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Ivana Ninčević Pašalić
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Josip Mesarić, Faculty of Economics in Osijek, J. J. Strossmayer University of Osijek, Croatia, e-mail: mesaric@efos.hr
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Kristina Šorić, Zagreb School of Economics and Management, Croatia, e-mail:
ksoric@zsem.hr
Richard Wendell, Joseph M. Katz Graduate School of Business, University of Pittsburgh,
USA, e-mail: wendell@katz.pitt.edu
Lidija Zadnik Stirn, Biotechnical Faculty, University of Ljubljana, Slovenia, e-mail:
Lidija.Zadnik@bf.uni-lj.si
Sanjo Zlobec, Department of Mathematics and Statistics, McGill University, Canada, e-mail:
zlobec@math.mcgill.ca
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Arnerić, J., Multiple STL decomposition in discovering a multi-seasonality of intraday trading volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Shaktawat, A., Vadhera, S., Ranking of hydropower projects based on sustainability criteria in India using multicriteria decision making methods . . . . . . . 75
Ganic, M., Hozdic, L., Ridjic, O., A Test of the validity of Crowding-out (or- in)
hypothesis: A new examination of link between public borrowing and private
investment in Emerging Europe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

1

Croatian Operational Research Review
CRORR 12(2021), 1-14

Efficiency of European Airports: Parametric Versus Non-parametric
Approach
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Abstract. This paper presents a performance evaluation of European airports, based on the application of both parametric and non-parametric approaches. We have evaluated the 115 busiest airports
in Europe according to the number of passengers checked-in in 2018. The four inputs we used were
the number of Terminals, Runways, Boarding gates, and Aircraft stands. Three variables were used to
describe the outputs, namely, Passengers, Movements, and Cargo. The parametric method we chose
to apply was the Stochastic Frontier Analysis (SFA) with the Cobb-Douglas production function, the
Half-Normal distribution of inefficiency component, and the Normal distribution of an error term. As a
basic SFA model only allows for a single output, we employed different methods to get a single efficiency
score for each and every airport. Next, we evaluated the airport performance non-parametrically using
several Data Envelope Analysis (DEA) models including the super-efficiency model. We compared the
results obtained by individual approaches and discussed their pros and cons. Finally, we applied the
program evaluation procedure to explore the effect of the different forms of airports ownership on their
performance.
Keywords: airport efficiency, data envelopment analysis, stochastic frontier analysis
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1. Introduction
Airport benchmarking serves the stakeholders as a useful tool to support their decision-making.
Managers can use it to identify the best practice and develop new concepts for improvement,
and governments can assess the impact of their policy decisions. The aviation industry has
developed rapidly over the last years, and different ways of managing airports have evolved
bringing with them the opportunity for the application of various benchmarking techniques.
Our study evaluates the relative efficiency of 115 European airports using the data from the
year 2018.
One of the essential factors determining airport performance is the form of ownership. In
the past, most airports were publicly owned, which is still true in some cases. However, during
the last two decades of the 20th century, privatization took place in many countries. With
this change, competition between airports has also begun to grow. However, the majority of
privatized airports in Europe remains subject to some extent of economic regulation [9]. Current
measures taken by European countries connected to the coronavirus pandemic will have a severe
impact on transportation companies including airlines and airports. Some governments plan to
∗ Corresponding

author.

http://www.hdoi.hr/crorr-journal

©2021 Croatian Operational Research Society

2
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nationalize major airlines to save them from bankruptcy and similar measures may affect the
airports. The change in the airports’ ownership may well have a significant impact on their
productivity and efficiency. So, in the final part of our analysis, we compare the performance
of airports with different forms of ownership.
The paper is organized as follows: A review of already published works in the area of
airport efficiency and the effect of ownership is presented in the second section. The models
for evaluating efficiency and statistical analysis are described in the third section and the data
sample in the fourth section. The results are presented and discussed in the fifth section, and
the last section is the conclusion.

2. Literature review
Since the late 1990s, a lot of academic research has emerged applying quantitative approaches
to assessing the productivity and efficiency of airports. The major studies on large European
airports are represented by Pels et al., [18, 19]. The authors perform analyses separately for
two different outputs for 33 European airports in 1995-1997. They use SFA to estimate the
production limit for the number of aircraft movements, obtain predicted values of aircraft
movements and then use these as another explanatory variable for the number of passengers
carried. Liebert mentions 38 studies in her survey [11] which apply parametric methodology
(mostly stochastic frontier analysis) and 29 nonparametric studies (mostly data envelopment
analysis). Some authors, however, debate the relevance of airport performance evaluation due
to inconsistencies in the data selection and model specifications which result in limited value
for managers. Different techniques and the airports’ heterogeneous character may lead to
controversies across studies [12]. Most of the research has been limited in the number of units
compared, and the regional specification; only 10 papers out of 67 covered by the survey of
Liebert [11] are based on the sample of European airports, and their number ranges only from
25 to 48, so our article aims to fill this gap.
Many empirical studies have analyzed the effects of different ownership forms on efficiency,
but the results have not led to any clear conclusions. Parker [17] utilizes DEA to estimate the
technical efficiency of the British airports covering the period pre and post-privatization. He
finds no evidence that complete privatization leads to improved technical efficiency. Barros and
Dieke [5] analyze data on 31 Italian airports from 2001 to 2003 to reveal that private airports
operate more efficiently than their partially private counterparts. However, Lin and Hong [13]
find no connection between ownership form and efficiency after analyzing a data set of worldwide
airports for the years 2001 and 2002. The results by Vogel [24] on a European set of airports
reveal that privatized airports operate more cost efficiently and receive higher returns on total
assets and revenues. Public airports, in turn, had the advantage of higher gearing and financial
leverage. Oum et al. [15] distinguish between public airports owned by public corporations
and those owned by more than one public shareholder and conclude that different ownership
and governance structures affect the quality of managerial performance. Conversely, Oum et
al. [16] assess a sample of 100 airports worldwide covering the years 2001 to 2003, and they
reach the conclusion that the productivity of a public corporation is not significantly different
from that of a major private airport. So, the effect of ownership on airports’ efficiency so far
remains an open question, and with our paper we aim to add to this debate.

3. Methodology
The parametric approach is represented in our analysis by the stochastic frontier analysis. In
the following subsection, we describe the setting of our SFA model and various approaches
used to aggregate results obtained for the separate outputs into a single measure of inefficiency.
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Then we present several selected models of data envelopment analysis in the subsection on
non-parametric approaches.

3.1. Stochastic frontier analysis
The stochastic frontier model for one output assumes production function of the form
yi = f (xi ; β) · exp(vi ) · exp(−ui ), i = 1, . . . , n,

(1)

where yi is the level of the output and xi is an input vector for i-th unit, vi is symmetric random
error, and ui is nonnegative term representing technical inefficiency, i = 1, . . . , n.
Cobb-Douglas production function was chosen as a suitable functional form for our data:
f (xi ; β) = β0

m
Y

β

xijj

(2)

j=1

The stochastic components of our model (random errors and inefficiencies) were supposed
to have Normal and Half-Normal distributions with following assumptions:
1. vi ∼ iid N (0, σv2 ),
2. ui ∼ iid N + (0, σu2 ),
3. ui and vi are independent of inputs and mutually independent as well.
The maximum likelihood method is usually applied to estimate the parameters as described in
[10]. We have also tested a more general SFA setting, such as using the translog production
function and general Truncated Normal distribution for the inefficiency term but the results
didn’t differ much, and the extra terms were statistically insignificant, so we stick to the simple
case.
As the basic SFA model is designed for a single output only, special procedures have to be
applied to generalize the approach for more outputs. The first option described by [6] is to
substitute the production function in the model by the so-called distance function. The input
distance function is defined as
x
di (x, y) = max{ρ : y can be produced by }
ρ

(3)

The natural assumptions on the production possibility set imply that this function should be
non-decreasing and concave in inputs. After some simplifications, the model for Cobb-Douglas
functional form of di (x, y) can be rewritten as
− lnxmi = β0 +

m−1
X
j=1


βj ln

xji
xmi


+

r
X

γk lnyki + vi − ui ,

(4)

k=1

where ui = lndi (x, y). Unfortunately, the estimation of the distance function is not always as
straightforward as it might seem. The first issue can occur in application of SFA models in
general. It is the correlation between the explanatory variables and the model’s error component, which would violate the basic assumption of the model. This problem can be solved using
the method of instrumental variables. Another issue occurs if the estimated distance function
does not meet the required property of monotonicity and concavity in inputs (unless there is
additional constraint on the coefficients β). Because of these considerations, we also applied
the approach suggested by Scippacercola et al., [20] based on the principal component analysis
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(PCA). We first estimate models for individual outputs separately, then combine the obtained
inefficiencies into one matrix, where the k-th column contains the inefficiencies of all units with
respect to the k-th output. If the first principal component of this matrix extracts enough of the
original variability, we can use it as an estimate of inefficiency. The drawback of this approach
is that using PCA, we can obtain both positive and negative values and the information on the
total size of inefficiency is lost, so it can only be used for the ranking of the units. To get more
robust results, we also used the third approach of scalarization computing the total efficiency
as geomean of efficiencies for individual outputs.

3.2. Data envelopment analysis
Basic models of data envelopment analysis are used to evaluate the relative performance of
decision making units (DMUs) in a homogeneous sample of n units. The efficiency of DMUs is
expressed on the basis of m inputs and r outputs.
If we denote the input and output vectors for i-th DMU by xi and yi , i = 1, . . . , n, we can
express the (input-oriented) efficiency of DMUq by the optimal objective value of the linear
program

min θq ,

∀θq ,λi

subject to

n
X
i=1
n
X

xij λi ≤ θq xqj ,

j = 1, . . . , m,

yik λi ≥ yqk ,

k = 1, . . . , r,

(5)

i=1

and

λi ≥ 0,
n
X
λi = 1,

i = 1, . . . , n,

i=1

where θq represents the necessary reduction of the inputs and the variable λi , i = 1, . . . , n are the
coefficients of the virtual unit projecting DMUq on the efficient frontier. The last constraint
corresponds to the variable returns to scale (VRS) assumption. Although the character of
returns to scale in the area of transportation is subject to a scientific debate [25], most authors
assume the presence of economies of scale in the aircraft industry [4]. Basic DEA models
distinguish between orientation on inputs or outputs. They are called radial because they
indicate the degree of proportional reduction of all inputs (or increase of outputs) to become
effective for a given unit. However, there are groups of models whose formulation does not
require model orientation. These models are referred to as additive models or SBM models (slack
+
based measure) as their formulation is based on additional variables s−
j , j = 1, . . . , m, sk , k =
1, . . . , r, expressing slacks of inputs and outputs.
As a representative of this group, the model proposed by Tone [22] was selected for our
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analysis (Tone’s Slacks Based Measure model; SBMT model):
1−
min
+

∀λi ,sk ,s−
j

1
m

1+

1
r

m
P
j=1
r
P
k=1

s−
j
xqj

,

s+
k
yqk
n
X

subject to

i=1
n
X

xij λi + s−
j = xqj ,

j = 1, . . . , m,

yik λi − s+
k = yqk ,

k = 1, . . . , r,

i=1
s+
k ≥
s−
j ≥

0,

k = 1, . . . , r,

0,

j = 1, . . . , m,

λi ≥ 0,
n
X
λi = 1

and

(6)

i = 1, . . . , n,
(VRS) assumption

i=1

As many benchmarking studies aim to obtain a unique ranking of the DMUs, it is not
desirable to use a method that identifies a large portion of the units as fully efficient. This
situation can often occur when we use ordinary models, mainly when we use many inputs and
outputs and assume variable returns to scale. So the SBMT model has been further modified [23]
to the super SBMT model having more discriminatory power for the units identified as efficient
by the basic model. The super-efficiency SBMT model removes the evaluated unit DMUq from
the set of DMUs and looks for its projection on the efficient frontier (DMU∗ ) determined by
the remaining n − 1 units. The super-efficiency measure is defined as the distance of the units
DMUq and DMU∗ in their input and output space. The virtual inputs x∗i , i = 1, . . . , m, and
outputs yk∗ , k = 1, . . . , r, are determined by the fractional linear program
1
m

min

∗
∀λi ,x∗
j ,yk

1
r

subject to

m
P
j=1
r
P
k=1

x∗
j
xqj
∗
yk
yqk

,
n
X
i=1
n
X

xij λi ≤ x∗j ,

j = 1, . . . , m,

yik λi ≥ yk∗ ,

k = 1, . . . , r,

i=1
x∗j ≥
yk∗ ≤

xqj ,

j = 1, . . . , m,

yqk ,

k = 1, . . . , r,

λi ≥ 0,

i = 1, . . . , n, i 6= q,

λq = 0,
n
X
λi = 1

.

(7)

i=1

The last constraint corresponds to the variable returns to scale assumption. When applying
the method to our data, we followed the two-phase procedure recommended by [8]:
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1. Use the basic SBMT model (without excluding the unit under evaluation from the set
of DMUs in the model) to divide units into efficient and inefficient ones, for which we
compute the SBMT efficiency values.
2. Compute the super-efficiency according to the super SBMT model 7 for efficient units
from the first phase.
By this procedure, referred to as the (super)SBMT model we get values greater than 1 for
efficient units and less than 1 for inefficient DMUs.

3.3. Comparing efficiency across groups: program evaluation procedure
In order to explore the effect of different forms of ownership on the performance of the airports,
we wanted to control for the other factors. So we applied the program evaluation procedure
outlined by Brockett and Golany [7] and Sueyoshi and Aoki [21]. The purpose of this procedure
is to distinguish between the degree of inefficiency caused by the uneconomical operation of the
units and that caused by belonging to a particular group. The procedure includes four steps:
1. Split
Pp the group of all DMUs (j = 1, . . . , n) into p subgroups consisting of n1 , . . . , np DMUs
( i=1 ni = n). Run DEA separately for the individual groups.
2. In each of the p groups, adjust inefficient DMUs to their ”level if efficient” values by
projecting each DMU onto the efficiency frontier of its group.
3. Run a pooled DEA with all n DMUs at their adjusted efficient levels.
4. Apply a statistical test (Mann-Whitney for two groups or Kruskal-Wallis for p > 2) to
the results of the previous step to determine if the groups have the same distribution of
efficiency values within the pooled DEA set.

4. Data for the analysis
There are 1093 airports with assigned IATA ( International Air Transport Association) code in
Europe, see Airport Database 2019 [3]. For our analysis, we intended to cover the 150 busiest
European airports according to the number of passengers transported in 2018. The airport
traffic report of the association Airports Council International shows that highest number of
passengers came through London Heathrow Airport, followed by Charles Airport de Gaulle
in Paris and Schiphol in Amsterdam [1]. Data collection proved to be quite problematic.
No summary was available for many airports; therefore data were searched individually, but
relevant information was missing in some cases. That is why we had to exclude 35 airports
and consequentially, our data sample covers 115 of them. The map in Figure 1 shows all the
airports considered initially for analysis. It is color-coded for airports with complete data and
airports excluded from the study. We can see that almost every European country has at least
one representative in the sample.
In our analysis, the output side is expressed by three variables, namely passengers, aircraft
movements, and cargo. The number of runways, terminals, gates, and aircraft stands were
selected for the inputs. The selection of relevant variables for the analysis was based on a
literature review. The number of terminals was used twice (further, the capacity of terminals
was used twice and the total area of terminals was used 9 times in different studies), the number
of runways was used 7 times (plus 3 further times referring to their area and 4 times to their
total length), boarding gates were analyzed 5 times, and aircraft stands 6 times (and 3 further
times referring to their area). On the output side, 20 studies used the number of passengers, 18
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Figure 1: Map of airports locations

number of aircraft movements, 17 the total tuns of cargo. In addition to the characteristics we
used, there are also sometimes other variables used, like total costs, staff, or check-in counters
on the input side and revenues on the output side [12]. Descriptive statistics of inputs and
outputs of units included in our study are in Table 1.
Minimum
1st quartile
Median
Mean
3rd quartile
Maximum

Terminals
1.000
1.000
1.000
1.687
2.000
5.000

Runways
1.00
1.00
1.00
1.67
2.00
6.00

Gates
4.00
14.50
23.00
43.52
53.00
269.00

Stands
6.00
24.00
40.00
60.85
75.00
340.00

Passengers
1677661
4310005
6962040
14309037
17900050
80124537

Movements
13195
42853
76995
117317
149867
512115

Cargo [t]
51
3800
18543
141920
93922
2176389

Table 1: Table 1: Descriptive statistics of inputs and outputs

5. Results and discussion
The methods described in Section 3 were applied on the data using the R packages deaR,
frontier, and npsf. First we evaluated the SFA model for each output separately. The
parameters were estimated by the maximum likelihood method. Table 5 shows the summary
statistics of these simple SFA models, where the p-values are taken from the (asymptotic) normal distribution. In all three models, the logarithm of the number of terminals appears to be
insignificant, while the other input variables appear to be significant.
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Constant
ln(Terminals)
ln(Runways)
ln(Boarding gates)
ln(Aircraft stands)

Passengers
12.936 ***
(0.189)
-0.007
(0.084)
0.290
***
(0.092)
0.558
***
(0.076)
0.383
***
(0.078)

Movements
8.492
***
(0.196)
-0.037
(0.079)
0.181
**
(0.085)
0.592
**
(0.071)
0.283
**
(0.073)

Cargo
4.117
***
(0.864)
-0.493
(0.341)
0.705
*
(0.360)
0.770
*
(0.283)
1.221
*
(0.299)

Table 2: Estimations of separate SFA models; standard deviations in brackets; *,**,***
denotes statistical significance of 10%, 5%, 1%
We focused on model diagnostics and checked the distribution assumptions for both error members in the model. Figure 2 shows histograms and the probability density of the individual terms.
Using the Kolmogorov-Smirnov test, we do not reject the null hypothesis about the normality
of the error component. The inefficiency component should follow a Half-Normal distribution,
and according to the graphs, it seems that this assumption should be met for all three models. So we can express the individual efficiencies and subsequently apply a suitable method of
their aggregation because we are most interested in approaches that take into account all three
outputs together so they can be compared with DEA models.
As a first approach for multiple inputs, the distance function (4) was used. The logarithm
of the number of terminals was chosen as the normalization variable; however, the same results
would be obtained for any other input. Again, we have checked the assumptions about the
distribution of error and inefficiency component terms. However, all the model parameters
appeared to be insignificant; it is therefore possible that some of the other model assumptions
were not met. The other two possible approaches directly aggregate the efficiencies obtained
using simple SFA models. First, we applied the PCA method to individual efficiencies. The
obtained first main component covered about 58% of the total variability and efficiency of
outputs were represented as follows: number of passengers with a coefficient −0.69, number
of aircraft movements by a coefficient −0.70, and cargo with a coefficient −0.19. We checked
the direction of correlation of the first principal component with the original efficiencies, and
since this correlation was negative, we multiplied the PCA scores by −1 to maintain the same
interpretation as the efficiency rate - the higher the value of the main component, the more
efficient the airport. Now we could arrange the airports from the most to the least efficient. The
last approach was probably the simplest of all mentioned so far, it was based on a geometric
mean of efficiencies obtained by simple models.
We compare the results using Spearman correlation coefficients, which is shown in Figure 3.
If we look at the correlations of simple models, we can see that the model for the number of
passengers is strongly correlated with the model for aircraft movements, but their correlation
with the model for cargo is weak. This may be due to the correlations between the inputs
themselves. Benchmarking of airports using the cargo model is therefore quite different from
the other two. The results of distance function and PCA models are strongly correlated with
the individual models for the number of passengers and the number of aircraft movements,
which again corresponds to the correlations between simple models. The correlation between
all methods for multiple outputs is relatively strong in general. It is surprising that even a
simple concept of geometric mean can compete with more sophisticated approaches.
It is know that basic DEA models can identify several DMUs as fully efficient. As expected,
the model (5) identified only 22 airports as inefficient. The non-radial model defined by equation
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Figure 2: Distribution of error terms of simple SFA models

(6) gave better results with 77 inefficient units. But there is still some space for improving the
results because we cannot rank the units with efficiency equal to 1. So we finally evaluated
the performance of the airports by the two-stage procedure combining the results of (6) with
the super-efficiency model (7). The rank correlations of DEA scores with the SFA results are
shown in Figure 4.
We can see that the basic DEA model scores are poorly correlated with all the other results.
The main reason is probably the low discriminatory power of this model. The best agreement
of non-parametric and parametric approaches (with correlation equal to 0.64) is achieved using
(super)SBMT model of DEA and the geometric mean of individual SFA scores. So for further
comparison, we select these two methods. The top ten performers identified by particular
methods are listed in Table 5.
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Figure 3: Spearman correlations of SFA results

Figure 4: Spearman correlations of DEA and SFA results

Rank
1
2
3
4
5
6
7
8
9
10

DEA: (super)SBMT
Frankfurt- Hahn
London Heathrow
Amsterdam Schiphol
Reykjavı́k
Kos
Santorini
London Stansted
London Luton
Chania
East Midlands

TE
1.321
1.266
1.258
1.241
1.234
1.1 81
1.163
1.160
1.156
1.153

Size rank
111
1
3
46
101
108
19
32
97
80

SFA: Geometric mean
Reykjavı́k
Zagreb
London Heathrow
Bologna
Belfast
Moscow Sheremetyevo
Naples
Lisbon
Milan Orio al Serio
Belgrade

TE
0.826
0.789
0.744
0.739
0.735
0.734
0.730
0.728
0.722
0.719

Size rank
46
91
1
54
7
9
45
16
37
71

Table 3: Technical efficiencies of top ten performers
Only two airports are on both top ten lists. London Heathrow, with 80 million of transported
passengers, is the busiest European airport, and Reykjavı́k - Keflavı́k is the main airport for
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international connections to the whole of Iceland. It seems that smaller airports are preferred
when we apply the DEA method; the best airport Frankfurt-Hahn is actually one of the smallest
in our sample. It has the advantage of geographic location between Frankfurt and Luxembourg,
about 120 km to both cities, so it represents a cheaper alternative to Frankfurt Airport. Other
smaller airports on the list (Kos, Santorini, Chania) serve mainly for seasonal flights of charter
operators. But, on the other hand, big international hubs such as London Heathrow and
Amsterdam Schiphol occupy the top positions of the DEA ranking. Concerning SFA results,
the smallest airport among the top performers is Zagreb which is the second best. Zagreb
airport is the largest and busiest international airport in Croatia, the Croatian flag carrier
Croatia Airlines hub and a focus city for charter operator Trade Air.
Using these results, we analyzed the effect of ownership on airport efficiency measures using
the procedure presented in subsection 3.3. We have classified the airports into three groups:
Fully public (including Fully public - corporatized and Fully public - part of public administration), Fully private, and Mixed group (including Mostly public, Mostly private, Equally public
and private). Our sample comprises 21 fully private airports, 44 fully public, and 50 airports
in mixed ownership. A preview of the DEA and SFA results for 30 busiest airports together
with the ownership cathegory can be found in Table 5.
Name
London Heathrow
Paris Charles de Gaulle
Amsterdam Schiphol
Frankfurt am Main
Madrid
Barcelona
Munich
London Gatwick
Moscow Sheremetyevo
Rome Fiumicino
Orly
Dublin
Zurich
Copenhagen
Palma de Mallorca
Lisbon
Manchester
Oslo
London Stansted
Vienna
Stockholm Arlanda
Brussels
Malpensa
D usseldorf
Athens
Berlin Tegel
Helsinki
Malaga
Saint Petersburg Pulkovo
Geneva

Ownership
Fully private
Mostly public
Mostly public
Mostly public
Mostly public
Mostly public
Fully public - corporatized
Fully private
Mostly public
Mostly private
Mostly public
Fully public - corporatized
Mostly private
Mostly private
Mostly public
Fully private
Mostly public
Fully public - corporatized
Mostly public
Mostly private
Fully public - corporatized
Mostly private
Mostly public
Equal public and private
Mostly public
Fully public - corporatized
Fully public - corporatized
Mostly public
Fully private
Fully public - corporatized

DEA
TE
rank
1.266
2
1.011
36
1.258
3
1.152
11
0.310
64
0.222
71
1.071
18
1.089
14
1.054
22
0.396
55
1.001
38
0.396
56
0.483
49
0.505
48
0.027
99
1.071
17
0.299
65
1.078
15
1.163
7
0.421
52
0.175
79
0.705
40
0.509
47
0.162
83
1.034
26
0.314
63
1.037
25
0.010 106
1.014
34
1.034
27

Table 4: Technical efficiencies of 30 busiest airports

SFA
TE
rank
0.744
3
0.620
39
0.568
55
0.683
20
0.401
91
0.370
97
0.545
61
0.500
75
0.734
6
0.548
59
0.482
80
0.620
38
0.630
36
0.618
41
0.333
99
0.728
8
0.616
43
0.660
27
0.695
14
0.615
44
0.485
79
0.572
53
0.535
64
0.488
77
0.691
17
0.539
63
0.698
13
0.253 106
0.375
94
0.682
22

12
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In Figure 5 we can see two graphs showing the boxplots of DEA efficiency for individual types
of ownership. The black line in the box diagram corresponds to the median, and the black dot
to the mean efficiency. The graph on the left shows the situation when the program evaluation
procedure of subsection 3.3 was not used. It is therefore a comparison of efficiencies between
different ownership groups using an overall model. If we perform the Kruskal-Wallis test for
these values, we obtain a p-value of 0.762, and thus we do not reject the null hypothesis that
there is no effect of ownership on efficiency. However, this evaluation includes possible aspects
of the uneconomical operation of individual airports. The boxplot on the right side of Figure 5
is obtained by the proposed procedure for group comparison using (super)SBMT models. The
differences between groups are more pronounced. In this case, the Kruskal-Wallis test returns
a p-value of 0.064, and therefore we reject the null hypothesis that there is no effect of airport
ownership on the efficiency level at the significance level of 10%. On average, privately owned
airports seem to be the most efficient, followed by a group of mixed-owned airports, and public
airports appear to be the least efficient.

Figure 5: Efficiency comparison; on the left model for the original data, on the right model for the corrected values

6. Conclusion
In this paper, we have evaluated the performance of 115 European airports. We have based
our computations on five inputs, including the number of terminals, runways, boarding gates,
and aircraft stands, and three outputs represented by the number of passengers, aircraft movements, and tons of cargo. We applied SFA model with the Cobb-Douglas production function
and Normal/Half-Normal distribution of error and inefficiency terms. We employed three different scalarisation techniques for the efficiency scores obtained using the individual outputs,
namely distance function, principal component analysis, and geometric mean. The usage of
distance function is restricted by rather demanding assumptions, so it cannot be recommended
as a generic method. The disadvantage of the approach based on PCA is that it provides
no information on the absolute inefficiency level. Another problem may arise when the main
component does not extract enough variability of inefficiency terms. So, for its simplicity and
universal usage, we selected the last option based on geometric average as the most suitable SFA
multi-output model. Next, we evaluated airport performance non-parametrically using three
DEA models (basic model for variable returns to scale, Tone’s additive model, and the superefficiency SBMT model). The last option was selected as the most appropriate to get a unique
ranking of DMUs. We confronted results obtained parametrically and non-parametrically and
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realized that there is a strong positive association between SFA and DEA scores (Spearman
correlation of 0.64). We used these obtained results to explore how airports’ performance is
affected by their form of ownership. Applying the naive approach comparing the efficiency
scores of individual airports, we found no statistically significant difference in the performance
of airports with different forms of ownership. After applying an advanced approach controlling
for the influence of inefficiencies caused by individual managerial failures we obtained quite
contrasting results identifying private airports as the most efficient and public airports as the
least efficient.
The limitation of similar studies is given by the sensitivity of results to the methodology employed. The values of the effective scores are influenced by the model specification including the
selection of a particular model from the portfolio of parametric or non-parametric approaches
and determination of inputs and outputs, economies of scale, etc. In addition, some annual
reports on airport performance show evidence of inconsistencies over time and there is also
high possibility of the occurrence of other biases caused e.g. by longer-term effects of lumpy
capital investments. [14]. This paper aims at getting more robust results by combining findings
obtained by different models. Nevertheless the topic deserves further examination; one possible
way of extending the study is to cover longer time period.
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Abstract. One of the main goals of any higher education system is developing students’ critical thinking. Critical thinking contributes to decision-making and problem-solving skills, whether for professional or personal purposes. Teaching, on the other hand, has been largely influenced by new information technologies which have changed some of the related concepts and tools. The quality of the
teaching process is multidimensional which is why no single unit of its measurement has been developed
yet, in spite of numerous surveys that have collected massive amounts of information from the existing
practice. The aim of this paper is to establish the most appropriate higher education quality measure,
which would consist of all relevant indicators from different aspects, including implementation of critical
thinking in the teaching process, weighting by two main groups of participants in the process - teachers
and students. Multicriteria decision-making has been recognised as a suitable framework for achieving
this goal. In fact, the problem of measuring teaching staff performance could be set up as a classical
problem of multicriteria decision-making. With this approach the quality of teaching process should
be simultaneously estimated by n quality assurance criteria and in accordance with those criteria m
alternatives (professors) would be ranked or estimated.
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1. Introduction
Educational system is a large, complex and ‘living’ system in which rapid development of science
and technology allows no time for long-term adaptation. Changes introduced with the purpose
of harmonization with the highest standards of excellence must be fast and efficient. Recently,
transformation of educational processes has been further accelerated by new and unexpected
conditions caused by COVID-19 and the ensuing epidemiological measures. The situation required such changes that would meet the requirements of the epidemiological measures and
at the same time allow for an ongoing and undisturbed operation of the educational system.
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Compliance with the epidemiological measures reduced the spatial capacity of higher education
institutions which resulted in part of the teaching being held at a distance. However, the implementation of changes cannot be based on the existing teaching methods which are not effective
under new conditions and could potentially reduce the efficiency of the entire higher education
system. Replacing ‘traditional way of teaching’ with distance learning involves implementation
of a series of new tools such as forums, chats, quizzes, workshops in the teaching process where
both teachers and students have to respect all pedagogical norms. Such a dramatic shift in the
approach to teaching provided new opportunities for improving methods aimed at developing
students’ critical thinking (CT).

1.1. Quality of higher education
By 2025, the projected global demand for higher education could reach 263 million students.
This represents an increase of 163 million students in the last 25 years (since 2000). Increase in
demand for higher education is accompanied by a growing demand for quality assurance that
can be a driver for institutions to achieve excellence in higher education [23]. There are several
aspects of quality that are important in higher education – teaching process as a whole, teachers’ qualities, students’ qualities, quality of literature and ways of adopting new lectures. The
quality of the teaching process in higher education is achieved through curriculum planning,
choosing relevant content and developing students’ competences. Planning, organising and
implementing the teaching process requires adopting a multidisciplinary approach. Students
should be equipped for lifelong learning and should develop the ability to apply theoretical
knowledge to devise solutions to everyday practical problems [10].
The authors add several more criteria to this first aspect of quality – the course workload
is in accordance with the assigned ECTS credits, the harmonization of all forms of teaching has
been achieved, the method of knowledge assessment is appropriate and in accordance with the
anticipated skills and competencies, and the teaching process provides time and opportunities
to practice critical thinking. In terms of teachers’ qualities it is important that the teacher is
highly proficient in the course content and is well prepared for teaching, that he/she answers
questions regularly and clearly, connects theory with the practical examples, leads the teaching
process efficiently using both his/her own materials as well as external sources. It is important
for teachers to have good communication skills and to be able to create a pleasant teaching
atmosphere (risk-free environment excluding mockery). In addition, he/she must be available
to students for individual discussions during office hours, allow students to think and theorize,
be objective and promote the active involvement of students in the learning process (enhancing
critical thinking) [4, 28]. Students, according to [28], need to develop self-confidence and awareness of the value of their opinions and ideas, they need to be actively involved in the teaching
process, listen to a variety of opinions with respect and express their own judgement, but also
in some cases refrain from it.
Teaching materials are a prerequisite for the success of education. According to [10] higher
education teachers are able to (among many other things) design and prepare both teaching
materials and assessment materials to evaluate students’ achievements. Mandatory teaching
literature and materials from alternative sources need to be available to students in order to
enhance their acquisition of factual knowledge and encourage thinking. Quality also depends
on lectures availability in video form. Last but not least are the ways of adopting new lectures through classes, reading, multimedia, demonstration and practice, group discussion, team
projects, peer – teaching and applying what has been learned, self-evaluation. Consequently,
application of scientific methods and modern technologies is unavoidable in the quality management of higher education systems because it allows an even distribution of responsibility
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based on timely, independent and inexpensive procedures in excellence testing.

1.2. Improving the quality of the teaching process
Modern higher education processes are learner-centred which is a crucial prerequisite for effective learning. Learner-centred education demands appropriate methodologies that can be
used by teachers to provide a variety of learning experiences [1]. However, formal acceptance
of some education models is not sufficient for enhancing effectiveness. Achieving a high quality
of teaching has never been as challenging as it is today and the challenge has encouraged new
trends in higher education, which cross both institutional and national borders [24]. This is
why Croatia cannot and does not want to avoid these global trends, especially those that lead
into European flows. In that context speed, effectiveness and excellence are its basic orientation
model.
This study presents a model for evaluation of quality of educational activities and its application in the observed institution. The general hypothesis is that the model conceived in
this way can equally well support processing of the given excellence parameters of multiple aspects of education. Consequently, the paper is a contribution both to the basic research in the
field of operational research (particularly usefulness of multicriteria analysis) as well as to the
assessment of adoption of information-communication technologies in education. Verification
and validation of the model is carried out on the example of excellence indicators processing in
accordance with the current achievements in this field.
Previous improvements will be embedded in a newly developed model that will evaluate the
quality of the teaching process with the aim of developing students’ critical thinking skills as
a basic prerequisite of employability. Namely, as mentioned above, the current ways of determining the quality of teaching observe partial segments such as student satisfaction with the
teacher’s attitude, teaching or examining the possibilities of developing critical thinking skills
among students. We believe that incorporating different aspects into a single model of the
teaching process quality is possible by applying the multicriteria decision-making. Thus, the
quality of teaching will be viewed from a process approach, i.e. the teaching process will be
viewed through the roles of all stakeholders: future employers of current students, students as
end users of the teaching process who need to acquire knowledge and critical thinking in the
most appropriate way, and teachers as owners of the whole process. Also, it is highly important
to mention that this paper is oriented towards students and their preferences and it assumes
that learning outcomes set by teachers are aligned with the needs of employers as a result of
standard procedure defined by Croatian Qualifications Framework. Therefore, the proposed
model should result in the harmonization of wishes of all stakeholders that are included in the
learning process. Furthermore, the use of the AHP method will enable combining students’
subjective preferences and teachers’ objective assessments of the possible applicability of students’ preferences in the teaching process, all in accordance with the desired teaching goals set
by employers.

2. Integration of the elements of the teaching process
Formal education, as we have known it so far, is losing its purpose in the age of the Internet
and available online materials that enable individuals to learn independently [5, 18, 13]. This is
a mitigating circumstance that allows most of the work to be transferred to the students during
the distance learning period. Critical thinking should be seen as a basic academic competency,
akin to reading and writing, which needs to be taught [12].
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2.1. Process approach to higher education
A process is simply something actors in that particular process do to get something done
(completed). Accordingly, process approach entails considering all the activities and perceiving
them as sets of inputs and outputs. For every process it is very important to understand how it
is done, when it is done, who does it, what is needed to get it done and how do you know it is
working effectively [26]? In higher education, we recognise three major stakeholders – employers,
teachers and students. Authors also emphasize this particular process because they want to
include critical thinking (skills) in existing evaluations. Where information and communication
technology (ICT) is implemented in the teaching process we distinguish between two main
approaches to teaching/learning: face-to face (F2F) learning (less use of available technology)
and distance learning that includes e-learning and traditional distance learning (with more
use of available technology) [9, 28]. The ultimate goal is to bridge the gap between students’
current knowledge and employers’ requirements. This paper assumes that the requirements of
the employers are aligned with the curriculum, which implies that teachers know what they need
to teach their students. On the other hand, teacher has to be adapted to the students without
lowering the criteria of successfully acquired knowledge. Moreover, new research implies that
critical thinking is one of the most important determinants of high education.

2.2. Developing student critical thinking
It is often suggested that there are two relevant characteristics that are important for the
success of an academic program - facilitating critical thinking and encouraging a variety of intellectual styles [14, 17]. Critical thinking enhances decision-making and problem-solving skills
whether in professional or personal matters and it is thus crucial that the instructors recognize
the importance of developing such skills in their students. Discussions of the responsibility
for teaching students to use higher level thinking skills has been on educators’ agenda since
the 1980s [29]. There are many teachers that support the concept of critical thinking and its
implementation in curriculum, but at the same time they lack confidence or fear the lack of
capacity to do it. Finally, in exam-oriented cultures there is a huge emphasis on learning the
facts and information to excel on tests and usually that harms development of creative and
critical thinking abilities [22]. Research findings support the idea that such skills can be taught
and developed, i.e. that students can improve their quality of thinking if schools adopt critical
thinking strategies and techniques [3].
CT skills usually involve five segments: determining the reliability of sources, argument, prediction, causal explanation and determining parts-whole relationships. Likewise, the very construct
of CT is seen as consisting of seven dimensions: truth seeking, open-mindedness, analyticity,
systematicity, CT self-confidence, inquisitiveness and maturity [30]. It is suggested that pedagogical skills such as background knowledge, thinking strategies and habits of the mind are
crucial in improving critical thinking skills among students [19].
Even though development of CT skills is recognized as one of the most important goals in
education, there is very little evidence to help teachers decide how to enhance them [16]. In
addition, it often seems that teachers do not practice the four learning processes: assumption
analysis, imaginative speculation, contextual awareness and reflective scepticism. This suggests
that in education CT skills are practised only to a very small extent [7]. Literature indicates
two possible ways of introducing critical thought in education: ’build in’ instructions with critical thinking skills incorporated into the content matter or explicit instructions with specially
designed lessons to provide guidelines in critical thinking skills [16].
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It is of great importance that teachers involve students through questions, discussion and reflection. Active learning methods offer the best solution in support of critical thinking. For
example, if students have time to ponder the question, discuss it in teams or elaborate their
answers to others, they are far more likely to use critical thinking skills at more advanced levels
of Bloom’s taxonomy [22].
The empirical research proposes that positive mood can have beneficial effects on problem
solving and cognitive flexibility [15]. Moreover, it is suggested that there are three kinds of
classroom interaction that are influenced by instructors: the extent to which faculty members
encourage or use students’ ideas, the cognitive level and the amount of student participation,
and last but not least is the amount of discussion among students in the classroom. Some even
suggest that it is far more important what students do for courses than how teachers teach their
courses. Teachers need to learn how to organize the class presentation, how to formulate and
ask questions, and how to give clear explanations about the abstract themes. They also need to
pay attention to course assignments or exams and their importance to the course, which requires
determining the specifics of the assignments and making sure they incorporate ’extraction of diverse ideas from multiple sources’ [27]. When considered in the context of developing CT skills
teachers can be seen as differing in terms of: (i) their attitude towards critical thinking, style of
thinking and competence; (ii) the way they approach the teaching of CT skills; and (iii) the way
they organize the teaching content [6]. Finally, it is important that the lever between students
and teachers is in balance, i.e. that both sides contribute to the development of critical thinking.
According to Bloom’s taxonomy, students need to implement a wide range of intellectual
abilities ’remember ’ (knowledge), ’understand ’ (understanding), ’apply’ (application), ’analyse’ (analysis), ’evaluate’ (evaluation) and ’create’ (synthesis). These should be encouraged by
teachers in course of teaching and exam sessions [20]. In order to achieve this teachers need to
ask students to: recall the information, provide explanations, demonstrate ideas or opinions,
make an analysis, assess, and think of other potential approaches to the task [21]. Nowadays,
Learning Management Systems (LMS) allow teachers to better understand and serve learners.
For example, critical thinking in Moodle-based LMS can be achieved in multiple ways – through
Forums, Quick Messaging, Additional Resources, Industry Exposure, Quality Assessments and
Feedback [11].

2.3. ERR model as an example of a process for development of CT
Evocation, Realization of meaning, Reflection (ERR) model was first described by Vaughn and
Estes in 1986 and it was modified by Meredith and Stelle in 1997. The models’ basic features are
closely related to encouraging critical thinking and in-depth processing of information. In the
evocation phase, the goals are to connect existing knowledge with new knowledge and motivate
students for the new lecture. In the realization of meaning phase, students come into contact
with new information that they should adopt, while in the reflection phase students think about
what they learned and strengthen the connection between new knowledge with the existing one
[2]. Teachers’ tasks in each of the phases will be listed down below. It should be noted that
discrepancy between the teaching style and the students’ learning style can be a reason for failure
in learning, along with the common problems of insufficient motivation and prior knowledge [8].
In the evocation phase, the teacher asks for active participation in the repetition of the material
on the teaching topic, motivates students for the topic, successfully raises students’ awareness
of their existing knowledge required for processing the topic, and introduces the goals of the
teaching unit. Secondly, in the realization of meaning phase the teacher motivates and helps
students to construct their own knowledge about the teaching unit, transfers his/her knowledge
to the students through the lecture, and cooperates with students in interpreting the teaching
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material by requiring interaction if/when necessary. Thirdly, in the reflection phase teacher
relates the previous knowledge with the new material/new topic, asks students to present new
information in their own words and encourages the exchange of ideas among students. The
ERR model is not difficult to adapt to teaching content if the teacher is motivated to improve
the quality of teaching and to encourage the development of critical thinking and active learning
among students [2].

3. Integrate approach based on multicriteria analysis
Currently, the world is living under new conditions, often referred to as the ’new normal’, caused
by the COVID19 epidemiological measures. These measures, along with the other turbulent
changes in social phenomena, require application of universal techniques and methods. In
this chapter, the process of determining a holistic view of the teaching process quality will be
presented, based on the previously conducted analysis.

3.1. Defining the set of indicators for quality evaluation
The first step is to determine what has to be obtained as the research output, i.e. what is the
final result of the research and what changes have to be made. In accordance with that all
indicators are defined. When choosing an indicator it is crucial to select an adequate number
of them (if there are too many indicators they can ’suffocate’ the problem solving process, but
at the same time it is important that indicators crucial for final decision-making are not left
out). In large systems, such as educational, sudden changes can lead to decline of efficiency
in obtaining their goal. Moreover, educational systems cannot be interrupted to implement a
change and then resumed. Changes have to be made along the way [4].
Considering the experience of advanced systems of higher education an expert team has to
define groups of excellence indicators. From the empirical materials, factors are selected that
best coincide with the 3 basic dimensions that authors find equally important (listed down
below).
3.1.1. Desired teacher profile
The owner of the whole teaching process is the teacher, which makes it essential to determine
teacher qualities, including the features that surface during the distance learning period. The
criteria to determine the desired teacher profile were established based on a range of questionnaires and student experience during direct classroom teaching and distance learning period.
The criteria are organised in sets as indicated by Figure 1, which presents only the section that
refers to teachers (from number 11). The section with sets from 1 to 10 refers to the student
profile which is not the focus of this paper.
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Figure 1: Desired teaching profile in Expert Choice
Five sets of parameters were developed to determine the desired teacher profile: lecture
quality, quality of teaching process management, teacher’s motivational skills, quality of organization and production of teaching materials and last but not least proficiency in applying
on-line tools for teaching. Students were required to assess each criterion listed according to
the level of importance. It turned out that ‘lecture quality’ received the highest average grade
while the lowest was assigned to ‘proficiency in applying on-line tools for teaching’.
3.1.2. The importance of each teaching phase
Given the importance this study is assigning to developing students’ CT skills, ERR framework
has been selected as an excellent example of a process that facilitates this endeavour. Methods
and techniques were developed for each phase of the ERR model - revision of the old material
required for the adoption of the ’new’ material, transfer of the ’new’ material and linking the
’old’ and the ’new’ material. Sets of methods developed by the authors are shown in Figure 2.

Figure 2: The importance of 3 teaching phases in Expert Choice
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3.1.3. Assessing the learning outcomes
Last activity in the teaching process is checking (assessing) students’ acquired knowledge. This
activity is equally important for students as it is for teachers. For students it is a proof of
achievement of the desired level of knowledge and for teachers it is a way of identifying the
possible improvements of the existing and previously adopted activities in order to achieve
better student success. In this way the improvement of the whole teaching process is achieved.
The goal of assessing students’ learning outcomes has been grouped into 2 sets of criteria – the
continuity of checks and verification methods (as shown in Figure 3).

Figure 3: Checking learning outcomes in Expert Choice

3.2. Subjective estimating of indicators’ weighting according to students’ preferences
Second step is weighing the indicators. In this procedure, one should be cautious of not assessing “all indicators as equally important” as well as of allowing simplified assessments made
by individuals prone to “weight” the indicators by themselves. Modern decision-making theory
argues that the methods based on pairwise criteria evaluation are most acceptable and that
they are more objective than those by which the decision-maker determines the importance of
all objects in one step. As already stated, the process approach focuses on user satisfaction.
In this case this is student satisfaction which is why they need to be involved in weighing the
indicators. Their subjective assessment of weight values of the indicators will reflect their preferences in terms of the elements of quality - teachers’ quality, quality of the entire teaching
process, as well as the quality of the assessment of the learning outcomes. Thus, the quality
criteria are adjusted to the users’ subjective requirements. It is important to note here that
this is not about determining the level of the learning outcomes that students are required to
achieve, (which is defined by the curriculum) but only about the method that is or will be used.
In order to gather the necessary data a 22-item questionnaire was developed and administered via the Internet. The first 10 questions aim at determining student profiles. Each of the
remaining 12 items consists of a set of criteria that students had to assess on the scale from 1
to 5 (1 being the lowest and 5 the highest grade) based on the importance they attach to them.
These 12 questions are the focus of this research paper and they are important to determine
the three goals presented in figures 1, 2 and 3:
• desired teacher profile,
• the importance of teaching phases and
• checking the learning outcomes.
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Total weight of each criteria in the groups was calculated as the arithmetic mean of values
that were assigned by all students. This gives an order of criteria according to the students’
subjective preferences.

3.3. Objective assessment of students’ preferences
The third step is to assess the possibility of students’ subjective preferences by the teachers. It is
necessary to determine whether the students’ preferences can be incorporated into the curriculum. Therefore, the teachers must further evaluate the student’s preferences which leads to the
objectivity of the model. For example, if a student considers the possibility of distance learning
to be important, the teacher should evaluate the objectivity of its feasibility. To evaluate the
importance of indicators and the formerly mentioned factors representing sets of indicators this
paper uses one of the most respectable methods in that area, the analytical hierarchy process
(AHP). AHP, also known as eigenvector method as the first step in the analytic hierarchy process, as it is generally accepted, is one of the best methods for determining the criteria weights
in any multi-criteria decision-making problem. This paper has adopted a hierarchical view of
the problem of the quality of teaching process in higher education which makes AHP a particularly suitable method. Analytical network process (ANP), for example, structures a decision
problem as a network, and is searching for complex and interrelated relationships between decision elements. This paper started from AHP for determining the criteria ponders, while in
the second step, i.e. when the alternatives (teaching staff and their performance) are included,
any other multi-criteria method (PROMETHEE, TOPSIS, ELECTRE) can be used.
The experts in the observed area (in this case – teachers) will provide assessments about how
much a certain factor, or category, is better or worse than any other (pairwise comparison)
which will result in the so called Saaty matrix of mutual comparison. Based on this matrix it
is possible to calculate the final weight or importance of every factor by using an appropriate
software (e.g. Expert Choice) [25]. In the same way, in the next step, evaluation of indicators
within each category is carried out. The results of this study were calculated by Expert Choice
and are shown in figures 4-6:

Figure 4: Desired teacher profile – weighting indicators
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Figure 5: Teaching phases – weighting indicators

Figure 6: Checking outcomes – weighting indicators

3.4. General model for implementation in the institutions of higher
education
The scores generated in this study are not universally applicable to every institution of higher
education because all research data was collected at the Faculty of Economics, Business and
Tourism in Split (Croatia). Therefore, the present paper does not discuss the results of the
survey in great detail. However, the model developed and criteria presented can be applied
at any institution of higher education by incorporating their own data (customized use of the
model). Follows a summary of the most important features of this model. Firstly, it consists of
three parts (dimensions): desired teacher profile, importance of each teaching phase (based on
ERR framework) and checking the learning outcomes, each equally important. Criteria have
been developed for each part of the model based on empirical research and student experience
during the distance learning and direct classroom teaching. Firstly, students assess each criteria
(on the scale from 1 to 5) based on their preferences (thus, applicability to all study programs
is achieved). Secondly, experts perform a pairwise comparison, generate the so-called Saaty
matrix and calculate the final weight of each criteria (using software like Expert Choice). After
this step, weighting indicators are obtained for each criteria. In the next step, students have
to assess the teachers again (but now they are giving grades to the teachers rather than the
importance of the criteria). It is important to state here that if any of the methods is not
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applied by the teacher then a zero value is assigned to that criterion. According to this model,
a teacher that applies more than one method in teaching has an advantage over the one who
applies only one method. Lastly, final teacher grade presents the sum of the product of the
coefficients of the criteria and the grade of the teacher. To conclude, the model was developed
as a higher education quality measure that consists of all relevant indicators that are weighted
by different actors (both teachers and students) which was the aim of this research paper.

4. Conclusion
The shocking development of the situation caused by the COVID19 crisis accelerated the process
of introducing information technologies in higher education. The current circumstances indicate
that the academic year 2020/2021 will continue to present challenges in terms of implementing
the teaching process. In accordance with the official projections of the development of the
current situation, it is expected that teachers should be prepared for various scenarios: F2F,
distance learning as well as complete online teaching. The current obstacles will eventually
be overcome and we will be able to choose our teaching preferences again. This time we
will be able to choose from a wider range of options that we have mastered in this daunting
period. Undoubtedly, it will be necessary to use the new knowledge and skills about learning
and teaching gained during this period. This paper has adapted its approach to end users,
without lowering the criteria of successfully acquired knowledge. Likewise, the presented model
formalized the way of evaluating the development of critical thinking as one of the students’
essential skills after graduation. Finally, it is very important to mention that in the process
of determining the quality of teaching processes weighting coefficients are used to weigh the
student grades of teachers. The successfully developed model indicates that it is possible to
include multiple aspects of quality of education in a single model which the hypothesis presented
at the beginning of the paper.
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discussants at the 2020 KOI conference in Šibenik. Also, we want to thank all 302 students at
the Faculty of Economics, Business and Tourism who responded to our survey.

References
[1] Aithal, P. S., and Suresh, K. (2016). Teaching – Learning Process in Higher Education Institutions.
International Journal of Modern Physics A, 2(1), 662-676. https://ssrn.com/abstract=2800585
[2] Akalović Antić, J., Harmina, A., and Meter, J. (2016). Primjena ERR okvira na nastavnu jedinicu: aritmetička sredina. Poučak: časopis za metodiku i nastavu matematike, 17(65), 5-20.
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Abstract. People have different financial behavior depending on their psychological characteristics,
which can reflect their financial security. Self-control is also an important predictor of financial security.
People with greater self-control are more likely to save money and less likely to get into debt. Therefore,
they are more secure and satisfied with their financial situation. This paper explores whether good
self-control directly affects financial security or if its impact comes indirectly through good financial
behavior. For the purposes of the research, a survey analysis was designed and applied to a sample
of 494 respondents. Structural equation modeling was used for testing the research hypothesis. The
results confirmed that there is a significant mediating effect of financial behavior on the relationship
between self-control and financial security. The research contributes to a better understanding of
financial behavior predictors among individuals with different psychological characteristics. Future
research should also include testing for differences between various demographic groups of people in
the impact of self-control on financial behavior and security.
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1. Introduction
Financial well-being can be subjectively evaluated by people’s attitude towards their financial
situation. People can feel more or less anxious or secure about their own financial decisions,
which are influenced by their specific financial behavior [18]. Individuals differ in their habits
and their behaviors. While some people show good and disciplined financial behavior, other
people make poor financial decisions, which consequently leads them to less financial security.
Their behavior depends on multiple factors, such as psychological characteristics, financial
literacy, demographic characteristics, and self-control [14, 20, 23]. Self-control is significant in
many areas of life, and it is an important predictor of financial security. It can be defined as
“sacrificing short-term outcomes in favor of long-term outcomes” [6]. In the context of financial
behavior, people with greater self-control are more likely to save money and less likely to get
into debt. Therefore, they are more secure and satisfied with their financial situation.
This paper explores whether good self-control directly affects financial security or if its
impact comes indirectly through good financial behavior. The research hypothesis states that
financial behavior mediates the relationship between self-control and financial security. For the
purposes of the research, a survey analysis was designed according to previous research [15, 20]
and applied to a sample of 494 respondents in Croatia. The research contributes to a better
understanding of financial behavior predictors among individuals with different psychological
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characteristics. It is important for the individuals themselves to understand what the underlying
cause of their certain financial decisions is in order to improve them and achieve better financial
security. It can also be learned if there are differences in the predictors of financial behavior and
financial security in Croatia compared to other countries. Since there is not much research to our
knowledge that explores the effect of self-control on financial security, this research contributes
to the scientific literature with new findings, expanding the conclusions of Strömbäck et al. [20].
The structure of the paper includes an introduction, followed by a theoretical framework and
literature review. Afterwards, the research methodology and data are presented and described.
Then, the results of the empirical analysis are provided and discussed. Lastly, a conclusion is
given along with future research recommendations.

2. Theoretical framework and literature review
The financial decisions of individuals influence their subjective attitude towards their present
and future financial security. People are primarily different in their demographic characteristics.
In addition to that, individuals are unique in relation to their psychological characteristics, such
as personality, optimism, intuitiveness, etc. In the context of financial behavior, people’s ability
to make quality decisions is important. This is directly influenced by these aforementioned
psychological characteristics, but also by individual self-control [15, 20].
Self-control is “the ability to resist urges and self-regulate unwanted behavioral impulses”
[21]. It forces an individual to sacrifice short-term outcomes in favor of long-term outcomes [6].
In financial decision-making, self-control is known to be an important psychological resource
for controlling compulsive buying and the tendency to get into debt [2, 12]. People should
recognize if they face a control problem and understand how it affects their choices, since their
ability to control impulses is a crucial factor for success in many areas of life, including financial
decision-making [4, 20]. In this context, self-control can be seen as financial control, which
refers to the managing of an individual’s revenues and expenses [12]. Shefrin and Thaler [18]
stated that self-control is incorporated into the behavioral life cycle (BLC) hypothesis and it
is more or less costly depending on people’s mental accounts and [3] stated that control skills
are important in monitoring the patterns of spending. They also suggested that these skills are
the underlying cause of the propensity to plan. The self-control of buying urges was examined
through an experiment, which proved that impulsive behavior can be reduced over time when
exercising self-control improvement [24]. Strömbäck et al. [20] explored the impact of selfcontrol on financial behavior and financial well-being in Sweden. They found that people with
high self-control have better financial behavior and that they were less anxious and more secure
about their financial situation. Younas et al. [28] conducted similar research in Pakistan,
where they analyzed the impact of self-control and financial literacy on financial well-being.
They concluded that self-control has no direct impact on financial well-being. Instead, they
stated that the impact is indirect. On the other hand, other research [19] found that self-control
mediated a partial effect of financial knowledge and financial attitudes on financial management
behavior. Financial behavior was also found to be positively influenced by financial attitude
and self-control [10].
In addition to self-control, other non-cognitive factors also influence financial behavior.
Behavioral heterogeneity should be considered when exploring financial behavior. Namely,
individuals are unique according their personality, preferences, attitudes, emotional stability,
etc. Parise and Peijnenburg [16] concluded that people with lower non-cognitive abilities tend
to make poorer financial decisions, thereby decreasing financial security. Another psychological
trait, which can greatly influence financial behavior, is optimism. Optimistic people are more
prone to saving, they work harder and retire later. On the other hand, depressed individuals are
more pessimistic about all aspects of the future [20, 22]. In addition, other research [3] found
that people with financial planning skills, monitoring abilities, and budgeting skills will be
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more successful in overcoming problems with poor financial decisions, such as excessively high
spending. This can be seen as deliberative thinking, which can be described as a more effortful,
explicit, and consciously controlled process. This kind of behavior can be found more often with
professional financial traders rather than non-professional financial traders [15, 26]. Opposed
to deliberativeness, intuition or intuitive thinking is often an emotionally charged process,
which is effortless and implicit [15]. One study [20] found a positive influence of optimism
and deliberative thinking on financial behavior. Another [15] concluded that decision domains
determine whether an individual is going to rely more on intuitiveness or deliberativeness in
decision-making.
To summarize, self-control has been found to have a positive impact on financial behavior.
This means that people with more self-control are better at managing their finances, not engaging in compulsive buying, and not getting into debt [2, 3, 4, 6, 10, 12, 18, 19, 20, 21, 28]. Besides
self-control, some other psychological factors have been found to influence financial behavior.
The focus of this research is on non-cognitive factors, which reflect self-reported measures of
personal preferences, personality behavior, thoughts, and feelings, instead of analyzing cognitive
abilities, which can be numerically measureable [16, 20]. This research considers several noncognitive factors as predictors of financial behavior. These factors, in addition to self-control,
are optimism, deliberativeness, and intuitiveness. There is not much research connecting selfcontrol with financial security. Therefore, relying on the research of Strömbäck et al. [20], this
study aims to obtain a better understanding of their findings by investigating if this impact
of self-control on financial security is direct or if it comes indirectly through good financial
behavior, which is the primary aim of the research. Secondly, this research provides an insight
into additional non-cognitive factors, such as potential predictors of financial behavior, thus
extending the research model of Younas et al. [28].
Considering the research goal, the following research hypothesis is proposed:
H1. Financial behavior mediates the relationship between self-control and financial security.

3. Methodology
3.1. Research instrument
For the purpose of conducting the research, a survey questionnaire, based on previous studies,
was designed and applied. The research was carried out in the period of October to December
2019. The survey questionnaire was distributed in electronic form via social networks and email in order to collect data from a random sample of respondents. It consists of several parts.
The first part of the survey refers to the socio-demographic characteristics of individuals. The
second part of the survey refers to financial planning and financial management, while the last
part of the survey encompasses questions regarding self-control and the socio-emotional traits
of individuals.
In the group of questions about financial planning and financial management, there are six
questions regarding financial behavior and three questions representing attitudes towards one’s
financial security. These questions were based on previous research [20]. In the last part of
the survey, there are six questions representing self-control, three questions on optimism, and
four questions for both deliberative thinking and intuitiveness. This group of questions was
formed according to [15] and [20]. The answers to the questions from the survey regarding the
respondents’ agreement with certain statements which measure different concepts of interest,
were formulated as a 1-5 Likert scale (1=strongly disagree, 5=strongly agree), as formulated in
their previous applications. The scale for self-control and optimism was reversed, due to the
nature of the questions and the hypothesized relationships in the research model.
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3.2. Data
The research focuses on Croatian residents of all age groups. Data was collected through
random sampling, since each person had an equal chance of being included in the sample,
and the selections of people were made independently [25]. The final sample includes 494
respondents. There is no missing data.
The sample includes 37% male respondents and 63% female respondents. The average age
of the respondents is 37.31 years, while the median age is 35 years. Most of the respondents
are highly educated. 26.3% of the respondents had finished high school or a lower level of
education, while half of the sample (50.4%) had finished undergraduate study or a lower level
of education. The average income of the respondents is 7576.28 kunas, while the median income
is 6200 kunas.

3.3. Statistics
The data collected through the survey was analyzed by using the statistical packages SPSS 23.0
and Mplus 7. Convergent validity was tested using the average variance extracted to “measure
the convergence among a set of items representing a latent construct” [8]. Discriminant validity
was tested according to the Fornell and Larcker criterion, in order to check “the extent to
which a construct is truly distinct from other constructs in the model” [8, 29]. Additionally,
Cronbach’s alpha coefficients were calculated for the reliability analysis in order to “determine
the extent to which the variables are consistent in their values” [8]. To test the research
hypothesis, the structural equation modeling (SEM) was used. SEM is an appropriate method,
since the research model consists of multiple causal relationships between latent constructs and
it can test the significance of both direct and indirect effects. Therefore, by using SEM, it is
possible to test for mediation, i.e. the effect of an intervening variable or a construct between
two other related constructs [8], which is the primary goal of this research.
SEM “enables the simultaneous examination of a series of interrelated dependence relationships between the measured variables and latent constructs, as well as between several latent
constructs” [8]. Latent constructs cannot be directly observable. Instead, they are measured
by one or multiple indicators. These indicators are known as “measured (observed, manifest)
variables, whose scores are collected and entered in a data file” [8, 11]. SEM analysis includes
two steps. The first step is to develop a measurement model, to specify the indicators for the
constructs, and to enable an assessment of construct validity. If the measurement model shows
good fit, the next step is to specify a structural model, which represents “a set of one or more
dependence relationships between the latent constructs” [8]. This research uses several latent
constructs: financial security, financial behavior, self-control, optimism, deliberative thinking,
and intuitiveness. The exogenous constructs in the model are self-control, optimism, deliberative thinking, and intuitiveness. Financial behavior and financial security are endogenous
constructs, where financial behavior is also a mediating construct. As already mentioned, all of
these constructs are measured via several variables, i.e. the corresponding questionnaire items.
Even though SEM has plenty of advantages compared to other methods, it also has its
flaws. Namely, “SEM analysis should have a strong theoretical base, but sometimes researchers
just look for statistically significant results, without sufficient theoretical justification of their
model” [17]. Therefore, “post hoc model tuning” in SEM may result in senseless models [13].
A path diagram for the proposed theoretical model is shown in Figure 1.
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4. Empirical results and discussion
4.1. Validity and reliability analysis
According to the two-step modeling approach in SEM analysis, it is first necessary to assess
construct validity and reliability. Construct validity measures the extent to which the indicators
actually represent the latent construct and it is explored through convergent and discriminant
validity. Convergent validity measures the convergence among a set of items representing a
latent construct and it was tested with average variance extracted (AVE), while discriminant
validity tests if a construct is truly distinct from other constructs. Testing for discriminant
validity was conducted according to the Fornell and Larcker criterion. Furthermore, reliability
analysis was used to “measure the convergence among a set of items representing a latent
construct and to define the extent to which the variables are consistent in their values” [8, 27, 29].
Table 1 shows the results of the convergent validity and reliability analysis. It can be noticed
that all standardized factor loadings are statistically significant and their values are higher than
0.5, showing that the indicators reflect the corresponding latent variable almost perfectly. AVE
shows the explained variance of the construct. All AVE values are higher than 0.5, therefore
confirming the strong convergent validity of the constructs [8, 29]. Cronbach’s alpha coefficients
were used for the reliability analysis. Acceptable values for these coefficients are mostly in the
range from 0.70 to 0.95, whereas some researchers consider the value of 0.60 adequate [27].
Cronbach’s alpha coefficients for all constructs are above the threshold of 0.7, indicating an
internal consistency of the items.
Factor
Financial
behavior (FB)

Financial
security (FS)
Self-control
(SC)

Optimism
(OPT)
Deliberative
thinking (DT)

Intuition (INT)

Item*
FB1
FB2
FB3
FB4
FB5
FB6
FS1
FS2
FS3
SC1
SC2
SC3
SC4
SC5
SC6
OPT1
OPT2
OPT3
DT1
DT2
DT3
DT4
INT1
INT2
INT3
INT4

Standardized
factor loading
0.523**
0.648**
0.742**
0.572**
0.839**
0.893**
0.841**
0.922**
0.776**
0.549**
0.714**
0.712**
0.802**
0.712**
0.726**
0.792**
0.787**
0.792**
0.841**
0.797**
0.829**
0.883**
0.774**
0.907**
0.772**
0.769**

AVE
0.512

Cronbach’s
alpha
0.802

0.720

0.849

0.500

0.798

0.625

0.788

0.702

0.873

0.652

0.843
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*FB1 – “I comparison shop when purchasing a product or service”; FB2 – “I pay all my
bills on time”; FB3 – “I stay within my budget or spending plan”; FB4 – “I began or
maintained an emergency savings fund”; FB5 – “I save money from every paycheck”; FB6 –
“I save for a long term goal such as a car, education, home, etc.”; FS1 – “I feel secure in my
current financial situation”; FS2 – “I feel confident about my financial future”; FS3 – “I feel
confident about having enough money to support myself in retirement, no matter how long
I live”; SC1 – “I get distracted easily”; SC2 – “I do things that feel good in the moment but
regret later on”; SC3 – “I often act without thinking through all the alternatives”; SC4 – “I
only focus on the short term”; SC5 – “The future will take care of itself”; SC6 – “I live more
for the day of today than for the day of tomorrow”; OPT1 – “If something can go wrong
for me, it will”; OPT2 – “I hardly ever expect things to go my way”; OPT3 – “I rarely
count on good things happening to me”; DT1 – “Developing a clear plan is very important
to me”; DT2 – “I like to analyze problems”; DT3 – “I prefer well-prepared meetings with a
clear agenda and strict time management”; DT4 – “I usually have clear, explainable reasons
for my decisions”; INT1 – “When I make a decision, it is more important for me to feel the
decision is right than to have a rational reason for it”; INT2 – “When I make a decision,
I trust my inner feeling and reactions”; INT3 – “I prefer drawing conclusions based on my
feelings, my knowledge of human nature, and my experience of life”; INT4 – “I hardly ever
go wrong when I listen to my deepest gut feelings to find an answer”.
* Significant at 0.01 level
Table 1: Convergent validity and reliability for the constructs
The results of discriminant validity testing can be found in Table 2. The table represents the
correlation matrix between the latent constructs. The values on the diagonal show the square
root of each AVE, which are compared to the correlation coefficients for each construct in the
relevant rows and column. All of these values have a greater value than the correlations with
other constructs. Thus, discriminant validity is supported [8, 29].
FB
FS
SC
OPT
DT
INT

FB
0.716
0.532
0.382
0.184
0.441
0.248

FS
0.848
0.280
0.136
0.248
0.115

SC

0.707
0.492
0.314
-0.097

OPT

0.790
-0.095
-0.153

DT

0.838
0.602

INT

0.808

Table 2: Discriminant validity of the constructs

4.2. Structural equation modeling and mediation testing
As already stated, there are several latent constructs in the model: FB, FS, SC, OPT, DT, and
INT. Each of the constructs is measured through a number of variables, which are represented
by the corresponding survey questions, which are given in Table 1. The answers to these
questions are formulated as a level of agreement with the given statements on a 1-5 Likert scale.
Considering that the Likert scale is an ordinal type of variable, the mean and variance adjusted
weighted least squares (WLSMV) method of estimation is used [11]. The model consists of
six latent constructs and 26 indicators. It has 287 degrees of freedom, making it overidentified
and suitable for further analysis. Unit loading identification (ULI) constraints were imposed to
achieve model identification, as is usual, which means that one unstandardized coefficient for
each construct is fixed to equal one [11].
The majority of model fit statistics, seen in Table 3, show acceptable fit, except for the
Chi-square test, which yields a significant result. However, this criterion is rarely satisfied with
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larger sample sizes (over 200), because the Chi-square value increases along with the sample size
[5, 7, 8, 9, 11, 17]. Hence, considering the limitation of the Chi-square test and other acceptable
fit statistics values, the model is retained.
All standardized estimates for the hypothesized paths of the model are statistically significant, except for the path from INT to FB. Therefore, it is found that SC and other psychological
characteristics of individuals, except for INT, positively and significantly affect FB. Moreover,
SC has a positive significant impact on FS as well. The highest impact is the one from FB to
FS. Thus, it can be concluded that higher self-control, more optimism and a higher tendency
for deliberative thinking lead to better financial behavior, i.e. people with those characteristics
are more likely to save and not get into debt. Higher self-control and more disciplined financial
behavior lead to higher financial security.
In order to test the research hypothesis, it is necessary to test for mediation. A mediating
effect exists if a third construct intervenes between two other related constructs [8]. Firstly, it
can be seen that SC significantly affects both FS and FB, while FB also significantly affects
FS. The direct effect from SC to FS is 0.090 (p-value 0.038), while the indirect effect is equal to
0.116 (the product of the paths from SC to FB and from FB to FS; p-value 0.001). The total
effect of SC on FS is the sum of the direct and indirect effects and it is equal to 0.207 (p-value
≤0.001). In a previously tested model, with no mediator between SC to FS included, the path
coefficient from SC to FS was 0.098 and it was significant. Therefore, since this path coefficient
lessened, but remained significant when the mediator FB was included, it can be concluded
that partial mediation is supported [8]. To measure the proportion of the total effect that is
operating through the mediator, a ratio of the indirect to the total effect is calculated. It is
found that 56% of the total effect of self-control on financial security is due to good financial
behavior.
Thus, the research hypothesis is supported: Financial behavior mediates the relationship
between self-control and financial security.
Hypothesized path Standardized estimates
p-value
SC →
− FB
0.234
0.001
OPT →
− FB
0.114
0.050
DT →
− FB
0.322
0.000
INT →
− FB
0.094
0.138
SC →
− FS
0.090
0.038
FB →
− FS
0.498
0.000
χ2 =1007.171, p-value≤0.001,RMSEA (90% C.I.)=0.071 (0.067-0.076),
CFI=0.935, TLI=0.926
Table 3: Results of the structural model with goodness of fit measures
The path diagram of the final model with its standardized estimates is presented in Figure 1.
Bold lines represent statistically significant paths. As already discussed, the only insignificant
path is the path from INT to FB, which can clearly be seen in the path diagram below.
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Figure 1: Path diagram with standardized estimates

5. Conclusion
The aim of this research was to explore if there is a mediating effect from SC to FS through FB.
The data for the research was collected through a survey analysis. The final sample includes
494 respondents who are residents of Croatia.
Firstly, the results of the structural model indicate a positive influence of SC, OPT, and
DT on FB. Specifically, it means that people with higher self-control, people who are more
optimistic, and people prone to deliberative thinking will have better behavior in the context
of finance. Therefore, these are psychological characteristics that influence people’s tendency
to save more money and manage their finances in better ways by not getting into debt. On
the other hand, INT, which is practically the opposite of DT, has not been shown to have a
significant impact on FB. In addition, SC positively affects FS, indicating that people with
higher self-control have a more positive attitude towards their current and future financial
security. More disciplined financial behavior also causes individuals to feel more secure about
their finances.
The research hypothesis stated that financial behavior mediates the relationship between
self-control and financial security. This was examined by testing for specific indirect effects
compared to the previously tested model without the mediator between SC and FS. It was
found that there is a significant mediating effect of FB on the relationship between SC and
FS. Specifically, partial mediation is supported and it shows that 56% of the total effect of
self-control on financial security is due to good financial behavior. These results confirm the
research hypothesis.
The main limitation of this research is the fact that only an electronic form of the survey
was used, so some demographic and social groups might be excluded and/or included unevenly.
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The research contributes to a better understanding of financial behavior predictors among individuals with different psychological characteristics. Future research can explore whether a
model respecification can provide insights into self-control predictors. It should also include
testing for differences between various cultures and demographic groups of people in the impact of self-control and other different psychological characteristics of individuals on financial
behavior and security.
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Abstract. Whenever a firm is maximizing its profit, it necessarily has to minimize its cost. Thus, the
cost minimization problem is one of the central problems in the theory of the firm. When presenting
this problem, the majority of microeconomic textbooks use very well-known production functions,
such as Leontief, Cobb-Douglas, or other CES production functions. The goal of this paper is to
analyze the cost minimization problem with the generalized Sato production function. The generalized
Sato production function is one of the non-standard production functions with variable elasticity of
substitution. First, we show that the generalized Sato production function is continuous, strictly
monotone, strictly quasiconcave and that a positive amount of output requires positive amounts of
some of the inputs. Next, by using mathematical programming we show that the cost minimization
problem with generalized Sato production function has a unique solution. This result is very important
since it implies the existence of the corresponding cost function and conditional input demands.
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1. Introduction
The most general way to characterize the firm’s technology is the production possibility set.
Often, however, it is considered that firms producing only a single product from many inputs.
Thus, a production function is a more convenient way of describing the firm’s technology (see
[4]). Furthermore, as opposed to using the more general production possibility set, using
a production function in the analysis is very special, but theoretically very important. To
illustrate the stability conditions of the growth equilibrium, a new production function (1) was
introduced at the meeting of the Econometric Society in 1963 by professor Ryuzo Sato (see
[10]):

Y = F (K, L) =

K 2 L2
,
aK 3 + bL3

(1)

where a > 0, b > 0, Y is the total output, K is the capital, and L is the labor (see the
Figure 1). One of the recent applications of the function (1) can be found, for example, in [8].
In microeconomic theory, the production function, f, is a mapping from Rn+ into R+ .
Furthermore, some properties of the production function are assumed as follows (see [4]).
∗ Corresponding
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Assumption 1. The production function, f : Rn+ → R+ is continuous, strictly increasing, and
strictly quasiconcave on Rn+ , and f (0) = 0.
The proof that the function (1) satisfies the properties in Assumption 1 is given in [5].

Figure 1: The 3D and 2D graphs of the Sato function from (1), with (a, b) ∈ {(1, 3), (1, 1), (5, 1)}
In 1969, the generalization of the Sato production function (1), called the generalized Sato
production function, given by equation (2) in Section 3 of this paper, was proposed by Geithman
and Stinson (see [3]). They commented on the exponents in the numerator and denominator
of (1), i.e. they generalized these exponents in a way that the generalized Sato production
function stays linearly homogeneous. Furthermore, they commented on diminishing returns of
the generalized Sato production function, but they didn’t provide the proofs that the generalized
Sato production function is continuous, strictly increasing and strictly quasiconcave. Thus, the
first goal of this paper is to fill this gap. On the other hand, to the best of our knowledge,
the solution of the cost minimization problem with the generalized Sato production function is
missing in the literature, and therefore the second goal of this paper is to discuss and give the
rigorous mathematical analysis of that problem.
The structure of the paper is as follows. After the introduction and the notation, the
definition of the generalized Sato production function is given in the third section. In the
fourth section, the preliminary facts which are necessary for further analysis are given. The
first goal of the paper is disseminated in the fifth section, i.e. we show that the generalized
Sato production function satisfies all properties give in Assumption 1. In the sixth section, the
uniqueness of the solution of the cost minimization problem with generalized Sato production
function is proved. Before the conclusions, some numerical examples are given in the seventh
section.

2. Notation
We use the following notation from [3]:

The cost minimization problem with generalized Sato production function

x
y
c, d
α, β
γ
R+
R2+
x≤y
xy
g Sato
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the amount of the first input (capital, for example)
the amount of the second input (labor, for example)
positive real numbers, c > 0, d > 0
positive real numbers such that β ≥ α > 1
γ = α + β − 1, γ > 0
the set of all non-negative real numbers
R2+ ≡ {(x1 , x2 ) : xi ≥ 0, i = 1, 2} ⊂ R2
xi ≤ yi , i = 1, 2, where x = (x1 , x2 ), y = (y1 , y2 )
xi < yi , i = 1, 2, where x = (x1 , x2 ), y = (y1 , y2 )
the generalized Sato production function

3. The generalized Sato production function
The generalized Sato production function, g Sato : E ∪{(0, 0)} ⊂ R2+ → R+ , is defined as follows:
(
g

Sato

(x, y) =

xα y β
cxα+β−1 +dy α+β−1

0

, for (x, y) ∈ E,
, for x = y = 0,

(2)

where
n
E = (x, y) ∈ R2+ : αdy α+β−1 − c(β − 1)xα+β−1 ≥ 0,
o
βcxα+β−1 − d(α − 1)y α+β−1 ≥ 0, x2 + y 2 > 0

(3)

c, d > 0 and β ≥ α > 1.

(4)

and
Instead of capital K and labor L, here we use the notation x and y, respectively. The set E from
(3) is called the economic region of production (see, for example, [1], [7] or [11]). All first partial
derivatives of the production function are nonnegative over the economic region of production.
For example, the economic region for the famous Cobb–Douglas production function is the
whole first (positive) quadrant. However, it can be proved that the partial derivatives gxSato
and gySato are nonnegative over the set E. Since the first partial derivatives of the function (2)
over the set E are given by
gxSato (x, y) = 

xα−1 y β



α+β−1
− c(β − 1)xα+β−1 ,
2 · αdy

(5)



α+β−1
− d(α − 1)y α+β−1 ,
2 · βcx

(6)

cxα+β−1 + dy α+β−1
|
{z
}
>0

gxSato (x, y) = 

xα−1 y β

cxα+β−1 + dy α+β−1
|
{z
}
>0

the set E can be equivalently written as (3). Furthermore, because of (4), the following
inequality holds:
β−1
β
<
.
α
α−1

(7)
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By combining (3) and (7), it follows that the set E can be equivalently described as
(
E=

(x, y) ∈

R2+

\ {(0, 0)} :

c(β − 1)
αd

1
! α+β−1

·x≤y ≤

βc
d(α − 1)

1
! α+β−1

)
·x .

(8)

From (8) it easily follows that E is a convex set and that E ∪ {(0, 0)} is a convex cone. The
Figure 2 illustrates the economic region E given by (8), and the Figure 2 illustrates the graph
and the corresponding economic region of the function g Sato from (2). Let us now find the
second partial derivatives of the function g Sato . Let γ = α + β − 1, γ > 0, and

Figure 2: The illustration of the economic region E


M (x, y) = α(α − 1)d2 y 2γ + α(α − 1) + β(β − 1) − γ 2 cdxγ y γ + β(β − 1)c2 x2γ .

(9)

After some calculations, we have
Sato
gxx
=

xα−1 y β−1 M (x, y) Sato
xα y β−2 M (x, y)
xα−2 y β M (x, y) Sato
3 , gxy = −
3 , gyy =
3 .
cxγ + dy γ
cxγ + dy γ
cxγ + dy γ

(10)

4. Preliminary facts
In order to show that the generalized Sato production function satisfies the properties from
Assumption 1, we will use the weighted inequality between arithmetic mean and geometric
mean (WAG–inequality) and the mean value theorem (MVT) for functions of two variables.
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The Shepard’s theorem about the concavity of the homogeneous production functions will be
used later, in the sixth section.
Theorem 1 (WAG–inequality). For all real numbers λ1 , λ2 > 0 and a1 , a2 > 0, the following
inequality holds:
λ2
λ1
λ1 a1 + λ2 a2
1
≥ a1λ1 +λ2 a2λ1 +λ2 ⇔
≤
λ1 + λ2
λ1 a1 + λ2 a2

1
λ1

λ2

.

(11)

(λ1 + λ2 )a1λ1 +λ2 a2λ1 +λ2

The proof of the Theorem 1 can be seen, for example, in [2].
Theorem 2 (MVT). Let U ⊆ R2 be open. Let f : U ⊆ R2 → R be a function with continuous
partial derivatives fx and fy . For all distinct pairs (x, y) and (u, v), such that the segment
[(x, y), (u, v)] is contained in U, there exists an intermediate point (η, ζ) on the line segment
joining the points (x, y) and (u, v) such that
f (u, v) − f (x, y) = (u − x)fx (η, ζ) + (v − y)fy (η, ζ).

(12)

The proof of the Theorem 2 can be seen, for example, in [9].
Theorem 3 (Shephard – Homogeneous production functions are concave). Let f be
a production function and suppose it is homogeneous of degree α ∈ h0, 1]. Then f is a concave
function.
The proof of the Theorem 3 can be seen in [4].

5. Properties of the generalized Sato production function
In this section we show that the generalized Sato production function satisfies the properties
from Assumption 1: continuity, strict monotonicity, strict quasiconcavity and the value of the
function at the point zero must be the zero (see [4]). Since by definition (2) the value of the
generalized Sato production function at the point zero is g Sato (0, 0) = 0, in this section we
prove that g Sato is continuous, strictly increasing and strictly quasiconcave.
Proposition 1. The generalized Sato production function is continuous.
Proof. The function g Sato is obviously continuous over the set E (see (2)). Thus, we only have
to prove that g Sato is continuous at the point (0, 0). Hence, we have to prove that for all  > 0
there exists δ = δ() > 0 such that for all (x, y) ∈ E holds
p

(x − 0)2 + (y − 0)2 < δ ⇒

For λ1 = α, λ2 = β, a1 =

cxγ
α ,

a2 =

dy γ
β ,

xα y β
− 0 < .
cxγ + dy γ

(13)

by using WAG–inequality (inequality (11)), we have
1
 α+β
xα y β
=

 α 
 β .
cxγ α+β dy γ α+β
(α + β) α
β



α β

α·

x y
+β·

cxγ
α

α β

dy γ
β

≤

x y

 α 
 β
cxγ α+β dy γ α+β
(α + β) α
β

(14)
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For any arbitrary but fixed  > 0, let
c
δ = δ() = (α + β)
α
Suppose that

α
! α+β

d
β

β
! α+β

· .

(15)

p
p
p
x2 + y 2 < δ. Since x < x2 + y 2 < δ and y < x2 + y 2 < δ, we have
1
 α+β
xα y β
α   β
  α+β
d α+β
(α + β) dc
β



xα y β
≤
g Sato (x, y) − 0 = γ
cx + dy γ

≤

β
α+β

α
α+β

·δ
α   β
  α+β
d α+β
(α + β) dc
β
δ

(16)

α   β
  α+β
d α+β
(α + β) dc
β
=
= ,
α   β
  α+β
c
d α+β
(α + β) d
β

which proves (13). This completes the proof. 
Proposition 2. The generalized Sato production function is strictly increasing.
Proof. We have to prove that for any two points (x1 , y1 ), (x2 , y2 ) ∈ E ∪ {(0, 0)} the following
implication holds:
(x1 , y1 )  (x2 , y2 ) ⇒ g Sato (x1 , y1 ) < g Sato (x2 , y2 ).

(17)

Since gxSato (x, y) > 0, gySato > 0 for all (x, y) ∈ intE, by Theorem 2, there exists the point (η, ζ)
on the line segment joining the points (x1 , y1 ) and (x2 , y2 ) such that
g Sato (x2 , y2 ) − g Sato (x1 , y1 ) = (x2 − x1 ) gxSato (η, ζ) + (y2 − y1 ) gySato (η, ζ) .
| {z } | {z } | {z } | {z }
>0

>0

>0

(18)

>0

Obviously, from (18) follows (17). This completes the proof. 
Proposition 3. The generalized Sato production function is strictly quasiconcave.
Proof. Since E ∪ {(0, 0)} is a convex cone, it is sufficient to prove that the determinant of the
bordered Hessian of the function g Sato in any point (x, y) ∈ intE is positive, i.e.
0 gxSato gySato
Sato Sato Sato
g
gxx gyx =
det HgSato (x, y) = x
Sato Sato Sato
gy
gxy gyy

2

2
Sato
Sato
Sato
= 2gxSato gySato gxy
− gxSato gyy
− gySato gxx
> 0.

(19)

After some calculation, we find
det HgSato (x, y) = − 

x3α−2 y 3β−2

5 · M (x, y),
cxα+β−1 + dy α+β−1
|
{z
}
>0

(20)
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where M (x, y) is given by (9). Let
t=
Then M (x, y) can be written as

where

d yγ
.
·
c xγ

(21)

M (x, y) = c2 x2γ h(t),

(22)


h(t) = α(α − 1)t2 + α(α − 1) + β(β − 1) − γ 2 t + β(β − 1).

(23)

α
From (8), it follows that β−1
α < t < β−1 , and, since α(α − 1) > 0, we have h(t) < 0 (see Figure
3). Thus, from (20)-(23), we get that for any point (x, y) ∈ intE determinant of the bordered
Hessian is positive, i.e.

det HgSato (x, y) = −

x3α−2 y 3β−2

2 2γ
x } · h(t) > 0.
5 · c| {z
|{z}
cxα+β−1 + dy α+β−1
>0
<0
{z
}
|

(24)

>0

This completes the proof. 

Figure 3: The graph of the function h(t) from (23) is parabola
Finally, after proving Proposition 1, Proposition 2 and Proposition 3, we can conclude that the
generalized Sato production function from (2) satisfies all properties from Assumption 1.

6. The cost minimization problem with the generalized Sato production
function
In this section, we analyse the cost minimization problem with the generalized Sato production
function. Let w1 > 0 and w2 > 0 be the prices of the first and the second input, respectively,
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while q > 0 is the amount of the production. Then, the problem can be formulated as
f (x, y) = w1 x + w2 y

min

x,y≥0

g Sato (x, y) =

s.t.

(25)

xα y β
≥ q.
cxα+β−1 + dy α+β−1

Since g Sato is strictly increasing, the constraint will be binding at a solution. Thus, the problem
(25) can be equivalently formulated as
f (x, y) = w1 x + w2 y

min

x,y≥0

g Sato (x, y) =

s.t.

(26)

xα y β
= q.
cxα+β−1 + dy α+β−1

We solve the problem (26) by using the standard Lagrange multiplier method for constrained
optimization. The corresponding Lagrangian function is

L(x, y, λ) = w1 x + w2 y + λ g Sato (x, y) − q .

(27)

From the first order conditions, we have

Sato

⇒ w1 = −λgxSato
 0 = Lx = w1 + λgx
Sato
⇒ w2 = −λgySato
0 = Ly = w2 + λgy
α β

x y
 q = α+β−1
cx
+dy α+β−1

(28)

Since the function g Sato from (2) is a linearly homogeneous and strictly quasiconcave function,
by Theorem 3 we conclude that g Sato is strictly concave. That means that it is enough to find
the solution of the system (28), since the first order conditions are sufficient in this case. From
(28), we have
y c(1 − β)xα+β−1 + αdy α+β−1
w1
g Sato
.
= xSato = ·
w2
gy
x βcxα+β−1 + d(1 − α)y α+β−1
Let w =

w1
w2 ,

t=

d
c

·

y α+β−1
,
xα+β−1

u(t) =

w1−α−β c
t
d

(1−α)t+β
αt+(1−β)

and v(t) =

(29)

!α+β−1
. Then, from (29)

we have
u(t) = v(t).
(30)
D
E
β
,
The domain of the function v is Dv = β−1
α
α−1 . Since the function v is strictly decreasing
(because its first derivative is negative), i.e.
<0

v 0 (t) = (α + β − 1)
|
{z
}
>0

(1 − α)t + β
αt + (1 − β)

!α+β−2
·

z }| {
1−α−β

2 < 0,
αt + (1 − β)

(31)

and the function u is strictly increasing, the graphs of the functions u and v intersect only once
(see Figure 4). From here, we conclude that the equation (30) has a unique solution, which
further implies that the problem (26) has unique solution over the set E (see Figure 5).
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Figure 4: The intersection of the graphs of the functions u and v
The uniqueness of the solution of the problem (26) implies that the corresponding cost function
c(w1 , w2 , q) is well defined. However, the explicit closed-form solution of the problem (26) in
terms of general parameters w1 , w2 , and q is not foundable.

Figure 5: The unique solution of the problem (26) over the set E

7. Numerical examples
Since the explicit solution of the problem (26) in terms of w1 , w2 , and q cannot be found, there
is no explicit formula for the corresponding cost function and conditional input demands which
are functions of w1 , w2 , and q. However, let us examine two numerical examples.
Example 1. Let α = 2, β = 3, c = 4, d = 1, w1 = 3, w2 = 1, q = 10. Then the problem (26)
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becomes

min

x,y≥0

s.t.

f (x, y) = 3x + y
g Sato (x, y) =

(32)

x2 y 3
= 10.
4x4 + y 4

∗
The optimal solution of the problem (32) is x∗ = 25.2863, y ∗ = 42.2377, fmin
= 118.097 (see
Figures 6 and 7).

Figure 6: The function g Sato (x, y) =

Figure 7: The function g Sato (x, y) =
is the optimal one

x2 y 3
4x4 +y 4

x2 y 3
4x4 +y 4

with economic region and isoquant q = 10

with economic region and

x2 y 3
4x4 +y 4

≥ 10. Black point
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Example 2. Let α = β, c = d, w1 = w2 , q > 0. Then the problem (26) becomes
f (x, y) = w1 x + w1 y

min

x,y≥0

s.t.

g Sato (x, y) =

xα y α
= q.
cxα + cy α

(33)

Equation (30) becomes
t=

(1 − α)t + 1
αt + (1 − α)

!2α−1
,

(34)

which has a unique solution t∗ = 1. From here, we have y ∗ = x∗ . By substituting y = x into
(33), we get y ∗ = x∗ = 2cq. Now, it is easy to find the minimum of the problem (33), i.e. it is
easy to find the cost function and the corresponding conditional input demands:
c(w1 , q) = w1 · 2cq + w1 · 2cq = 4cw1 q,
x(w1 , q) = 2cq,
y(w1 , q) = 2cq.

(35)

8. Conclusion
In microeconomics, besides the famous Cobb-Douglas and CES production function, the generalized Sato production function was proposed in 1960’s as a new form of production function.
However, to the best of our knowledge, the proofs that the generalized Sato production function
satisfies four properties - continuity, strict monotonicity, strict quasiconcavity and the value of
the function at the point zero must be the zero, are missing in literature. So, as fulfilling the
first goal of this paper, we have given the rigorous proofs that the generalized Sato production
function is continuous, strictly increasing and strictly quasiconcave over its domain. Moreover,
we have treated the cost minimization problem with generalized Sato production function and
proved that the problem has a unique solution, which was the second goal of this paper. This
result implies the existence of the corresponding cost function and conditional input demands,
which is an important result in microeconomic theory. For the future research, the sensitivity
analysis and some comparative analysis of the chosen generalized Sato production function
as opposed to others more often used in the applied work can be given. Also, geometric
programming can be applied to solve the cost minimization problem with generalized Sato
production function in a more elegant way.
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Abstract. Why are some regions preferred when investors consider irreversible investment? This
study offers an explanation to this question and suggests improvements that will assist disadvantaged
regions improve on their bid for funds. The paper considers irreversible investment under uncertainty
when installed capacity utilization is incorporated. We develop a normative model for irreversible
investment problem under uncertainty using real options approach. Capacity utilization was not a
major consideration by previous authors who assumed that installed capacity would be fully utilized.
Variations in capacity utilization may be attributed to disruption in input supply or infrastructural
bottlenecks that limit firms to get their products to customers. This study modifies the geometric
Brownian motion for the value of a project to account for capacity utilization in the derivation of
irreversible investment decision rule. The proposed model provides a theoretical explanation of how
utilization affects irreversible investment decisions. Data on petroleum refinery margins is used to
illustrate application of the proposed model to refinery investment. The study reveals that capacity
utilization has an inverse effect on the investment trigger, and so, links irreversible investment decisions
to plant utilization. We recommend optimal utilization of installed plant capacity for regions seeking
funds for irreversible investment.
Keywords: geometric Brownian motion, irreversible investment, plant capacity utilization, petroleum
refinery investment, real options
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1. Introduction
This paper considers the following irreversible investment problem: an investor or a firm is
willing to invest in a single production plant. At any time, the firm has to decide whether to
invest in the plant or postpone the investment. Once the investment is initiated, it is irreversible,
but the decision to postpone the investment can be reversed. Further, the application of the
installed capacity cannot be changed from the original purpose. The firm receives a stream of
revenue after the plant is installed. The cost of the investment is known but the financial inflow
after the installation is a stochastic process. The plant may not operate at installed capacity
due to economic and environmental factors. We study the impact of plant utilization on the
decision rule for the irreversible investment problem under uncertainty.
∗ Corresponding

author.
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Our main inspiration for this study emanates from empirical evidence that some regions find
it difficult to finance irreversible investment in production plants. For example, OPEC report
[22] states that “Other Asia-Pacific region” remains dominant in additions to refinery capacity
and that Africa will continue to depend on imports to meet her petroleum requirements. The
question is why is there a dearth of investment in refineries in Africa? The OPEC report
notes that in Africa the challenge in establishing new refineries is “how to finance and convert
project ideas into actually building and operating facilities” [22, pp 165]. This OPEC report
is the motivation for this study. We develop a normative model for irreversible investment
under uncertainty using the real options approach. It is known that the traditional net present
value (NPV) method is not applicable to irreversible investment under uncertainty because the
traditional net present value method ignores both uncertainty and the concept of irreversibility
[15, 25]. The NPV of a project is the difference between the present value of revenue and the
present value of operational cost.
The aim of this study is to develop a real options decision model for irreversible investment
problem under uncertainty and installed capacity utilization. The study offers an explanation
of why some countries are preferred by investors when considering irreversible investment. The
main contribution of this paper is the inclusion of plant utilization in the development of a real
options model for irreversible investment under uncertainty. Previous authors assumed that
installed capacity would be utilized subject to demand. Variations in capacity utilization are
encountered in practice and the inclusion of capacity utilization improves on the decision rule
for irreversible investment. The main result is that capacity utilization has an inverse effect on
the investment trigger.
The rest of this paper is organised as follows. Section 2 reviews the relevant literature on
the subject. In Section 3, we shall consider plant capacity utilization. In Section 4, we present
the model which includes capacity utilization in irreversible investment decision problems. Numerical illustration of the impact of utilization on refinery investment is presented in Section 5.
Discussion and further investigation and conclusion are in Sections 6 and 7, respectively.

2. Literature Review
McDonald and Siegel [15] derive the decision rule for deciding when to invest in a production
plant under uncertainty with the assumption that the present value of the plant Vt follows a
geometric Brownian motion or the present value of benefits follows Brownian motion with a
jump. The decision rule has the form: invest now if Vt is at or above a critical threshold V ∗ ,
otherwise, wait (see also [7]). The approach developed in [15] has been adopted in numerous
studies where the value of the project follows stochastic processes other than the geometric
Brownian motion (for example, [3, 4, 9, 11, 19]).
The use of Cox-Ingersoll –Ross model for the stochastic process governing the value of a firm
is proposed in [9]. They argued that the Cox-Ingersoll-Ross model is more applicable compared
to other mean reverting processes which were earlier proposed as alternatives to the geometric
Brownian motion. [9] states that the Cox-Ingersoll –Ross process “guarantees a positive project
value and has a constant mean reversion speed”. Thijssen [29] proposes the use of spectrally
negative Lĕvy jump-diffusion as a model for the value of a firm. Our observation is that no
single stochastic process can be used for all irreversible investment projects. Furthermore, the
geometric Brownian motion is still widely used in real options models because it provides a
framework for obtaining mathematically tractable results and these are supported by empirical
evidence.
The literature on real options approach has been reviewed by several authors such as [8,
14, 25]. None of the authors included utilization in their model. Svensson [28] discussed the
bad news principles using data from a survey of firms in Uganda, see also [1]. The bad news

Impact of Plant Utilization on Irreversible Investment Under Uncertainty.

51

principle emphasizes the importance of bad news in the decision to invest now or postpone the
investment. The present paper provides a framework for capturing news on plant utilization.
The investment cost determines the plant capacity except in cases where the capacity of
the plant is also a decision variable. Optimal choice of capacity has been examined by some
authors using real options theory. Such authors study the issue of optimal timing of investment
and optimal capacity choice. Dangl [5] examines the problem of investment timing and optimal
choice of capacity. Citing examples such as hydro power plants and hotels, [5] argues that
production capacity is fixed after the project is installed. The timing of investment and sizing
of interconnection capacity in electricity transmission companies is discussed in [26]. Other
authors considered optimal choice of capacity but allowed for output flexibility. Hagspiel et
al. [10] examine investment timing and optimal choice of capacity for a firm contemplating
irreversible investment under demand uncertainty subject to volume flexibility. They considered
two cases of volume flexibility, viz., flexible capacity and inflexible capacity. Under flexible
capacity a firm can adjust production output over time at no significant cost with the installed
capacity level as the upper bound, while under inflexible capacity, the production capacity is
fixed at installation. [6] studied the same problem but introduced two types of volume flexibility,
namely downside volume flexibility and upside volume flexibility. The downside flexibility is
similar to the flexible capacity of [10] but the upside flexibility allows the firm to produce beyond
the installed capacity. [12, 13] also consider optimal investment timing and capacity decisions
using the real options framework. In these papers dealing with flexible capacity, the main
driving force is uncertainty in demand. There are instances where the analysis should be taken
further. For instance, in developing countries, capacity utilization is a major consideration in
the decision to invest. Capacity utilization is an indication of the weakness of the production
infrastructure. In Nigeria, low refinery utilization has been attributed to the following reasons:
lack of crude petroleum, failure of petroleum pipe lines, inadequate maintenance of refineries and
power failure [17, 18]. In the electricity industry in Nigeria, factors such as gas supply shortages,
transmission constraints, and limited distribution networks are responsible for low utilization
of installed power generation [16]. In contrast to the main driving force in the literature, this
study takes up the irreversible investment decision problem by considering capacity utilization,
which is not demand driven, but driven by economic and environmental factors. For example,
it can happen in developing countries that a thermal electricity plant may not have sufficient
gas to generate electricity and so, the plant is compelled to operate below the installed capacity
even though the demand for electricity has not decreased. This study assumes that installed
capacity at the point of entry is dictated by demand, technology and sunk cost. However, after
the installation, economic and environmental factors can force a firm to operate below installed
capacity. From the literature available to us, the effect of plant utilization, which may be due to
economic and environmental factors, has not been considered in irreversible investment under
uncertainty.
A recent work addresses the long-run dynamics of generation capacity for power plant as an
irreversible investment problem under uncertainty using real options analysis [24]. In agreement
with this new trend of investment decision-making under irreversibility and uncertainty, the
present study is apt for including plant capacity utilization. Nonetheless, the way the capacity
mechanism is figured out in this study is quite different from that of [24], where capacity is
viewed as an incentive. Thus, capacity was defined to be either price-based capacity or quantitybased remuneration capacity. This is not the case herein as capacity is seen from both economic
and environmental perspectives which characterize developing countries.
In the refinery industry, empirical evidence shows that the nameplate capacity (installed
capacity) of a plant is underutilized in some regions (see Table 1). Table 1, which shows crude
unit utilization in refineries in different regions according to [22], indicates that Africa has
the lowest utilization rate. We are not aware of any research on irreversible investment-plant
capacity utilization problem under uncertainty. In this sense, this study contributes to the
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Table 1: Crude unit utilizations (% of calendar day capacity)
Year

World

US &
Canada

2018
2020
2025
2030
2035
2040

81.7
80.4
80.6
79.4
78.4
77.4

89.9
88.8
88.7
86.7
83.1
78.2

Latin
America

Africa

Europe

Russia&
Caspian

Middle
East

55.8
54.8
75.1
96.7
81.1
61.1
65.0
78.9
88.6
77.5
67.5
64.7
79.7
87.4
77.9
71.9
62.5
76.4
85.3
78.4
73.8
65.8
73.7
82.5
80.6
78.4
68.9
69.3
81.2
81.2
Source: [22] World Oil Outlook 2040 page 171

China

81.5
73.6
75.7
77.2
77.4
78.3

Other
Asia
Pacific
90.6
88.3
85.1
82.1
80.7
79.9

literature on irreversible investment under uncertainty. The model proposed in this paper
offers rational explanations for the observation in [22] that Asian countries are the preferred
destination for refinery investment.

3. Capacity Utilization
Once a firm pays a sunk cost for an irreversible investment project, it receives an installed
capacity. We assume that the firm can only produce output up to the installed capacity and
define capacity utilization as output divided by installed capacity, i.e.
Capacity utilization, U =

P lant Output
, 0<U ≤1
P lant Installed Capacity

(1)

In Table 1, some regions have high utilization rates and others have low utilization rates.
Omosigho [21] discussed the utilization of power generating plants in Nigeria and states that
the utilization is 0.69 in the period studied. Okunade [20] considers capacity utilization in Nigeria’s manufacturing sector and concludes that production “capacity was grossly under utilised
in virtually every productive firm in Nigeria” based on data on capacity utilization from 1981
to 2016. Some reasons for low capacity utilization in Nigeria include lack of raw materials
and inability to move finished products outside the production factory. These factors affect
the product supply side and the sales side for a production firm and are clearly not demand
dependent. Demand forecast ignores such exogenous economic and environmental factors.
In the classical real options approach for developing irreversible investment decisions, plant
utilization is ignored. Nevertheless, when the capacity of a firm is underutilized, the volatility
of the value of the firm is affected. This is due to the fact that the volume of output can
easily fluctuate. In this paper, we develop a model that include plant utilization in irreversible
investment under uncertainty.

4. The Model including Utilization
We derive the investment decision rule for a firm willing to pay a sunk cost I at any time t
for a project with a present value Vt . The value of the project acquired is affected by plant
utilization U and uncertainty in demand. We define ω = 1/U .
Axiom 1
The value of the project follows a geometric Brownian motion of the form:
dV = α(V )dt + ωσ(V )dz

(2)

where α(V ) and σ(V ) are the drift and volatility of the value of the project when the plant
operates at the installed capacity, dz is a Wiener increment, 1 ≤ ω < ∞ is a constant defined
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by the average capacity utilization of the plant. When ω = 1, the plant operates at its installed
capacity. This is the ideal situation. In what follows, we take α(V ) = α > 0 and σ(V ) = σ > 0.
Axiom 2.
We assume that the project produces a profit Margin Mt that follows the geometric Brownian
process:
dM = αM dt + ωσM dz
(3)
These assumptions may not cover all conceivable cases, but they do give rise to well posed irreversible investment problem with tractable optimal solution and useful corollaries. A property
of the geometric Brownian process is that the expected value of the margin is E[Mt ] = M0 eαt ,
where M0 is the initial value.
Proposition 1. Let Mt be the profit margin of the project. The value of the project Vt is
given by
Vt = M0 /(ρ − α)
(4)
where ρ is the discount rate and ρ > α.
Proof. The value of the project is the expected value of the margins discounted at the rate
ρ > α. Hence
R∞
Vt = 0 M0 exp(αs) exp(−ρs)ds = M0 /(ρ − α)
The exponential function, exp(−ρt), models the discounted present value of the expected margin
stream. A similar proof is in [7].
At any time t, the firm can invest in the project or postpone the investment. The value of
the option to invest at time t is F (V ). The optimal stopping problem is:
F (V ) = max{E[(Vτ − I)exp(−ρτ )]; V0 = V }

(5)

where τ is the time of investment and E is the expectation function. Using the Bellman equation
and Ito’s lemma, we have
0.5ω 2 σ 2 V 2 F 00 (V ) + αV F 0 (V ) − ρF (V ) = 0

(6)

The boundary conditions are:
F (0) = 0

(7)

F (V ∗ ) = V ∗ − I

(8)

F 0 (V ∗ ) = 1

(9)

LV (F ) = 0.5ω 2 σ 2 V 2 F 00 (V ) + αV F 0 (V ) − ρF (V )

(10)

The generator in this case is

The solution of the second order ODE in (6) has the form F (V ) = AV β . LV (F ) = 0 leads to
0.5ω 2 σ 2 V 2 β(β − 1)AV β−2 + αV βAV β−1 − ρAV β = 0

(11)

0.5ω 2 σ 2 β(β − 1) + αβ − ρ = 0

(12)

which reduces to
with two roots for β namely:

β1 =

α
1
−
2 ω2 σ2

s


+

1
α
−
2 ω2 σ2

2
+

2ρ
>1
ω2 σ2

(13)
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and

β2 =

α
1
−
2 ω2 σ2

s


−

α
1
−
2 ω2 σ2

2
+

2ρ
<0
ω2 σ2

(14)

β1 > 1 and β2 < 0 follows from the properties of the quadratic equation in (12) as explained
below. To satisfy the boundary condition in equation (7), the general solution to (6) which has
the form
F (V ) = AV β1 + BV β2
(15)
must have B = 0. So the solution of (6) subject to F (0) = 0 is F (V ) = AV β1 . In what follows,
we set β = β1 . Using the boundary conditions (8) and (9), we have:
V ∗ = βI/(β − 1)

(16)

A = β −1 (βI/(β − 1))1−β

(17)

and
Equation (16) can be re-written as:
M ∗ = βI(ρ − α)/(β − 1)

(18)

in terms of margins using equation (4). The decision rule is that the firm should invest at
time t if Mt is at or above the critical threshold M ∗ , otherwise, the firm should wait. We shall
consider the effect of plant utilization on the investment decision rule prescribed by (18).
The characteristic quadratic equation when utilization is incorporated into the stochastic
process is
1
(19)
Q(β) = ω 2 σ 2 β(β − 1) + αβ − ρ
2
Since the coefficient of β 2 in (19) is positive, the graph of Q(β) against β will be U- shaped
upward pointing parabola tending to +∞, as β → ±∞. Furthermore, Q(0) = −ρ < 0 and
Q(1) = α − ρ < 0. Hence Q(β) has two roots as shown earlier, one root β1 > 1 and the other
root β2 < 0. In our analysis, only β = β1 > 1, is relevant. Equations (12 and 13) show the
presence of ω, the reciprocal of plant utilization, which to the best of our knowledge was not
considered in previous real options models or literature.
It is known that if f is a differentiable function of a single real variable then f 0 (a) > 0
implies f is increasing at a and f 0 (a) < 0 implies f is decreasing at a. Further, if z = f (x, y)
is a function of two real variables then the total derivative of the function is given by:
dz =

∂z
∂z
dx +
dy
∂x
∂y

(20)

Proposition 2. As capacity utilization U decreases, the value of ω increases and there is an
increase in the value of β/(β − 1).
Proof. We examine how β/(β −1) changes as the utilization, U , changes. We use the quadratic
Q(β) given in equation (19) for the analysis. From the fundamental quadratic equation:
Q(β) =
We have

1 2 2
ω σ β(β − 1) + αβ − ρ = 0
2

(21)

∂Q
∂Q ∂β
+
=0
∂β ∂ω
∂ω

(22)

∂Q
1
= (ωσ)2 (β − ) + α
∂β
2

(23)
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> 0.
∂Q
= σ 2 ωβ(β − 1)
∂ω

(24)

∂β
At β > 1, ∂Q
∂ω > 0. From equation (22) we conclude that ∂ω < 0. This means that as ω
increases, β decreases and in particular β/(β − 1) increases. So a decrease in the capacity
utilization U causes an increase in ω and a corresponding increase in the value of β/(β − 1).
From proposition 2, we deduce the following:

1. As the rate of utilization U decreases, ω increases and β/(β − 1) increases.
2. As the rate of utilization U increases, ω decreases and β/(β − 1) decreases.
3. If the rate of utilization U = 1 then ω = 1 and we have the same result as in [7].
Ideally the project with a lower value of β/(β − 1) will be preferred to a project with a higher
value of β/(β − 1). Thus, utilization has a profound effect on the investment trigger all things
being equal.

5. Numerical Illustration
We shall use the refinery margins published in [2]. The margins considered are for the US
Gulf Coast (USGC), North West Europe (NWE) and Singapore Medium Sour Hydrocracking
(SMSH). The data set is for 2000 − 2018. First, we present a cursory review of the theory we
shall use to verify if the margins follow a geometric Brownian motion.
Proposition 3. [30]. Let {Mt }, t = 0, 1, 2, ..., n be n + 1 observations from a geometric
Brownian motion. If rt = ln(Mt /Mt−1 ), t = 1, 2, 3, ..., n, then rt are independent and normally
distributed.
The procedure for verifying that the stochastic process for the margins is a geometric Brownian motion is as follows [30]. Let M0 , M1 , ..., Mn−1 , Mn be a set of n+1 empirical annual values
of refinery margins. Set rt = ln(Mt /Mt−1 ), t = 1, 2, ..., n. We test that rt are independent and
normally distributed. The Shapiro-Wilk test [23, 27] is a suitable test for both hypotheses. We
use the SPSS Shapiro-Wilk test to do the analysis of the rt values for the three refinery margins
annual data set. For each set of data, eighteen (18) annual values were derived. Results of the
Table 2: Tests for normality and independence.
rt Values
USGC rt Values
NWE rt Values
SMSH rt Values

W Statistic
0.968
0.965
0.848

Shapiro-Wilk
df
18
18
18

P-Value.
0.763
0.701
0.008

Shapiro-Wilk tests for the {rt } values of the margins for USGC, NWE and SMSH are shown
in Table 2. The results show that the {rt } values of the margins for USGC and NWE have
normal distribution (p − value > 0.05) while the {rt } values of the margins for SMSH cannot be
described by a normal distribution (p − value < 0.05). This means that the margins for NWE
and USGC follow a geometric Brownian motion while the margins for SMSH do not follow a
geometric Brownian motion.
We now proceed to estimate the parameters of the geometric Brownian motion for the
2
Pn
Pn
t −r̄)
margins for NWE, and USGC following [30, pp229]. If r̄ = t=1 rnt and s2 = t=1 (r(n−1)
then
estimators for the parameters of the geometric Brownian motion are given by α = r̄ + 0.5s2
and σ = s. Table 3 shows r̄, s2 , α and σ for the two margins.
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Table 3: Values of parameters
Parameter
r̄
s2
α
σ

NWE
0.01715
0.259
0.14665
0.508920426

USGC
0.0351157
0.187
0.12861
0.432434966

Table 4: Values of β/(β − 1) for all regions including the ideal case (ω = 1) and for both NWE
and USGC margins
NWE

USGC

α
0.14667
0.14667
0.14667
0.14667
0.14667
0.14667
0.14667
0.14667
0.14667
0.14667
0.12866
0.12866
0.12866
0.12866
0.12866
0.12866
0.12866
0.12866
0.12866
0.12866

U
81.7
89.9
55.8
54.8
75.1
96.7
81.1
81.5
90.6
100
81.7
89.9
55.8
54.8
75.1
96.7
81.1
81.5
90.6
100

ω
1.22399
1.112347
1.792115
1.824818
1.331558
1.034126
1.233046
1.226994
1.103753
1
1.22399
1.112347
1.792115
1.824818
1.331558
1.034126
1.233046
1.226994
1.103753
1

σ
0.50892
0.50892
0.50892
0.50892
0.50892
0.50892
0.50892
0.50892
0.50892
0.50892
0.43243
0.43243
0.43243
0.43243
0.43243
0.43243
0.43243
0.43243
0.43243
0.43243

ρ
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175
0.175

β/(β − 1)
13.56105
12.32388
21.55708
22.10448
14.85643
11.52208
13.66618
13.59584
12.23317
11.18905
7.27318
6.70339
10.89930
11.14534
7.86634
6.33198
7.32145
7.28916
6.66146
6.17714

Regions
World
US/CANADA
Latin America
Africa
EUROPE
Russia
Middle East
China
Other Asia Pacific
Ideal Case
World
US/CANADA
Latin America
Africa
EUROPE
Russia
Middle East
China
Other Asia Pacific
Ideal Case

Table 5: Values of β/(β − 1) for selected Regions and for both NWE and USGC margins
Region
Other Asia Pacific
China
Middle East
Latin America
Africa

Utilization
90.6
81.5
81.1
55.8
54.8

β/(β − 1)
NWE
12.23317
13.59584
13.66618
21.55708
22.10448

β/(β − 1)
USGC
6.66146
7.28916
7.32145
10.89930
11.14534

In the sequel, we take ρ = 0.175. The investment rule is to invest when the margin is
greater or equal to M ∗ = β(ρ−α)I
(β−1) . Since (ρ − α)I is a constant, we shall examine the effect
of utilization on β/(β − 1). Table 4 shows the values of β/(β − 1) for the different regions for
the margins NWE and USGC using the OPEC utilization data for 2018. The regions mostly
in need of refineries are Africa, Other Asia Pacific, China, and Latin America. Table 5 shows
β/(β − 1) values for these regions for the two margins.
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6. Discussion and further investigation
Among the regions, Asia has the least value of β/(β − 1) and so it is the most attractive
for irreversible investment. Africa with the highest value of β/(β − 1) is the least attractive
for irreversible investment. The ideal case, ω = 1, has the lowest value of β/(β − 1). This
also illustrates the impact of ignoring capacity utilization on the investment trigger. From
the foregoing results, we conclude that capacity utilization, U, has an inverse effect on the
investment trigger, β/(β − 1). Further, the results show that African countries will find it
difficult to attract funds for investment in refineries and hence they will continue to import
petroleum products. This is in line with the observation by OPEC that although Africa has
plans for the establishment of refinery, she cannot find investors willing to finance her refinery
projects. African countries must improve on the utilization of their installed capacity if they
are to attract funds.
The results in this paper could serve as a handy tool for prospective investors when the
margin follows a geometric Brownian motion. One of the margins we investigated did not
follow a geometric Brownian motion. It is possible to develop a semi-parametric model for the
investment problem and include utilization. One approach is to estimate the cost incurred due
to the effect of capacity utilization separately and then add the estimated cost to the sunk
cost for the project when taking decisions on irreversible investment under uncertainty. In this
regard, the cost incurred due to the effect of capacity utilization in one year is first estimated.
Let H be the annual cost incurred when there is no production. Let C(U ) be the cost
associated with the utilization level U . Then
dC(U )
= −H;
dU

C(1) = 0

(25)

U is the plant utilization for the year. C(1) = 0 means no cost is incurred when utilization of
installed capacity is 1.
The solution to (25) is C(U ) = (1 − U )H. This means that utilization cost is determined
by unutilized capacity. If ui is the average plant utilization in year i then the discounted total
cost due to under utilization of installed capacity is given by
I0 =

∞
X
(1 − ui )H
i=1

(26)

(1 − ρ)i

If I is the sunk cost for the project, then the combined cost of having the plant is I + I 0 . With
the estimated cost due to utilization included in the overall cost of acquiring the plant, we can
examine the effect of utilization on the investment decision process.
The next step is to derive the investment decision rule under the desired stochastic process
without including utilization in the stochastic process for the value of the firm. For example if
the stochastic process for the margin is a geometric Brownian motion, then M ∗ is given by
M∗ =

β3
(ρ − α)[I + I 0 ]
β3 − 1

1
α
− 2
2 σ



(27)

where

β3 =

s
+

1
α
− 2
2 σ

2
+

2ρ
>1
σ2

(28)

This approach can be used for any stochastic process and further investigation of this semiparametric model is worthwhile.
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7. Conclusion
This paper contributes to the development of decision models for irreversible investment under
uncertainty by considering installed capacity utilization. Explicit relationship between utilization and irreversible investment trigger is derived in the paper. The impact of plant capacity
utilization on the investment rules are demonstrated both theoretically and numerically. An
inverse relationship is established between capacity utilization and the investment trigger if the
value of the firm follows a geometric Brownian motion. Regions with low capacity utilization
will not attract funds to finance their demand driven irreversible investment projects. In order to attract funds, such regions should find ways and means of increasing the utilization of
existing facilities.
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1. Introduction
Advances in electronic trading, along with information technology developments, have enabled
the recording of ultra-high-frequency data, observed tick-by-tick. The accessibility of such data
has created a new niche for financial time-series analysis. In other words, huge data sets are
used, and trading dynamics within a single day can be established. Without high-frequency
data, practitioners and academics are limited to employing daily data alone or observations at
even lower frequencies. Nevertheless, it is challenging to deal with high-frequency data because
they have unique characteristics that lower frequency data do not possess [4, 10]. In most of the
existing studies, high-frequency data have been widely used in the analysis of realized volatility
and related issues considering microstructure noise and price jumps [8, 29]. Stylized regularities
of realized volatility and selection of an appropriate sampling frequency to obtain an unbiased
estimator of integrated variance are comprehensively documented by [2].
The concept of realized volatility relies only on intraday price dynamics, independent of
trading volume dynamics. However, very few studies deal with intraday trading volume analyses [6, 9, 23]. It is well known that high-frequency data exhibit periodic patterns in trading
activity, that is, intraday trading volume seasonality [13, 20]. This means that trading is denser
at the opening and closing hours of the trading day than at midday. In addition to hourly
seasonality, daily or weekly seasonality can be observed within a single time-series, depending
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on the seasonal frequency selection. Although multiple studies regarding seasonality in price
dynamics and volatility have been conducted [1, 7, 21, 22], there is a lack of studies covering
multiple seasonality of trading activity considering intraday volume observations.
Further, great efforts have been made to improve the performance of trading algorithms by
incorporating accurate predictions of intraday trading volumes [9, 23]. However, this study does
not focus on prediction directly, but on the specification and extraction of the trading volume of
multiple seasonal components. A better understanding and detailed insight of multi-seasonality
patterns can be very helpful in capturing the dynamics of trading volume and consequently
improving the performance of trading algorithms. In recent years, trading algorithms have
been developed and used to reduce transaction costs as much as possible [6, 15].
This topic is relevant in the literature, particularly as users employ seasonal adjustments
by default and do not adapt existing methods to capture intraday time-series features. Most of
the seasonal adjustment methods are not flexible enough to deal with certain issues regarding
high-frequency data, such as missing values, non-trading days, calendar variations, seasonality
with different periods per cycle, and outliers. By reviewing the existing literature, it can be
observed that there are two approaches to the decomposition of multiple seasonal patterns.
One approach considers dividing the component with the longest cycle into shorter components
and then fitting a Holt-Winters exponential smoothing or Taylor’s double seasonal exponential
smoothing [5, 17, 24, 25, 26, 30]. Therefore, it is inevitable to point out the study of [12], who
introduced the state space concept into exponential smoothing for forecasting multiple seasonal
time-series. The authors concluded that the newly developed multiple seasonal model provides
more accurate forecasts than the Holt-Winters exponential smoothing and double seasonal
exponential smoothing. However, the multiple seasonal model could only use two sub-cycles
within hourly observations.
Another approach considers estimating the shortest component first and proceeds to estimate the next components from the residuals, that is, the irregular component. The latter uses
the Loess method, which is repeated successively until there is no seasonality left in the residuals [16, 18, 27]. Adjustment of daily time-series within multiple seasonality, based on Loess,
has already been studied [11], but there is no consensus about the choice of seasonal frequencies
as well as dealing with non-trading days. There are many daily time-series with observations
not available during weekends, and the difference in trading and non-trading number of days
for such series should not be neglected. This can be partially solved by changing the seasonal
frequencies at appropriate levels, as suggested in this study. Despite the flexibility of multiple seasonal adjustments at different frequencies, a user does not have to utilize all possible
frequencies, just the ones that are present in the data.
Considering the aforementioned advantages and disadvantages of the commonly used methodology in capturing multiple periodicities of high-frequency time-series, this study contributes
to the existing literature in several ways. Foremost, the issue of an unequal number of trading
days within a week, month, or year was solved by replacing non-existing weekday data with
missing values. Two reasons support this solution: (i) having the same number of observations
per sub-cycle, and (ii) employing an STL decomposition that allows missing values. Second,
three seasonal components were found by utilizing appropriate frequencies 4, 34, and 739.19
corresponding to hourly, daily, and monthly seasonality, respectively. Third, when comparing
the variation in magnitude between extracted components, the hourly seasonality was found
to be the strongest with a clear ”U”-shaped diurnal pattern, indicating that trading activity
at the opening hours was more intense as traders began to accommodate the information accumulated at the closing of the previous day. At the closing hours of the current day, trading
is also intensified, which can be explained in terms of some investors attempting to close their
open positions. In previous studies, the shape of the diurnal pattern was assumed to be constant for every trading day, while in this study, it was allowed to change over time. Lastly,
this study adds a new value to studies dedicated to the investigation of stock market activity
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and intensity, outlying price movements. Discovering trading seasonalities at lower frequencies
that may occur within volumes observed at the higher frequency contributes to more accurate
predictions of how much volume will be traded in a given time, and thus the trading strategy
settings can be improved.
Apart from the introduction, this paper has three additional sections. Section 2 presents
and discusses multiple STL decompositions. The empirical application, considering the DAX
index intraday trading volume, is obtained in Section 3, while Section 4 concludes and provides
further research directions.

2. Multi-seasonality decomposition by locally weighted polynomial
The abbreviation Loess originates from ”locally estimated smoothing”. The Lowess term also
applies in practical applications denoting ”locally weighted scatterplot smoothing”. Although
both terms represent the same method, Lowess is usually employed when plotting smoothed
time-series, while Loess is more common when fitting locally weighted regression for computational reasons. Loess was embedded in time-series decomposition for the first time by [11],
resulting in the ”Seasonal-Trend decomposition based on Loess” (STL), established for univariate time-series decomposition with a single seasonality. In recent years, data have become
accessible and more frequently recorded within a short time interval; thus, multiple seasonal
patterns may exist within a single time-series.
STL decomposition is an iterative numerical procedure consisting of two recursive loops,
that is, the inner and outer loops. Updating trends and seasonal components are obtained in
the inner loop, while robustness weights are determined in the outer loop utilizing the irregular
component of a time series from the inner loop. Therefore, the inner loop was nested within the
outer loop. Two iterations of the inner loop are most appropriate for achieving convergence,
while one iteration of the outer loop is sufficient to obtain satisfactory robust weights and thus
reduce the influence of outliers [14].
Seasonal-trend decomposition starting with the shortest periodicity
Start with the shortest peridicity of length kshort
Inner loop:
Step 1. Subtracting the trend from the original series (initial trend estimate is zero)
Step 2. Disaggregating detrended series into k sub-series and smoothing each of
them by Loess employing q neighborhood observations
Step 3. Extending a smoothed detrended sub-series for 2k out-of-sample
observations by extrapolation
Step 4. Filtering a preliminary seasonal component by three MA followed
by Loess with l neighborhood observations
Step 5. Differences between preliminary seasonal components and filtered
seasonal components produce final seasonal components
Step 6. Subtracting the final seasonal component from the original series
Step 7. Smoothing seasonaly adjusted series by Loess with t neighborhood
observations produces trend component of the series
Outer loop:
Step 8. Subtracting seasonal and trend components to obtain the irregular component
Step 9. Determine the weights according to outliers from the irregular component
Step 10. Using the weights obtained in Step 1
Proceed with the next periodicity of length kj > kshort by repeating Steps 1-10
End with the longest periodicity klong by repeating Steps 1-10
Table 1: Multiple STL algorithm.
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The multiple STL algorithm is presented in Table 1 in the context that a single STL starts
with the shortest periodicity, repeats successively for all possible periodicities between kshort
and klong , and ends with the longest periodicity.
The following is a detailed description of each step. Steps 1–10 of a single STL decomposition
are employed for every length of periodicity. If only one seasonal frequency k is determined, a
multiple STL is reduced to a single STL decomposition in the additive form:
yt = Tt + Stk + It

t = 1, 2, ..., T.

(1)

Determination of the seasonal frequency k is straightforward, for example, if monthly data
exhibit yearly periodicity, the seasonal frequency k=12; if daily data exhibit weekly periodicity
the seasonal frequency k=7 or k=5, and so on. After subtracting the trend Tt from the raw
time-series yt in Step 1, the algorithm continues with the detrended series:
ytdet = yt − Tt = Stk + It

t = 1, 2, ..., T.

(2)

In Step 2 the detrended series (2) is disaggregated into an unstacked k sub-series of the same
det
length n = T /k. Subsequently, each sub-series yi,t
is smoothed by fitting a locally weighted
j
polynomial of degree d=2 using window bandwidth q (number of neighborhood observations)
and the tricube weight function:
 !3
 det
|yi,tj − ytdet
| 3

j
det
i = 1, 2, ..., n
j = 1, 2, ..., k,
(3)
wi ytj = 1 −
dq
where dq is the distance of the qth farthest observation from the ytdet
. Setting a degree of
j
polynomial d=2 is a reasonable choice when data show substantial peaks, such as in the case of
intraday trading volume data. The window bandwidth q usually referred to as a Loess window,
is the key parameter that should be carefully selected. According to [11], it should be the
smallest odd integer, equal to or greater than 7, for which all detrended sub-series are well
smoothed but not too smoothed.
Further, in Step 3, each smoothed detrended sub-series is extended for two observations, one
before the first observation and one after the last observation, to avoid losing values in the next
step. Extended smoothed detrended sub-series are stacked together, representing a preliminary
seasonal component. The same component is filtered in Step 4 using a triple moving averages
M A(k)×M A(k)×M A(3), followed by the Loess with l neighborhood observations, which is set
by default as the smallest odd integer greater than k. Step 4 ensures that there is no trending
behavior left, and thus filtered values are subtracted from the preliminary seasonal values in
Step 5 to produce the final seasonal component. In Step 6, the raw series are seasonally adjusted,
and in the last step of the inner loop, the final trend component is estimated by smoothing the
seasonally adjusted series using Loess with t neighborhood observations (Step 7). Parameter t
is set by default as the smallest odd integer greater than the following ratio:
1.5k
.
1.5
1−
q

(4)

Estimates of seasonal and trend components are used to obtain the irregular component in Step
8. If robust estimates are required, observations are additionally weighted with respect to the
outlying values using the bisquare function:

wt =

1−

|It |
6M ed|It |

2 !2
t = 1, 2, ..., T,

(5)
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where M ed denotes the median. Weights obtained in the outer loop are used to down weight
the effect of outliers when the algorithm starts all over again from the inner loop.
The specificity of STL decomposition is the implementation of Loess three times, that is,
within Steps 2, 4, and 7. The smoothing parameters with respect to Loess windows l and t
in Steps 4 and 7 are determined directly from k and q. Parameter k should be set as a single
value or as multiple values depending on the pattern(s) present in the data. It is more difficult
to determine parameter q when the detrended sub-series are smoothed in Step 2. The entire
decomposition is most sensitive to this parameter, and q should be chosen carefully. Fortunately,
seasonal diagnostic plots can be very helpful in making decisions about q, whether single or
multiple STL decompositions are obtained.
The Loess method is more flexible compared to other smoothing methods as it enables the
smoothing time-series with any seasonal period greater than one and allows missing values as
well [11]. Univariate STL decomposition has several advantages over traditional methods such
as SEATS and X11, that is, it can deal with any type of seasonality, and seasonality is enabled to
change over time, missing values are allowed, and it can be robust to outliers [14, 19]. However,
it does not automatically handle trading day variations. The purpose of this study is to discover
not only which seasonal components exist in trading volume but also which component is most
time-varying, and in which seasonal components are the strongest or weakest when comparing
the variation in magnitude between them.
It should also be noted that the purpose of intraday trading volume decomposition presented
in this paper is beyond seasonally adjusting the time-series. It is more about understanding all
the components of variability in the series, which can help improve trading algorithms. The
decomposition model proposed in this study is as follows:
Yt = Tt + Sthd + Stdw + Stmy + It

t = 1, 2, ..., T.

(6)

Equation (6) defines the intraday time-series decomposition using multi-seasonal components.
Three seasonal components are considered with respect to the hour of the day (denoted by
superscript hd), day of the week (denoted by superscript dw), and month of the year (denoted
by superscript my). These components are most likely to appear in a high-frequency data,
which will be presented in the next section considering the DAX index. The DAX index
is selected for application purposes as it is heavily traded and exhibits significant intraday
market activity. Trading volumes for other stock markets were intermittently available or
not available at all, particularly in such short sampling intervals. As per equation (6), three
seasonal frequencies should be appropriately determined, which is comprehensively elaborated
in the next section. This also means that STL decomposition repeats three times starting
with the shortest periodicity and ending with the longest periodicity, that is, hourly seasonality
is first extracted, daily seasonality afterward, and monthly seasonality is the last extracted.
Following [28], for each extracted seasonal component, a measure of strength is computed:
1−

V ar(It )
.
V ar(Stk + It )

(7)

For a strong seasonal component, detrended data concerning that component should have much
variability than the irregular component, that is, V ar(It )/V ar(Stk + It ) should be relatively
small; and thus the value of (7) should be close to one. The strength of the trend component
is defined similarly but with respect to the seasonally adjusted data,
1−

V ar(It )
.
V ar(Tt + It )

(8)
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3. Empirical application
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This study considers a regular time-series of 15 minutes observations concerning the DAX stock
index over five years (2014–2018). Raw data were provided by Thomson Reuters Tick History.
Prior to the multiple STL decomposition, raw data were examined to check for empty intraday
intervals and observations outside the official trading hours. No empty intervals were found
because a 15 min trading volume was obtained by summing all recorded volumes within that
period. This was expected since the Frankfurt Stock Exchange is highly active, and liquid
markets and stocks are traded very frequently. Observations outside official trading hours
(09:00-17:30) were omitted. Thus, 34 trading volume observations are left per trading day.
More concerning is the unequal number of trading days within a week, month, and year. This
issue is solved by replacing the non-existing weekday data with missing values. This solution
is supported by two conditions: (i) keeping the number of trading days equal within each cycle
and consequently having the same number of observations per sub-cycle, and (ii) employing a
seasonal-trend decomposition procedure that allows for missing values.
Having the same number of observations per sub-cycles, allowing for missing values and
handling a multiple set of any seasonal frequencies greater than one, makes perfect conditions
for applying the STL technique successively, starting from the higher frequency and forwarding
to the lower frequency. In this context, a higher frequency implies shorter periodicity, whereas
a lower frequency implies longer periodicity.
Seasonal frequencies greater than one can be handled in different ways, as suggested by [19].
Namely, high-frequency observations, for example, carried out every minute, may exhibit an
hourly seasonality (frequency=60), daily seasonality (frequency=24x60=1440), weekly seasonality (frequency=24x60x7=10080), or yearly seasonality (frequency=24x60x365.25=525960). In
this application, seasonal freuencies k are set to 4, 34, and 739.19, corresponding to hourly,
daily, and monthly seasonality of DAX trading volume, respectively. Yearly seasonality is not
included, as it is unlikely to appear in the 15 min trading data, while quarterly seasonality is
already nested within monthly seasonality. The monthly seasonality frequency was set to be
a non-integer by calculating 365.25x(5/7)x34/12=739.19. Altogether, 44350 observations were
used over five years.
As already explained in the previous section, trading activity is expected to depend on the
time of the day, day of the week, and month of the year. Informal evidence for this is found
by graphical inspection of the data, that is, seasonal plots are used to decide which of the
possible seasonal components should be included in a decomposition. Moreover, the selection
of appropriate seasonal frequencies was approved by ACF plots.

2014

2015

2016

2017

2018

(a) Trading volume observed at 15 minute.

2019

0

34

68

102

136

(b) Autocorrelation function.

Figure 1: DAX index trading volume at 15 minute frequency from 2014-01-02 09:00 to
2018-12-28 17:30 and autocorrelation function up to 136 lags.

67

Multiple STL decomposition in discovering a multi-seasonality of intraday trading volume.

The left panel of Fiqure 1 presents the intraday trading volume of the DAX index observed
every 15 min. Due to the very large raw time-series scale, intraday trading volume was rescaled
to its maximum. A substantial and frequent peak is noticeable over five years period, while the
autocorrelation function indicates an intraday periodicity of length 34 (right panel of Figure
1). Moreover, ”U”-shaped valleys of autocorrelation function support diurnal pattern, which is
most common in practice. ”U”-shaped diurnal pattern exhibits a much higher volume of trades
at the beginning and the end of a trading day than in the lunchtime around midday hours (see
[3]).
The diurnal pattern also has a repeating character according to [21], but it is not apparent at
lower frequencies. However, by aggregating intraday trading volume daily, a similar periodicity
can be discovered. It is not surprising to detect daily seasonality, i.e. accumulated information
during weekends affect not only price changes but also trading volume on Mondays as the
first weekdays. Additionally, investors are optimistic on Fridays and are prone to sell when
prices increase due to the higher demand, as explained by [4]. Along with these two seasonal
components, there could be even more components. Multiple seasonal components can also
be comprehensively examined using seasonal plots. According to Figure 2, hourly seasonality
within a trading day indicates ”U”-shaped pattern.
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(b) Hourly sub-series plot.

Figure 2: Seasonal plot of hourly trading volume over years and hourly sub-series plot.
Both seasonal plots in Figure 3 confirm daily seasonality within a week, that is, trading activity on Monday is always lower compared to other weekdays, and it increases while approaching
the end of the week. On Friday, trading volume is the highest. Monthly seasonality within
a year can be analogously found by employing the same seasonal plots (Figure 4). Monthly
seasonality is also apparent, that is, in May, August and December, the trading volume experiences its downturns after increased volume in previous months. Interestingly, trading volume
is the highest in January, while it is lowest in December.
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(b) Daily sub-series plot.

Figure 3: Seasonal plot of daily trading volume over years and daily sub-series plot.
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Figure 4: Seasonal plot of monthly trading volume over years and monthly sub-series plot.

h2

−0.155∗∗∗
(0.002)

d2

0.009∗∗∗
(0.001)

m2

−0.002
(0.002)

h3

−0.183∗∗∗
(0.002)

d3

0.014∗∗∗
(0.001)

m3

−0.005∗∗
(0.002)

h4

−0.219∗∗∗
(0.002)

d4

0.024∗∗∗
(0.001)

m4

−0.024∗∗∗
(0.002)

h5

−0.131∗∗∗
(0.002)

d5

0.030∗∗∗
(0.001)

m5

−0.036∗∗∗
(0.002)

h6

−0.107∗∗∗
(0.002)

m6

−0.027∗∗∗
(0.002)

h7

−0.087∗∗∗
(0.002)

m7

−0.045∗∗∗
(0.002)

h8

−0.061∗∗∗
(0.002)

m8

−0.052∗∗∗
(0.002)

h9

0.028∗∗∗
(0.002)

m9

−0.024∗∗∗
(0.002)

c

0.259∗∗∗
(0.002)

m10

−0.035∗∗∗
(0.002)

m11

−0.041∗∗∗
(0.002)

m12

−0.049∗∗∗
(0.002)

15 min observations
R-squared
Residual standard error
F statistic

42957
0.513
0.066
1963.37∗∗∗

Table 2: OLS estimates of multiple seasonality (***,**,* indicate significance of the estimates
at 1%, 5%, and 10% respectively, while the standard errors are in parentheses).
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Before multiple STL decomposition, OLS estimates are computed to verify whether the
results support graphical inspection of the data and if the assumption of three seasonal components is reasonable. Namely, eight seasonal dummy variables were generated to capture hourly
seasonality within 15 min observations over the entire sample (opening hour 09:00-10:00 is
omitted). To capture daily seasonality and monthly seasonality 4+11 dummy variables were
generated while omitting Monday as the first day of the week and January as the first month
of the year. In total 23 seasonal dummy variables are included in the OLS regression and 24
parameters are estimated, including the constant term (Table 2).
Estimates with respect to closing hours indicates significant and higher trading levels against
omitted trading hours (09:00-10:00), while all other intraday negative estimates with respect
to h2 , h3 ,...,h8 indicate significant and lower trading levels against opening hours. However,
these negative estimates increase toward midday and then decrease toward the closing time
of trading. This finding is in line with ”U”-shaped intraday pattern. Considering estimates
of daily effects concerning d2 , d3 ,...,d5 , all parameters are significant and show higher trading
levels, which increases almost linearly when approaching the end of the week.
Monthly effect estimates w. r. t. m2 , m3 ,...,m12 are all negative, implying that trading is the
highest in January, while the most negative estimate at 0.049 indicates that trading is the lowest
in December. Downturns of negative estimates are noticeable in May and August. Although
OLS estimates are taken only as auxiliary results, due to the restriction that seasonality does
not change over time, it is surprising to conclude that more than half of the intraday trading
volume variations can be solely explained by multiple seasonal patterns (R2 = 0.513).

Intraday

1.00
0.75
0.50
0.25
0.00

Trend

0.20
0.15
0.10

Seas 1

0.2
0.1
0.0
−0.1
−0.2
0.10

Seas 2

0.05
0.00
−0.05

Seas 3

0.050
0.025
0.000
−0.025

Irregular

0.50
0.25
0.00
−0.25
0

20

40

Figure 5: Multiple STL decomposition with 3 seasonal components.
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The results of multiple STL decompositions are presented in Figure 5 using the Loess window
q=39 and seasonal frequencies k=4, 34, and 739.19, respectively. Seas 1 is an hourly seasonal
component, Seas 2 is a daily seasonal component, and Seas 3 is a monthly seasonal component
of the intraday trading volume. The raw time-series, trend component, and irregular component
are also presented in the same figure. From Figure 5 it is clear that all seasonal components are
time-varying, and consequently, the strength of these components also changes.
The results from the first column of Table 3 suggest that hourly seasonality is the strongest
among seasonal effects, that is, the strength of hourly seasonality over a five-year period is
around 0.7, which is very close to 1. When analyzing the variation of the first seasonal component toward the reminder component in each year separately, it can be noticed that hourly
seasonality is still the strongest, but it does not vary much (it ranges from 0.654 to 0.742).
The second strongest seasonal component is the daily seasonal component, with a moderate
strength of 0.124. However, daily seasonality changes the most between years, with a range
of 0.06. The weakest component was monthly component with a strength below 0.1. After
the first strongest seasonal component, the smoothed trend component surprisingly takes a
relatively high portion of the variation in magnitude compared to the reminder (0.356 for the
entire observation period).

Seasonal effects
Hour of the day
Day of the week
Month of the year
Trend effect

Period/years
2014–2018 2014
0.697
0.742
0.124
0.168
0.085
0.095
0.356
0.346

2015
0.729
0.157
0.094
0.320

2016
0.654
0.119
0.081
0.312

2017
0.673
0.108
0.083
0.324

2018
0.708
0.116
0.086
0.338

Table 3: Strength of the seasoanl components and the trend component.
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Figure 6: Seasonal diagnostic plot within hourly sub-series.
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To check the appropriateness of the Loess window q=39, seasonal diagnostic plots were
employed (Figures 6-8). These plots show detrended sub-subseries after subtracting the mean
so that each sub-subseries is zero-centered. The sub-series of each seasonal frequency is well
smoothed, but not too smoothed, indicating suitable Loess window selection. Moreover, q=39
enables moderate changes in the seasonality, whereas a much higher level of q would give a
constant seasonality.
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Figure 7: Seasonal diagnostic plot within daily sub-series.
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Figure 8: Seasonal diagnostic plot within monthly sub-series.
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4. Conclusion
This study does not focus on intraday trading volume forecasting directly but on the discovery
and understanding of multi-seasonal patterns that coexist within a single high-frequency series.
Thus, a multiple STL decomposition was employed for DAX intraday trading volume observed
every 15 min over five years. The empirical results demonstrated the existence of three seasonal
components. Hourly seasonality is the strongest component, indicating a ”U”-shaped pattern,
and persistent, as it does not vary much over time. However, daily seasonality changes the most,
even though it exhibits moderate strength over the years. The daily seasonality indicates an
almost linearly increasing trade pattern when approaching the end of the week. Friday volume
was the highest, as investors did not want to hold open positions over a weekend because
of the increased market risk. For the same reason, trading activity was mostly intensified
during the closing hours of the day. Monthly seasonality is also apparent with downturns in
May, August, and December after increased trading in the previous months, while the highest
trading activity is experienced in January. Multi-seasonality patterns provide better insight into
investors’ behavior, and consequently, the trading volume becomes a predictable phenomenon
that is used in decision making when there is a lack of fundamental information.
What makes this paper distinct from similar existing studies is the suggestion on how to
deal with an unequal number of trading days per week, month, and year as well as appropriate
specification of seasonal frequencies and Loess window. Having the same number of observations
per sub-cycle, allowing for missing values and handling a multiple set of any seasonal frequencies
greater than one, makes perfect conditions for applying the STL technique successively, starting
with the shortest periodicity, and ending with the longest periodicity. When an appropriate q
is selected, along with k, all other parameters are determined automatically, as they strongly
depend on the time-series periodicity and the length of the Loess window. In the application
example, parameter q is set to 39, while k considers three seasonal frequencies: 4, 34, and
739.19. In addition, a non-integer seasonal frequency is employed. The appropriateness of
these parameter settings was confirmed using seasonal diagnostic plots.
Finally, it should be noted that the auxiliary results indicate that trading volume variations
can be explained solely by using more than 50% of multi-seasonal patterns, which is surprisingly
a high portion. A comparison of multiple STL decompositions against competing alternatives
for forecasting intraday trading volume would be a direction for further research, although
the advantage of decomposition by a locally weighted polynomial is well-argued. It can also be
beneficial to explore the performance of parametric versions of multiple seasonal decompositions,
which may be adopted for real data features.
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Abstract. Assessment of hydropower projects with respect to sustainability criteria is a multidimensional and complex issue. It requires considering technical, environmental, and social parameters
instead of purely economic ones in decision making for energy planning. The flexibility to consider several criteria and objectives simultaneously leads to the use of multicriteria decision making (MCDM)
methods which are well accepted in the field of energy planning. This paper aims at applying MCDM
methods in facilitating the decision makers to select the most sustainable hydropower projects in the
Indian region by making real and logical choices based on eight important criteria selected from the literature that are compatible with sustainable development. To comprehensively rank hydropower projects
three MCDM methods are applied i.e., the technique for order of preference by similarity to ideal solution (TOPSIS), preference ranking organization method for enrichment evaluations (PROMETHEE
II), and elimination and choice translating reality (ELECTRE III). Analytic hierarchy process (AHP)
is used to calculate the weights of criteria. All three methods are well adapted for sustainability assessment and ranked Sharavathi (A9 ), Bhakra (A2 ), and Upper Indravati (A13 ) to be the most sustainable
hydropower projects in India under the selected criteria. The study will be helpful in sustainable energy
planning of hydropower projects with similar geographical conditions.
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1. Introduction
Hydropower is recognized as a mature technology for electricity generation and is globally
contributing towards the generation of renewable resources. Hydropower has a storage reservoir,
which helps to meet the peak load demand and thus stabilizes the overall electrical grid [30].
Apart from generating low-cost electricity, hydropower provides water supply, flood control,
drought management, recreation, irrigation, and job creation [8]. Regardless of these several
advantages, the development of hydropower used to be highly controversial on account of its
social and environmental impacts. These are loss of biodiversity, destroying of the ecosystem,
greenhouse gas (GHG) emissions, submergence of large land area, displacement and resettlement
of population, etc., [36]. Therefore, in the field of hydropower development, sustainability has
become an important concern.
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Previously technical and economic parameters were the main criteria to analyze the hydropower projects that would mainly focus on electricity generation [11]. Later environmental
and social aspects were also considered the significant criteria for sustainability assessment
of hydropower projects [23]. Hence, it becomes necessary to consider all i.e., technical, economic, social, and environmental criteria for assessing the sustainability of hydropower projects.
However, these criteria are contradict the design of an economical, high installed capacity hydropower project with negligible environmental and social impacts. Therefore, to tackle the
hydropower system with a perception of sustainability as a complex problem, multicriteria decision making (MCDM) methods serve a quite realistic approach to solve problems that include
conflicting criteria [25].
Several MCDM methods are widely applied in energy planning, sustainability assessment,
and ranking of renewable energy projects such as hydropower, wind, solar, geothermal, etc.
For example, run of river (RoR) hydropower projects were accessed based on sustainability
criteria using analytic hierarchy process (AHP) [24], AHP is applied in [37] to study the potential to develop hydropower projects. To assist in energy planning [32] also used AHP to
evaluate and rank the hydropower projects specifically to the hydropower plant constructions
in the mountainous area of Italy. [2] used AHP to determine the most suitable site for a
wind observation station. The preference ranking organization method for enrichment evaluations (PROMETHEE) method with fuzzy input data has been used in [18] to assess and rank
alternative energy exploitation schemes of a low-temperature geothermal field, [40] applied
PROMTHEE for ranking construction location of small hydropower. [19] used PROMETHEE
for developing a framework for group consent on renewable energy projects, which was later
applied to a geothermal reservoir project on the island of Chios.The elimination and choice
translating reality (ELECTRE) method had been applied by [4] and [17] in the application of
renewable energy planning. Technique for order of preference by similarity to ideal solution
(TOPSIS) under fuzzy environment has been used for evaluating sustainability and ranking of
renewable energy technologies [5, 13, 35]. The MCDM methods help in better decision making
by efficiently considering numerous criteria with conflicting nature. Depending on the objective of planning and application area, each MCDM method has its strength and weakness [22].
Hence no single method can be categorized as best or worst.
TOPSIS is based on the principle of fundamental ranking that the best alternative is closest
to the positive ideal solution and farthest from the negative ideal solution [14]. It uses all
allocated information and the advantage is that method need not require the information to be
independent. However, the weakness of the method is that it works on the basis of Euclidian
distance, therefore, it does not consider any difference between negative and positive values
[22].
PROMETHEE method is characterized by ease of use and decreased complexity. It is based
on the principle of outranking wherein the pairwise comparison of alternatives is performed to
rank the alternatives with respect to a number of criteria [27]. It involves group-level decisions
that deals with qualitative and quantitative information, can incorporate uncertain and fuzzy
data besides allowing the decision maker to express the preference in the form of threshold
parameters. But PROMETHEE is complicated and so users are limited to experts [22].
ELECTRE method is capable of handling discrete criteria of both quantitative and qualitative in nature and provides complete ordering of the alternatives. The analysis is focused on
the dominant relations between alternatives. The outranking method uses the pairwise comparison between alternatives [33]. It can deal with heterogeneous scales and quantitative and
qualitative features of criteria, and like PROMETHEE it also allows the preference in the form
of threshold parameters. However, it is less versatile and requires a better understanding of
objectives, especially when dealing with quantitative criteria.
Hence all three methods can be applied when required to deal with qualitative and quantitative criteria. When it is required to express a preference, PROMETHEE and ELECTRE find
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the best application. The above discussed all three ranking methods are most popular and wellaccepted in sustainable energy planning [22]. Their advantages to deal with both qualitative
and quantitative criteria makes them best suitable for the present assessment.
Many studies reviewed the sustainability criteria (indicators) for renewable energy for sustainable energy planning. As far as sustainability assessment of hydropower projects is concerned, some studies explicitly reviewed the sustainability criteria (indicators) for hydropower
[23, 36, 38]. These studies have been referred for selecting the eight criteria based on technoeconomic, economic, environmental, and social parameters. Sustainable development means
satisfying present needs without compromising the ability of future generations to meet their
own needs; wherein social, environmental, technical, and economic parameters all form the
important pillars of sustainability [21]. To satisfy the present needs of society, assessment for
techno-economic criteria, e.g., installed capacity, electricity generation per year, capacity factor,
and most important economic criteria i.e., cost of generation become important [15, 37]. Since
hydropower projects are often criticized over associated social and environmental impacts, displacement, safety, social benefits, and land use also form the essential criteria for assessment
[23, 36, 38].
The present study demonstrates the application of the most often used MCDM methods
namely TOPSIS, PROMETHEE II, and ELECTRE III on a practical example for ranking of
major hydropower projects of India. The assessment is based on eight sustainability criteria that
are perfectly compatible with sustainable development. The AHP method is used to evaluate
the weights of the criteria. The approach developed is tested on a practical example focusing on
the major hydropower projects in different regions of India, where displacement or resettlement
were more than 4,000 people and having a large reservoir to make the problem more objective.
As per the available literature and to the best of authors’ knowledge these three methods have
been applied for the first time to rank major hydropower projects of Indian region based on
eight sustainability criteria.

2. Methodology
2.1. Weights calculation by AHP method
The AHP introduced by Saaty is the most widely accepted decision support tool for complicated decision problems. AHP uses a multi-level hierarchical formation of objectives, criteria,
sub-criteria, and alternatives.
The following steps are involved in the AHP method [29].
(i) Construct a pairwise comparisons matrix of the criteria involved in the decision using a
numerical scale for comparison used in [32]. Let Cj (j = 1, 2, . . ., n) represents the jth
criteria. B presents the (n x n) pairwise comparison matrix, where bij (i, j = 1, 2, . . ., n)
represents the relative importance of criteria i with respect to criteria j. A criterion compared
with itself is always assigned the value 1.


1
 b21
B=
 ...
bn1

b12
1
...
bn2

...
...
...
...


b1n
b2n 
 b = 1/bij , bij 6= 0
...  ji
1

(1)

(ii) The relative normalized weight (Wi ) is obtained by calculating the value of the geometric mean (GMi ) of ith row.
1/n

GMi = {bi1 × bi2 × bi3 × ... × bij }

(2)
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GM i
Wi = Pj=n
j=1 GM i

(3)

(iii) Determine the matrix Y such that Y = B×W, where
W= [W1 , W2 , W3 , . . . , Wn]


1
 b21
Y =B∗W =
 ...
bn1

b12
1
...
bn2

...
...
...
...


b1n
b2n 

... 
1

T

 

W1
C1
 W2   C 2 

 

 ...  =  . . . 
Wn
Cn

(4)



(5)

(iv) The consistency values (CV ) calculated for the group of alternatives is given by:

CV i =

Ci
(6)
Wi
is then calculated which is the average of the

(v) The value of the maximum eigenvalue λmax
consistency values.
(vi) The value of the consistency index (CI ) = (λmax - n)/(n - 1 ) is calculated wherein ‘n’
denotes the total number of criteria. The consistency of the pairwise comparison denotes the
quality of the results of the AHP.
(vii) The value of the random index (RI ) is selected from [29] for the number of criteria. The
value of consistency ratio (CR) = CI/RI is then calculated. The value 0.1 is the accepted upper
limit for CR. If the value of CR exceeds the value 0.1, then complete evaluation procedure has
to be repeated to improve consistency as the value of CR denotes the consistency of decision
makers as well as of overall hierarchy.

2.2. Methods for ranking of alternatives
2.2.1. The TOPSIS method
The TOPSIS method, developed by [20] comprises of the following steps:
(i) A decision matrix has to be established for the ranking wherein columns represent criteria (C1 , C2 , C3 , . . . , Cn ), (j = 1, 2, . . . , n) while rows represent alternatives (A1 , A2 , A3 , .
. . Am ), (i = 1, 2, . . . , m).
C1

A1
A2
...
An

C2

(W1 ) (W2 )

X11 X12
 X21 X22

 ... ...
Xm1 Xm2

...

Cn

... (Wn )

... X1n
... X2n 

... ... 
... Xmn

(7)

An element Xij of the matrix indicates the performance rating of the ith alternative Ai ,
with respect to the jth criteria Cj , as shown in Eq. (7).
(ii) The normalized decision matrix rij of Xij is calculated as defined in Eq. (8)
Xij
rij = qP
i=m
i=1

i = 1, 2, . . . , m; j = 1, 2, . . . , n
2
Xij

(8)
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(iii) Weighted normalized decision matrix vij is calculated by multiplying the normalized decision matrix by its corresponding weights.
vij = Wj ∗ rij

(9)
−

+

(iv) The values of positive ideal (best) (V ) and negative ideal (worst) solutions (V ) is then
calculated using the following equations:

(
V

+

=

max
X

!
vij / j ∈ J

min
X

,

i

!
vij / j ∈ J

0

)
/

i = 1, 2, . . . , m

i

 + + +
= v1,
v2, v3, . . . , vn+
(
V

−

=

min
X

!
vij / j ∈ J

,

max
X

i

(10)

!
vij / j ∈ J

0

)
/

i = 1, 2, . . . , m

i

 − − −
= v1,
v2, v3, . . . , vn−

(11)

where J = (j = 1, 2, . . ., n)/j is set of benefit criteria and J’ = (j = 1, 2, . . . , n)/j is set
of cost criteria.
(v) The separation between the alternatives can be calculated by the n-dimensional Euclidean
distance. The separation of each alternative from the positive ideal solution is given as:
v
u n
uX
2
+
Si = t
vij −vj+
i = 1, 2, . . ., m
(12)
J=1

Similarly, the separation from the negative ideal solution is as follows:
v
u n
uX
2
−
i = 1, 2, . . ., m
vij −vj−
Si = t

(13)

J=1

(vi) The relative closeness of the alternative Aij from the ideal solution. is calculated as:
Ri =

Si−
Si+ + Si−

(14)

(vii) Finally, the alternatives are ranked in the descending order according to the value of Ri .

2.2.2. The PROMETHEE method
The PROMETHEE is an effective MCDM tool and popular outranking method [7]. In the
PROMETHEE method, a finite ‘m’ number of alternatives A = [A1 , A2 , . . . , Am] are evaluated for a finite ‘n’ number of evaluation criteria C = [C1 , C2 , . . . , Cn ]. PROMETHEE
has proved to be an excellent tool for ranking considering multiple and complex criteria when
dealing with the finite number of alternatives [16]. The versions available of PROMETHEE are
PROMETHEE I, II, III, IV, V, VI, PROMETHEE GDSS, and GAIA (Geometrical Analysis
for Interactive Aid). PROMETHEE I is used for the partial ranking; PROMETHEE II is based
on comprehensive ranking; PROMETHEE III ranks based on the intervals; PROMETHEE IV

80

Anuja Shaktawat and Shelly Vadhera

for complete or partial ranking of the alternatives when the set of viable solutions is continuous;
the PROMETHEE V for problems with segmentation constraints., the PROMETHEE VI for
the human brain representation applied when the decision maker is not able or does not want to
allocate precise weights to the criteria., the PROMETHEE GDSS for group decision making,
and the visual interactive module GAIA for a graphical representation. Based on the userfriendly approach and mathematical property, each PROMETHEE method can be regarded as
a convenient tool for decision making [6].
Among all the methods of this family, PROMETHEE II is the most acclaimed and frequently
used one. It allows the decision maker to find a full ranked vector of alternatives and it is well
fitted to the case study undertaken. In this method, alternatives are evaluated by pairwise
comparison on a particular criterion, and based on the deviation the preference is assigned by a
decision maker. The preference assigned is the value between ‘0-1’. The six preference functions
had been proposed by [7], which are usual criterion (Type I) which is a linear preference function
that takes values of ‘0-1’and limit from the right is zero, quasi criterion (Type II) which is almost
similar to Type I except its limit from the right is not zero. (Type III) criterion is with linear
preference and (Type IV) is level criterion. (Type V) is a criterion with linear preference and
indifference area, and (Type VI) Gaussian criterion, for example, is nonlinear function.
Type I and Type IV are usually used for qualitative criteria, while the Type III and Type V
preference functions are well adapted for quantitative criteria [12]. The selection between Type
I or Type IV for qualitative criteria depends on the introduction of threshold parameters i.e.,
indifference threshold (qj )and outright preference threshold (pj ) for each criterion considered.
The parameter qj is defined as the largest deviation, which is considered negligible by the
decision maker. The parameter pj is defined as the smallest deviation, which is considered
sufficient to generate a full preference [7]. Type I require fixing no parameters, while a selection
of Type IV requires to fix qj and pj . Similarly Type III requires to fix only pj and Type V
requires to fix both qj and pj respectively for quantitative criteria.
The preference of alternative A1 over alternative A2 for a particular criterion Cj can be
determined by means of a preference function Pj (A1 , A2 ) such that 0 ≤ Pj (A1 , A2 ) ≥ 1,
which expresses the preference as a function of the deviation dj (A1 , A2 ) between A1 and A2
on that particular criterion:
Pj (A1 , A2 ) = Fj [dj (A1 , A2 )] = Fj [Cj (A1 ) − Cj (A2 )]

(15)

where Fj represents the function
of the deviation.
Q
The index of preference
(A1 , A2 ) of alternative A1 being preferred over alternative A2 is
given by Equation (16)
Pn
Y
j=1 Pj (A1 , A2 ) Wj
Pn
(16)
(A1 , A2 ) =
j=1 Wj
Q
(A1 , A2 ) is a number between 0 and 1 that represents the degree to which A1 is preferred
over A2.
∅+ (A1 ) =

X Y
1
(A1 , B)
(n − 1)

(17)

X Y
1
(B, A1 )
(n − 1)

(18)

B ∈A

∅− (A1 ) =

B ∈A

+

−

∅ (A1 ) = ∅ (A1 ) − ∅ (A1 )
+

(19)

The positive outranking flow ∅ (A1 ) in Equation (17) indicates how the alternative A1 is
outranking all the others, while the negative outranking flow ∅− (A1 ) in Equation (18) indicates
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how the alternative A1 is outranked by all the others. Higher the ∅+ (A1 ) and lower the ∅− (A1 )
indicates, A1 is better in comparison to the other alternatives. The value of the net outranking
flow (∅) calculated for each alternative using Equation (19) is used to rank the alternatives.
The highest rank will be assigned to the alternative with the greatest value of ∅.
2.2.3. The ELECTRE method
The ELECTRE method was first proposed by [33]. The method is based upon the outranking
concept whereby an alternative A1 outranks another alternative A2 with enough fact existing
to declare that A1 is as good as A2 and good reasons to reject such facts do not exist. The
available versions of ELECTRE are ELECTRE I, II, III, IV, IS, and TRI. In the present study,
ELECTRE III is selected for ranking the alternatives as this method provides an advantage
of the direct participation of decision makers and a possibility to analyze both qualitative and
quantitative criteria.
Let alternatives A = (A1 , A2 , . . . , Am ) are assessed for a finite n number of criteria (C1 ,
C2 , . . . , C n ); Cj (Aj ) represents the performance of the alternative A for the criteria Cj (j =
1, 2, . . . , n).
The ELECTRE III ranking calculations involve following steps:
(i) The concordance index C (A1 , A2 ) is computed
for each pair of alternatives:
Pn
j=1 wj Cj (A1, A2 )
Pn
C (A, A2 ) =
j=1 wj

(20)

where Cj (A1 , A2, ) is the outranking degree of the alternative A1 and A2, under criteria j

0
if Cj (A2 ) − Cj (A1 ) ≥ pj

1
if Cj (A2 ) − Cj (A1 ) ≤ qj
Cj (A1 , A2 ) =
(21)

pj + Cj (A1 ) − Cj (A2 )/pj − qj otherwise
qj and pj are indifference and preference thresholds for the jth criteria respectively.
Thus 0 ≤ Cj (A1 , A2 ) ≤ 1.
The relation between qj , pj and vj is as follows:
qj < pj < v j

(22)

The veto threshold (v ) allows the possibility of A1 SA2 i.e outranking to be refused totally if,
for anyone criteria j, Cj (A2 ) > Cj (A1 ) + vj .
(ii) The discordance index d(A1
, A2 ) for each criterion is then defined as follows:
0
if Cj (A2 ) − Cj (A1 ) ≤ pj

1
if f Cj (A2 ) − Cj (A1 ) ≥ vj
dj (A1 , A2 ) =

Cj (A2 ) − Cj (A1 ) − pj /vj − pj otherwise

(23)

Thus 0 ≤ dj (A1 , A2 ) ≤ 1
(iii) Finally, the degree of outranking is defined by S (A1 , A2 ):
(
S (A1 , A2 ) =

C (A1 , A2 )
if dj (A1 , A2 ) ≤ C (A1 , A2 ) ∀j  J
Q
1−dj (A1 ,A2 )
otherwise
C (A1 , A2 ) × jJ(A1 ,A2 ) 1−C(A
1 ,A2 )

where J (A1 , A2 ) is the set of the criteria for which dj (A1 , A2 ) > C (A1 , A2 )

(24)
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(iv) For complete ranking it requires to calculate the concordance credibility degree, the discordance credibility degree, and the net credibility degree:
(a) The concordance credibility degree is defined as:
∅+ (A1 ) =

X

S (A1 , B) , ∀A1  A

(25)

B ∈A

The concordance credibility degree measures the outranking character of A1 i.e. how A1 dominates all other alternatives of A.
(b) The discordance credibility degree is defined as:
∅− (A1 ) =

X

∀A1  A

S (B, A1 ) ,

(26)

B ∈A

(c) The net credibility degree is then calculated as:
+

∅ (A1 ) = ∅ (A1 ) − ∅− (A1 )

(27)

The high value of the net credibility degree represents the higher preference of the alternative
Ai over other alternatives. Hence the ranking of alternatives is done based on the value of the
net credibility degree.

3. Sustainability assessment and ranking of alternatives
3.1. Selection of alternatives
The first step in MCDM is the selection of alternatives. The 14 major hydropower projects from
various regions of India are carefully selected as alternatives with a focus on projects having
installed capacity of more than 200MW, displacement or resettlement of more than 4000 people,
and having a large reservoir to make the problem more objective. Table 1 presents the list of
selected hydropower projects.
Alternatives
A1
A2
A3
A4
A5
A6
A7
A8
A9
A10
A11
A12
A13
A14

Hydro power project
Balimela
Bhakra
Hirakud
Indira Sagar
Pong
Rengali
Rihand
Sardar Sarovar
Sharavathi
Srisailam
Tehri
Ukai
Upper Indravati
Upper Kolab

State
Odisha
Himachal Pradesh
Odisha
Madhya Pradesh
Himachal Pradesh
Odisha
Uttar Pradesh
Gujrat
Karnataka
Telangana
Uttarakhand
Gujrat
Odisha
Odisha

Installed capacity (MW)
510
1325
347
1000
396
250
300
1450
1035
770
1000
300
600
320

Table 1: List of selected hydropower projects
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3.2. Selection of evaluation criteria
The second step is very much critical under the MCDM approach i.e., the identification and selection of criteria to compare the alternatives. For sustainability assessment of renewable energy
generation technologies, ranges of criteria should be considered [15]. The accessible information
in terms of quantitative and qualitative data of alternatives will decide the selection of a number of criteria. The criteria selected in the present study for ranking of hydropower projects
based on sustainability include, installed capacity, average electricity generation, capacity factor, cost of generation, land use, displacement of people, safety, and also social benefits. Table 2
presents the summary of the selected criteria and the criteria to be cost or benefit. This study
takes into account all four types of criteria which are well-known pillars of sustainability i.e.,
techno-economic, economic, environmental, and social as follows:
Criterion
Installed capacity (C1 )
Electricity generation per year (C2 )
Capacity factor (C3 )
Cost of generation (C4 )
Land use (C5 )
Displacement (C6 )
safety (C7 )
Social benefits (C8 )

Type
Techno-economic
Techno-economic
Techno-economic
Economic
Environmental
Social
Social
Social

Unit
MW
MU/year
Percentage
Paisa/KW
Hector
Persons
Qualitative (1-4)
Qualitative (1-4)

Benefit/cost criterion
Benefit
Benefit
Benefit
Cost
Cost
Cost
Benefit
Benefit

Table 2: Summary of selected criteria [23, 35, 38]
3.2.1. Techno-economic
The criteria selected in this type are installed capacity, annual energy production, and capacity
factor. In the available literature, these criteria are merged with the economic criteria, whereas
some have considered them in the technical or generation aspects [37, 39]. Therefore, in the
present study, these selected criteria have been considered as techno-economic criteria.
(i) Installed capacity: In the present study installed capacity is a direct indication of the
potential to generate power.
(ii) Electricity generation per year: Annual energy production directly improves the economy
of power projects.
(iii) Capacity factor: The capacity factor is defined as the ratio of the total actual energy
generated over a definite period, to the energy that would have been generated if the power
plant had operated continuously at the maximum rating. The capacity factor shows the power
project capacity to produce energy without any kind of defect or break down.
3.2.2. Economic
This criterion represents the cost and profit of the hydropower projects with respect to the
long-term success.
(i) Cost of generation: It is a major criterion with respect to the economic sustainability of
the project. An economically sound project because of its low generation cost offers good
investment opportunities [23].
3.2.3. Environmental
This criterion represents the project’s environmental affinity with the surrounding region and
ecology.
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(i) Land use: The land use in the form of the reservoir may destroy the ecosystem. It results
in the GHG emissions, soil erosion, silt deposition, obstruction to fish migration, etc. The land
coverage in the form of flooding area of dam cause loss of farming plots, loss of spiritual places,
and increases infectious disease [21].

3.2.4. Social
The social criteria indicate the life of local communities affected or benefited by the construction of hydropower projects. Public perception plays an important role in the deployment of
hydropower projects [23].
(i) Displacement and resettlement: The main social impact of the construction of the large
hydropower dam reservoirs is the displacement and resettlement of the affected communities.
This forced displacement and the resettling process do not guarantee the same life for them
that existed before. Hence from a sustainability point of view resettlement or displacement
should be minimum.
(ii) Safety: As far as the safety of hydropower projects is concerned, the failure of dams caused
by earthquakes remains a serious threat as they are capable to completely break the dam with
the energy released from the event [26]. Based on the historical seismic activity, the regions of
India have been classified into four seismic zones by the Bureau of Indian Standards. These
are zone II (low-intensity zone), zone III (moderate intensity zone), zone IV (severe intensity
zone), and zone V (very severe intensity zone). Based on the zone on which selected dams fall,
safety is marked on the scale of (1-4). The dams which fall on zone II have been scaled 4 i.e.,
safer compared to other zones. Similarly scaling for zone III is 3, zone IV is 2, and zone V is 1
respectively.
(iii) Social benefits: The benefits such as irrigation, flood control, recreation along with generation are also significant criteria from a sustainability point of view [15, 21]. The selected
hydropower projects were scaled on (1-4) based on the benefits they are providing. For example,
the hydropower projects which serve the purpose of only power generation were scaled as 1,
and hydropower projects which serve the purpose of generation, irrigation, flood control, and
recreation were scaled as 4 respectively.

3.3. Weights calculation of criteria by AHP
In our study, we selected 10 evaluators (4 academicians, 4 operations and maintenance manager
of hydropower plants, and 2 project planning manager) who are well-versed expert in the domain
of the problem to decide upon these weights, reflecting the importance of criteria in ranking the
alternatives. The average weightage scale is calculated for each criterion, and finally, weights
are calculated according to the steps explained in Section 2.1. Academicians were chosen to
involve the attitude of public perception and to neutralizes the influence of other evaluators
over any significant government energy policies adopted by the plant expert.
The public perception and recognition of any power technology play an important role
along with expert opinion in the energy planning and decision-making process. However, public
opinion may sometimes be biased because of lack of knowledge for a particular technology, under
political influence or personal interest [31]. Therefore, expert opinion is of great importance,
since experts while assigning weightag,e considered all the aspects of sustainability (social,
environmental, economic, and technical). Table 3 presents the value of weights calculated as
per the steps mentioned in Section 2.1. Using steps iv-vii mentioned in Section 2.1, the value
of CR obtained is 0.0578 which is acceptable under limit CR ≤ 0.1. Therefore, there exists
consistency in weights and can be used for the sustainability assessment.
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Criterion weight (W)
0.0368
0.2086
0.1818
0.3152
0.0867
0.0867
0.0292
0.055

Table 3: Criteria weights calculated using AHP

The highest weightage was assigned to the economic criteria C4 (cost of generation) followed
by C2 , C3 (techno-economic criteria), C5, C6, C8 (environmental and social criteria), and lastly
C1 (installed capacity) and C7 (safety). Hydropower project’s construction usually faces a lot
of criticism because of the associated environmental and social impacts. Hence social and
environmental criteria become important. The present study assessed the hydropower projects
already commissioned and generating the power, hence the technical and economic parameters
e.g., cost of generation, capacity factor, and net generation become more important.

3.4. Sustainability ranking of hydropower projects
The values of the selected criterion for hydropower projects (alternatives) are presented in Table
4 along with the weights calculated using AHP. Table 4 will be the input decision matrix to
all the methods employed for sustainability ranking of the hydropower projects wherein C1,
C2, C3, C7, C8 are benefit criteria (larger the better), and C4, C5, C6 are the cost criteria
(smaller the better). Values of criteria (C1 , C2 , C4 , C5 , C6 ) for selected hydropower projects
are taken from [9, 10] and the values for criteria (C3 , C7 , C8 ) are calculated as discussed in
Section 3.2 using data from the website of the specific hydropower projects.
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Alternatives
A1
A2
A3
A4
A5
A6
A7
A8
A9
A10
A11
A12
A13
A14
Weight (Wj )

C1
510
1325
347
1000
396
250
300
1450
1035
770
1000
300
600
320
0.0368

C2
1240.93
6117
564.49
2542.72
1315.48
710.1
572.11
2909
5147.47
1141.04
2967.13
708.73
2597.23
702.7
0.2086

C3
28
53
19
29
38
32
22
23
57
17
34
27
49
25
0.1818

C4
88.22
33.07
127.64
243.86
23.62
108.09
55
205
27.69
398.2
587
33
80.42
49.84
0.3152

C5
17496
16600
74300
90820
29000
414500
46900
37590
5921
60629
4200
60000
11000
11350
0.0867

C6
10000
36000
11000
80500
150000
80000
60000
320000
12500
100000
100000
80000
26505
15895
0.0867

C7
2
3
2
2
2
3
2
2
1
2
2
3
2
2
0.0292

C8
4
2
3
3
2
4
3
3
3
4
2
3
4
4
0.055

Table 4: Values for selected criterion for each selected alternative
The ranking of the hydropower projects is based on the TOPSIS, PROMETHEE II, and
ELECTRE III methods. As far as selecting the preference functions in the PROMETHEE II
method is concerned, there is no general agreement about the choices of the preference functions
and their effect on complete ranking [1]. Most of the research to date has tended to focus on
the combination of six types of preference functions rather than one single preference function.
Therefore, as discussed in Section 2.2.2 regarding the review of preference function, the present
study, proposes the application of PROMETHEE II under the linear preference function (Type
III) for the quantitative criterion and usual preference function (Type I) for the qualitative
criterion. Table 5 presents the selected preference function and the values of thresholds i.e., q
and p for each criterion for PROMETHEE II, and q, p, and v thresholds for ELECTRE III
respectively. Based on the steps elaborated in Section 2.2.1, Section 2.2.2, and Section 2.2.3,
Table 6 presents the final important values calculated in the TOPSIS, PROMETHEE II, and
ELECTRE III methods.

Criterion

PROMETHEE preference function

C1
C2
C3
C4
C5
C6
C7
C8

Linear
Linear
Linear
Linear
Linear
Linear
Usual
Usual

PROMETHEE II
thresholds
q
p
100
200
300
2000
5
15
20
100
2000
10000
2000
10000
n/a
n/a
n/a
n/a

ELECTRE
thresholds
q
p
100
200
300
2000
5
15
20
100
2000 10000
2000 10000
0
1
0
1

III
v
400
4000
30
200
20000
20000
2
2

Table 5: Selected preference function and threshold parameters for PROMETHEE II and
ELECTRE III
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Alternative
A1
A2
A3
A4
A5
A6
A7
A8
A9
A10
A11
A12
A13
A14

TOPSIS
Si+
Si+
0.1126 0.2201
0.0129 0.2685
0.1348 0.2015
0.1223 0.1626
0.1086 0.2369
0.1474 0.1946
0.1273 0.226
0.1265 0.1738
0.0225 0.265
0.1888 0.1121
0.2321 0.108
0.1222 0.2326
0.078 0.2297
0.1223 0.2328

Ri
0.6616
0.9543
0.5993
0.5707
0.6857
0.5691
0.6396
0.5787
0.9219
0.3726
0.3176
0.6555
0.7465
0.6556

PROMETHEE II
∅+
∅−
∅
0.6933 0.0628 0.6306
0.6739 0.0992 0.5747
0.5401 0.1357 0.4044
0.307 0.2075 0.0995
0.3092 0.2292
0.08
0.3332 0.305
0.0282
0.2512 0.3036 -0.0525
0.2236 0.3333 -0.1097
0.2261 0.3958 -0.1697
0.2947 0.5149 -0.2202
0.2646 0.4982 -0.2336
0.2469 0.4899 -0.243
0.1875 0.4699 -0.2824
0.1287 0.6349 -0.5062

ELECTRE III
∅+
∅−
∅
7.97 3.72
4.25
6.68 1.00
5.68
2.31 4.85
-2.54
1.60 2.93
-1.33
1.00 5.71
-4.71
1.00 7.02
-6.02
3.15 5.84
-2.69
1.00 1.94
-0.94
9.51
1
8.51
1.01 3.85
-2.84
1.00 2.88
-1.88
1.95 6.11
-4.17
8.34 3.12
5.22
7.13 3.67
3.46

Table 6: Final important values calculated in TOPSIS, PROMETHEE II and ELECTRE III

4. Results and discussion
Table 7 presents the ranking of the hydropower projects obtained according to the value of Ri
in TOPSIS and values of (∅) in PROMETHEE II and ELECTRE III as calculated in Table 6.
Ranking
1
2
3
4
5
6
7
8
9
10
11
12
13
14

TOPSIS
A2
A9
A13
A5
A1
A14
A12
A7
A3
A8
A4
A6
A10
A11

PROMETHEE II
A9
A2
A13
A14
A1
A5
A12
A7
A6
A11
A8
A4
A3
A10

ELECTRE III
A9
A2
A13
A1
A14
A8
A4
A11
A3
A7
A10
A12
A5
A6

Table 7: Ranking of hydropower projects from TOPSIS, PROMETHEE II and ELECTRE III
Comparing the ranking of the hydropower projects obtained using these three MCDM methods, shows that alternative A9 i.e., Sharavathi hydropower project obtained top ranking by
PROMETHEE II, and ELECTRE III, whereas by TOPSIS it is on the second rank. But when
comparing the values of Ri in TOPSIS, the value of Ri is very close for A2 and A9 . Hence it
can be concluded that Sharavathi hydropower (A9 ) is evaluated as the most sustainable project
under the eight selected criteria for the assigned weights. While comparing the complete ranking of all 14 hydropower projects, the three hydropower projects i.e., Sharavathi (A9 ), Bhakra
(A2 ) and Upper Indravati (A13 ) are on the top three rankings by all three methods. All three
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methods gave somewhat different results with respect to the ranking position from 4-14 of alternatives even with the same input data. The inconsistencies observed in the results of these
three methods are because of the differences in the calculation techniques and the impact of
the threshold values in the methods.
All three MCDM methods are well adapted for ranking hydropower projects considering
both quantitative and qualitative features of criteria. The need to consider factors like social,
environmental, economic, and technological in decision making for sustainability ranking of
hydropower projects make the process more complex. Hence MCDM methods have proved
to be very helpful when there is difficulty in selecting the best alternative while considering
conflicting criteria and incomparable units.
The PROMETHEE II and ELECTRE III have added advantage since their flexibility allows
the decision maker to express precisely the preferences for selecting the best alternative. The
previous studies, e.g. [26, 40] found PROMETHEE II well adapted in ranking and sustainability assessment and energy planning. However, the study [34] prefers ELECTRE III over
PROMETHEE in context to environmental problems. Similarly, the study [3] found ELECTRE
III suitable for site ranking, and [38] concluded that ELECTRE III, is an empirical and feasible
approach for supporting power distribution system planning. The review study [28] on application of MCDM on sustainable energy planning concluded PROMETHEE and ELECTRE as
the most popular method after AHP. For future work, the proposed methods with the fuzzy
environment can be applied to rank the hydropower projects and results can be compared.

5. Conclusion
The present study demonstrates the effectiveness of TOPSIS, PROMETHEE II, and ELECTRE
III methods to rank the major hydropower projects of the Indian region based on the eight
sustainability criteria. AHP method is used to calculate the criteria weights. All these three
methods are well adapted for sustainability assessment and ranking of hydropower projects
considering conflicting criteria. The hydropower projects i.e., Sharavathi (A9 ), Bhakra (A2 ),
and Upper Indravati(A13 ) are ranked to be the most sustainable projects by the proposed
methods under selected criteria and assigned criteria weights. There is inconsistency in the
complete ranking obtained by all these three methods, even considering the same problem with
the same data. It is due to differences in the calculation techniques and the impact of the
threshold values in the methods. Hence no single method can be categorized as best or worst.
It depends on a certain application where some technique fits better. The study recommends
PROMETHEE II and ELECTRE III for ranking since their flexibility allows the decision maker
to express precisely the preferences for selecting the best alternative. The study will be helpful
in sustainable energy planning of hydropower projects with similar geographical conditions.
The application of MCDM techniques in ranking different renewable energy technologies
and projects while simultaneously considering several criteria and objectives has proved to be a
reliable and realistic approach. Hence the study highlights potential of MCDM methods for the
multicriteria analysis of any power project with stochastic nature (i.e., wind, solar, geothermal,
etc.) using quantitative as well as qualitative criteria.
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Abstract. This study seeks to test the existence of the crowding-out (or- in) hypothesis in a sample
of 17 Emerging Europe countries divided in two panels. The study employs a panel autoregressive
distributed lag (ARDL) model based on three estimators, Mean Group Estimator (MG), Pooled Mean
Group (PMG) and Dynamic Fixed Effect (DFE), in order to evaluate the of stability of short run and
long run coefficients using consistently compiled public borrowing and private investment data between
2000 and 2019. The empirical findings of the paper generally confirm the existence of a crowding out
effect in both long run and short run in European post-transition countries, and in the long run for
European transition countries. More specifically, elasticity of private investment with respect to public
debt is greater in the European transition countries than in the European post-transition countries.
However, the findings on the crowding out (in) effect of government spending and economic growth on
private investment are mixed and conflicting in both the long run and the short run. Accordingly, the
study recommends that selected countries should reassess their austerity agendas employed for lowering
debt levels, and follow new strategies for managing public debt burden.
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1. Introduction
The rapid increase in public sector debt is a phenomenon that has received considerable attention in both theoretical and empirical research, as well as among economic policy makers
in recent decades. The great global imbalances that preceded the outbreak of the latest global
financial crisis (2008-09) contributed to a rapid increase in government borrowing. In the literature, the term “crowding out effect” is very well-known where it refers to how rising public borrowing crowds out private demand. However, there is some ambiguity about the crowding out
effect because there exists growing evidence about the crowding-in effect in different countries.
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Although the importance of link between private investment and public investment has been
widely examined, most of those studies, quite disappointingly, have been done for the region
as a whole. Specifically, our research provides a valuable contribution to this area, especially
in regard to European post-transition countries. Most empirical investigations have tested the
crowding out (or-in) hypothesis for highly indebted and poor countries. There has been much
less research on modestly indebted transition countries. In addition, many of these European
transition countries have undergone significant on-going political and structural changes. Due
to this fact, the rise of public debt might be a present burden in near future for these countries.
This study aims to explore the link between private investment and public borrowing in emerging Europe by examining the validity of the crowding out (or-in) hypothesis. More specifically,
this study focuses on common long run and short run coefficients in eight selected European
transition countries (Albania, Belarus, Bosnia and Herzegovina, Georgia Serbia, Montenegro,
North Macedonia and Moldova) and nine European post-transition countries (Bulgaria, Croatia, Czechia, Hungary, Latvia, Lithuania, Poland, Romania, and Slovakia). Consequently, the
study seeks to ascertain whether an increase in public debt leads to a decrease (increase) in
private investment, both in the long run and the short run. The PMG is used to test the
stability of short run and long run variables employing consistently compiled public borrowing
and private investment data.
The countries included in our study share similar cultural/historical legacies and socioeconomic characteristics. In some countries, the process of joining to the EU has already been
completed (the European post-transition countries) while in others it is still in progress (the
European transition countries). The literature on this issue remains scarce for the both groups
of countries due to the recent establishment of government and public debt management policies, as well as recent public sector management reforms. However, taking into consideration
that major structural changes in public debt management policies for the region have been
happening for at least twenty years now (and that public investment are not more and less
complementary to private investment but rather operate at different levels of efficiency) it
seems appropriate to address this issue now. In fact, this study employs a panel ARDL model
based on three estimators (MG, PMG and DFE) which provide certain advantages over the
other types of dynamic panel models. In particular, there remains a lack of recent empirical
studies, in both the short run and long run that have explored the crowding out (or–in) effect.
The studies that do exist simply do not offer convincing arguments to explain the negative and
positive relationships between public borrowings on private investment.

2. Literature review
The crowding-out (or-in) effect and its different forms have been studied for more than four
decades now and remains a point of interest for many researchers. As a result, there is a
substantial body of literature on this topic derived from theories of monetary and fiscal policy.
There is a clear short run correlation between public debt and interest rates [2]. Generally,
increases in public debt lead to higher interest rates. Modigliani and Ando [30] attempted to
evaluate the crowding-out effect more closely. They suggest that crowding out is only one of
many effects that occurs in the process of public expenditure growth via bond issuance. This
resulted in the creation of the crowding-out hypothesis as we more and less know it today. For
example, Borensztein [10] was one of the first researchers who attempted to test the relationship
between public debt and private investments. His study concluded that public debt burden acts
as a disincentive for private investment.
A number of crowding out (or in) studies exist for individual countries (i.e. [6, 7, 16, 24];
etc.). The majority of these studies employed Vector Error Correction Modeling (VEMC) and
Error Correction Modeling (ECM) to explore the links between public borrowing and private
investments. However, this study focuses on the validity of the crowd-out (crowd-in) hypothesis
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in a cross-section of heterogeneous countries. Revealingly, recent empirical studies have shown
mixed findings at a global level when testing the “crowding out” (or-in) effect hypothesis. For
instance, one of those studies focused on channels of interest rate and models of crowding out
[16]. They showed that government spending puts upward pressure on interest rates which in
turn leads to lower levels of private investment. Thus, the debate about the “crowding out”
(or-in) effect is not conclusive, and in fact, has initiated new controversies related to the short
run and long run effects between public borrowings and private investment. The scope of the
studies have varied significantly from one study to another in terms of the proxy variables
included in the estimates of the influence that public borrowings have on private investment.
Table 1 shows a brief summary of the current literature that is relevant to this research:
Deshpande’s [14] research reveals the negative impact that public debt has on private investment while the time variable only has positive impact on investment until 1984. A similar study
was conducted by [6] who identified the crowding out effect in eleven countries, while in eight
countries he identified the crowding (in) effect. There was no statistical significance regarding
the crowding out (or-in) effect in the other six countries of the study. In another study, authors
[1] observed a crowding-in effect as it relates to public investment on private investment in eight
countries, with a crowding out effect being found in nine countries, respectively. Emran and
Farazi [17] investigated the causal effect of public borrowing and private investment by utilizing cross sectional data,. Their study indicated that private credit is reduced by $ 1.40 if the
government increases its borrowing by $ 1.00. Elmendorf and Mankiw [16] examined interest
rate channels and models of crowding out. They found that government spending puts upward
pressure on interest rates and leads lower private investment. Broner, et.al. [11] found evidence
of the crowding-out hypothesis in Euro zone countries, taking into consideration all the events
surrounding the financial crisis from 2007. In their examination of the crowding out hypothesis,
the authors concluded that the demand for public borrowing is higher among poorer Euro zone
members. Erdem, et.al. [19] noted a negative correlation between public debt and government
expenditures in the Euro zone between 2000 and 2015.
In addition, the crowding out hypothesis was also confirmed by the negative relationship
between budget deficits and private investment. This indicates that budget deficit increases
caused by large public debt burdens and debt servicing activities, leads to the crowding out
of private investment. All of these relationships were confirmed for the short run period. In
one of the most significant studies, [21] it is shown that lower levels of private investment are
associated with higher levels of government debt.
On the other end of the debate, there are some researchers who found complementarity
between public borrowing and private investment, thus supporting the hypothesis about the
crowding-in effect rather than the crowding out effect. Aschauer [7] found that public investment crowds-in private investment. Similarly, two other studies also support the existence of
the crowding-in effect public on private investment [3] and [5]. Authors [28] found a greater
crowding-in effect in developing rather than developed countries by public investment.
In conclusion, it is clear that the existing empirical literature on this topic provides limited
and conflicted evidence regarding a crowding out (or-in) effect that public borrowing has on
private investment, particularly in European transition countries. European post-transition
countries have been much less explored. Our study follows a different approach than the
previous empirical studies listed in Table 1.

3. Methodology
Following some recent studies [11, 19], this study tests the existence the crowding-out (or- in)
hypothesis in a sample of 17 emerging Europe countries divided in two panels. The study employs a cross country sample of eight selected European transition countries (Albania, Belarus,
Bosnia and Herzegovina, Georgia, Moldova, Montenegro, North Macedonia, and Serbia,) and
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Table 1: Review of selected empirical studies
Author(s)
[3]

Time span
1979-1988

Countries
14 OECD countries

Econometric method
Panel Data Technique,
FE model, RE model

[14]

1971- 1991

Panel Data Technique

[6]

1970 -2000

13 highly indebted countries
(HIPCs)
25
developing
countries

[1]

1960- 2014

17 OECD countries

VAR estimation

[17]

1975 -2006

60
developing
countries

[13]

1970-2011

12
euro
countries

OLS, 2SLS, Efficient
Two
Step
GMM,
CUE-GMM
FE models, IVREG
models

[28]

2000-2009

Panel Data Technique

[11]

2000-2012

[19]

2000-2015

23
developed
countries
and
15
developing
countries
Euro zone countries
Euro zone countries

[5]

1992-2015

4 countries
East Africa

A panel ARDL model

[21]

1998-2014

69 countries

area

in

Multivariate
Probit
Model,
Bivariate
Probit Model

Panel Data Technique
Panel Data Technique

Error correction model

Variables
government consumption, public investment, private investment
Import of capital goods, public
debt, private investment, public
sector investment
public (private) investment
to GDP, Government Size,
Economic Structure, Monetary
Conditions,
Forex Regime,
Trade Openness, freedom of
Exchange in Financial Market
GDP, Gross fixed capital formation , direct taxes, inflation rate,
social contributions received
private credit, borrowing by the
government, growth rate of per
capita income, inflation
private saving/ investment rate,
gross government debt, fiscal indicators, long-term (sovereign)
real interest rate, trade openness
Government capital formation
expenditure, private investment, budget deficit, inflation
rate, GDP
Public debt, private investment
Public debt, private investment,
government expenditure, real
interest rate, growth rate on private investment
Public debt as % of GDP, private investment, Human capital development, GDP, inflation, credit to private sector,
corruption control.
investment-to-GDP
ratio,
investment-to-assets
ratio,
government debt over GDP,
Investment, Cash Flow, and
Sales

Source: Compiled by the authors

nine European post transition countries (Bulgaria, Croatia, Czech, Hungary, Latvia, Lithuania,
Poland, Romania, and Slovakia). The sample of countries included in this study was determined
by the availability of data.
In the first stages of our econometric analysis, the stationarity of the series is checked with
three different the panel unit roots as follows: Im-Pesaran-Shin (IPS, 2003) test [22], Levin, Lin
and Chu (LLC, 2002) test [26] and Pesaran’s (2007) CIPS test [36]. The LLC test [26] assumes
that the structures of all panel units are homogeneous, whereby the null hypothesis assumes
that all observation units contain a unit root (H0 : ρi = 0 ∀i) while the alternative hypothesis
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assumes that all panel units are stationary (H1 : ρi = ρ < 0 ∀i). In the IPS test [22], under
the null hypothesis it is presumed that all series’ are non-stationary, while under alternative
hypothesis, a fraction of the series is stationary. This test for stationarity is convenient as
it allows panel data to be unbalanced. In other words, the IPS test assumes cross-sectional
independence where heterogeneity allows for serial correlation structure of the error term and
for the form of sole deterministic effects [22].
The IPS test [22] allows heterogeneous autoregressive coefficients within the alternative
hypothesis. It is presumed that under the null hypothesis all series are non-stationary (H0 :
ρi = 0 ∀i) against the alternative hypothesis of H1 : ρi < 0 where i = 1, 2, 3. . . N1 ;ρi = 0,
i = N1 +1, N2 +2, . . . N . In other words, the IPS test [22] relaxes the assumption of homogeneity
and assumes that the panel units do not converge to the equilibrium level at the same rate.
One of the reasons for selecting the Pesaran’s (2007) CIPS test [36] was that it allows cross
sectional dependence of the contemporaneous correlation where the null hypothesis assumes
that all observation units contain a unit root while the alternative hypothesis assumes that all
panel units are stationary.
In the second stages of econometric analysis, this study adopts the first generation heterogeneous panel cointegration test developed by Pedroni (Pedroni Residual Cointegration Test,
[32]) and Kao Residual Cointegration Test [23] for panel data analysis to predict the presence
of long-run relationships among variables. The application of the Pedroni (1999) test considers
seven residual-based tests, divided into two types. The first types covers four panel test statistics, based on the within-dimension approach (the panel rho statistics, the panel v-statistics, the
panel ADF statistics and the panel PP statistics). It assumes a common regression coefficient
across all cross-sections or to be the same across all the cross sections.
The second type covers three group test statistics based on the between-dimension approach (the group rho statistics, the group PP statistics and the the group ADF statistics)
which assumes that the regression coefficients vary across cross-sections and allows greater
heterogeneity.
In both cases, the null hypothesis of no cointegration is tested against the alternative hypothesis of cointegration in heterogeneous panels. For instance, if the null hypothesis is rejected then
the relevant variables are cointegrated for all cross-sections (within-dimension approach) and
cointegration among the variables exists for at least one of the cross-sections (between-dimension
approach). Furthermore, Pedroni [32] assumes that individual units are heterogeneous. In that
case, a cointegration equation of the model can be seen from equation 1:
yi,t = αi +δi t+β1i x1it +β2i x2it +. . .+βM i xM it +eit i = 1, . . . , N, t = 1, . . . , T m = 1, . . . , M (1)
where T refers to the number of observations over time, N denotes the number of individual
countries in panel, and M is the number of regression variables. The slope coefficients of
β1i , β2i , . . . , βM i in the model can vary across individual counties of the panel. In the equation 1,
parameter αi denotes the member specific intercept, or fixed that also can vary across individual
members. The model allows that parameter δi presents deterministic time trend specific for
individual counties of panel.
In addition to Pedroni’s cointegration test [32], the study employed Kao Residual Cointegration Test [23]. It refers to residuals from static regression with fixed effects, which include
potentially co-integrated variables, retrieves residuals to test whether a unit root exists via the
ADF test.
If there is no cointegration or if there are doubts about the validity of the estimates from
the previous method(s), the ARDL estimators are recommended as suitable estimators for such
panel settings. Accordingly, three estimators are utilized to assess the relationship between
private investment and economic growth (MG, PMG and DFE) in order to explore the existence
of stable short run and long run coefficients.
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If there is no-cointegration or there is doubt about the validity of the estimates from the
previous method(s), the ARDL estimators are recommended as suitable estimators for such
panel setting. Accordingly, three estimators are utilized to assess the relationship between
private investment and economic growth (MG, PMG and DFE) to explore the existence of
stability of short run and long run coefficients.
There are few assumptions when utilizing the PMG estimator that need to be made: a)
between the dependent and explanatory variables a long run relationship exists; b) there is a
fixed effect heterogenity in the long run specification, and c) the residual of the model should
be serially uncorrelated so that explanatory variables are treated as exogenous [34]. The PMG
estimator is seen as an intermediate estimator which allows for homogeinity in the long run
coefficients, but imposes heterogeneity in the short run coefficients and the error variances.
However, the MG estimator assumes heterogeinity of all coefficients, intercepts and slopes,
and estimates different coefficients for each panel separately while unweighted averages of the
individual coefficients are computed for the whole panel. The DFE estimator developed by [34]
have some similarities with the PMG estimator. In fact, the DFE estimator restricts the speed
of adjustment and equalizes the short term coefficients. In the long run, it imposes restrictions
on the slope coefficient and requires error variance to be equal.
MG estimators [33] allows for the slopes and intercepts to be different across counties. In
this technique, coefficients are calculated as unweighted means of the estimated coefficients for
separate individual countries. Therefore, no restrictions are imposed; rather coefficients are
allowed to be heterogeneous in both the long-run and short-run and are subsequently allowed
to vary. The only prerequisites are related to the need to obtain large time-series datasets,
and the need for cross-country dimensions to be sufficient. Moreover, average estimators (MG)
for small N are prone to outliers and small model permutations. Initially, the MG model as
developed by [33] can be written as:
yi,t = βi + β 0 xit + uit i = 1, . . . , N, t = 1, . . . , T

(2)

where yit denotes the vector of the dependent variable, xit is the matrix of regressors and
uit is the vector of residuals.
It is further obtained by first using OLS to get the individual estimates of the slope parameters.
The MG model can then be written with β̂M G (the unweighted average of country specific
estimates):
β̂M G = N −1

N
X

β̂i

(3)

i=1

And, the variance of these estimators can be estimated as follows:


var β̂M G =

N

2
X
1
β̂i − β̄l
N (N − 1) i=1

(4)

Moreover, the PMG model developed by [35] takes the following form:
yit =

p
X
j=1

λij yi,t−1 +

q
X

0
δij
xi,t−1 + µi + uit

(5)

j=0

0
Where xi,t denotes the k × 1 vector of explanatory variables for group i, δij
denotes the k × 1
vector of heterogeneous coefficients, and λij denotes the coefficients with the lagged dependent
variable. µi is a label for fixed effects. To get the relationship between private investment and
public debt the panel ARDL model employed here can be expressed as follows:
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yit = αi +

p
X

β0 yi,t−l +

l=1

q
X
l=1

β1 di,t−l +

q
X

β2 xi,t−l + uit

(6)

l=0

In the light of the previous model (Eq. 6), we follow a similar form of re-parameterization
that was done by [4] which is specified as follows:

∇yit = αi +φi (yi,t−1 − γ1 di,t−1 − γ2 xi,t−1 )

p
X
l=1

λil ∇yi,t−1 +

q−1
X

q−1
X
= λ0il ∇di,t−l +
λ00il ∇xi,t−l +uit

l=1

l=0

(7)
Where the subscript (i, t) refers to country (from 1 to 17) and time period between 2000 and
2019, respectively, y is the the main dependent variable GFXPrivate, d is public debt, x denotes
two control variables: government spending and GDP growth rate. The short run coefficients of
the lagged dependent variable (λ, λ0 and λ00 ) represent public debt, government spending and
GDP growth rate while y1 and y2 are the long run coefficients public debt and other control
variables. And finally, φi denotes speed of adjustment parameter. The main dependent variable
GFXPrivate (Gross fixed capital formation, private sector as % of GDP, World Bank’s World
Development Indicators, World bank database) is used as a proxy for private investment. It
is included in the model because the same variable was utilized in order to explore the impact
of the crowd out (in) effect in 17 OECD countries through VAR analysis [1] and one other
the study that used of a panel of 116 developing countries between 1980 and 2006 [12]. This
variable is taken to check for the possible existence of a potential displacement effect of Gross
fixed capital formation caused by increases of public debt.
There have been previous empirical studies that have explored the relationship between
private investment and public borrowing. Almost all of them used the same or similar variables
in their models as we did in this analysis. Public debt was proxied by the general government
consolidated gross debt as a % of GDP (PDGDP, IMF World Economic Outlook) to measure
its impact on private investment. It assumes that this variable is a good predictor changes in
private investment. It also offers a theoretical background that suggests that increases in public
debt put upward pressure on interest rates which then lead to declines in private investment
[4, 14, 21]. However, the available evidence shows mixed results that causes ambiguity.
The control variables of government expenditure (GOVEXPEND) and annual GDP growth
rate (RGROWTH) are included in the econometric model. The variable of government expenditure (GOVEXPEND, World Bank’s World Development Indicators, World bank database) was
represented through the sum of all expenditures as a percentage of GDP that the government of
any country has made. This variable is included in our model because there is some theoretical
beliefs about the crowding-in effect (The Keynesian theory) that public investment through
government spending increases private investment through the multiplier effect. However, in
some empirical studies, there is a dilemma about the relationship between government capital
expenditure and private investment. For example, [12, 7, 9] and [19] supported the view that
there is a negative impact on private investment while others [20], [20, 29] confirmed a positive
impact on private investment.
RGROWTH (World Bank’s World Development Indicators, World bank database) is included based on a litany of evidence [4, 27, 15] that suggests a highly significant link between
annual GDP growth rate and levels of private investment. For example, [15] suggest that
economic growth causes capital accumulation.
Finally, in order to choose between efficiency and consistency of MG, PMG, and DFE
estimators, this study employs the Hausman restriction test on coefficients based on the ARDL
model. It aims to check and make comparison between the significant differences between PMG,
MG, and DFE estimators. It then aims to select the best of them. If empirical findings indicate
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the existence of homogeneity in the long-term relationship, the application of the PMG method
provides efficient and consistent estimates over the two rest estimators. If the null hypothesis
about the homogeneity of regression parameters in the long run is rejected, the PMG estimate
becomes inconsistent. So, the MG or the DFE method is applied, which provides consistent
estimates under these conditions.

4. Results and Discussion
Three different sets of first and second generation panel unit roots are utilized to test variable
stationarity. They are: Im-Pesaran-Shin (2003) test [22], Levin, Lin and Chu (2002) test [26] and
Pesaran’s (2007) CIPS test [36]. Two tests of the first generation (IPS and LLC tests) assume
cross sectional independence while the CIPS test allows cross sectional dependence. The study
was not able to reject the null hypothesis for the GFXPrivate, PDGDP and RGROWTH series
for the constant and trend term when expressed in level form (IPS test) and GFXPrivate for
constant in the case of Pesaran’s (2007) CIPS test. However, the null hypothesis is rejected
after first differencing. All three panel tests reject the null hypothesis of nonstaniority for the
first differenced variables. This means that our panel variables are stationary and integrated of
an order one (I) at the 1% significance level except for the variable PDGP (IPS test) which is
significant at the 10 % level (Table 2). The second generation Pesaran’s (2007) CIPS test was
examined by using the constant term and with the constant term and trend. The findings of
Pesaran’s (2007) CIPS test reveals that the variables are stationary and integrated of an order
one (I). Moreover, it allows us to conduct the Pedroni test [32] and Kao Residual Cointegration
Test [23] in order to examine whether or not there is a cointegration equation among the selected
variables.
Table 2: Panel Unit Root Tests
IPS test
Constant
Constant
and trend
GFXPrivate
PDGDP
RGROWTH
GOVEXPEND

-1.7897**
-1.2214
-2.9523***
-5.1665***

0.0335
-0.1547
-1.2742
-3.3687***

GFXPrivate
PDGDP

-7.0855***
-3.5449***

-4.7667***
-1.3681*

LLC test
Constant
Constant
and trend
At level
-3.1689***
-2.9355***
-2.8103***
-2.5189***
-4.2271***
-3.4262***
-5.8560***
-4.8506 ***
At first differences
-7.9007***
-6.4821***
-2.5059***
-1.6966**

-10.7546***
-9.0166***

-7.8070***
-6.1329***

-11.0528***
-9.3959 ***

RGROWTH
GOVEXPEND

-8.4045***
-7.1152***

CIPS test
Constant
Constant
and trend
-2.032
-3.197***
-3.377***
-3.377***

-2.637*
-3.009***
-4.977***
-3.404***

-4.952***
-3.980***

-5.017***
-4.260***

-3.404***
-4.977 ***

-4.946***
-4.946***

Source: Authors’ calculations: Im, Pesaran and Shin W-stat, ADF-Fisher Chi square, the null hypothesis is presence of unit root, *, **, *** indicates significant at 10%, 5%. 1% at level.

The long run relationship between the variables GFXPrivate and PDGDP was examined by
employing two panel cointegration tests: a Pedroni test [31] and a Kao Residual Cointegration
Test [23]. First, the null hypothesis of no cointegration against the alternative hypothesis of
cointegration was tested by using Pedroni’s test [32] through Group mean statistics that average
the results of individual test statistics and Panel statistics that pools the statistics with the
within dimension. It rejects the null of hypothesis of no cointegration between used variables in

A Test of the validity of Crowding-out (or- in) hypothesis

99

terms of Panel and Group ADF and PP statistics. In fact, the outcome of the Pedroni cointegration test indicates that two out of the four panel statistics and two of the three group statistics
(with ADF – t and PP –t statistics) confirm the existence of panel cointegration (Table 3). In
addition, the cointegration assumption between private investment and explanatory variables
was tested by Kao, Spurious regression and residual-based tests for co-integration in panel data
for estimating their long-run behavior.

Table 3: Panel cointegration tests

ADF Statistics

ADF Statistics
PP Statistics

Tests
Kao Residual Cointegration Test
-2.515263***
Pedroni Residual Cointegration Tests
Within Dimension Between-Dimension
-6.456864***
-4.799587***
-7.403208***
-8.415791***

Source: Authors’ calculations*** indicates significant at 1%
at level.

In accordance with the results obtained (Table 3), the Null hypothesis is strongly rejected
for all explanatory variables in favor of the alternative hypothesis (panels in the data are co
integrated).
Keeping in mind that cointegration is confirmed by both panel cointegration test results,
the study continued to utilize the panel ARDL model in order to examine the long run and
the short run relationship between private investment and public debt. Table 4 reports the
estimation output of MG, PMG and DFE models where these models provide the short run
and long run impacts of public debt on private investment. These three alternative dynamic
panel data estimators are utilized to explore dynamic effects from a general ARDL model.
Moreover, the Hausman test is utilized in order to choose the most efficient and consistent
estimator of MG, PMG and DFE. In the first panel (the European post transition countries)
the findings of Hausman test chi2(2) = 3.62 and Prob> chi2(2) = 0.3060 implies that the PMG
estimator is more suitable than the MG estimator. Also, between the PMG and the DFE
estimators, the Hausman test with score of chi2(2)= 0.331 and Prob>chi2 = 0.675 indicates
that the PMG is a more efficient estimator than the MG and the DFE. Similarly, it was
confirmed in the second panel (the European transition countries) between the PMG and the
MG estimators where the Hausman test had a score of chi2(2) = 3.74 and Prob>chi2 = 0.2912
as well as between the PMG and the DFE estimators with a score of chi2(2)= 2.04; Prob>chi2
= 0.5648.
In both panels, the null hypothesis related to the non-existence of systematic differences
between estimators (MG, PMG and DFE) is not rejected at the 1% level. This seems to imply
that the long run estimates are more homogenous because the PMG estimator is most efficient
and consistent.
The error correction term for the two subpanels (the European post-transition countries
and the European transition countries) is significant with a value of negative 0.291, and 0.353,
respectively in the PMG estimates. Accordingly, the null hypothesis of no long-run relationship
is rejected.
These outputs imply that effects convergence to the long run equilibrium path occurs at
speed of 29.1% (European post transition countries) and 35.3% (European transition countries)
annually. In addition, it generally confirms that the error corrections terms fall into the dynamic
stable range indicating that the long-run effects of public debt on private investment exist

100

Mehmed Ganic, Lejla Hodzic and Ognjen Ridjic

Table 4: The Panel ARDL estimation
European post-transition countries
European transition countries
Long Run Equation
MG
PMG
DFE
MG
PMG
DFE
.0182609
-.0254105
.0130773
-8.049085
-.1061752
-.03582
PDGDP
[.08015]
[.00941]***
[.05108]
[8.0891]
[.02278]***
[.06087]
1.870269
.1901563
1.513631
-89.97583
.4674058
.8403062
RGROWTH
[.987030]**
[.08619]**
[.38755] ***
[90.4109]
[.18479] **
[.36595]**
-.0424091
.1939209
.2100794
.3721736
-.4039376
-.3449487
GOVEXPEND
[.63126]*
[.10078] **
[.29841]
[.429944]
[.150637]***
[.22577]
Short Run Equation
-.483532
-.291264
-.227935
-.460398
-.353341
-.2795455
ECT
[.090952]***
[.07441]***
[.04699]***
[.12061] *** [.08575] *** [.055924] ***
.0497312
-.1418093
-.015654
.1118333
.0361011
.0264485
D1. PDGDP
[.0528359]
[.047412] ***
[.0385964]
[.1194039]
[.0495437]
[.017899]
D1.
-.1336105
-.0064287
-.0664832
-.0556596
-.006026
-.0103366
[.0555562]**
[.0230154]
[.0377973]*
[.0628616]
[.0685786]
[.0661566]
RGROWTH
D1. GOVEX.0739298
-.0502171
.0304873
-.2116513
-.0757268
-.0659848
PEND
[.0995991]
[.0832334]
[.0609115]
[.1648824]
[.1314988]
[.0759267]
3.452725
3.229755
1.335761
7.387864
12.50888
8.444618
cons
[6.81961]
[.793672]***
[2.81405]
[7.45455]
[2.6893] ***
[3.49601] **
Number
of
171
171
171
140
140
140
observations
Hausman test
chi2(2)= 3.62; Prob>chi2 = 0.3060
chi2(2) = 3.74; Prob>chi2 = 0.2912
PMG vs, MG
Hausman test
chi2(2)= 0.331; Prob>chi2 = 0.675
chi2(2)= 2.04; Prob>chi2 = 0.5648
PMG vs, DFE

Source: Authors’ calculations , *, **, *** indicates significant at 10%, 5%. 1% at level.
The standard error is shown in parentheses [ ]

for the MG, PMG, and DFE estimates. In the long term relationship, the findings of the
PMG estimator indicate an inverse statistical significant link between public debt and private
investment for both panels (crowd out effect) while we held RGROWTH and GOVEXPEND
as control variables in the debt-investment model.
In the long run, it indicates that the variable of PDGP exerts a strong negative and statistically significant relationship on private investment at 1% for both panels. This relationship is
in conformity with earlier studies done by [11, 14, 19], and many others. Hence, this estimate
implies that for European post transition countries 1% change in public debt leads to a 0.025%
decrease in private investment and a 0.10% decrease for the European transition countries (Table
5). It also implies that the elasticity of private investment with respect to public debt is greater
in European transition countries than in European post-transition countries. Revealingly, a
variable of RGROWTH exerts a statistically positive impact on private investment in both
panels at the 5% level (crowd in effect). Furthermore, according to the PMG estimates, the
effect of government spending on private investment in European post-transition countries is
significantly positive (crowd in effect), while in European transition countries it is significantly
negative (crowd out effect).
As shown in Table 5, a 1% increase in GOVEXPEND leads to increased private gross fixed
capital formation by 0.19% for the European post-transition countries and a decrease of 0.4%
for the European transition countries. This relationship in the long run for the European
post-transition countries confirms the earlier findings of [29] and [20] while for the European
transition countries it confirms the findings of [12, 7, 9] and [19].
However, according to the results for European post-transition countries in the MG estima-
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tor, evidence shows that only control variables of RGROWTH (crowd in effect) and GOVEXPEND (crowd out effect) have a significant effect on private investment, while with the DFE
estimator, only control the variable of RGROWTH (crowd in effect). In the case of European
transition countries, the study did not find any significance in the relationship between selected
variables and public debt in the MG model while there is a significant relationship between
RGROWTH and private investment in DFE model at the 5% level (crowd in effect).
In the short run, there are some mixed and unclear findings relating to both panels. The
findings from Table 5 suggest that in the short run an increase in public debt moves inversely
with GFXPrivate in the region (crowd out effect) only for the European post-transition countries
at the 1% level in PMG estimates but not for European transition countries. In fact, the PMG
estimates for a short run suggest that a 1% change in public debt leads to a 0.14% decrease in
private investment European post-transition countries. This is in line with the findings of [3],
and [11].
In fact, according to PMG estimates, there is no significant relationship between control
variables and private investment (in the short run) while the variable RGROWTH is shown as
statistically significant at the 5% level in MG estimates and 10% level in DFE estimates for the
European post-transition countries (crowd out effect).
Interestingly, the results for European transition countries in the short run reveals that there
is not any significance relationship between variables. This implies that there are no instant
responses of private investment to variations in any types of variables in all the estimators.
The last one in the short run can be explained with some conclusions that, due to the increase
in public debt stocks, the government needs to increase its spending for the purpose of debt
servicing and debt repayments. While the variable total government expenditure was statistically significant in the long run for the European post-transition countries, it is negative and
statistically insignificant in the short run.
Generally, while both groups of countries have relatively similar practices regarding how
they link private investment and public debt, in the long run while they differ significantly
in the short run. Therefore, the differences in findings might be attributable to the scope of
countries included in this research. In fact, the findings of our study are inconsistent with the
aforementioned investigation done by [15], and [19] in terms of correlation between growth rate
and private investment in the short run. One explanation for this is that the level of GDP across
the European transition and European post-transition countries is low and differ in account to
panel heterogeneity.

5. Conclusion
The study examined the link between private investment and public debt using three ARDL
estimators comparing European post-transition rather than the European transition countries.
The Hausman test confirmed that PMG estimates are more efficient and consistent than MG
and DFE in both panels.
The empirical evidence of the study generally confirms the existence of a crowding out effect
in European post-transition countries in both the short run and the long run. More specifically,
the elasticity of private investment with respect to public debt is greater in European transition
countries than in European post-transition countries. In the short run, evidence on direct effect
public debt on private investment is weak (European transition countries). In fact, there is little
to no evidence that public debt crowds out private investment when we use RGROWTH and
GOVEXPEND as control variables. In addition, there are some mixed and inconsistent findings
in both long run and short run related time frames with the crowding effect of government
spending on private investment. In European transition countries, government spending crowds
out private investment (in the long run) and crowds in private investment (the European posttransition countries). Additionally, it appears that GDP growth exerts a crowding in effect
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in the long run in European post-transition countries while in the short run there are some
mixed and inconsistent the findings. In addition, our findings suggest that there is a crowding
in effect for the variable of government spending in the short run (the European post-transition
countries- PMG estimator) but not for the European transition countries.
Accordingly, the study recommends that selected countries should reassess their austerity
agendas employed for lowering debt levels and follow new strategies for managing their public
debt burdens. In conclusion, further research should look into the effects of various components
of government spending on private investments. Further research should also consider the
uncertainty and political situation of each country in order to investigate the crowding out
(or-in) effect of private investment.
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Croatian Operational Research Society (CRORS) was established in 1992. as the only scientific
association in Croatia specialized in operational research. The Society has more than 130
members and its main mission is to promote operational research in Croatia and worldwide for
the benefit of science and society. This mission is realized through several goals:
• to encourage collaboration of scientists and researchers in the area of operational research
in Croatia and worldwide through seminars, conferences, lectures and similar ways of
collaborations,
• to organize the International Conference on Operational Research (KOI),
• to publish a scientific journal Croatian Operational Research Review (CRORR).
Since 1994., CRORS is a member of The International Federation of Operational Research Societies (IFORS), an umbrella organization comprising the national Operations Research societies
of over forty-five countries from four geographical regions: Asia, Europe, North America and
South America. CRORS is also a member of the Association of European Operational Research
Societies (EURO) and actively participates in international promotion of operational research.
If you are a researcher, academic teacher, student or practitioner interested in developing and
applying operations research methods, you are welcome to become a member of the CRORS
and join our OR community.
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If you want to become a member of the CRORS, please fill in the application form available at
http://www.hdoi.hr

