ∈ (0, 1/2) is some scalar. It is noteworthy that the ABC can be seen in the right
inequality. The GC with this form provides a sufficient decrease in the function value as well.

2.3.4. Wolfe Conditions

The Wolfe conditions are other alternative ways to efficiently compute the step length. They
can be achieved by adding the curvature condition to the sufficient decrease condition (i.e.,
ABC). This is mathematically described with two inequalities as follows:

f(xq + γqsq) ≤ f(xq) + μγq∇f(xq)
T sq (13a)

∇f(xq + γqsq)
T sq ≥ η∇f(xq)

T sq (13b)

(13a) provides a sufficient decrease, as been in the ABC, whereas (13b) denotes the curvature
condition. In (13b), η is a scalar satisfying 0 < μ < η < 1. With the combination of these two
conditions, the step length γq can be computed to be close to one of the local minimizers of the
g(γ) (i.e.,(9)). (13a) and (13b) are referred to as weak Wolfe conditions. To approach the one
of the local minimizers of the g(γ) as much as possible, the curvature condition can be modified
to be:

|∇f(xq + γqsq)
T sq| ≤ η|∇f(xq)

T sq| (14)

The combination of the inequalities (i.e., (13a) and (14)) is referred to as strong Wolfe condi-
tions [30].

2.3.5. Local Minimizer

In this study, the exact local minimizer of the g(γ) is numerically computed using a Golden
section method based procedure. The procedure has the following steps.

(i) use the ABC so that γq provides sufficient decrease in the function value
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(ii) ensure that slope of the g(γq) is negative, if it is positive, reduce the γq until the slope is
negative and set it as γlow

q

(iii) increase the γq to find the γup
q where the slope of g(γ) starts being positive

(iv) compute the local minimizer of the g(γ) by applying the Golden section method between
the γlow

q and γup
q

3. Test Functions and Benchmarking Procedures

Table 1 shows the details about the test functions used for the benchmarking purpose. All the
test functions are two-dimensional with having smooth and non-smooth properties. Note that
those thirteen test functions are selected from the Refs. [34, 36, 1, 22, 18]

Function
number

Function Function plot

1

f(x1, x2) = x2
1 + 4x2

2 +
2x1x2

fmin = 0 at x1 = 0, x2 =
0 Search domain:
-3 ≤ x1, x2 ≤ 3 x0 =
[−3,−3]T

x1x2

3.00
3.0

10

1.5

20

1.5

30

f
(x

1
,x

2
)

40

0.00.0

50

60

-1.5-1.5

70

-3.0-3.0

-3.0 -1.5 0.0 1.5 3.0

x1

-3.0

-1.5

0.0

1.5

3.0

x
2

0

10

20

30

40

50

60

70

2

f(x1, x2) = 3x2
1 − sin(x2)

fmin = -1 at x1 = 0, x2 =
π/2 Search domain:
-1 ≤ x1 ≤ 1, -1 ≤ x2 ≤ 3
x0 = [0.9,−0.2]T

x1x2

1.0-1.0
3.0

0.0

0.5

1.0

2.0

f
(x

1
,x

2
)

0.0

2.0

1.0

3.0

-0.50.0

4.0

-1.0-1.0

-1.0 -0.5 0.0 0.5 1.0

x1

-1.0

0.0

1.0

2.0

3.0

x
2

-1.0

0.0

1.0

2.0

3.0

4.0

3

f(x1, x2) = 100(x2 −
x2
1)

2 + (1 − x1)
2 (Rosen-

brock)
fmin = 0 at x1 = 1, x2 =
1 Search domain:
-2 ≤ x1, x2 ≤ 2
x0 = [−1.8,−1.8]T

x2
x1

-2.00
-2.0 -1.0

1000

-1.0

2000

f
(x

1
,x

2
)

0.00.0

3000

1.01.0

4000

2.02.0

-2.0 -1.0 0.0 1.0 2.0

x1

-2.0

-1.0

0.0

1.0

2.0

x
2

0

1000

2000

3000

4000

Table 1: Test functions
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Function
number

Function Function plot

4

f(x1, x2) = (1.5 − x1 +
x1x2)

2 + (2.25 − x1 +
x1x

2
2)

2 + (2.625 − x1 +
x1x

3
2)

2 (Beala)
fmin = 0 at x1 = 3, x2 =
0.5 Search domain:
-4.5 ≤ x1, x2 ≤ 4.5
x0 = [−1.5,−3.75]T

5

f(x1, x2) = (x1 + 2x2 −
7)2 + (2x1 + x2 − 5)2

(Booth)
fmin = 0 at x1 = 1, x2 =
3 Search domain:
-10 ≤ x1, x2 ≤ 10
x0 = [−9.5, 9.5]T

x2
x1

100
10

500

5

1000

5

1500

f
(x

1
,x

2
)

0

2000

0

2500

-5-5

3000

-10-10

-10 -5 0 5 10

x1

-10

-5

0

5

10

x
2

0

500

1000

1500

2000

2500

3000

6

f(x1, x2) = 0.26(x2
1+x2

2)−
0.48x1x2 (Matyas)
fmin = 0 at x1 = 0, x2 =
0 Search domain:
-10 ≤ x1, x2 ≤ 10
x0 = [−8,−9.5]T

x1x2

10
10

20

5

40

5

f
(x

1
,x

2
)

0

60

0

80

-5-5

100

-10-10

-10 -5 0 5 10

x1

-10

-5

0

5

10

x
2

0

20

40

60

80

100

7

f(x1, x2) =
− cos(x1) cos(x2) exp(−((x1−
π)2 + (x2 − π)2)) (Easom)
fmin = -1 at x1 = π,
x2 = π Search domain:
1.75 ≤ x1, x2 ≤ 4.5
x0 = [1.9, 4.35]T

8

f(x1, x2) = sin(x1 + x2) +
(x1−x2)

2−1.5x1+2.5x2+
1 (McCormick)
fmin = -1.9133 at x1 = -
0.54719, x2 = -1.54719
Search domain:
1.5 ≤ x1 ≤ 3.5,
0.5 ≤ x2 ≤ 2.5
x0 = [1.6, 2.4]T x2

x1

3.51
2.5

2

3.0

3

2.0

f
(x

1
,x

2
)

2.5

4

1.5

5

2.01.0

6

1.50.5

1.5 2.0 2.5 3.0 3.5

x1

0.5

1.0

1.5

2.0

2.5

x
2

1

2

3

4

5

6

Table 1: (continued)
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Function
number

Function Function plot

9

f(x1, x2) = 5x4
1 + 6x4

2 −
6x2

1+2x1x2+5x2
2+15x1−

7x2 + 13
fmin = -6.4931 at x1 =
-1.1515, x2 = 0.5455
Search domain:
-2 ≤ x1, x2 ≤ 2
x0 = [1.9,−1.9]T x1x2

2-50
2

0

1

50

1

100

f
(x

1
,x

2
)

0

150

0

200

-1-1

250

-2-2

-2 -1 0 1 2

x1

-2

-1

0

1

2

x
2

-50

0

50

10

15

20

25

10

f(x1, x2) =
max(|x1|, |x2|)
fmin = 0 at x1 = 0, x2 =
0 Search domain:
-50 ≤ x1, x2 ≤ 50
x0 = [−48, 43]T

x2
x1

50
50

10

25

20

25

f
(x

1
,x

2
)

0

30

0

40

-25-25

50

-50-50

-50 -25 0 25 50

x1

-50

-25

0

25

50

x
2

0

10

20

30

40

50

11

f(x1, x2) = |x1| + |x2| +
|x1|.|x2|
fmin = 0 at x1 = 0, x2 =
0 Search domain:
-5 ≤ x1, x2 ≤ 5
x0 = [2.75,−5]T

x1x2

5.00
5.0 2.5

10

2.5

20

f
(x

1
,x

2
)

0.00.0

30

-2.5-2.5

40

-5.0-5.0

-5.0 -2.5 0.0 2.5 5.0

x1

-5.0

-2.5

0.0

2.5

5.0

x
2

0

10

20

30

40

12

f(x1, x2) = (x2
1)

(x2
2+1) +

(x2
2)

(x2
1+1)

fmin = 0 at x1 = 0, x2 =
0 Search domain:
-1.5 ≤ x1, x2 ≤ 1.5
x0 = [−1.5, 1.25]T

13

f(x1, x2) = |x1−1|+ |x2−
1|
fmin = 0 at x1 = 1, x2 =
1 Search domain:
-20 ≤ x1, x2 ≤ 20
x0 = [−8, 20]T

x1x2

200
20

10

10

20

10

f
(x

1
,x

2
)

0

30

0

40

-10-10

50

-20-20

-20 -10 0 10 20

x1

-20

-10

0

10

20

x
2

0

10

20

30

40

50

Table 1: (continued)



A Benchmark Study on Steepest Descent and Conjugate Gradient Methods 85

For a performance measure, we use the total number of function evaluations required to
converge to test functions minimums among others such as algorithm running time, memory
usage, success rate, computational accuracy, etc. [6]. Note that the central finite difference
method is used to calculate functions gradients (i.e., ∇f(x)) when they are required, and the
number of function evaluations for those computations are also included in the total number of
function evaluations. In case of the fact that a optimization method-line search condition com-
bination fails to converge within the defined convergence tolerance, the total number of function
evaluations for it are simply set as ∞. For search termination, the following expression [18] is
used. ||∇f(xq+1)||2

1 + |f(xq+1)| ≤ ε (15)

In (15), ε is the convergence tolerance value. To investigate influence of the convergence tol-
erance on the optimization method-line search condition combinations, the computational ex-
periments are completed for both ε = 10−4 and ε = 10−3. On the other hand, for the sake of
consistency and making a reliable benchmarking, all the coefficients (i.e., γ0, μ, ν, η) used in
the line search conditions and the starting point (i.e., x0) for each test function are kept same
for all the optimization method-line search condition combinations.

To conduct a reliable and an efficient benchmarking, the performance [13] and data [29]
profiles are employed. For this purpose, we first define a test function and a optimization
method-line search condition combination sets as F (i.e., Table 1) and C (i.e., Section 2),
respectively. Then, the second step for the performance profiles is to compute the performance
ratio to be:

Rf,c =
NFEf,c

NFEmin
f

(16)

where the NFEf,c is the total number of function evaluations required to converge to the
minimum of the function f : f ∈ F while using the optimization method-line search condition
combination c : c ∈ C. The NFEmin

f is the minimum number of function evaluations provided
by the fastest optimization method-line search condition combination for the function f . By
using the corresponding ratio, finally the performance profile, Pc(υ) ∈ (0, 1), of a combination
being used is then obtained as follows:

Pc(υ) =
1

Nf

∑
f∈F

λf,c(Rf,c, υ) (17)

where υ ≥ 1 is a performance factor and the Nf is the number of functions in the test set. The
λf,c(Rf,c, υ) is defines as:

λf,c(Rf,c, υ) =

{
1, if Rf,c ≤ υ

0, otherwise

For a quick interpretation of (17), it can be stated that the Pc(υ) provides information about
how many test functions are able to be minimized by a specific optimization method-line search
condition combination within a factor υ of the best combination. In addition, it can be achieved
the number of wins for a combination by just looking at the Pc(1) value, which also enables
to rank the combinations. As noticed from (16) and (17), the performance profiles of the
combinations always depend upon each other. Hence, it is not straightforward to make an
independent assessment on the combinations. To overcome this issue, the data profiles [29] are
used and they can be obtained with following expressions.

Dc(ψ) =
1

Nf

∑
f∈F

Γf,c(NFEf,c, ψ) (18)
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Γf,c(NFEf,c, ψ) is:

Γf,c(NFEf,c, ψ) =

{
1, if NFEf,c ≤ ψ

0, otherwise

In (18), ψ is the number of function evaluations and Dc(ψ) is the amount of test functions that
can be minimized by the combination with that ψ. This information is very useful in case of
having a computational budget (i.e., maximum allowed number of function evaluations).

4. Results and Discussion

A series of computational experiments have been completed to perform an overall assessment
on the optimization method-line search condition combinations. Specifically, in total, 624 com-
putational experiments, which consist of f ∈ F = 13 and c ∈ C = 6 for the SD method, and
f ∈ F = 13 and c ∈ C = 18 for the CG methods, have been carried out with the two convergence
tolerance values (i.e., ε = 10−4 and ε = 10−3). During each experiment, x1 and x2 values, the
corresponding function and norm of gradient values (i.e., f(x1, x2) and ||∇f(x1, x2)||2, respec-
tively) are monitored for each iteration. Once the optimization method-line search condition
combination converges to the function minimum, which means that the combination in question
satisfies the converge condition (see (15)), the experiment is terminated and the total number
of function evaluations are recorded for a performance measure of the combination. As a results
of those experiments, the total number of function evaluations for all the optimization method-
line search condition combinations are shown in Figures 2 and 3 for ε = 10−4 and ε = 10−3,
respectively. Note that, in these figures, the total number of function evaluations are simply
set as ∞ if the optimization method-line search condition combination fails to converge to the
function minimum in question.
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Figure 2: Total number of function evaluations for all the optimization method-line search con-
dition combinations on the test function set for ε = 10−4
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Figure 3: Total number of function evaluations for all the optimization method-line search con-
dition combinations on the test function set for ε = 10−3

From these figures, we can simply say that the line search conditions have a great influence
on the performance of the SD and CG methods. However, we can not obtain the answers
for the following questions by just looking at these figures. What are the fastest, the most
robust and the optimal optimization method-line search condition combinations for those test
functions?, What is the percentage of the function that a particular optimization method-line
search condition combination is successful on?, What is the probability of finding functions
minimums if we choose one of these combinations?, etc. Those questions play a crucial role for
an efficient and a reliable benchmarking of the optimization methods and line search conditions.
Therefore, they are strongly required to be answered. To this end, the performance profiles of
each optimization method-line search condition combination for ε = 10−4 and ε = 10−3 in a
factor range from 100 to 103 (i.e., 100 ≤ υ ≤ 103) are illustrated in Figures 4 and 5. The reader
may note that, in these figures, the performance profiles in three steps, as an example, are given
for ranking purpose of the optimization method-line search condition combinations. The details
about this ranking process will be provided later on. On the other hand, from these figures,
we can determine the fastest combination/combinations on the test function set by looking at
the probability values at the factor of υ = 1 (i.e., Pc(1)). In Figure 4(a), for instance, the
SD-GC combination is the fastest one with the probability of Pc(1) = 30.77%. It means that
the combination has the highest number of wins (i.e., finds the minimums of 30.77% of the test
functions) compared to others. From the factor υ = 1 to υ = 1.1 of the fastest combination,
the SD-GC combination preserves being the fastest one. At the factor υ = 1.1, the SD-ABC
combination catches up the SD-GC one with the same probability. Until the factor υ = 1.27 of
the fastest combination, the SD-GC combination keeps the same probability whereas the SD-
ABC combination has the same probability till the factor υ = 1.38. The fastest combination,
the SD-GC, performance keeps rising as the υ increases until the υ = 14.28. At that factor,
the combination reaches maximum performance which is Pc(14.28) = 69.23%. From that factor
on, even if we increase the υ, the combination performance remains same. In other words,
the SD-GC combination is able to find the minimums of 69.23% of test functions (i.e., 9 out
of 13 test functions). The combination in question fails on 4 test functions which are the
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functions 3, 10, 11 and 13 (see Figure 2). However, the other combination options, which are
more successful than the SD-GC combination, are available for υ ≥ 14.28. For instance, the
SD-WWC combination is able to be successful on the 76.92% of the test functions for the factor
υ = 14.28 of the fastest one (i.e., the SD-GC). And its performance keeps rising until υ = 44.76
where reaches up to its maximum probability Pc(44.76) = 92.31%. The other options for the
υ ≥ 14.28 might be the SD-BC, SD-ABC, SD-SWC, SD-LM, FR-LM, PR-LM and HS-LM
combinations if we desire to find the minimums of more than 69.23% of the test functions.
One could also notice that only the LM is able to provide highest success rates to CG methods
whereas the SD is quite successful with the help of other line search conditions. This observation
shows the sensitivity of the CG methods to the computation of the step length γ. To put a finer
point on it, if we choose a line search condition other than LM, we would expect a significant
drop in the performance of the CG methods. This is attributed to the fact that the second
term in (4) may be dominant on defining search direction sq+1, which results in a direction
of ascent [30]. On the other hand, it is also evident from Figure4(a) that the choosing of the
LM as a line search condition for the SD and CG methods brings high computational burden.
However, the LM is the most robust one among others. In other words, it is the only one that
is successful on all the test functions for the SD method within the factor υ ≥ 634.1 of the
fastest combination . For the FR, PR and HS methods, the success rates are 76.92%, 76.92%
and 92.31% within the factors υ ≥ 272.4, υ ≥ 148.6 and υ ≥ 74.14 of the fastest combination,
respectively. Besides those, in case of choosing the LM for a line search condition of the CG
methods, the HS one draws attention with the highest probability of 92.31% and the lowest
factor υ ≥ 74.14 compared to other CG methods. This method could be the best one among
other CG methods on this test function set with the convergence tolerance value ε = 10−4. In
addition to that, the HS-LM combination with the factor υ = 74.14 of the fastest one has more
number of wins than SD-LM combination at υ = 74.14 (i.e, Pc(74.14) = 61.54%). However,
at the first glance, the SD method generally exhibits better performance than CG methods
in the line search conditions except for the LM. To elaborate this observation and rank the
combinations according to convergence speed, the successive excluding procedure is utilized.
The purpose of the successive excluding procedure is to determine the second, third and so
on fastest combinations, because the performance profiles are relative, which means that they
depend on each other. Therefore, it is not possible to extract the data for the speed sequence
of the combination from Figure4(a). The idea behind the successive excluding procedure is to
subtract the performance profile of the fastest combination in question in order to determine
next fastest one. From Figure 4(a), for instance, the SD-GC combination is determined to be
the fastest one as previously explained. With excluding this combination, we can generate new
performance profiles with a new combination domain (i.e., f ∈ F = 13 and c ∈ C = 5 for the
SD method, and f ∈ F = 13 and c ∈ C = 18 for the CG methods), as shown in Figure 4(b).
The same procedure to determine fastest combination as conducted before is also valid for this
figure. In this case, the fastest combination is the SD-ABC with the probability Pc(1) = 30.77.
From global perspective, we can say that this combination is the second fastest one and it
holds the second place until the factor υ = 2.18 with the probability Pc(2.18) = 46.15. At
that factor, the HS-GC combinations beats the SD-ABC with probability Pc(2.18) = 53.85.
However, the HS-GC reach up the maximum performance at this factor whereas the SD-ABC
performance keeps rising as the υ increases. Moreover, the SD-ABC is capable of converging to
92.31% of the test functions minimums within the factor υ ≥ 683.9. In a similar manner, the
third fastest combinations are determined to be the SD-WWC and PR-GC with the probability
Pc(1) = 23.08 (see Figure 4(c)). Totally 15 steps are completed to rank the combinations based
on the convergence speed, but, to explain the combination ranking concept, the figures for only
3 steps are given here as examples. However, the exact speed sequence of the combinations with
the probability values for ε = 10−4 are provided in Table 2. Here, the reader may note that the
steps in Figure 4 and Table 2 denote corresponding fastest combination or combinations. For
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example, Step-4 in Table 2 points out that the SD-BC is the fourth fastest combination. This is
achieved by consecutively excluding first, second and third fastest combinations corresponding
to Step-1, Step-2 and Step-3, respectively. The same is also valid for the following figure and
table related to performance profiles.

To be able explore influence of the convergence tolerance value on the optimization method-
line search condition combinations, the same computational experiments are run for a higher
tolerance value ε = 10−3. By using the data obtained through those experiments, the perfor-
mance and data profiles are generated for this convergence tolerance value as well. Figure 5
displays the performance profiles, which includes three plots achieved via successive excluding
procedures as previously explained. It is observed from Figure 5(a) that the SD-GC combina-
tion still keeps being fastest one with the same probability Pc(1) = 30.77% in this convergence
tolerance value too. The second place, the SD-ABC, also remains same as before, but it has
lower probability of 23.08%. This lower probability means that some other combinations per-
formance improve with increasing convergence tolerance value because the performance profiles
are relative. In other words, any changes in a combination performance are directly reflected
on others performances. As an example on improving performance of the combination with
increasing convergence tolerance value, the SD-WWC can be pointed out. More specifically, for
ε = 10−4, this combination is able to find the minimums of 92.31% of the test functions within
the factor υ ≥ 44.76 of fastest combination whereas its maximum probability is 100% within
the factor υ ≥ 104.89 for ε = 10−3. In a similar manner, the HS-GC combination performance
improves as the convergence tolerance value increases. As such, its maximum probability in-
creases from Pc(υ ≥ 2.18) = 53.85% for ε = 10−4 to Pc(υ ≥ 4.56) = 61.54% for ε = 10−3. In
other words, it finds one more function minimum (i.e., totally 8 out of 13 test functions) with
lowering accuracy. On the other hand, some combinations, including SD-GC, SD-LM, FR-GC,
FR-BC, FR-LM, PR-BC, PR-GC, PR-WWC, PR-LM, HS-BC, HS-ABC, HS-SWC, HS-LM,
maximum probability are not influenced by the convergence tolerance value at all. There are
only small reductions in the number of function evaluations. The reduction in the number
of function evaluations with increasing convergence tolerance value (i.e., decreasing converge
accuracy) is an inherent phenomena, because lower accuracy generally requires lower iterations.
This means that we would expect lower number of function evaluations to compute step length
γ. Similar observations on the influence of the convergence tolerance value, which have been
conducted so far, can be completed for other combinations as well. As stated before, to rank
the combinations, the successive excluding procedure is also applied for the ε = 10−3, as seen
Figures 5(b) and (c). In addition, the complete speed sequence is given in Table 3. By per-
forming a comparison between Tables 2 and 3, one could say that changing of the convergence
tolerance value leads to different combination rank. The end-users should consider this fact
while selecting the combination.

On the other hand, the end-users may have a computational budget (i.e., maximum number
of function evaluation for this study) for finding minimums of the test functions. And they need
to know how many function minimum can be found within the given budget. This requires an
independent assessment on the optimization method-line search condition combinations, which
can not be provided by the performance profiles. Hence, we use data profiles in this case.
As such, Figures. 6(a) and (b) show the data profiles of all the combinations within a range
101 ≤ ψ ≤ 105 for ε = 10−4 and 10−3, respectively. Those plots provide valuable information for
selecting the optimal combination based on the computational budget. Let’s say, for instance,
we are given a computational budget of 102 number of function evaluations (i.e., ψ = 102) and
the convergence tolerance ε = 10−4 for finding minimums of at least 50% test functions. In
these conditions, by looking at Figure 6(a), one can observe that there are no any combination
options which have sufficient probability (i.e., Dc(10

2) ≥ 50%). For ψ = 102 and ε = 10−4,
the maximum probability is 30.77% that belongs to the SD-ABC combination. To meet these
terms, the computation budget has to be raised approximately two times. As such, for 2× 102
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(a) Step-1

(b) Step-2

(c) Step-3

Figure 4: Performance profiles of all the optimization method-line search condition combinations
for ε = 10−4
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(a) Step-1

(b) Step-2

(c) Step-3

Figure 5: Performance profiles of all the optimization method-line search condition combinations
for ε = 10−3
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Table 2: Speed sequence of all the optimization method-line search condition combinations for
ε = 10−4

# Combination Pc(1) %

Step-1 SD-GC 30.77
Step-2 SD-ABC 30.77
Step-3 SD-WWC and PR-GC 23.08
Step-4 SD-BC 23.08
Step-5 HS-GC 23.08
Step-6 SD-SWC, FR-ABC, FR-GC and PR-ABC 15.38
Step-7 FR-BC 30.77
Step-8 HS-ABC and HS-WWC 23.08
Step-9 FR-WWC 30.77
Step-10 HS-LM 30.77
Step-11 SD-LM 30.77
Step-12 HS-BC and HS-SWC 23.08
Step-13 PR-SWC and PR-LM 30.77
Step-14 FR-SWC and FR-LM 38.46
Step-15 PR-BC 7.692

– PR-WWC 0

Table 3: Speed sequence of all the optimization method-line search condition combinations for
ε = 10−3

# Combination Pc(1) %

Step-1 SD-GC 30.77
Step-2 SD-ABC 23.08
Step-3 SD-WWC, FR-ABC and FR-GC 15.38
Step-4 SD-BC and PR-GC 23.08
Step-5 HS-GC 38.46
Step-6 PR-ABC 38.46
Step-7 FR-BC 38.46
Step-8 HS-ABC and HS-WWC 23.08
Step-9 FR-WWC 38.46
Step-10 SD-SWC 30.77
Step-11 HS-BC and HS-LM 23.08
Step-12 SD-LM 30.77
Step-13 HS-SWC 30.77
Step-14 PR-SWC 38.46
Step-15 FR-SWC 53.85
Step-16 PR-LM 69.23
Step-17 FR-LM 76.92
Step-18 PR-BC 7.692

– PR-WWC 0
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and ε = 10−4, two combination options, SD-GC and HS-GC, stand out with the probability
of 53.85%. On the other hand, instead of increasing the computational budget, we may also
reduce the converge accuracy to ε = 10−3. In this case (i.e., ψ = 102 and ε = 10−3), the
maximum probability is 38.46% for the SD-ABC and SD-GC combinations (see Figure 6(b)).
They still can not meet the solution requirement, Dc(10

2) ≥ 50%, but they are able to find one
more function minimum compared to ε = 10−4 ones. Similar interpretations can be carried out
for any computational budget within 101 ≤ ψ ≤ 105, and for ε = 10−4 and 10−3 through those
plots as well.

(a) ε = 10−4

(b) ε = 10−3

Figure 6: Data profiles of all the optimization method-line search condition combinations for
two convergence tolerance values

So far, through Figures 2, 3, 4 and 5, and Tables 2 and 3, we have conducted an efficient and
a reliable comparative evaluations on the optimization method-line search condition combina-
tions. Based on those, now it is time to decide which optimization method-line search condition
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combination/combinations would be the optimal one for this test function set. As stated pre-
viously, the CG methods requires the LM for reasonable performance because their sensitivity
to the step length. This fact brings high computational cost. Hence, the CG methods-LM
combinations may be ruled out for this test function set. On the other hand, it is noteworthy
that the CG methods-LM combinations exhibit better performance than the SD-LM one. Espe-
cially, the HS-LM combination outperforms the other CG and SD methods-LM combinations.
Considering all those and by making a trade-off between convergence speed and robustness,
the SD-WWC combination is determined as the optimal combination for this test function set.
Note that, the most robust combination, having highest probability Pc(υ) = 100% (i.e., finds
all functions minimums), for the ε = 10−4 is the SD-LM whereas the SD-WWC and the SD-LM
combinations are the most robust ones for the ε = 10−3.

5. Conclusion

This paper has presented a benchmarking study on the combinations of the well-known opti-
mization methods and line search conditions. A series of computational experiments on the
thirteen test functions have been completed with these combinations. An iterative procedure
has been applied to find the test function minimums and number of function evaluations at
each iteration have been recorded. For benchmarking purpose, the total number of function
evaluations when the combination in question converges to the function minimum within the
defined convergence tolerance have been set as a performance measure. The same procedure
have been conducted for all the combinations and the test functions. The obtained data through
those computational experiments have been used to create the performance and data profiles.
These profiles have enabled us to perform a reliable and an efficient benchmarking on the
combinations. The study has provided the following conclusions:

• The step length computation technique is crucial for the SD and CG methods success and
performance. For optimal performance and remarkable success, both the step length and
the search direction require a special care.

• Generally speaking, the WWC, SWC and LM, which are the gradient related step length
computation methods, provide the lower number of iterations for converging to the func-
tions minimums, but the number of function evaluations per iteration is notably high.
Therefore, they are refereed to as computationally expensive techniques in this study.

• Considering the fact stated in the previous conclusion, it has been determined that the
SD-GC combination is the fastest one for both convergence tolerance values. The SD-
ABC combination takes second place. The fact behind this convergence speed is that
the ABC and GC do not require gradient computation while trying to satisfy line search
conditions for computing step length.

• It has been determined that the CG methods success rate with using line search conditions
except for the LM is quite lower than those in SD method. This shows the sensitivity of
the CG methods to the exact local minimizer. For a reasonable performance in the CG
methods, the choice should be the LM or in some cases, the SWC can be also used even
if they bring high computational burden.

• The optimal combination for the test function set used in this study is the SD-WWC
whereas the most robust one is the SD-LM combination with a high convergence accuracy.
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Abstract. Goods from warehouses must be scheduled in advance, prepared, routed, and delivered to
shops. At least three systems directly interact within such a process: warehouse workforce scheduling,
delivery scheduling, and routing system. Ideally, the whole problem with the preceding inventory
management (restocking) would be solved in one optimization pass. In order to make the problem
simpler, we first decompose the total problem by isolating the delivery scheduling. Then we connect
the optimization model to the rest of the system by workload balancing goal that is a surrogate of
coordination and criterion for the system robustness. This paper presents the practical application of
top-down discrete optimization that streamlines operations and enables better reactivity to changes
in circumstances. We search for repetitive weekly delivery patterns that balance the daily warehouse
and transportation utilization in the absence of capacity constraints. Delivery patterns are optimized
for the quality criteria regarding specific store-warehouse pair types, with a special focus on fresh food
delivery that aims at reducing inventory write-offs due to aging. The previous setup included semi-
manual scheduling based on templates, historical prototypes, and domain knowledge. We have found
that the system augmented with the new automated delivery scheduling system brings an improvement
of 3% in the performance measure as well as speed in adjusting to the changes, such was the case with
changes in policies during COVID-19 lockdowns.
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1. Introduction

This paper presents a real-world application of operations research methods in the supply chain
management of a major retailer. We present the system that schedules deliveries to the network
of 420 shops in Croatia.

Our problem is set within the context of supply chain consisting of three major links:

1. distribution center (DC)

2. transportation system

3. stores.
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Distribution center. When orders are issued from the main system, they are processed
in DC warehouses for different segments of goods. Workers have to traverse the warehouse and
pick items from the order and take them to the loading area. The number of workers and hence
picking volume is limited and usually, it is good practice to balance the work over days.

Transportation system. Items at the loading area are loaded into trucks that have limited
capacity. Some trucks can only carry one type of goods. Multi-compartment trucks can load
goods from different segments. After loading, trucks follow a predetermined route to visit all
the shops on their itinerary. When a truck arrives at a shop the delivery is unloaded.

Stores. Upon unloading, store employees check the received items and administratively
finalize the delivery. New items are first directly refilled to shelves and the surplus is put into
the backroom from which shelf refilling can take place when the need arises. The additional
refilling process is substantially costlier than direct shelf filling. Both shelf and backroom
capacities are limited and store-specific.

1.1. Delivery patterns

Demand, which is usually patterned repetitively across a week, is consuming goods at stores.
The replenishment must be done downstream, from the distribution center to stores using a
transportation system. Therefore, it makes sense to model the replenishment according to
repetitive weekly delivery patterns and this is in fact what is often done [10], as in our case.
Hence, the usage of weekly delivery patterns, which are fixed weekly schedules of deliveries from
each warehouse to the store that is repeated in all standard weeks within a horizon of several
months (typically six) [6, 8]. Standard weeks are weeks without holidays, but with a common
working pattern. The details such as the number of weekly deliveries are tuned to the sales
process and store size.

Delivery schedules must respect the workload balance in transport and warehouses in order
not to overload any subsystem. Weekly delivery patterns act as the baseline schedules. The
baseline schedule is taken as a basis for schedules in all the successive weeks within some hori-
zon. Potential reactive changes, based on the specifics of certain weeks (for example holidays or
other changes in assumptions), are done with a local search in the neighborhood of the baseline
schedule. Orchestrating and aligning all subsystems in supply chains is very demanding. Differ-
ent systems have different speeds of adaptation to changes. Technological improvements such
as IT technologies might decrease time-frames for adaptation. It is shown that the arrangement
with a weekly baseline is beneficial to the alignment in the supply chain since there is eventual
informational convergence between different actors [3, 6, 15].

1.2. Problem specifics

We will focus on the problem of replenishing stores from one DC that has several segments
(delivered from different warehouses in DC), though the problem can be repurposed to multiple
DCs and their warehouses.

The setting of our realistic problem sets the context within which we seek the ideal model.
The transportation system uses a separate software for routing that also takes into account the
truck capacities. It works upon the input delivery schedule. Since the optimization within the
transportation system is a black box from which we did not receive feedback, we decided to
strive for balancing the whole system to reduce all costs due to variance that results in overtime
and/or part-time hiring. Additionally, it reduces peak work on unloading and shelving, and
necessary peak store capacity, since our pattern taboo procedure balances inter-delivery periods.
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1.3. Contributions

Contributions of our paper are:

1. Model for creating delivery patterns with transport and warehouse workload balancing
which uses sub-pattern matching and penalizing or forbidding certain patterns. This is
in contrast with most of the related work that assigns preselected delivery patterns to the
stores.

2. Schedule quality function shaping using combinatorial constructs that, in the absence of
justified and group-adjusted individual shop delivery pattern preferences, is an objective
way of evaluating schedules through flexibility

3. Case study of implementing and using the model in operations of the real-world supply
chain that resulted in 3% improvement in the objective and decrease in the number of
separate shippings, leading to better efficiency, resulting in a reduction of fresh food waste.

The paper is organized as follows. Section 2 presents related work. Section 3 details the
preprocessing of the input to the model. In Section 4 we present our model. In Section 5 we
list our results and measured benefits of using in operations. Finally, in Section 6 we offer our
conclusion with future work.

2. Related work

Our work falls into the area of delivery scheduling, especially when using delivery patterns.
Ronen and Goodhart [12] cluster similar stores together. Additionally, they preselect deliv-

ery patterns that they assign to stores using mixed integer programming (MIP) and then build
transportation routes using PVRP. The optimization goes in stages without reoptimizing and
feedback between them. Instore logistics costs are ignored. Sternbeck and Kuhn [14] propose a
MIP model that assigns preselected patterns to the stores while taking into account the costs
across all three major links, including in-store logistics. This model does not take into account
bundling effects across stores. A real industry case example was solved with 1000 stores, 6 DCs,
and 3 segments to achieve 5.3% savings in operational costs.

Holzapfner et al. [7] have improved upon [14] by taking into account bundling effects and
where clustering is done as a part of optimization. Delivery patterns are assigned from a
preselected collection and travel costs are approximated by distance. A real industry case
example was solved with 48 stores, 1 DC, and 1 segment to achieve 2.5% savings in costs in
comparison to [14].

Frank et al. [5] have created simultaneous optimizing routing and delivery patterns when
using multi-compartment vehicles with the assumption of a homogenous fleet. Each truck is
assumed to have one delivery tour per day. The approach uses a hybrid iterative multi-stage
algorithm with adaptive large neighborhood search (ALNS) for selection of delivery patterns,
large neighborhood search (LNS) for routing decisions, and simulated annealing for selection of
search parameters for previous stages. A real industry case example was solved with 376 stores,
1 DC, and 3 segments on average in 2.89hours to achieve 7.68% savings in costs in comparison to
the status quo approach. The pre-existing solution at the retailer did not coordinate delivery
patterns with routing, but everything was done in one sequential pass. Also, this approach
improves the results of [7] on benchmarks with up to 40 stores, single segment, and single
compartment vehicles by 1.25% on average. This improvement is attributed to actually solving
the vehicle routing problem.

All the aforementioned papers were created in succession and were built directly on top of
each other by improving the capabilities of previous works. We were mostly inspired by work
[7]. However, we were making the solution under a different setting (see subsection 1.2) and
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in times of turmoil so we wanted to make a model quickly. For that reason, we have decided
not to collect lists of predefined patterns for shops but instead to use flexibility-based metrics
for sub-pattern quality. Also, we wanted a model that can be quickly solved on available MIP
solvers to forgo the time for algorithm design. Due to the latter, we took inspiration from [12]
and we decided to use clustering in the preprocessing phase, instead of during the optimization
phase. This made the model have a favorable structure as evidenced in section 5.

3. Preprocessing

In preprocessing we have decided to fix certain data, as well as make certain simplifying as-
sumptions. Here we list each of those elements.

3.1. Clustering

To reduce the problem complexity, unlike [7], we have decided to learn shop assignments to
route clusters by clustering from the historical data and correcting with expert interventions.
Our procedure used hierarchical graph clustering. At the lowest level, we created routes that
are close to the typical usage. At the higher level, we have created group clusters for balancing
the workload. The clustering results are saved within the incidence matrices H and J (see Table
1).

3.2. Business rules

We have agreed upon an internal list of business rules that should be enforced in deliveries,
which were informal rules of best practices in the operations, but there was no strict checking.
The rules were of two types: fixed delivery schedule elements and delivery coupling/decoupling.
These business rules describe the current way of operating and reflect current geographical and
operational decisions. The new model that mirrors many of the aspects, enables fast what-
if analyses with existing and modified rules in the system. It also enables the identification
of inherent constraints of the system and constraints that were adopted due to the problem
complexity for humans and that can be relaxed when the problem is solved by the computational
procedure. The effects of rules are saved within the parameters F , C, and U (see Table 1).

3.3. Fixed decisions

Furthermore, several decisions are already made before optimization, based on forecasting and
historical performance. The number of weekly deliveries is fixed by several parameters, ex-
pressed as business rules that reflect historical best practices. Additionally, activation of deliv-
ery routes throughout a week is also fixed at the input. These fixed decisions are input into the
model as parameters Ni,j and RADi,j (see Table 1).

4. The model

The model consists of the variables and parameters with domains and semantics given in Table
1 and Table 2.

4.1. Objective function

We use a single objective function where multiple contributions are weighted.
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parameter definition
W set of warehouses

Wfresh set of warehouses for fresh food
S set of shops
D set of days
R set of routes
G set of groups of routes
H incidence matrix between G and R
J incidence matrix between R and S

Ni,j ∈ N0 number of deliveries between warehouse i
and store j in the delivery pattern

F ⊆ {(i, j, k, {0, 1})|i ∈ W, j ∈ S, k ∈ D} fixed schedule elements
C ⊆ {(i, j, k)|i, j ∈ W,k ∈ S} combining deliveries (i, k) with (j, k)
U ⊆ {(i, j, k)|i, j ∈ W,k ∈ S} separating deliveries (i, k) from (j, k)

I : W × S ×D −→ N0
daily delay of work on warehouses

for the delivery to shops

AAi,j ∈ R
average number of articles per delivery

for warehouse i and shop j

APi,j ∈ R
average number of palettes per delivery

for warehouse i and shop j
UWLi,j , LWLi,j ∈ R upper and lower limit of warehouse i on day j
UGLi,j , LGLi,j ∈ R upper and lower limit of route group i on day j
WADi,j ∈ {0, 1} 1 if warehouse i is active on day j, 0 otherwise
RADi,j ∈ {0, 1} 1 if route i is active on day j, 0 otherwise
SM ∈ {1, ..., 7} size of minimal working days set

Table 1: Parameters in the model

minimize
∑
i,j,k

WSi,j ·(y11i,j,k+z111i,j,k+WLi,j ·z101i,j,k)+
∑

(i,j,k)∈U,l∈D

WCi,j,k ·m11i,j,k,l (1)

On the top level, it is a combination of individual (the first composite term under the sum)
and warehouse-interaction taboo patterns (the second term) for each store. The weighting is
based on importance and flexibility and it is further explained in the following subsection.

4.1.1. Weighting

For future work, we intend to elicit group preferences from all the supply chain participants and
use these parameters (in addition to the financial ones) as weighting factors between different
aspects of the quality of the solution. This means collecting preferences from all the perspectives:
transport, warehousing, and shop personnel which include intimate local expertise not captured
in the data.

As the first approximation, we have used the weighting based on the schedule flexibility
of different shops. We will treat the shop’s schedule as more flexible if it has many possible
solutions and less flexible if it has only a few. Hence, we want to focus our attention on flexible
shops and give them more weight.

For individual-taboo weights in equation (2) we use number of combinations
(# open days
# deliveries

)
normalized with the total number of deliveries. In equation (3), pattern ′101′, which groups
the only two deliveries too-close, has smaller weight (arbitrary constant selected and tuned by
experts) than adjacent groupings expressed with patterns ′11′ and ′111′.



104 Adrian Alajkovic, Mario Brcic, Viktorija Ivandic, Luka Bubalo, Mihael Koncic, and Mihael Kovac

variable definition
xi,j,k ∈ {0, 1} decision to deliver from warehouse i to store j on day k
wi,j ∈ R

+ amount delivered from warehouse i on day j
ri,j ∈ R

+ amount delivered over route i on day j
gi,j ∈ R

+ amount delivered over group of routes i on day j

yppi,j,k ∈ {0, 1} pattern pp in deliveries from warehouse i
to store j on two consecutive days k, k + 1

zpppi,j,k ∈ {0, 1} pattern ppp in deliveries from warehouse i to store j
for three consecutive days k, k + 1, k + 2

mppi,j,k,l ∈ {0, 1} interaction pattern pp in deliveries from
warehouses i and j to store k on day l

Table 2: Decision variables in the model

WSi,j =

(∑
k∈D WADi,j

Ni,j

)
Ni,j

(2)

WLi,j = 0.2 · �Ni,j=2 (3)

For warehouse-interaction taboo weights, we have followed a similar idea in eq.(4). We
calculated the number of overlaps between the delivery schedules from different warehouses to
the same shops which we have normalized. Finally, we calculated the square root in order to
put the weight on a similar scale as individual-taboo weights.

WCi,j,k =

√
#overlapping combinations

min(Ni,k, Nj,k)
(4)

4.2. Input data

Most of the elements in Table 1 are self-explanatory. Set of a group of routes G defines the
elements over which the balancing is done for the transport system. Incidence matrices H and J
define the results of hierarchical clustering of the shops into two levels: routes and then groups
of routes. Effects of different business rules are input through the fixations to the schedule
(F ), and by combining and separating deliveries (C and U). Combining deliveries use triplet
specification to define asymmetric relation whereby certain delivery from warehouse i must
be combined with some of the deliveries from warehouse j. This enables modeling deliveries
with multi-compartment vehicles even when the number of deliveries from warehouses i and
j differ. Separating deliveries use triplet specification to define which pairs of deliveries are
penalized in the objective function given in equation (1). Delivery that must be delivered on
the day k incurs earlier work on the warehouse. Daily delay I(i, j, k) states the delivery delay
for the work done in warehouse i for shop j on day k. Average weekly numbers for delivery
sizes are given in pallets (APi,j) and articles (AAi,j) per shop. These delivery sizes are used for
balancing work in warehouses (articles) and transport (pallets). Balancing is controlled through
tolerance bands. We use pairs of parameters to describe width and displacement of tolerance
bands relative to the weekly average; (UWLi,j , LWLi,j) for warehouses and (UGLi,j , LGLi,j)
for groups of routes. Finally, warehouses do not work on all days, and routes are not active on
all days, which is input through the WADi,j and RADi,j parameters. Minimal working days
set is the set of days when all the warehouses are active - and plays a role when balancing the
transport (see 4.4.2).
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4.3. Decision variables

Decision variables in the model are listed in the Table 2. The main focus of the optimization
is the schedule which is within the binary decision variables x. Decision variables w keep track
of amounts delivered from warehouses and they are used for balancing the workload. Decision
variables r and g keep track of amounts delivered over routes and groups of routes in order to
balance the workload in transport. We use soft and hard taboos in order to shape the delivery
schedule. Soft taboos penalize certain patterns in the schedule through the objective function.
Hard taboos forbid certain patterns in the schedule through the constraints. Variables with
prefixes y,z, and m are used as pattern recognizers within the schedule. They are further
named by the pattern that they recognize. For example, variables y11 recognize deliveries on
two consecutive working days for the same pair of warehouse and store. We instantiate variables
y for patterns in {11} and use them as soft taboos. We instantiate variables z for patterns in
{000, 111, 101}. Variables z000 are used as hard taboos, the others are used as soft taboos. We
instantiate variables m for patterns in {11} and use them for coupling and decoupling deliveries.
Coupling is done through the constraints, while decoupling is achieved through soft taboos.

4.4. Constraints

We try to model the preferability of certain patterns that appear in the delivery schedule by
negative discrimination in the form of soft and hard taboo sub-patterns that are undesirable
or even forbidden. Hard taboo sub-patterns are covered by constraints that forbid them. Soft
taboo constraints are counted by their respective decision variables, which are designated pat-
tern matchers, and these variables enter the objective function in the form of penalties in the
objective function (see subsection 4.1).∑

k∈D

xi,j,k = Ni,j , ∀i ∈ W, ∀j ∈ S (5)

yppi,j,k =

{
1, (xi,j,k, xi,j,k+1) = pp

0, otherwise
, ∀i ∈ W, ∀j ∈ S, ∀k ∈ D (6)

zpppi,j,k =

{
1, (xi,j,k, xi,j,k+1, xi,j,k+2) = ppp

0, otherwise
, ∀i ∈ W, ∀j ∈ S, ∀k ∈ D (7)

mppi,j,k,l =

{
1, (xi,k,l, xj,k,l) = pp

0, otherwise
, ∀(i, j, k) ∈ U, ∀l ∈ D (8)

xi,j,k = v, ∀(i, j, k, v) ∈ F (9)

xi,k,l ≤ xj,k,l, ∀(i, j, k) ∈ C, ∀l ∈ D (10)

xi,j,k ≤ RADl,k, ∀i ∈ W, ∀(l, j|Jl,j = 1), ∀k ∈ D (11)

z000i,j,k = 0, ∀i ∈ Wfresh, ∀j ∈ S, ∀k ∈ D (12)

We set the required number of deliveries per shop-warehouse pair in (5). Constraints (6)
are used to match and find all patterns of interest over the successive pairs of days (i.e. pair
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taboos). Therein, pp is used as a placeholder for exact pattern of interest. For example,
variables y11i,j,k would locate situations (i.e. be equal to 1) with two deliveries on successive
days k and k+1 to a shop j from the warehouse i. We currently use only one pair taboo, that
is pp ∈ {11} for (6).

In a similar fashion we locate patterns (i.e. triplet taboos) over successive triplets of days in
(7). Therein, ppp is used as a placeholder for exact pattern of interest. For example, variables
z101i,j,k would locate situations (i.e. be equal to 1) with two deliveries on days k and k + 2
and no delivery on day k + 1 between the shop j and the warehouse i. We currently use three
triplet taboos, that is ppp ∈ {111, 101, 000} for (7).

Constraint (12) forbids a pattern of three consecutive days without delivery of fresh food by
using the z000 variables. Wfresh ⊆ W is the set of warehouses for fresh food. This is important
for reducing inventory write-offs due to aging.

Constraints (8) match and find all the patterns of interaction between the same-day deliveries
from different warehouses (i.e. interactive pair taboos). These patterns can be used to force
packing together or to separate different deliveries. For example, variables m11i,j,k,l would
locate situations (i.e. be equal to 1) with two deliveries on a day l to a shop k from the
warehouses i and j. We currently use only one interactive pair taboo, that is pp ∈ {11} for (8).

Constraints (9) are used for fixed schedule elements. Each such constraint forces a fixed
prespecified decision v on delivery from warehouse i to shop j on day k.

Constraints (10) are used to combine deliveries from two warehouses, i and j to the same
shop k on the same day l. Deliveries from warehouse i are combined with the deliveries from
warehouse j, whereby j may have more deliveries.

Constraints (11) deactivate deliveries depending on openness of delivery routes. For ex-
ample, if shop j is on a route l and that route is closed on day k, then deliveries from any
warehouse i to shop j on day k must be 0.

4.4.1. Balancing warehouses

We balance the work on warehouses within the tolerance band relative to the average work
(proportional to the number of pallets) whose width and displacement we shape by parameters
UWLi,j and LWLi,j . The intention is to reduce the variation across days so that the least
amount of overwork or part-time workers is needed to cover such deviations.

wi,j =
∑
s∈S

WADi,j ·AAi,s · xi,s,j+I(i,s,j), ∀i ∈ W, ∀j ∈ D (13)

wi,j ≤ UWLi,j ·
∑

k∈D wi,k∑
k∈D WADi,k

, ∀i ∈ W, ∀j ∈ D (14)

wi,j ≥ LWLi,j ·
∑

k∈D wi,k∑
k∈D WADi,k

, ∀i ∈ W, ∀j ∈ D (15)

Constraint (13) calculates the total work on warehouse i in day j. Constraints (14) and (15)
set up a tolerance band relative to the average work on the warehouse i throughout the whole
week. The tolerance band is described with upper and lower limits through the parameters
UWLi,j and LWLi,j that the user sets to appropriate values. As an example, they could be
set for a certain pair (i, j) to values UWLi,j = 1.15 and LWLi,j = 0.95 for a tolerance band of
width 20% around the average.

4.4.2. Balancing transport

We balance the work in transportation within each group of routes by allowing it only to be
within a tolerance band that is defined relative to the average work. We can shape the width
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and displacement of the tolerance band by parameters UGLi,j and LGLi,j . The intention is to
reduce the variation across days so that the least amount of overwork or part-time transporters
is needed to cover such deviations.

ri,j =
∑
s∈S

RADi,j ·APi,s · Ji,s · xi,s,j , ∀i ∈ R, ∀j ∈ D (16)

gi,j =
∑
k∈R

Hi,k · rk,j , ∀i ∈ G, ∀j ∈ D (17)

gi,j ≤ UGLi,j ·
∑

k∈D gi,k

SM
, ∀i ∈ G, ∀j ∈ D (18)

gi,j ≥ LGLi,j ·
∑

k∈D gi,k

SM
, ∀i ∈ G, ∀j ∈ D (19)

Constraints (16) calculate total work on route i in day j. Similarly, constraints (17) calculate
total work on group i in day j.

Constraints (18) and (19) set up an arbitrarily shifted tolerance band around the average
work on the group of routes i through the whole week. The tolerance band is described with
upper and lower limits through the parameters UGLi,j and LGLi,j that the user sets to appro-
priate values. As an example, they could be set for a certain pair (i, j) to values UGLi,j = 1.05
and LGLi,j = 0.85 for a tolerance band of width 20% around the average.

5. Results and benefits

The instances of the model have 40666 decision variables (mostly binary) and 45952 constraints.
We have used historical weekly data to create 36 instances. Our computation setting is using
a 12-core 10th gen i7 with 16GiB RAM with Linux OS. We have tried solving our instances
using the three best solvers within their respective class of licensing (based on MIPLIB2017
benchmarking done in [11]) to compare the performance:

• Gurobi 9.1 - arguably the best performing commercial solver

• SCIP 7.0.2 - the best performing source-available solver

• CBC 2.10 - the best performing free and open source solver

On all tests, we have used a fraction gap of 0.8% as a stopping condition. CBC is severely
underperforming as solving instances takes several hours (up to 10h), so we will not take it
into further consideration. It takes 19.83s on average for Gurobi to solve these instances and
223.62s for SCIP, when using heuristics and 1 CPU thread. We did an additional test on Gurobi
with 8threads and turned off heuristics and that resulted in a substantial increase in runtime
where it took on average 1210.82 seconds for solving our instances, with substantially increased
variance. In line with [11], we report on geometric mean: 17.02s for 1 threaded Gurobi, 185.4s
for 1 threaded SCIP, and 740.95s for 8 threaded Gurobi without heuristics. The details of the
performance of solvers regarding duration can be seen in Figure 1 and Figure 2.

In Figure 3 we can see the detailed performance that disregards durations and compares
the progress of incumbent solutions (measured in the fractional gap to the lower bound) with
a number of processed branch&bound tree nodes. Therein, for each problem we get to see
the number of processed nodes for each achieved optimality gap which corresponds to finding
new, better performing feasible solutions. Gurobi (Figure 3a) manages to solve 17 out of 36
instances without processing any tree nodes, just by using heuristics. And in all other cases, it
manages to find high-quality feasible solutions, which it improves rapidly. We can see in Figure
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Figure 1: Comparison
between Gurobi and SCIP
with 1 thread and heuristics

on

Figure 2: Gurobi
performance with 8 threads

and heuristics off

4 the performance hit Gurobi solver takes when it is not allowed to use heuristics. In that
case, it takes much longer to find the first feasible solution, and later it also takes much longer
to improve the gap. In Figure 3b, we can see the performance of SCIP. It is evident that it
never managed to solve any instance without processing any nodes. For SCIP, heuristics are a
major tool for finding high-quality solutions as well. SCIP reports on heuristics that found the
solutions and most often reported heuristics were (in order): adaptive large neighborhood search
(ALNS) [13], and local search heuristics such as large neighborhood search (LNS) methods such
as RINS [4] and RENS [1].

Faster time to solution enables better adaptivity to changes. This is a crucial benefit in
the uncertain pandemic times which are characterized by a shortage of goods, openness to
new trends, and swinging demand. We avoid unfavorable or forbidden patterns for shops that
cluster the deliveries instead of separating them. This balances the unloading work throughout
the week. Additionally, explicit balancing of the work in warehouses and transportation gives

(a) Gurobi gap performance (b) SCIP gap performance

Figure 3: Gap performance on 1 thread with heuristics on
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Figure 4: Gap performance on 8 threads without heuristics

balanced utilization of resources across the supply chain.

We have noticed a 3% improvement in the quality of delivery schedules (back-measured
against historical data using our objective). Also, a number of deliveries are forced now to go
together which results in a smaller number of shop visits (by pairing up the segment deliveries),
and by balancing the routes through the week we provide a smaller impact on the roads at all
times (no peaks) which reduces peak number of active deliveries on routes. Additionally, the
automated decision-making support enables what-if analyses.

6. Conclusion

We have optimized weekly delivery patterns to the network of 420 shops of a major Croatian
retailer. At the same time, we balanced the utilization of warehouses and transportation. We
put the new delivery scheduling system into operation during the pandemic when the changes
in the uncertain times became extreme, and the reaction times to changes had to become faster.
There were lockdowns and many legal changes regarding the working days, which changed the
definition of standard weeks. We have taken a proactive-reactive approach. We keep the supply
chain aligned through a baseline delivery pattern schedule that is active for a long period. We
track the performance of the baseline pattern and trigger the re-optimization in the case of
degradation. The baseline is a basis of weekly reactive changes for nonstandard weeks - such
as holidays and changes in demands, different sales promotions, etc. When rescheduling the
baseline, we try to keep the new baseline as close as possible to the previous, while respecting
the new needs. Alignment is always an important aspect. Our system is operational since
the May 2020 and it has measurable benefits such as a 3% improvement in the objective
function compared to the previous approach. Also, by balancing the transportation utilization
we reduced the peak and total number of deliveries by pairing them together from different
warehouses, when possible. We have seen that our MIP model has the property that it is
substantially easier to find high-quality feasible solutions than to find near-optimal solutions.
This implies that the problem is not tightly constrained and that the landscape is ”flat”. In that
sense, local search heuristics such as large neighborhood search (LNS) methods such as RINS
[4] and RENS [1], as well as adaptive large neighborhood search (ALNS) [13], have proven very
effective at finding such high-quality solutions. This is in line with the choice of using ALNS
and LNS methods for optimizing similar problems in [5].

At the level of long-term planning, this aggregate model is doing a good job at improving
current operations. However, we see further potential for significantly increasing efficiency
through more detailed tactical-level planning. In future work, we would like to make decisions at
a greater resolution, while now we do so at the granularity of single delivery which uses average
delivery size indicators. We plan to improve or even remove the need for shop clustering within
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preprocessing. Also, we will include storeroom and truck capacities to fine-tune the decisions.
We will try to incorporate vehicle traveling costs in form of distance traveled into the model
by optimizing the routes. We have tried learning a better branching policy for SCIP solver
using a graph convolutional neural network in [9] to accelerate solving this problem. We have
had moderate success with respect to the number of processed nodes. Plain and accelerated
SCIP each had 2 wins between themselves and in 2 instances they were tied on test instances.
Working on learned diving, branching policies, and cuts generation are promising areas that
explore inductive limits inherent in hard combinatorial optimization problems, many of which
are listed in [2]. Family of no free lunch theorems is the most known representative of such
limits.
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Abstract. A genetic algorithm is one of the best optimization techniques for solving complex nature
optimization problems. Different selection schemes have been proposed in the literature to address the
major weaknesses of GA i.e., premature convergence and low computational efficiency. This article
proposed a new selection operator that provides a better trade-off between selection pressure and
population diversity while considering the relative importance of each individual. The average accuracy
of the proposed operator has been measured by χ2 goodness of fit test. It has been performed on two
different populations to show its consistency. Also, its performance has been evaluated on fourteen
benchmark problems while comparing it with competing selection operators. Results show the effective
performance in terms of two statistics i.e., less average and standard deviation values. Further, the
performance indexes and the GA convergence show that the proposed operator takes better care of
selection pressure and population diversity.
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1. Introduction

During the last five decades, many meta-heuristics approaches have been developed to solve
complex nature optimization problems. These include deterministic, stochastic, iterative, population-
based approaches, etc. depending upon their division criteria. A stochastic algorithm provides
the solution to a problem following the probabilistic rules while a population-based algorithm
uses the set of solutions to improve the results. Similarly, a better solution obtained by multiple
iterations uses an iterative approach. The evolutionary and the swarm intelligence approaches
are classified based on simulation theory with natural phenomena.

Genetic algorithm (GA) is the commonly used method of evolutionary intelligence. Its
development stems from Holland’s work [8] in 1975 which utilizes the basic principles of Darwin’s
evolution process. It is a universally used optimization technique that generates a population
of possible solutions and returns the better solution based on Darwin’s “survival of the fittest”
principle. After generating a random population of individuals, it is encoded into a suitable
scheme. Then GA iteratively generates a new population of individuals unless it satisfies some
predefined criteria like the maximum number of iterations, convergence, etc. The important
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feature of GA is that it searches for the global optima using the population of individuals. GA
has vast applications in different fields as highlighted by Goldberg [4].

GA works with the help of three basic operators i.e., selection, crossover, and mutation.
Each operator plays a key role in determining the optimal solution. The major issue with
GA is that it gets stuck at the local optima i.e., premature convergence. This is due to the
loss of population diversity. To tackle this, a lot of work has been done to find a trade-
off between selection pressure and population diversity [10, 12]. Therefore, GA provides the
best optimal results only if it maintains an equilibrium i.e., explores the new areas of search
space (exploration) as well as uses the already detected points (exploitation). This balance is
better maintained by using the suitable selection operator or by the adaptation of probabilities
associated with recombination operators.

GA iteratively generates a new population from the current generation using a suitable
selection scheme. The selection operator defines the procedure to generate a new population.
If it maintains the equilibrium i.e., balances the exploration and exploitation, it will provide
the best near-optimal results efficiently. Otherwise, it will be a simple random sampling with
different results in each iteration. The selection operator is selected according to the problem
complexity.

The selection process determines the individuals to be selected for crossover and the number
of offspring each individual will participate. The objective of the selection process is to reduce
the search space by discarding the worst individuals. Thus, the selection process highly affects
the performance of GA. According to Shivaraj et al. [17] using the selection scheme that works
well in that problem, the quality of results can be improved. A comparison of the performance of
GA has been made using different selection strategies. A detailed analysis of some conventional
selection schemes has been done by Goldberg and Deb [3].

This study focuses on the effectiveness of the selection operators on the performance of GA.
A new selection operator is proposed to maintain a better trade-off between selection pressure
and population diversity. The best individuals, as well as the worst, are selected with some
probability to improve the quality of the population as a whole. In this way, it maintains the
balance between exploration and exploitation.

The rest of this article is divided into five major sections. The Section 2 discusses the
background of selection schemes. The proposed work is presented in the Section 3. In Section
4, criteria for performance evaluation and results are presented. Lastly, the findings of the
current study are concluded in Section 5.

2. Traditional selection procedures: theory and methods

The fitness proportional selection (FPS) was the first selection mechanism proposed by Holland[8].
In this scheme, each individual has been assigned a proportion of roulette wheel according to
its fitness value in the population. The wheel spun marks the pointer to an individual. A
probability pj is assigned to each individual using the following equation:

pj =
fj∑k
i=1 fi

; j = 1, 2, 3, ..., k (1)

Where fj is the fitness value of the jth individual in the population and k is the size of popula-
tion. This scheme assigns more weight to the fittest individual i.e., the individuals with higher
fitness value have more chance of being selected as a parent.

The FPS scheme has been widely studied and applied in various fields like menu planning
[11], scheduling problems [14, 15], spanning tree [18] etc. The main strengths of FPS have
been discussed in the literature such as, it gives a higher probability to the best individuals
and the probability and area of selection remain the same throughout the selection process [1].
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However, there are some drawbacks also, by replacing the whole population with outstanding
individuals, the algorithm will not thoroughly search the possible solutions and will converge to
a sub-optimal solution, this is commonly known as premature convergence [6]. Also, transposing
the fitness function will change the selection probabilities.

Baker [2] proposed the linear rank selection operator (LRS) as an alternative to the FPS
scheme. A probability is assigned to each individual according to their fitness ranking, propor-
tionally to their rank. A sample of individuals is then selected using any sampling procedure
such as roulette wheel sampling and stochastic universal sampling. Selection pressure remains
constant throughout the process because of uniform scaling. In this way, selection probabilities
are assigned regardless of fitness values:

p =
1

k
(η− + (η+ − η−)

i− 1

k − 1
); i = 1, 2, 3, ..., k (2)

where η+ and η− are the parametric values to control the selection pressure and must
satisfy the condition η− + η+ = 2. Baker recommended to use η+ = 1.1 to maintain the
selection pressure. Here η+/k and η−/k are the probabilities of best and worst individuals
to be sampled respectively. This scheme assigns different rank to all individuals even if they
have the same fitness values. It reduces the risk of premature convergence by introducing the
population diversity. This scheme has the drawback that due to high population diversity the
process slowly converges to the optimal solution.

The tournament selection (TS) has been proposed as an alternative to FPS [3]. In TS,
q individuals are randomly selected and compared on the basis of their fitness values. The
individual with higher fitness is declared as a winner. In this way, all winners are selected for
mating pool. Most commonly used tournament size is 2 i.e., binary tournament scheme (BTS).
The tournament size maintains the selection pressure. The higher is the tournament size the
more is the selection pressure [13]. The selection probability of the ith individual in the q
tournament size is given as follows:

pi =
1

kq
[(i)q − (i− 1)q] (3)

The FPS and the TS allocate probabilities based on fitness ranking. The performance of
FPS and BTS is the same in terms of allocation of reproduction probabilities [3]. The allocated
probabilities are not assigned by taking into account the magnitude of the difference of fitnesses.
This is the reason that the reproduction probabilities differ by the same amount regardless of
the difference between the fitness. Moreover, selection pressure is difficult to adjust because
it remains constant throughout the selection process. To allow exploration in the process, the
selection pressure should be low at the beginning of the search and it should rise towards the
end for the convergence of the process [?].

Some linear transformations have also been proposed to improve the FPS scheme [6, 16].
The simple is the linear transformation procedure, where each fitness is transformed linearly
as:

f
′
(i) = af(i) + b (4)

where f
′
(i) and f(i) are the transformed and the raw fitness of the ith individual respectively

and ‘a’ and ‘b’ are the two coefficients. Although, this procedure deals with the scaling problem
but it fails to adjust the selection pressure. A better selection scheme is always needed to balance
the selection pressure and the population diversity. To trade off these two competing criteria
is a difficult task. This article mainly contribute by reducing this weakness of the conventional
selection schemes. The proposed operator introduces the population diversity while maintaining
the selection pressure.
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Another selection scheme Split Rank Selection (SRS)has also been proposed [10]. It splits
the population into two equal parts after sorting them according to their fitness values. The
probability has been assigned according to the following formula:

pi =

⎧⎪⎨
⎪⎩

12i
5K(K+2) , i ≤ K/2

28i
5K(3K+2) , i ≥ K/2

(5)

Further stair-wise selection scheme (SWS) has been introduced by [7]. Its working phe-
nomenon proceeds by dividing the population into five equal parts after sorting them in as-
cending order. The probabilities are assigned according to the following formula:

pi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

i
W (W+5) , 1 < i ≤ W/5

4.5i
W (3W+5) , W/5 < i ≤ 2W/5

9i
W (5W+5) , 2W/5 < i ≤ 3W/5

15i
W (5W+5) , 3W/5 < i ≤ 4W/5

20.5i
W (9W+5) , 4W/5 < i ≤ W

(6)

Using the same idea, Split Based Selection (SBS) was proposed by [9]. It splits the population
into three categories best fit, average fit, and lower fit. The assigned probabilities are:

pi =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

5i
k(2k+5) , i ≤ 2k/5

1
k , 2k/5 < i ≤ 3k/5

15i
k(8k+5) , i > 3k/5

(7)

3. Proposed selection operator

3.1. Motivation

The above discussion concludes that some of the conventional selection schemes either overcome
the problem of selection pressure or high population diversity. As a result either the fittest
parents are selected only for the matting pool or the individuals are selected in such a way that
there is no significant difference in the selection probabilities of best and worst individuals. The
FPS has a major drawback that when the fitness function is transposed it changes the selection
probabilities. As a result, there is not much difference in the selection probabilities of worst
and best individuals. None of the techniques discussed above consider the relative importance
of each individual.

3.2. Proposed scheme: fitness-based selection (FBS) procedure

The proposed scheme is a better alternative to overcome the drawbacks of the above schemes.
Fitness determines the importance of each individual in the population. The FPS, LRS, and TS
do not consider the relative importance of each individual. Because of that, these schemes do
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(a) Selection probability of FBS and
FPS for pop1

(b) Selection probability of FBS and FPS
for pop2

Figure 1: Selection probability of FBS and FPS

not balance the selection pressure and the population diversity. The proposed scheme gives a
better trade-off between selection pressure and population diversity because it uses magnitudes
of the fitness of each individual.

Let we have ‘k′ individuals and mi be the size of ith individual, where i = 1, 2, 3, ...k. For
ith individual, fi be the corresponding fitness value. Then

Mf,t = Median(f(1), f(2), f(3), ..., f(k)),

where f(1), f(2), f(3), ..., f(k) be the fitness values arranged in ascending order of magnitude i.e.,
from worst to best individuals. The expected number of individuals at the next generation will
be:

Mi,t+1 = mi,t.n.Pi,t

where the total number of individuals sum to n. The probability of selection for the ith indi-
vidual at tth generation is:

Pi,t =
(fi +Mf,t)∑k

j=1(mj,tfj +Mf,t)
; i = 1, 2, 3, ..., k (8)

where fi is the fitness value of i
th individual andMf,t is the median of the current population

at tth generation.
To examine the performance of the proposed operator, a hypothetical population of eight

individuals has been taken. The first population is without any outliers in the fitness values. By
adding the median fitness values, the probabilities of least fit individuals increases at starting
generations, and later on best fit individuals show a high selection probability. It is obvious
from Figure 1 that at the starting generations FBS introduces the diversity i.e., it increases
the selection probability of worst individuals as compared to FPS. After some generations, it
maintains the selection pressure by assigning high probability to the fittest individuals. Follow-
ing the same pattern, in the second population with outliers in fitness values, FBS excellently
maintains the equilibrium of selection pressure and population diversity.

3.3. The Sampling procedure

The process of selecting the individuals for a mating pool is a two-step procedure. In the
first step, probabilities are assigned to each individual in the population using any scheme,
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and individuals are sampled in the second step of selection. The sampled individuals mate to
produce the offspring. The roulette wheel sampling scheme has been used. The observed and
expected number of individuals for the proposed FBS operator are compared using χ2 goodness
of fit test.

3.4. The χ2 goodness of fit

The χ2 has been widely used as a measure of average accuracy [16]. It measures the average
difference between the observed and expected number of outcomes. Here it is used to analyze
the average difference between the observed and expected number of offspring produced from
the proposed FBS operator. Let C1, C2, ..., Ck be the k disjoint classes, ϕi =

∑
iεcj

ei be the

expected number of outcomes and Oi =
∑

iεcj
oi be the observed number of offspring. The χ2

as a measure of average accuracy is given as:

χ2 =
∑
iεcj

(Oi − ϕi)
2

ϕi

To obtain the results with the required accuracy, the parameters are fixed to be k= 150 as
the population size with 10 classes. Tables 1 and 2 show the observed and expected number
of offspring produced from FBS and FPS for two different populations: one without outliers
and the other with outliers in the fitness values of the population. The purpose is to show the
consistency in the average accuracy of FBS as demonstrated in Figs. 2(a) and 2(b). Firstly, a
random population is generated and probabilities are assigned using the probability distribution
given in Table 1, then the roulette wheel scheme is applied to get the values of Oi, ϕi and χ2

respectively. The sample mean and variance is obtained by:

ê(F,S) =
1

m

m∑
k=1

χ2

σ̂2
(F,S)

=
1

m− 1

m∑
k=1

(χ2 − ê(F,S))2

While comparing it to the theoretical χ2 distribution, the mean and variance for 10 classes
should be k−1 = 9and2(k−1) = 18 respectively. The estimated mean (variance) for population
1 and 2 are 9.0449 (8.966) and 19.0650 (18.626) respectively.The estimated values are close to
the expected values which confirm the behavior of the sampling scheme corresponding to the
probability distribution of FBS.

i Classes ϕi Oi χ2 Classes ϕi Oi χ2

1 1-24 14.768 15.160 0.901 1-45 14.942 14.600 0.774
2 25-45 15.334 15.180 0.825 46-67 15.258 15.507 0.963
3 46-63 15.085 14.727 1.077 68-82 14.759 14.253 0.768
4 64-79 15.305 15.700 0.764 83-95 15.372 16.047 1.072
5 80-93 15.076 15.007 0.944 96-106 14.688 15.547 1.089
6 94-106 15.077 15.000 0.931 107-116 14.691 14.893 1.037
7 107-118 14.846 14.267 0.740 117-125 14.236 14.187 0.702
8 119-130 15.654 16.267 1.361 126-134 15.190 14.640 0.933
9 131-140 14.011 13.767 1.056 135-142 14.944 14.540 0.813
10 141-150 14.844 14.927 0.913 143-150 15.919 15.787 1.166

Table 1: Classes Ci in Pop1 with expected (ϕi) and observed (Oi) number of individuals for
FBS and FPS
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Figure 2:(a) Average accuracy of FBS for Pop1 Figure 2:(b) Average accuracy of FBS for Pop2

Figure 3:(a) Average accuracy of FPS for Pop1 Figure 3:(b) Average accuracy of FPS for Pop2

i Classes ϕi Oi χ2 Classes ϕi Oi χ2

1 1-25 15.145 15.380 0.864 1-44 15.089 14.706 0.782
2 26-45 15.238 15.006 0.902 45-65 14.969 14.773 0.917
3 46-63 15.373 15.600 0.842 66-81 15.335 15.300 0.941
4 64-79 15.431 15.446 0.758 82-95 15.513 16.020 1.053
5 80-93 14.618 14.000 0.803 96-106 14.313 14.146 1.207
6 94-106 14.834 14.886 0.887 107-116 14.749 14.813 0.909
7 107-118 14.908 15.340 0.993 117-125 14.295 14.526 0.790
8 119-129 14.450 14.500 0.868 126-134 15.370 14.966 0.958
9 130-140 15.337 15.226 1.071 135-142 14.808 14.826 0.889
10 141-150 14.661 14.613 0.974 143-150 15.553 15.920 1.236

Table 2: Classes Ci in Pop2 with expected (ϕi) and observed (Oi) number of individuals for
FBS and FPS
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4. Performance evaluation

In this section, the performance of the proposed FBS algorithm has been evaluated and com-
pared with other selection operators. The simulation study for selection operators is performed
on MATLAB software. Basic information about benchmark functions and the crossover oper-
ators has been provided in the next subsection.

4.1. Testing methodology

The experiment on fourteen different benchmark functions has been set up to compare the
proposed algorithm with other competing selection schemes. These problems have different dif-
ficulty levels and multi-modality. The problems with their essential information are summarized
in the appendix. In addition, results are compared using three different crossover operators,
namely Logistic crossover (LogX), Simulated Binary crossover (SBX), and Laplace crossover
(LX). The Makinen, Periaux, and Toivanen mutation (MPTM) is used as a mutation operator
throughout the study. Experiments are conducted in three groups as four selection schemes
are examined with three crossover operators using the same mutation operator. The parameter
settings used in our simulation study are presented in Table 3

Parameter Settings

Representation Real
Population Size 300
Crossover Schemes LogX, SBX and LX
Crossover Probability 0.75
Mutation Operator MPTM
Mutation Rate 5%
Maximum generation 1000
Number of Dimensions 30

Table 3: Parameter settings used for GA

5. Results and discussion

The simulation results for competing selection schemes are given in Tables 4-6. Results for
Logx-MPTM are displayed in Table 4. The Logx is replaced with the SBX crossover operator
used in conjunction with the MPTMmutation operator in Table 5. Table 6 shows the simulation
results for LX-MPTM.

5.1. Criterion(i)-Average values, S.D and successful runs

Results are compared based on average objective function value, S.D and the number of success-
ful runs. The average objective function value shows the efficiency of an algorithm in providing
nearby optimal results and S.D shows the stability of the proposed operator. The successful
simulation is indicated through successful runs i.e., a run that provides the result within 5%
of the optimal value. The performance of the proposed algorithm is evaluated on fourteen
benchmark functions and results are compared with three other competing selection schemes
(i.e., FPS, LRS, and BTS). The simulation results show less average value for the FBS operator
on all benchmark functions except P3 which shows the less average value for the BTS operator
but the results are more stable for the FBS operator. It solves all the problems with 100%
successful rate than other selection operators.
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In Table 6, the performance is evaluated with LX-MPTM on fourteen benchmark functions.
On comparing the results with other selection schemes, FBS show less average objective function
value and S.D. The successful rate of FBS remains 100% as with other crossover operators.
Therefore, the proposed FBS outperforms other selection schemes based on the first criteria.
Also, the results for LogX-MPTM manifest nearby optimal results (Table 4) than SBX-MPTM
(Table 5) and LX-MPTM (Table 6) [12]. In Table 7, the proposed operator is further compared
with the latest selection schemes [10, 7, 9]. The study findings manifest the better performance
of FBS in producing near-optimal results. The less standard deviation value shows the stability
of the proposed operator. Further, it successfully solved all the problems.

5.2. Criterion(ii)-Performance Index

The other criteria for performance evaluation is the performance index (PI). The PI is calculated
in the following manner:

PI =
1

Np

NP∑
i=1

(t1α
i
1 + t2α

i
2 + t3α

i
3) (9)

where

αi
1 =

Sri

Tri

αi
2 =

Mf i

Lmf i

αi
3 =

Sf i

Lsf i

where i = 1, 2, ..., Np; Sri is the number of successful runs of ith problem; Tri is the total
number of runs of ith problem; Mf i is the mean objective function value of ith problem; Lmf i

is the least mean objective function value of ith problem; Sf i is the standard deviation of ith

optimization problem; Lsf i is the least standard deviation value among all GAs of ith opti-
mization problem and Np is the total number of problems analyzed.
t1, t2 and t3 are the weights assigned to successful runs, mean objective function value and the
standard deviation of the objective function value respectively. Same weights are assigned to
two terms at a time so that the behavior of PI can be easily analyzed. The following three cases
are considered here:

Case 1: t1 = w, t2 = t3 = 1−w
2 , 0 ≤ w ≤ 1

Case 2: t2 = w, t1 = t3 = 1−w
2 , 0 ≤ w ≤ 1

Case 3: t3 = w, t1 = t2 = 1−w
2 , 0 ≤ w ≤ 1

The PI measures the relative performance of FBS with FPS, LRS, and BTS simultaneously.
Figure 4a shows the PI when S.D and successful runs are assigned equal weights. In Figure
4b, PI is computed for S.D by assigning equal weights to average values and successful runs.
Lastly, Figure 4c displays the PI for successful runs with equal weight given to average values
and S.D. All three cases are considered to show the superior performance of FBS. GA with
FPS and BTS converges more rapidly due to high selection pressure. On the other hand, FBS
converges to the optimal solution by taking care of the selection pressure and the population
diversity.
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(a) PI when SD and successful runs are
assigned equal weights

(b) PI when average and successful runs are as-
signed equal weights

(c) PI when average and SD are assigned equal weights

Figure 4: PI measures

5.3. Criterion(iii)- convergence

The GA convergence performed on P9 (Axis parallel hyper ellipsoid) is shown in Figures 5-7.
FPS and BTS converge too quickly at the starting generations due to high selection pressure.
On the other hand, FBS produces lower average results and provides a better trade-off between
selection pressure and population diversity. It can be analyzed on any test problem for all
competing selection strategies.

6. Conclusion

The two problems which are mainly addressed by GA algorithms are exploration and exploita-
tion. The FPS technique lacks population diversity (exploration) while LRS has a deficiency
of selection pressure (exploitation). This paper proposed a new fitness-based selection oper-
ator which maintains a better trade-off between exploitation and exploration using two step
procedure. Firstly, individuals are arranged in ascending order of their fitness values. This
is mainly to overcome the fitness scaling issue. Secondly, probabilities are assigned to each
individual by the proposed FBS operator. For performance evaluation, an extensive simulation
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Figure 5: Convergence of GA with LogX-MPTM
for P9

Figure 6: Convergence of GA with SBX-MPTM
for P9

Figure 7: Convergence of GA with LX-MPTM for P9

study has been conducted using the conventional selection operators with different crossover
schemes. Results demonstrate the superior performance of the proposed operator in compari-
son with the other competing selection schemes. There is also a negligible difference between
the expected and observed number of individuals, as indicated by χ2 goodness of fit test. This
study proves that the proposed operator provides nearby optimal results and might be more
effectively applied to other evolutionary problems.
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Problem Selection Scheme Average Standard deviation Successful Runs

New 13 FBS 2.70E-09 3.57E-09 30
FPS 6.06E-02 2.35E-01 28
LRS 6.06E-02 2.35E-01 28
BTS 3.96E-09 8.63E-09 30

Greiwank FBS 1.05E-02 1.18E-02 30
FPS 1.80E-02 1.34E-02 30
LRS 1.46E-02 2.31E-02 26
BTS 2.80E-02 2.53E-02 28

Cosine Mixture FBS -3.00E+00 1.64E-12 30
FPS -3.00E+00 4.21E-13 30
LRS -3.00E+00 4.74E-10 30
BTS -3.00E+00 2.15E-14 30

Brown FBS 7.87E-11 1.57E-10 30
FPS 4.31E-10 1.18E-09 30
LRS 1.30E-10 1.38E-10 30
BTS 1.50E-10 3.11E-10 30

Generalized1 FBS 2.59E-11 2.90E-11 30
FPS 4.15E-11 5.11E-11 30
LRS 1.41E-10 3.30E-10 30
BTS 4.86E-11 7.86E-11 30

Generalized2 FBS 2.84E-10 6.56E-10 30
FPS 4.00E-10 1.25E-09 30
LRS 3.60E-10 4.72E-10 30
BTS 5.65E-10 1.09E-09 30

Sphere FBS 1.22E-14 3.11E-14 30
FPS 1.12E-13 3.86E-13 30
LRS 2.70E-14 5.85E-14 30
BTS 4.32E-13 1.54E-12 30

New 25 FBS 3.55E-10 3.94E-10 30
FPS 1.67E-09 3.68E-09 30
LRS 5.31E-10 8.82E-10 30
BTS 6.55E-10 1.23E-09 30

Hyper Ellipsoid FBS 1.10E-08 1.31E-08 30
FPS 2.62E-08 4.68E-08 30
LRS 1.22E-08 3.05E-08 28
BTS 1.24E-08 2.15E-08 30

LevyMount1 FBS 5.61E-11 1.08E-10 30
FPS 8.43E-11 1.72E-10 30
LRS 7.17E-11 1.41E-10 30
BTS 5.95E-11 6.50E-11 30

LevyMount2 FBS 2.91E-10 3.46E-10 30
FPS 6.69E-10 1.98E-09 30
LRS 9.77E-10 3.18E-09 30
BTS 1.83E-09 5.02E-09 30

Table 4: Study findings of competing selection strategies for LogX-MPTM
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Problem Selection Scheme Average Standard deviation Successful Runs

Rosenbrock FBS 3.39E-04 4.48E-04 26
FPS 1.20E-03 2.20E-03 24
LRS 1.60E-03 3.20E-03 26
BTS 3.55E-04 5.78E-04 30

step FBS 4.46E-09 6.02E-09 30
FPS 7.44E-09 9.14E-09 30
LRS 7.20E-09 1.14E-08 30
BTS 1.06E-08 1.96E-08 30

Powersums FBS 1.44E-92 5.15E-92 30
FPS 9.98E-84 3.87E-83 30
LRS 3.46E-86 1.34E-85 30
BTS 5.46E-83 1.47E-82 30

Table 4(ii): Table 4 continued

Problem Selection Scheme Average Standard deviation Successful Runs

New 13 FBS 1.85E-04 2.95E-04 30
FPS 2.52E-04 3.63E-04 30
LRS 2.33E-04 3.94E-04 30
BTS 2.86E-01 1.11E+00 28

Greiwank FBS 8.37E-02 1.38E-01 18
FPS 9.76E-02 1.25E-01 16
LRS 1.47E-01 1.44E-01 8
BTS 1.47E-01 1.99E-01 10

Cosine Mixture FBS -3.00E+00 8.63E-06 30
FPS -3.00E+00 6.71E-05 30
LRS -3.00E+00 2.03E-05 30
BTS -3.00E+00 8.34E-05 30

Brown FBS 5.15E-06 9.80E-06 30
FPS 9.72E-06 1.50E-05 30
LRS 1.05E-05 3.20E-05 30
BTS 6.29E-06 1.06E-05 30

Generalized1 FBS 6.74E-07 9.12E-07 30
FPS 1.28E-06 2.57E-06 30
LRS 1.68E-06 2.47E-06 30
BTS 9.50E-07 2.24E-06 30

Generalized2 FBS 1.60E-03 4.10E-03 30
FPS 3.40E-03 5.90E-03 30
LRS 2.30E-03 4.80E-03 30
BTS 2.80E-03 5.80E-03 30

Sphere FBS 1.73E-05 3.95E-05 30
FPS 6.26E-05 1.07E-04 30
LRS 4.06E-05 9.63E-05 30
BTS 8.03E-05 1.98E-04 30

Table 5: Study findings of competing selection strategies for SBX-MPTM
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Problem Selection Scheme Average Standard deviation Successful Runs

New 25 FBS 8.94E-06 1.81E-05 30
FPS 2.14E-05 3.33E-05 30
LRS 8.68E-05 2.35E-04 30
BTS 5.00E-05 1.17E-04 30

Hyper Ellipsoid FBS 4.02E-04 1.10E-03 30
FPS 4.51E-04 1.40E-03 30
LRS 4.43E-04 1.30E-03 30
BTS 1.30E-03 2.40E-03 30

LevyMount1 FBS 1.40E-06 2.67E-06 30
FPS 2.10E-06 3.62E-06 30
LRS 6.04E-06 9.52E-06 30
BTS 8.93E-06 3.07E-05 30

LevyMount2 FBS 1.00E-03 4.00E-03 30
FPS 4.00E-03 1.06E-02 30
LRS 2.50E-03 6.60E-03 30
BTS 7.00E-03 1.08E-02 30

Rosenbrock FBS 1.81E-01 4.07E-01 22
FPS 4.99E+00 1.84E+01 24
LRS 1.92E+00 7.00E+00 20
BTS 2.86E+00 7.71E+00 20

Step FBS 2.40E-05 3.84E-05 30
FPS 7.28E-05 1.84E-04 30
LRS 4.99E-05 1.62E-04 30
BTS 1.82E-04 3.46E-04 30

Powersums FBS 5.67E-83 2.20E-82 30
FPS 1.55E-74 6.01E-74 30
LRS 1.08E-82 3.57E-82 30
BTS 1.54E-82 5.96E-82 30

Table 5(ii): Table 5 continued

Problem Selection Scheme Average Standard deviation Successful Runs

New 13 FBS 2.10E-03 4.20E-03 30
FPS 4.30E-03 6.10E-03 30
LRS 2.80E-03 2.50E-03 30
BTS 2.30E-03 5.00E-03 30

Greiwank FBS 2.84E-01 3.02E-01 6
FPS 3.42E-01 3.24E-01 6
LRS 3.76E-01 3.60E-01 6
BTS 3.95E-01 3.86E-01 2

Cosine Mixture FBS -3.00E+00 1.19E-04 30
FPS -3.00E+00 2.21E-04 30
LRS -3.00E+00 1.57E-04 30
BTS -3.00E+00 1.91E-04 30

Table 6: Study findings of competing selection strategies for LX-MPTM
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Problem Selection Scheme Average Standard deviation Successful Runs

Brown FBS 4.26E-05 3.50E-05 30
FPS 5.22E-05 6.06E-05 30
LRS 5.97E-05 9.43E-05 30
BTS 8.36E-05 9.81E-05 30

Generalized1 FBS 2.30E-05 2.61E-05 30
FPS 3.60E-05 6.29E-05 30
LRS 4.42E-05 8.09E-05 30
BTS 3.94E-05 7.95E-05 30

Generalized2 FBS 1.77E-04 2.07E-04 30
FPS 3.45E-04 5.51E-04 30
LRS 2.50E-03 9.30E-03 30
BTS 2.40E-03 8.80E-03 30

Sphere FBS 2.55E-04 4.38E-04 30
FPS 4.80E-04 6.22E-04 30
LRS 3.56E-04 6.30E-04 30
BTS 4.30E-04 5.10E-04 30

New 25 FBS 2.06E-04 3.20E-04 30
FPS 3.90E-04 8.53E-04 30
LRS 2.32E-04 4.56E-04 30
BTS 3.93E-04 5.82E-04 30

Hyper Ellipsoid FBS 2.90E-03 4.70E-03 30
FPS 6.20E-03 6.20E-03 30
LRS 6.10E-03 5.90E-03 30
BTS 4.70E-03 6.40E-03 30

LevyMount1 FBS 3.24E-05 4.07E-05 30
FPS 3.52E-05 6.57E-05 30
LRS 5.24E-05 5.81E-05 30
BTS 7.43E-05 1.62E-04 30

LevyMount2 FBS 1.87E-04 1.89E-04 30
FPS 3.30E-03 1.17E-02 30
LRS 2.55E-01 9.89E-01 28
BTS 2.00E-03 7.20E-03 30

Rosenbrock FBS 1.15E+00 1.60E+00 1
FPS 3.63E+00 8.46E+00 4
LRS 4.72E+00 9.60E+00 0
BTS 3.20E+00 6.66E+00 2

step FBS 2.69E-02 3.42E-02 20
FPS 1.02E-01 1.76E-01 16
LRS 1.14E-01 2.50E-01 16
BTS 7.25E-02 1.04E-01 20

Powersums FBS 1.69E-84 4.95E-84 30
FPS 1.80E-78 6.96E-78 30
LRS 8.26E-81 3.19E-80 30
BTS 3.84E-83 1.49E-82 30

Table 6(ii): Table 6 continued
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Problem Selection Scheme Average Standard deviation Successful Runs

New 13 FBS 2.70E-09 3.57E-09 30
SBS 1.40E-03 1.20E-03 30
SWS 1.40E-03 1.70E-03 30
SRS 1.40E-03 1.80E-03 30

Greiwank FBS 1.05E-02 1.18E-02 30
SBS 2.00E-01 1.38E-01 6
SWS 1.99E-01 1.63E-01 6
SRS 1.91E-01 1.85E-01 8

Cosine Mixture FBS -3.00E+00 1.64E-12 30
SBS -3.00E+00 3.29E-04 30
SWS -3.00E+00 3.19E-04 30
SRS -3.00E+00 5.73E-04 30

Brown FBS 7.87E-11 1.57E-10 30
SBS 3.25E-05 2.78E-05 30
SWS 4.92E-05 8.18E-05 30
SRS 5.79E-05 8.25E-05 30

Generalized1 FBS 2.59E-11 2.90E-11 30
SBS 1.13E-05 9.92E-06 30
SWS 1.78E-05 2.17E-05 30
SRS 2.78E-05 3.79E-05 30

Generalized2 FBS 2.84E-10 6.56E-10 30
SBS 8.64E-05 9.26E-05 30
SWS 7.58E-05 7.84E-05 30
SRS 6.84E-05 9.08E-05 30

Sphere FBS 1.22E-14 3.11E-14 30
SBS 3.49E-04 3.45E-04 30
SWS 3.16E-04 3.74E-04 30
SRS 2.69E-04 4.50E-04 30

New 25 FBS 3.55E-10 3.94E-10 30
SBS 1.91E-04 1.68E-04 30
SWS 2.41E-04 2.52E-04 30
SRS 2.83E-04 2.27E-04 30

Hyper Ellipsoid FBS 1.10E-08 1.31E-08 30
SBS 8.40E-03 9.00E-03 30
SWS 3.30E-03 2.90E-03 30
SRS 7.30E-03 7.70E-03 30

LevyMount1 FBS 5.61E-11 1.08E-10 30
SBS 6.23E-05 1.05E-04 30
SWS 5.69E-05 7.28E-05 30
SRS 6.23E-05 1.05E-04 30

LevyMount2 FBS 2.91E-10 3.46E-10 30
SBS 1.39E-04 2.08E-04 30
SWS 2.66E-05 3.74E-05 30
SRS 1.39E-04 2.08E-04 30

Table 7: Study findings of SRS, SWS and SBS for LogX-MPTM
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Problem Selection Scheme Average Standard deviation Successful Runs

Rosenbrock FBS 3.39E-04 4.48E-04 26
SBS 1.80E+00 3.45E+00 10
SWS 2.44E+00 7.61E+00 4
SRS 2.58E+00 7.87E+00 2

step FBS 4.46E-09 6.02E-09 30
SBS 3.88E-02 5.05E-02 24
SWS 3.05E-02 4.58E-02 24
SRS 5.54E-02 5.59E-02 16

Powersums FBS 1.44E-92 5.15E-92 30
SBS 9.29E-75 3.60E-74 30
SWS 1.56E-66 6.06E-66 30
SRS 7.18E-72 2.69E-71 30

Table 7(ii): Table 7 continued
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1. Introduction

The first founder of the theory of variational inequalities was registered by Stampacchia in 1964.
Since then, it has served as an interesting branch of applicable mathematics and engineering
with a wide range of applications in physics, finance, social sciences, ecology, industry, and
economics. It contains, as special cases: complementarity problems, systems of non-linear
equations, problems of optimisation, and is also linked to problems of fixed points. A large class
of problem in fluid mechanic, boundary value problem, transportation and equilibrium problems
can be studied by variational inequalities which is another benefit of variational inequalities.

In recent years, various extensions and generalizations of variational inequalities to a system
of variational inequalities have been considered and examined. Research on the approximate
solvability of a class of a system of variational inequalities in a Hilbert space is due to Verma
[19]. Since the 2004s the system is then extended by M Aslam Noor and some others to
system of general variational inequalities [11], system of general mixed variational inequalities
[12] and so on. There are a lot of papers written on System of variational inequalities, in all
these publications the authors used an unclear Lipschitz continuous in the first variable and/or
second variable definition. The aim of this paper is to illustrate that there is no sense in setting
up this definition and all the results obtained in [1]–[25] have no benefit in H ×H.

∗Corresponding author.
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2. Preliminaries

Let H be a real Hilbert space and M be a nonempty closed and convex set in H, we denote by
〈., .〉 and ‖.‖, respectively the inner product and the induced norm in H.
In view of the fact that T1, T2 are both nonlinear operators, some researchers establish the
problem of finding (u∗, v∗) ∈ M ×M such that :{ 〈αT1 (v

∗, u∗) + u∗ − v∗, x− u∗〉 ≥ 0, ∀x ∈ M,α > 0
〈βT2 (u

∗, v∗) + v∗ − u∗, x− v∗〉 ≥ 0, ∀x ∈ M,β > 0
(1)

which is called the system of nonlinear variational inequalities (see [13], [4],[11]). In the other
hand, others (see [5], [22], [15]) establish a system of problems as follows:
Find u∗, v∗, w∗ ∈ H such that, for all r, s, t > 0,⎧⎨

⎩
〈αT1 (v

∗, w∗, u∗) + u∗ − v∗, x− u∗〉 ≥ 0, ∀x ∈ M,α > 0,
〈βT2 (w

∗, v∗, u∗) + v∗ − w∗, x− v∗〉 ≥ 0, ∀x ∈ M,β > 0,
〈λT3 (u

∗, v∗, w∗) + w∗ − u∗, x− w∗〉 ≥ 0, ∀x ∈ M,λ > 0.
(2)

For this purpose, they introduced the following definitions.

Definition 1. A map T : H×H → H is Lipschitz in the first variable if there exists a constant
λ > 0 such that, for all pairs x, y ∈ H,

‖T (x, u)− T (y, v)‖ ≤ λ ‖x− y‖ , ∀u, v ∈ H.

Definition 2. A map T : H × H × H → H is Lipschitz in the first variable if there exists a
constant λ > 0 such that, for all pairs u, ù ∈ H,

‖T (u, v, w)− T (ù, v̀, ẁ)‖ ≤ λ ‖u− ù‖ , ∀v, v̀, w, ẁ ∈ H.

By a careful reading, I discovered that Definition (1) or Definition (2) are the main tool of
all papers. Also, I remarked that some authors have used the definition (1) implicitly. We shall
take Huang and Noor [7] and Verma [19] as examples.

2.1. About Huang and Noor’s paper [7] (see page 359)

Consider the following text taken from the proof of (Theorem 3.1 in [7]).
proof : First we need to evaluate ‖un+1 − u∗‖. From the nonexpansive property of the projection
PK with (7) and (11), we have

‖un+1 − u∗‖ = ‖(1− αn)un + αnPK [vn − ρT1 (vn, un)]− (1− αn)u
∗ − αnPK [v∗ − ρT1 (v

∗, u∗)]‖
≤ (1− αn) ‖un − u∗‖+ αn ‖PK [vn − ρT1 (vn, un)]− PK [v∗ − ρT1 (v

∗, u∗)]‖
≤ (1− αn) ‖un − u∗‖+ αn ‖[vn − ρT1 (vn, un)]− [v∗ − ρT1 (v

∗, u∗)]‖
= (1− αn) ‖un − u∗‖+ αn ‖vn − v∗ − ρ [T1 (vn, un)− T1 (v

∗, u∗)]‖ .

Since T1 is μ1-Lipschitzian in the first variable and (γ1, r1)−cocoercive, we have:

‖vn − v∗ − ρ [T1 (vn, un)− T1 (v
∗, u∗)]‖2 = ‖vn − v∗‖2 − 2ρ〈T1 (vn, un)− T1 (v

∗, u∗) , vn − v∗〉
+ ρ2 ‖T1 (vn, un)− T1 (v

∗, u∗)‖2
≤ ‖vn − v∗‖2 + 2ργ1 ‖T1 (vn, un)− T1 (v

∗, u∗)‖2
− 2ρr1 ‖vn − v∗‖2 + ρ2 ‖T1 (vn, un)− T1 (v

∗, u∗)‖2 .
≤ [

1 + 2ργ1μ
2
1 − 2ρr1 + ρ2μ2

1

] ‖vn − v∗‖ .2
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2.2. About Verma’s paper [19] (see page 207)

Let us look at the following cited text taken from the proof of (Theorem 2.1 in [12]): By
applying Algorithm 2.1, we find

‖uk+1 − u∗‖ = ‖(1− αk)uk + αkPK [vk − ρT (vk, uk)]− (1− αk)u
∗ − αkPK [v∗ − ρT (v∗, u∗)]‖

≤ (1− αk) ‖uk − u∗‖+ αk

∥∥PK

[
vk − ρT

(
vk, u

k
)]− PK [v∗ − ρT (v∗, u∗)]

∥∥
≤ (1− αk) ‖uk − u∗‖+ αk ‖vk − v∗ − ρ [T (vk, uk)− T (v∗, u∗)]‖ .

Since T is μ-Lipschitz continuous in the first variable and (γ, r)−cocoercive, we have:

‖vk − v∗ − ρ [T1 (vk, uk)− T1 (v
∗, u∗)]‖2 = ‖vk − v∗‖2 − 2ρ〈T (vk, uk)− T (v∗, u∗) , vk − v∗〉

+ ρ2 ‖T (vk, uk)− T (v∗, u∗)‖2
≤ ‖vk − v∗‖2 + 2ργ ‖T (vk, uk)− T (v∗, u∗)‖2

− 2ρr ‖vk − v∗‖2 + ρ2μ2 ‖vk − v∗‖2 .
≤ [

1 + 2ργμ2 − 2ρr + ρ2μ2
] ‖vk − v∗‖2 .

3. Main Results

Theorem 1. Let T : H × H → H, be λ-Lipschitzian in the first variable according to the
definition (1), then there exists a λ-Lipschitzian function g : H → H, such that for all x ∈ H:

T (x, y) = g(x), ∀y ∈ H.

Proof. Taking y = x in definition (1), we find

‖T (x, u)− T (x, v)‖ = 0, ∀u, v ∈ H.

Therefore
T (x, u) = T (x, v) , ∀u, v ∈ H.

Note that the value of T (x, y) is always independently of the value of y. So there exists a
λ-Lipschitzian function g : H → H, such that for all x ∈ H,

T (x, y) = g(x), ∀y ∈ H

Corollary 1. Let T : H2 → H, be λ-Lipschitzian in the first variable according to the definition
(1), then T becomes an univariate mapping.

4. Conclusion

Several authors have used the Lipschitz definition with respect to first variable and/or second
variable to solve the system of nonlinear variational inequalities in Hilbert spaces. Unfortu-
nately, they relied on incorrect definitions. The purpose of this paper is not to criticize the
authors of the articles, but to examine what is wrong with their publications to help researchers
who are interested to avoid these mistakes and pay attention when using references on system
of nonlinear variational inequalities. Also, I show that there is no favor in setting up this defi-
nition and all the results obtained in [1]–[25] have no pregress in H ×H. We can redirect the
previous studies [1]–[25] with the logical definitions as follow:
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Definition 3. A mapping T : H×H → H is said to be λ-Lipschitz in the first variable if there
exists constant λ > 0 such that, for all u ∈ H, for all pairs x1, x2 in H,

‖T (x1, u)− T (x2, u)‖ ≤ λ ‖x1 − x2‖ .

Definition 4. A mapping T : H ×H ×H → H is said to be λ-Lipschitz in the first variable if
there exists constant λ > 0 such that, for all u, v ∈ H, for all pairs x1, x2 in H,

‖T (x1, u, v)− T (x2, u, v)‖ ≤ λ ‖x1 − x2‖ .

5. Counterexample

For all y ∈ R, it is clear that the function (x, y) → cos(xy) is |y|-Lipschitzian in the first variable
in the sense of Definition (3) :

∀y ∈ R, ∀(x, x′) ∈ R
2 : | cos(xy)− cos(x′y)| ≤ |y||x− x′|.

But, if we applying the Definition (1) with x = y = 1 and u =
π

2
, v =

π

4
we will find a

contradiction:

| cos 1.π
2
− cos 1.

π

4
| ≤ |1− 1| ⇔ | cos π

2
− cos

π

4
| = 0 ⇔

√
2

2
= 0
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Prof. Marijana Zekić-Sušac, PhD, University of Osijek (2012-2016)
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