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Transshipment model considering environmental cost using mixed
integer linear programming: Beef distribution problem
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Abstract. The operational research paper in the transportation model nowadays is heading to the
environmental issue. One of the famous operational research models is transshipment. Transshipment
is an expanded model of transportation, in each distribution center between the start to the destina-
tion point. In this research, the transshipment model is integrated into an environmental function.
The challenge is to find the right shipment of each route from the start, distribution, and destination
point considering the transportation cost and carbon emission. This research proposed a transshipment
model by minimizing transportation and carbon emission cost using mixed–integer linear programming
for model formulation. The solution searching used branch and bound method. This research analyzed
the environmental objective function and constrain effect in the transshipment model. The model was
tested in a beef distribution case study in Bogor, Indonesia that has eight source points, three distribu-
tion centers, and six destination points. The model was experimented using carbon emission limitation
scenarios. The optimum result in source allocation, distribution and destination were different between
the two scenarios. The carbon emission limitation affected carbon emission production and total cost.

Keywords: branch and bound, environmental cost, green transshipment, mixed integer linear pro-
gramming
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1. Introduction

Nowadays transportation is one of the fundamental needs in society. It is dominantly consumes
a large amount of oil-based energy. This contributes to carbon emission production in the
air. To help solving the problem, many researchers try to connect the environmental issue
to operation research in the objective function or constraint [11]. Transshipment problem is
an expansion problem of transportation where goods shipped from the source point is sent to
the destination via the distribution center (transshipment nodes) [2]. Distribution center acts
as a distribution agent in supply chain and warehouse in industry. Because the supply chain
is one of the fundamental factors in the business process of the industry, the transshipment
problem is important. In many research and application, transshipment is optimized to find
the lowest total cost. However, transshipment research with environmental issue is rare. From
those problems, this research challenge is to make the right decision in transshipment problem
by route allocation by minimizing transportation cost and environmental impact. There are
many factors considered in business process that may gain more carbon productions. Company

∗Corresponding author.

http://www.hdoi.hr/crorr-journal ©2020 Croatian Operational Research Society
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decision on price start the carbon production through demand generation [8].The effort to fulfill
the demand also generates more carbon emission through shipment and distribution process.

To accept the challenge, this research used mixed-integer linear programming for model
formulation. The model is in deterministic settings. The environmental issue is in objective
function and constraint. There is only a single objective, i.e. to minimize the total cost. The
total cost is the addition of transportation and carbon emission cost. The model was tested in
the beef distribution in Bogor, Indonesia. Bogor city is surrounded by many livestock so the
meat demand is always fulfilled. However, the current challenge is not just to fulfill the demand
by minimizing cost, but also by minimizing environmental impact. The demand data of beef
meat is obtained from beef consumption [6] and the total population [5]. The production of
beef data was obtained from [4].

2. Literature review

2.1. Green transshipment in operational research

One of the challenging problems in green transportation is to determine the optimum route of
distribution process by reducing carbon emission. Green transportation is a distribution service
to decrease the negative impact of human health and a sustainable ecosystem. The problems of
green transportation include the shortest route and scheduling determination. This knowledge
will continue to grow as smart transportation is developed [11]. Transshipment study is one of
the operational research problems that assumed all source and distribution point is shipping
at the same time. Transshipment has greater coverage than the transportation problem. It
is known that transportation problems only begin from source point to the destination point.
However in the transshipment problems, between those points, the route distribution need
to pass through some transshipment nodes (Figure 1). The transshipment nodes in the real
business application is usually called the distribution center, as a connecting nodes between
source point and the destination point to make an easier traceability. In addition, this model
has more routes, nodes, and variables [11].

Figure 1: Graphic nodes of transshipment problem

2.2. Beef distribution in Bogor, West Java, Indonesia

Beef distribution in Bogor, Indonesia is started with live cattle transportation from local cattle-
man around Bogor Regency [10]. Then, the cattle are sent to feedlots to fill them with nutrition.
After the cattle are filled up, they are sent to slaughterhouse to be transformed into beef meat.
Before being purchased by the customer, the beef is distributed to all local market in Bogor
City. According to [10] the supply chain design of beef in Bogor can be seen on Fiqure 2.
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Figure 2: Beef supply chain in Bogor City

Model efficiency of the beef supply chain is only from local cattlemen, slaughterhouse, then
to customer [13]. In the transshipment model, the slaughterhouse acts as a distribution center
with no stocking process. However, Bogor customers usually purchase beef from the local
market. In this model, the destination point is the local market (Figure 3).

Figure 3: Graphic nodes of beef distribution in Bogor, Indonesia

2.3. Research gap

Green transshipment research considering environmental cost is done in this paper. To know
the gap of this research, different researches about transportation have been done before. The
list of the research gap is given in Table 1.

Author(s) Model Method Functional area Research problem

[3] Supply chain Spanning tree- Green Customer transportation
configuration particle Swarm transportation considering green supply

optimization chain
[14] Mixed integer Epsilon constraints Green Green routing considering

linear program technique transportation environmental and
financial costs

[9] Mixed integer Nearest neighbor Transshipment Container intermodal
linear program algorithm transshipment

[12] Linear E-constraint International Food distribution
program meat supply chain network model

[15] Continuous Game theory, non- Sea Seaport-dry network design
approximation linear optimization transportation considering multimodal

transportation and carbon
emission

This Mixed integer Branch and bound Green Transshipment by
article linear program transshipment minimizing transportation

and environmental costs

Table 1: Research gap
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Table 1 shows that some transportation and transshipment researches applied mixed-integer
linear programming (MILP), because discrete and continuous decision is needed. Discrete de-
cision is used for route selection and continuous decision is used for the number of shipment
product through certain routes. MILP is linear programming where some of the solution el-
ements are in integer. This program can be used as continuous or discrete parameter. The
algorithms used to solve this problem are branch and bound, cutting-plane, Gomory’s cuts, etc.
[1].

3. Proposed model

The mathematical model is formulated to find the lowest transportation and carbon emission
cost. The model has some assumption and limitation such as the model is in deterministic
settings, the velocity of vehicle is constant, there are no road obstacle (road physical condition,
traffic, etc.), the trip is done only from source to destination point, the money currency is
in Indonesian rupiah (Rp), and the analyzed environmental impact is carbon monoxide (CO)
production. The model is solved by Lingo v.11 software. The notations and model formulation
are given below.

Notations

Indexes:
i = source point (i = 1, 2, 3, ..., I)
j = distribution center (j = 1, 2, 3, ..., J)
k = destination point (k= 1, 2, 3, ...,K)

Decision variables:
Xij = product quantity that is shipped from source point i to distribution center j (unit)
Yjk = binary variable (1 if the shipment is allocated from the distribution center j to
destination point k, 0 otherwise)

Parameters:
CTij = transportation cost from source point i to distribution center j (Rp/unit)
CTjk = transportation cost from distribution center j to destination point j (Rp)
CEij = carbon emission cost from source point i to distribution center j (Rp/gCO)
CEjk = carbon emission cost from distribution center j to destination point k (Rp/gCO)
Pi = maximum quantity of production in source point i (unit)
Dk = minimum quantity of demand in destination point k (unit)
Capj = holding capacity in distribution center j (unit)
COij = carbon emission production from source point i to distribution center j (gCO/unit)
COjk = carbon emission production from distribution center j to destination k (gCO/unit)
CESij = carbon cap from source point i to distribution center j (gCO)
CESjk = carbon cap from distribution center j to destination point k (gCO)

Model formulation

Min

I∑
i=1

J∑
j=1

(CTij + CEij)Xij +

J∑
j=1

K∑
k=1

(CTjk + CEjk)Y jk (1)

s.t.
J∑

j=1

Xij ≤ Pi ∀i (2)
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I∑
i=1

Xij =

K∑
k=1

Djk Y jk ∀j (3)

K∑
k=1

Djk Y jk ≤ Capj ∀j (4)

K∑
k=1

Y jk = 1 ∀j (5)

COij Xij ≤ CESij ∀i ∀j (6)

COjk Xjk ≤ CESjk ∀j ∀k (7)

Xij ≥ 0 ∀i ∀j (8)

Y jk ∈ (0, 1) ∀j ∀k (9)

Equation (1) in the proposed model shows the model objective function to minimize the
shipment and the environmental cost. The production capacity for limiting the production
in each source point (local cattle husbandry) is shown in equation (2). For limiting the unit
shipment through the transshipment nodes, equation (3) is proposed to imitate the real world
situation where some distribution center (Slaughterhouse) cannot accept a large number of
shipments. The demand fulfillment function is introduced in equation (4). Each destination
only can be fulfilled by one slaughterhouse or the distribution center, so it is represented in
equation (5). The carbon limitation from source point to destination point is in equations (6)
and (7).

4. Results and discussion

4.1. Observed system parameters

The system parameter was obtained from beef distribution case study in Bogor, Indonesia. The
system parameters of the objective function in transportation cost are presented in Table 2.

Source point i Distribution center j

1 2 3
1 27.62 11.88 46.18
2 25.23 9.56 43.86
3 35.85 49.90 14.06
4 22.21 36.34 6.33
5 7.66 18.63 21.16
6 4.78 20.10 17.29
7 11.53 10.61 35.35
8 44.70 33.46 52.15

Table 2: Transportation cost from source point i to distribution center j (Rp/unit)
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Destination point k Distribution center j

1 2 3
1 181 021.67 95 113.08 465 338.18
2 1 627 577.94 408 625.95 3 365 969.70
3 188 180.72 64 431.44 487 838.05
4 185 112.55 60 340.56 484 769.89
5 675 350.69 353 024.22 1 442 794.65
6 1 170 483.20 512 086.40 2 833 101.38

Table 3: Transportation cost from distribution center j to destination point k (Rp)

Table 2 shows the unit cost of shipping material or product from source point (local cattle
husbandry) to distribution center (Slaughterhouse). There is no holding or inventory activity in
the distribution center, since there is only meat processing to be distributed to the destination
point or local markets. Table 3 shows the cost of shipping material from distribution center to
the destination point. To know the production capacity in each point and the demand unit of
each destination point, it is shown in Tables 4-5.

Source point i Maximum production (unit)

1 169 745
2 178 846
3 162 236
4 183 397
5 198 187
6 276 006
7 187 265
8 174 523

Table 4: The production capacity of source point i

Destination point k Minimum demand (unit)

1 14 550.80
2 98 537.93
3 14 550.80
4 14 550.80
5 43 675.33
6 94 619.80

Table 5: The demand from destination point k

As a supported data for environmental constraint, the research used The Regulation of En-
vironmental Ministry of Indonesia (Peraturan Menteri Negara Lingkungan Hidup Nomor 12
Tahun 2010). The model assumes that the vehicle carbon production is stable. There is only
an increase for route range, instead of the machine performance. The data for Table 3 is used to
estimate the total environmental cost which is multiplied by Rp. 2.94 /g CO as the environment
cost to produce Carbon Monoxide. The data are shown in Tables 6-7.
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Source point i Distribution center j

1 2 3
1 1.25 0.54 2.09
2 1.14 0.43 1.98
3 1.62 2.26 0.64
4 1.00 1.64 0.29
5 0.35 0.84 0.96
6 0.22 0.91 0.78
7 0.52 0.48 1.60
8 2.02 1.51 2.36

Table 6: Carbon emission production from source point i to distribution center j (gCO)

Destination point k Distribution center j

1 2 3
1 8 190.06 4 303.25 21 053.55
2 73 637.40 18 487.69 152 288.41
3 8 513.96 2 915.11 22 071.52
4 8 375.15 2 730.02 21 932.71
5 30 555.26 15 972.07 65 277.15
6 52 956.81 23 168.60 128 179.55

Table 7: Carbon emission production from distribution center j to destination point k (gCO)

4.2. Numerical experiments

This research involved transportation and carbon emission cost. The model scenario is only
in with or without carbon limitation from local cattle as source point, slaughterhouse as a
distribution center, and local market as the destination point. To apply the without carbon
limitation scenario, equations (6)-(7) were not included in the optimization phase. Without
those equations, there are some differences in route selection, carbon production estimation,
and total cost estimation. The route allocation without carbon cap constraint is presented in
Figure 4.

Figure 4: Route allocation in transhipment without carbon limit constraint

The optimum solution without carbon limit constraint shows that all distribution center got
the shipment from all source point. It is different from the scenario with carbon cap constraint.
The constraint forced the model to allocate all the remaining resources to another distribution
center. In without carbon limitation, the total cost is lower than with carbon limit constraint
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but has a large amount of carbon emission productions. The optimum solution of without
carbon cap scenario is finding the shortest route. However, the carbon cap scenario applies
carbon emission production limitation so not all route can be passed for the product shipment.
Therefore, the carbon emission of each route is small. The lowest carbon limitation from the
source point to a distribution center is 16.000 g of CO, from distribution center to destination
point is 130.000 g of CO. The differences in cost and carbon emission in with or without carbon
limit constrain are shown in Table 8.

Figure 5: Route allocation in transshipment with carbon limit constraint

Criteria Without carbon constraint With carbon constraint

Transportation Cost Rp 5.554.297,71 Rp 6.126.143,02
Carbon Emission Cost Rp 852.116,32 Rp 939.846,35
Total Cost Rp 6.406.414,02 Rp 7.065.989,37
Carbon Emission Production (CO) 415.230,80 gram 369.852,1 gram

Table 8: Differences of transshipment model without and with carbon limit constraint

4.3. Sensitivity analysis

The given carbon limit is added 10.000 gram to 30.000 gram of CO to do the sensitivity analysis.
The result in total cost is shown in Figure 6. If the carbon limitation is added, then the cost
will be decreased, however, the carbon emission production is increased. The lowest carbon
limitation makes the distribution allocation is equal. The lowest cost is gained when there is
no limit in carbon emission limitation. The increase of carbon emission production in carbon
limit addition is in Figure 7.

Figure 6: Sensitivity analysis of total cost with carbon emission limitation
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Figure 7: Sensitivity analysis of carbon emission production with carbon emission limitation

5. Conclusion

Mixed–integer linear programming is developed in green transshipment problem by considering
transportation and environmental cost in the form of carbon emission cost. Then, carbon
emission limitation in constraint in each route is applied. The calculation result is transshipment
model without carbon limit that has a lower total cost than carbon limit applied; however, the
carbon emission production is higher. Furthermore, of carbon limitation model, the addition
of the limitation makes the total cost decrease and carbon emission increase. The model’s
novelty is by applying carbon emission minimization in objective function and carbon emission
limitation in constraint due to minimize the total cost of shipment and carbon production.

The model in this research has some limitations and assumptions. The model settings are in
deterministic. Applying uncertainty factors in the transshipment model can make the research
more interesting. In addition, to apply the model in the real-world situation, the machine
performance and maintenance of shipment vehicles should be included.
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function to find the neutrosophic optimal solution of fully neutrosophic linear programming (FNLP)
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it allows the decision maker to choose the preference he is willing to take. A stock portfolio problem is
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1. Introduction

Linear programming (LP) is an important tool used by decision maker (DM). This is applied
frequently in real–world applicable problems. In spite of having a vast decision making expe-
rience, the decision maker cannot always articulate the goals precisely. Decision-making in a
fuzzy environment, developed by Bellman and Zadeh [4] improved and a great help in the man-
agement decision problems. The fuzzy set theory and its applications and fuzzy programming
with several objective functions were proposed by Zimmermann [47]. Many researchers adopted
this concept for solving fuzzy linear programming (FLP) problems like Campos & Verdegay [6],
Ebrahimnejad et al. [10], and Ganesan & Veeramani [12]

Fuzzy linear programming (FLP) is LP in which the parameters or decision variables are
represented by fuzzy numbers. Tanaka et al. [38] and Zimmermann [47] are the pioneers of FLP.
Many approaches for FLP problem have taken in consideration [5, 19, 26, 28, 29, 35, 43, 44, 46].
Khalifa et al. [23] studied the neutrosophic complex programming problem, and determined its

∗Corresponding author.
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optimal solution by using lexicographic order. There are several ways for solving this problem
[2, 8, 11, 14, 15, 17, 2, 25, 33, 34, 36, 37].

Portfolio selection (PS) problem is equivalent to the investor selecting the optimal portfolio
from a set of possible portfolios Also, it focuses on the optimal allocation of one’s wealth to
obtain maximum profitable return under minimum risk control as discussed by Gao and Liu
[13]. Markowitz [30] was the pioneer of the Modern Portfolio Theory. Gao and Liu [13] based
on the theory of uncertainty to develop a risk-free protection index model for PS. Liu and
Qin [27] investigated a mean semi-absolute deviation model for uncertain. Zhu [45] developed
a mean semi-absolute deviation model for uncertain PS. A portfolio-adjusting problem was
proposed by Huang and Ying [16]. Dutta and Kumar [9] presented an application of fuzzy
goal programming approach to multi objective linear fractional inventory model. Kumar [24]
studied an inventory model following the concept of salvage value to determine the optimal
inventory policy. Prameela and Kumar [32] studied the single transmit fuzzy queuing model
with two-classes by using ranking technique.

A generalization of the intuitionistic set, classical set, fuzzy set, paraconsistent set, di-
aletheist set, paradoxist set, tautological set based on neutrosophy. Neutrosophic theory was
introduced by Smarandache as a tool to handle undetermined information. Hussein et al. [18]
studied a neutrosophic LP problem, where they converted the neutrosophic model into the
corresponding crisp based on the neutrosophic set parameters. Abdel- Basset et al. [1] intro-
duced a technique for solving Lp problem with all of parameters represented by trapezoidal
neutrosophic numbers. Nafei et al. [31] studied fully neutrosophic LP problem, where all the
parameters are represented by triangular interval- valued neutrosophic numbers. They used
the ranking function to convert the neutrosophic model into its crisp one, and then applied
the standard methods for obtaining the solution. Darehmiraki [7] developed a new ranking
method for solving the LP problem involving neutrosophic numbers in all the coefficients of the
objective function and constraints.

Portfolio investment (PI) is quoted securities investment, a narrow sense of investment. It
refers to the behavior that an enterprise or individual buys negotiable securities such accumu-
lated money to earn profits. Wang et al. [40] studied the single valued sets in neutrosophic
environment. Portfolio investment is mainly composed of three elements: income, risk and time
as described by Yin [41].

This paper attempts to formulate and solve the linear programming (LP) problem in a
neutrosophic environment. The problem is considered by incorporating for single valued trape-
zoidal neutrosophic number. A new method to find the neutrosophic optimal solution of FNLP
problem is proposed.

The outlay of the paper is organized as follows: In Section 2 basic concepts and results
related to fuzzy numbers, trapezoidal fuzzy numbers, intuitionistic trapezoidal fuzzy numbers,
and neutrosophic set are recalled. In Section 3, fully neutrosophic linear programming (FNLP)
problem is formulated and a solution method for obtaining the solution is introduced. Section
4 introduces a stock portfolio problem as an application and two examples for illustration are
presented. Finally, some concluding remarks are reported in Section 5.

2. Preliminaries

In order to discuss our problem conveniently, basic concepts and results related to fuzzy
numbers, trapezoidal fuzzy numbers, intuitionistic trapezoidal fuzzy numbers, and neutrosophic
set are recalled.

Definition 1 (Zadeh [42]). A fuzzy set Ã defined on the set of real numbers < is said to be
fuzzy number, if its membership function µÃ : < → [0, 1] hs the following properties:

(i) Ã is an upper semi-continuous membership function;
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(ii) Ã is convex,i. e., µÃ(λx+ (1− λ)) ≥ min{µÃ(x), µÃ(y)}, λ ∈ [0, 1], for all x, y ∈ <;

(iii) Ã is normal, i. e., there exists x0 ∈ < for which µÃ(x0) = 1;

(iv) Supp(Ã) = {x ∈ < : µÃ(x) > 0} is the support of the Ã, and its closure cl(supp(Ã) is
compact set.

Definition 2 (Kaufmann and Guta [21]). A fuzzy number Ã(a1, a2, a3, a4) on < is a trapezoidal
fuzzy number if its membership function µÃ(x) : < → [0, 1] has the following characteristics set:

µÃ(x) =


x−a1
a2−a1 , a1 ≤ x ≤ a2;

1, a2 ≤ x ≤ a3;
a4−x
a4−aL3 a3 ≤ x ≤ a4;

0, elsewhere.

Definition 3 (Atanassov [3]). Let M be a nonempty set. An intuitionistic fuzzy set ÃI of M is
defined as ÃI = {〈x, ϑÃI

(x), ρÃI
(x) : x ∈ X〉}, where ϑÃI

(x) and ρÃI
(x) are membership and

nonmembership function, respectively such that ϑÃI
(x), ρÃI

(x) : M → [0, 1] and 0 < ϑÃI
(x) +

ρÃI
(x) ≤ 1, for all x ∈M .

Definition 4 (Atanassov [3]). An intuitionistic fuzzy subset ÃI = {〈x, ϑÃI
(x) : x ∈ M〉} of <

is called an intuitionistic fuzzy number if the following conditions hold:

(i) There exists m ∈ < such that ϑÃI
(m) = 1, and ρÃI

(m) = 0,

(ii) ϑÃI
is continuous function from < → [0, 1] such that 0 ≤ ϑÃI

(x)+ρÃI
≤ 1, for all x ∈M ,

and

(iii) The membership and non-membership functions of ÃI are:

ϑÃI
(x) =


0, −∞ < x <∞;

h(x), a1 ≤ x ≤ a2;

l(x) a2 ≤ x ≤ a3;

0, a3 ≤ x <∞.

ρÃI
(x) =


0, −∞ < x ≤ a◦1;

h∗(x), a◦1 ≤ x ≤ a2;

l∗(x) a2 ≤ x ≤ a◦3;

0, a◦3 ≤ x <∞.

where, h, h∗, l, l∗ are functions from < → [0, 1], h, and l∗ are strictly increasing functions,
and l, and h∗ are strictly decreasing functions with 0 ≤ h(x) + h∗(x) ≤ 1, and 0 ≤
l(x) + l∗(x) ≤ 1.

Definition 5 (Jianqiang and Zhong [20]). A trapezoidal intuitionistic fuzzy number is denoted
by ÃIT = 〈(a1, a2, a3, a4), (a◦1, a2, a3, a

◦
4)〉, where a◦1 ≤ a1 ≤ a2 ≤ a3 ≤ a4 ≤ a◦4, with membership

and non-membership functions are:

ϑÃIT
(x) =


x−a1
a2−a1 , a1 ≤ x ≤ a2;
a4−x
a4−a3 , a3 ≤ x ≤ a4;

0, elsewhere.
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ρÃIT
(x) =


a2−x
a2−a◦1

, a◦1 ≤ x ≤ a2;
x−a3
a◦4−a3

, a3 ≤ x ≤ a◦4;

1, elsewhere.

Definition 6 (Smarandache [36]). Let M be a nonempty set. A neutrosophic defined as:

ĀN = {〈x, PĀN (x), QĀN (x), TĀN (x)〉 : x ∈M,PĀN (x), QĀN (x), TĀN (x) ∈]−0, 1+[},

where PĀN (x), QĀN (x), and TĀN (x) are truth, indeterminacy, and falsity membership func-
tions, respectively, and there is no restriction on the summation of them, so −0 ≤ PĀN (x) +
QĀN (x) + TĀN (x) ≤ 3+ and ]−0, 1+[ is nonstandard unit interval.

Definition 7 (Wang et al. [40]). Let M be a nonempty set. The single valued neutrosophic set
ĀNSV of X is defined as:

ĀNSV = {〈x, PĀN (x), QĀN (x), TĀN (x)〉 : x ∈M},

where PĀN (x), QĀN (x), and TĀN (x) ∈ [0, 1], for each x ∈ M and 0 ≤ PĀN (x) + QĀN (x) +
TĀN (x) ≤ 3.

Definition 8 (Thamaraiselvi and Santhi [39]). Let ξã, ψã, ζã ∈ [0, 1], and a1, a2, a3, a4 ∈ |re
such that a1 ≤ a2 ≤ a3 ≤ a4. The single valued trapezoidal neutrosophic number (SVTRN)
denoted by ãN = 〈(a1, a2, a3, a4); ξã, ψã, ζã〉 is a special neutrosophic set on the real numbers <,
whose truth, indeterminacy, and falsity membership functions are:

ϑã(x) =


ξã
(
x−a1
a2−a1

)
, a1 ≤ x ≤ a2;

ξã, a2 ≤ x ≤ a3;

ξã
(
a4−x
a4−a3

)
, a3 ≤ x ≤ a4;

0, elsewhere.

ρã(x) =


a2−x+ψã(x−a1)

a2−a1 , a1 ≤ x ≤ a2;

ψã, a2 ≤ x ≤ a3;
x−a3+ψã(a4−x)

a4−a3 , a3 ≤ x ≤ a4;

1, elsewhere.

πã(x) =


a2−x+ζã(x−a1)

a2−a1 , a1 ≤ x ≤ a2;

ζã, a2 ≤ x ≤ a3;
x−a3+ζã(a4−x)

a4−a3 , a3 ≤ x ≤ a4;

1, elsewhere.

where, ξã, ψã and ζã are the maximum truth, minimum indeterminacy, and minimum fal-
sity membership degrees, respectively. A single valued trapezoidal neutrosophic number ãN =
〈(a1, a2, a3, a4); ξã, ψã, ζã〉 may be expressed on ill-defined quantity about a, which is approxi-
mately equal to [a2, a3].

Definition 9 (Thamaraiselvi and Santhi [39]). Let ãN = 〈(a1, a2, a3, a4), ξã, ψã, ζã〈, and b̃N =
〈(b1, b2, b3, b4), ξb̃, ψb̃, ζb̃〈, be two single valued trapezoidal neutrosophic numbers and c 6= 0, then

(1) ãN (+)b̃N = 〈(a1 + b1, a2 + b2, a3 + b3, a4 + b4); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉,
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(2) ãN (−)b̃N = 〈(a1 − b4, a2 − b3, a3 − b2, a4 − b1); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉,

(3) ãN ⊗ b̃N =


〈(a1b1, a2b2, a3b3, a4b4); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 > 0, b4 > 0,

〈(a1b4, a2b3, a3b2, a4b1); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 < 0, b4 > 0,

〈(a4b4, a3b3, a2b2, a1b1); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 < 0, b4 < 0,

(4) ãN

b̃N
=


〈(a1/b4, a2/b3, a3/b2, a4/b1); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 > 0, b4 > 0,

〈(a4/b4, a3/b3, a2/b2, a1/b1); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 < 0, b4 > 0,

〈(a4/b1, a3/b2, a2/b3, a1/b4); ξã ∧ ξb̃, ψã ∨ ψb̃, ζã ∨ ζb̃〉, a4 < 0, b4 < 0,

(5) cãN =

{
〈(ca1, c2, ca3, ca4); ξã, ψã, ζã〉, c > 0,

〈(ca4, c3, ca2, ca1); ξã, ψã, ζã〉, c > 0,

(6) ãN−1 = 〈
(

1
a4
, 1
a3
, 1
a2
, 1
a1

)
〉; ξã, ψã, ζã, ãN 6= 0.

Definition 10. The order relation between two SVTRN numbers is defined as follows:

〈(a1, a2, a3, a4); ξq̃N , ψq̃N , ζq̃N 〉(=,≥,≤)b̃N = 〈(b1, b2, b3, b4); ξq̃N , ψq̃N , ζq̃N 〉

if and only if

a1

=
≤
≥

 b1, a2

=
≤
≥

 b2, a3

=
≤
≥

 b3, a4

=
≤
≥

 b4,

.

Definition 11. Let ãN = 〈(a1, a2, a3, a4); ξã, ψã, ζã〉 be a SVTRN number. Then we define:

(i) Score function

S(ãN ) = (1/16) ∗ (a1 + a2 + a3 + a4) ∗ (ϑã + (1− ρã) + (1− πã)),

(ii) Accuracy function

B(ãN ) = (1/16) ∗ (a1 + a2 + a3 + a4) ∗ (ϑã + (1− ρã) + (1 + πã)),

Definition 12. Let ãN , b̃N be any two SVTRN numbers. Then we have:

(i) If S(ãN < (b̃N ), then ãN < b̃N ,

(ii) If S(ãN ) = Sb̃N , and if

(1) B(ãN ) < B(̃bN ) then ãN < b̃N ,

(2) B(ãN ) > B(b̃N ) then ãN > b̃N ,

(3) B(ãN ) = B(b̃N ) then ãN = b̃N ,
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3. Problem formulation and solution concepts

A fully neutrosophic linear programming (FNLP) problem with m neutrosophic equality
constraints and n neutrosophic variables may be formulated as:

Maximize (or Minimize)Z̃N = C̃N ⊗ X̃N ;

subject to (1)

ÃN ⊗ X̃N = B̃N ,

where X̃N is a non-negative SVTRN number,X̃N = (x̃Nj )n×1, ÃN = (ãNij )m×n, B̃N = (b̃Ni )n×1,

and c̃Nj , x̃
N
j , ã

N
ij , b̃

N
i ∈ F (R).

Here, F (R) is the set of all single valued trapezoidal neutrosophic numbers.

Definition 13. The Points x̃Nj which satisfies the condition in problem (1) is called a neutro-
sophic optimization solution of problem (1).

Now, in order to solve the problem (1), let us introduce, a new method to find the neutro-
sophic optimal slution of FNLP problem in the following steps:

Step 1: Substitutign C̃N = (c̃Nj )1×n, X̃
N = (x̃Nj )1×n, Ã

N = (ãNij )m×n, B̃
N = (b̃Ni )m×n,, the

prolbem (1) may be written as:

Maximize (or Minimize)Z̃N =

n∑
j=1

c̃Nj ⊗ x̃Nj ;

subject to (2)
n∑
j=1

ãNij ⊗ x̃Nj = b̃Ni , i = 1, 2, ...,m,

where x̃Nj is a non-negative SVTRN number.

Step 2: Represent all parameters c̃Nj , x̃
N
j , ã

N
ij , and b̃Ni by the SVTRN numbers 〈(pj , qj , rj , sj);

αc̃Nj , βc̃Nj , δc̃Nj 〉, 〈(xj , yj , zj , wj);αx̃N
j
, βx̃N

j
, δx̃N

j
〉, 〈(aij , bij , cij , dij);αq̃N , βq̃N , δq̃N 〉, 〈(bi, gi, hi, ki);

αq̃N , βq̃N , δq̃N 〉, respectively. Then the problem (2) becomes

Maximize (or Minimize)Z̃N =

n∑
j=1

〈(pj , qj , rj , sj);αc̃Nj , βc̃Nj , δc̃Nj 〉

⊗ 〈(xj , yj , zj , wj);αq̃Nj , βq̃Nj , δq̃Nj 〉;

subject to (3)
n∑
j=1

〈(aij , bij , cij , dij);αãNij , βãNij , δãNij 〉 ⊗ 〈(xj , yj , zj , wj);αq̃N , βq̃N , δq̃N 〉

≤ 〈(bi, gi, hi, ki);αq̃N , βq̃N , δq̃N 〉, i = 1, 2, ...,m,

where 〈(xj , yj , zj , wj);αx̃N
j
, βx̃N

j
, δx̃N

j
is a non-negative SVTRN number.
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Step 3: Using the arithmetic operations of SVTRN numbers, the problem (3) may be rewritten
as follows:

Maximize (or Minimize)Z̃N =

n∑
j=1

S
(
〈(pj , qj , rj , sj);αc̃Nj , βc̃Nj , δc̃Nj 〉

)
⊗ 〈(xj , yj , zj , wj);αx̃N

j
, βx̃N

j
, δx̃N

j
〉;

subject to (4)
n∑
j=1

(
〈(aij , bij , cij , dij);αãNij , βãNij , δãNij 〉 ⊗ 〈(xj , yj , zj , wj);αq̃N , βq̃N , δq̃N 〉

)
≤ 〈(bi, gi, hi, ki);αq̃N , βq̃N , δq̃N 〉,
i = 1, 2, ...,m; yj − xj ≥ 0, wj − zj ≥ 0,∀j = 1, 2, ..., n.

Step 4: Find the optimal solution xj , yj , zj , and wj by solving the problem (4).

Step 5: Find the neutrosophic solution by putting the values of xj , yj , zj , and wj in x̃Nj =
〈(xj , yj , zj , wj);αx̃N

j
, βx̃N

j
, δx̃N

j
〉.

Step 6: Find the neutrosophic optimum value by putting x̃Nj into
n∑
j=1

c̃Nj ⊗ x̃Nj .

4. Stock portfolio investment problem

In this section, the stock portfolio investment problem introduced by Yin [41] is studied in
the neutrosophic environment. Before introducing the problem-formulation, some of required
assumptions and notation are described.

4.1. Assumptions

In the stock portfolio problem, the following assumptions are used:

� The expected rate of return and risk loss rate are evaluated by investors.

� Securities are indefinite and may be divided.

� No need to pay the transaction costs in the course of transaction.

� Assumptions of non-satisfaction and avoiding tisk are obeyed by investors.

� Short selling operation is not allowed.

� Interest rate of the bank is unchanged for investors during investment period.

4.2. Notation

In the stock problem, the following notion can be used:
Index:

j: Risk securities.
Decision variable:

xj : Proportion of funds invested in the secondary securities.
x0: Proportion of the total amount of investment in the investment period.
x: Expected return rate of an investment combination introduced by investors.
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Parameters:
A: Rate of risked return.
rj : Expected return rate.
B: Portfolio risk amount.
r0: Interst rate of the bank.

Hence, the problem can be formulated as follows:

Max)R̃N = r̃N0 ⊗
n∑
j=1

r̃Nj ⊗ xj ;

subject to (5)

ÃN ⊗ x ≤ B̃N ;

x0 +

n∑
j=1

xj = 1,

xj ≤ 0, j = 1, 2, ..., n.

where, ÃN = (ãNij )m×n, B̃N = (b̃N1 , ..., b̃
N
m)T , r̃N = (r̃N1 , ..., r̃

N
n )T , and X = (x1, ..., xn)T .

Example 1. Consider the following FNLPproblem

max Z̃N = 〈(3, 5, 6, 8); 0.6, 0.5, 0.4〉 ⊗ 〈(5, 8, 10, 14); 0.3, 0.6, 0.6〉 ⊕ x̃N2
subject to

〈(3, 5, 6, 8); 0.6, 0.5, 0.4)〉 ⊗ x̃N1 ⊕ 〈(5, 8, 10, 14); 0.3, 0.6, 0.6〉 ⊗ x̃N2
= 〈(16, 18, 22, 30); 0.8, 0.2, 0.3〉,
〈(5, 8, 110, 14); 0.3, 0.6, 0.6⊗ x̃N1 ⊕ 〈(3, 5, 6, 8); 0.6, 0.5, 0.4)〉 ⊗ x̃N2
= 〈(13, 15, 18, 24); 0.8, 0.2, 0.3〉,

Also, x̃N1 and x̃N2 are non-negative SVTRN numbers.
Let x̃N1 = 〈(x1, y1, z1, w1); 0.8, 0.2, 0.3〉, x̃N2 = 〈(x2, y2, z2, w2); 0.8, 0.2, 0.3〉 be non-negative SVTRN
numbers. By using the step 2, the above problem becomes

max Z̃N = 〈(3, 5, 6, 8); 0.6, 0.5, 0.4〉 ⊗ 〈(x1, y1, z1, w1); 0.8, 0.2, 0.3〉 ⊕ 〈(5, 8, 10, 14); 0.3, 0.6, 0.6〉
⊗ 〈(x2, y2, z2, w2); 0.8, 0.2, 0.3〉

subject to

〈(x1, y1, z1, w1); 0.8, 0.2, 0.3〉 ⊕ 2〈(x2, y2, z2, w2); 0.8, 0.2, 0.3〉 = 〈(16, 18, 22, 30); 0.8, 0.2, 0.3〉,
〈(x1, y1, z1, w1); 0.8, 0.2, 0.3〉 ⊕ 〈(x2, y2, z2, w2); 0.8, 0.2, 0.3〉 = 〈(13, 15, 18, 24); 0.8, 0.2, 0.3〉.

Moreover, 〈(x1, y1, z1, w1); 0.8, 0.2, 0.3〉, and 〈(x2, y2, z2, w2); 0.8, 0.2, 0.3〉 are non-negative SVTRN
numbers. By using step 3, the above problem can be written as:

maxZ =

(
1

16

)
(5.1x1 + 8.5y1 + 10.2z1 + 13.6w1 + 5.5x2 + 8.8y2 + 11z2 + 15.4w2)

subject to

x1 + 2x2 = 16; y1 + 2y2 = 18;

z1 + 2z2 = 22; w1 + 2w2 = 30;

2x1 + x2 = 13; 2y1 + y2 = 18;

2z1 + z2 = 18; 2w1 + w2 = 24;

y1 − x1 ≥ 0, w1 − z1 ≥ 0;

y2 − x2 ≥ 0, w2 − z2 ≥ 0.
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By using the MATLAB, we obtain the optimal solution of the problem as follows:

x∗1 = 3.3, y∗1 = 4, z∗1 = 4.6, w∗
1 = 6;

x∗2 = 6.3, y∗2 = 7, z∗2 = 8.3, w∗
2 = 12.

By using step 5, the neutrosophic solution is given by

x̃N1 = 〈(3.3, 4, 4.6, 6); 0.8, 0.2, 0.3〉,

and

x̃N2 = 〈(6.3, 7, 8.3, 12); 0.8, 0.2, 0.3〉,

and hence the neutrosophic optimum value is

Z̃N = 〈(41.4, 78, 119, 220.8); 0.3, 0.6, 0.6〉.

Example 2. Consider the data of the expected return rate the risk loss rate and the risk
coefficient of two stocks listed as follows:
Expected return rate %

r̃N1 = 〈(1, 2, 3, 4; 0.1, 0.9, 1〉, r̃N2 = 〈(0, 2, 3, 5; 0.1, 0.9, 0.9〉.

Risk loss rate %

ãN11 = 〈(1, 2, 4, 6; 0.1, 0.9, 0.9〉, ãN12 = 〈(1, 3, 4, 5; 0.1, 0.8, 0.1〉.
ãN21 = 〈(2, 3, 4, 6; 0.1, 0.8, 1〉, ãN22 = 〈(3, 4, 6, 7; 0.1, 0.8, 0.9〉.

risk coefficient %

b̃N1 = 〈(0, 2, 3, 4; 0.03, 0.95, 0.98〉, b̃N2 = 〈(1, 2, 3, 5; 0.03, 0.98, 0.95〉,

for the return rate r̃N0 = 〈(0, 1, 2, 3, 4; 0.1, 0.9, 1〉.
According to problem (5) and by using the score function in definition (11), we have

MaxR = 0.075x0 + 0.125x1 + 0.1875x2;

subject to (6)

0.24375x1 + 0.235x2 ≤ 0.056,

0.26250x1 + 0.500x2 ≤ 0.0625,

x0 + x1 + x2 = 1,

xj ≤ 0, j = 0, 1, 2.

The optimal solution is (x∗0, x
∗
1, x

∗
2) = (0.8750, 0, 0.125), and the corresponding optimum value

is R = 0.0891. Hence the neutrosophic optimum value is R̃N = 〈0, 1.125, 3, 3.25; 0.1, 0.9, 0.9〉.

5. Conclusions

In this paper, we proposed a new method to find the neutrosophic optimal solution of
the linear programming problem in neutrosophic environment with equality constraints. The
advantage of this approach is that neutrosophic linear programming allows the DM to deal
with the situation under uncertainty realistically. In addition, it is solved easily by using on
neutrosophic theory. The study under uncertainty makes the investment portfolio more realistic
and practice to describe the expected return rate, and also risk loss rate. The advantages of
the method for the investors are: the ability for choosing the risk coefficient so as to achieve
higher expected returns, and also determining his/ her strategies for selecting the portfolios.
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Abstract. The supply chain management is planning, implementation and effective control of supply
chain operations considered as a key factor for the competitiveness of the organizations. To make these
targets, four management strategies of lean, agile, resilient and green have been separately proposed.
Recently, studies have been performed with a consideration of these four strategies simultaneously
named LARG (Lean, Agile, Resilient and Green). However, due to the novelty of this subject, the
mathematical modeling of SCND (Supply Chain Network Design) has not been addressed in LARG
strategy. SCND is one of the most essential parts of supply chain management that strategic decisions
of it have heavily effects in both overall and partial applicability of the supply chain. The goal of this
paper is to design a closed loop supply chain network considering LARG strategy using multi-objective
modeling with uncertain demand. The objective functions are total profit, customer satisfaction and
total pollution. The model is formulated to determine which facility sites should be selected (strategic
decisions), and find out the optimal number of parts and products in the network (tactical decisions).
Finally, a real industrial case study is provided to illustrate the performance and applicability of the
LARG strategy in SCND in practice.
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1. Introduction

Lean, agile, resilient and green strategies have been introduced and used in supply chain man-
agement [2]. The lean strategy aims to reduce operational costs. To this end, it possibly
conflicts with the green strategy, which aims to reduce ecological impact on the industry activ-
ities thus potentially adding operational costs and inflexible operations. Further, green firms
focus on long-term strategic supplier alliances and integrating their work into one or fewer
suppliers, resulting in a smaller supply base. Conversely, resilient supply chains count on al-
ternative sourcing and alternative transportation to respond to unexpected negative events.
This reduces the promptitude with which customer needs can be addressed. This objective also
possibly quarrels with the agile strategy, which aims to respond quicker to customer needs.

Literature review shows that most of the researches have only studied one of the strategies or
the combination of two or three strategies up to now [12]. Considering four different strategies in
supply chain management synchronicity, is quite important, but it is a challenging issue due to
the fact that each of these strategies has different methods and ways to improve the performance
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of the chain. As a strategy, the lean strategy is based on cost reduction and flexibility, and
is focused on eliminating and identifying the various sources of waste [2]. The agile strategy
refers to flexible and timely actions in response to the rapid change environments [15]. The
green strategy focuses primarily on consolidating environmental awareness into management
practices [18]. The resilient strategy considers the effects of external factors on the supply
chain and focuses on sustaining the supply chain during critical situations [6].

In other example, lean desires to minimize the level of inventory to almost zero, since it is
highly dependent on Just-In-Time (JIT) inventory management. The agile and resilient strate-
gies suggest adequate safety stock levels to respond effectively to the change in demands. In
fact, the capacity surplus lets the supply chain manager to answer the unpredictable happen-
ings in costumer’s demands yet it doesn’t mean that the supply chain must have a very high
capacity surplus as it is unacceptable in terms of cost and function [5].

The agile strategy reckons on mass customization as a manufacturing planning in order to
respond to market requirements. Conversely, the resilience strategy punctuates minimal batch
sizes and capacity redundancies to respond to market uncertainty in a similar way to the agile
strategy. The agile strategy, however, takes advantage of changes, while the resilience strategy
focuses only on the negative events of the business environment that lead failure. Additionally,
the lean strategy endeavors to maintain a high average utilization rate by using the pull system
as a manufacturing planning. The green strategy focuses on manufacturing capabilities to
effectively combine reusable/remanufactured components.

These four strategies, besides having negative effects on some methods, are compatible and
positively effective on the other methods [4]. For instance, increasing the integration level of the
chain, reducing the production delays, transportation time, increasing the informing frequency
in the chain are the common methods of the mentioned strategies. Therefore, in addition to
the necessity of having all four strategies for supply chain management, the managers need to
achieve a balance between the available methods and strategies. Simultaneously considering all
these four strategies has led to a new strategy known as LARG strategy. The LARG strategy
can be considered as models of thinking within modern management strategies in the supply
chain context that aims to address and manage the entire supply chain members and urges to
achieve sustainable businesses and a competitive advantage.

It is obvious that each strategy considers a different aspect of the supply chain, while us-
ing LARG supply chain management approach can combine the methods of all the mentioned
strategies simultaneously and it can be used to improve the effectiveness, function and compe-
tition in supply chain management to survive in dynamic and diverse markets [17]. Carvalho
et al. [5] provided a conceptual model for stating the differences and similarities of these four
management strategies to reach a more competitive and sustainable supply chain. They have
introduced three main criteria for evaluation: service level, preparation time and cost. At the
end, they showed the effects of each management strategy on these criteria. Azevedo et al. [2]
have also suggested a conceptual model to improve the operational, economic and environmen-
tal function of supply chains according to methods and activities of lean, agile, resilient and
green strategies. They suggested examination of the LARG combination approach as a suitable
strategy to improve the function of supply chain experimentally. Maleki and Cruz Machado [12]
introduced an approach for integration of lean, agile, resilient, and green strategies according
to the values of the customer in car industry via analyzing busy networks. They categorized
the guidance of LARG strategy according to the methods of production, assembling, and logis-
tic and then generalized it to six customers’ values (quality, cost, environment consideration,
knowledge, customization and time). The results of this research are important for the supply
chain members.

Cabral et al. [4] used key decision making method of Analytical Network Process (ANP)
to prioritize the function of the supply chain and lean, agile, resilient and green strategies
according to four key indicators of function: service level, cost, time and quality. This research
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has studied the supply chain of Volkswagen but because of using network analysis process
method, the number of clusters are too much. Cabrita et al. [15] studied combining LARG and
BMC (Business Model Concave) principles. The literature on this subject shows that there is
a deep gap between these two scopes. This research helps the discussion of creating an ideal
business model compatible with LARG strategy.

Suifan et al. [16] propose an integrated multi-criteria decision method to analyze trade-offs
among lean, agile, resilient and green paradigms in supply chain management associated with
competitive priorities. They employ the entropy method to derive the alternative weights of
the evaluation criteria, and then use TOSIS technique to rank feasible alternatives in order of
preference, and finally measure trade-offs among the conflicting objectives. They identify the
trade-offs in the Jordan pharmaceutical supply chains by an empirical study approach.

Amjad et al. [1] study the possibility of collaboration between elements of LARG manufac-
turing with aspects of industry 4.0 . They discovered that LARG elements can be combined with
various aspects of industry 4.0 to provide operational, environmental and economic benefits.

To summarize, the focus on LARG scope researches has been on conceptual models and
evaluation for choosing the best strategy and lack of modeling and network design in this area
is sensible. One of the perfect models of closed loop supply chain network design has been
suggested by Mohammadzadeh et al. [14]. They suggested a two-step model for closed loop
supply chain in which demand is uncertain. In the first step, they discussed on evaluation and
ranking suppliers and in the next step the closed loop supply chain is expanded.

The remainder of this paper is organized as follows. In Section 2, methodology and math-
ematical modeling is presented. In Section 3 the proposed model is tested and validated in a
real–life case study. Finally, conclusions and future studies are drawn in Section 4.

2. Methodology and mathematical modeling

2.1. Discussion

Studying the literature indicated that some methods of the four strategies are common, such
as reduction of preparation time and increased shared information, and do not interfere with
each other. Since these have no contradictions in the four strategies, their introduction would
only increase the model size of LARG supply chain design without adding any new theoretical
value. However, some conflicting points were found in the literature review of the subject.

Capacity surplus: the capacity surplus is effective for reducing the risk in both productive
and storehouse parts while they reduce being lean and green and increase the agile and resilient
features of the chain [13].

Scattered facility: the lean strategy tries to reduce the number and dispersion of facilities to
decrease the surplus cost. Conversely, the agile strategy requires more facilities so that there is
more flexibility, and they are closer to the customers. The green strategy wants lower facilities
so that the pollution emitted is minimal knowing that two facilities with specific capacity have
more pollution compared to a single facility with a total capacity of the two. Consequently, the
resilient strategy requires having many scattered facilities such that if an accident happens in a
particular location, many of the facilities do not get involved and the supply chain is preserved
[8].

Transportation vehicle: there is a limited number of different transportation vehicles acces-
sible for the overall supply chain. Vehicles with different pollution, cost and capacity which
effects reloading and the size of the packages. Lean strategy insists on using the cheapest
vehicle. Notwithstanding, the green strategy requires selecting the vehicle with the least pollu-
tion. The agile strategy requires using low capacity vehicles to increase the reloading rate and
faster response to the customer. Moreover, the resilience strategy agrees to benefit a variety of
transportation vehicles in order to reduce transportation disruption risks [11].
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In this research, a closed loop supply chain will be modeled according to these three critical
points. The effects of three challenging point of four management strategies summarized in
Table 1.

Challenging point
Strategy

Lean Agile Green Resilient

Capacity surplus ↓ ↑ ↑ ↓
ScatteredfFacility ↓ ↑ ↑ ↓
Transportation vehicle least cost least capacity various vehicle least pollution

Table 1: Challenging points effects on strategies

2.2. Model hypothesis

As depicted in Figure 1, the network consists of different markets, disassembly centers, re-
furbishing centers, part inventories, producers, distributers and suppliers. The network has
a multi-production flow of different parts with predetermined likelihood of presence. Market
points, retailers and collecting centers are the same. So, retail centers in all the market collect
the returned products as well. The produce’s needs will be supplied simultaneously by external
suppliers and part inventories. Demand has normal distribution function; however, the type of
distribution function is not effective in the proposed model, and it is used only in the process
of normalization. The suppliers’ capacities are unlimited. Transferring lines are unbounded.
There are several vehicles for transportation with different cost, capacity and pollution. De-
struction centers will be provided by the government. The notations are categorized by sets
and indices, parameters and decision variables and presented in Appendix A.

Figure 1: Structure of the proposed closed-loop supply

2.3. Multi-objective model

Now the multi-objective mathematical model of the hypothesis will be provided.
Objective functions
For modeling, three objective functions that were used more often in the literature for supply

chain have been considered: 1) overall profit that must be maximized, 2) emitted pollution that
must be minimized, and 3) customer satisfaction that must be maximized.

First the profit of selling product j in retail c must be calculated. To this end, the following
signs are introduced as (x ∧D) = min{x,D}, a+ = max{0, a}.

Profit of selling product j in retail c is stated as (1). Its first part shows the selling income
which is equal to the price of one unit of the product j sold in retail c multiplies by all the
sold products in retail c. the next part indicates the unsold products’ value and the third part
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conveys the shortage cost which is equal to amount of shortage multiple price of each shortage
unit.

sjc(xjc ∧Djc) + vsjc(xjc −Djc)
+ − usjc(Djc − xjc)

+
. (1)

This paper uses newspaper boy problem in order to calculate inventory control system in
retailers in single period. Accordingly, the supply chain manager estimates the sales amount in
next period and orders it at the right time before the beginning of the next period. The unsold
product and shortage amount create surplus value and shortage cost. This method considers
demand uncertainty. The above equation equals to equation (2) as explained in Appendix B.
Because E(Djc)usjc is constant, it is not effective in the value of decision variables and will be
eliminated.

∑
j,c

(sjc + usjc)xjc − E(Djc)usjc + (vsjc − sjc − usjc)

xjc∫
0

F (Djc)dDjc. (2)

This part formulizes the existing costs in this closed loop supply chain. Buying cost: this
equals to total costs for buying parts from external suppliers.∑

i,k,m,t

sprikgikmt. (3)

Placement cost: equation (4) shows total placement cost of each facility which is allocated.∑
m

fmmxmm +
∑
d

fddxdd +
∑
s

fssxss +
∑
r

frrxrr +
∑
p

fppxpp. (4)

Current cost of sending path: this cost is illustrated in equation (5). The first term indicates
the total sending costs of parts from part inventories to producers. The second term displays
the total sending cost of parts from suppliers to producers. Third term is total operational
costs in producers. Fourth term implies the total production sending costs from producers to
distributers. Fifth term is total operational costs in distributers. Sixth term is total cost of the
sending products from distributers to retailers, finally seventh term represents total operational
costs in retailers.

∑
i,p,m,t

tnpmtnipmt +
∑

i,k,m,t

tgkmtgikmt +
∑
j,m

ojmomjm +
∑

j,m,d,t

tfmdtfjmdt+∑
j,d

(odjd
∑
m,t

fjmdt) +
∑
j,d,c,t

tedctejdct +
∑
j,c

(ocjc
∑
d,t

ejdct).
(5)

Current cost of returning path: the equation (6) implies this cost. First term indicates
total cost of sending products from retailers to disassembly centers, second term conveys total
costs of operation in disassembly centers, third term displays the total costs of sending from
disassembly centers to refurbishing centers, fourth term implies total operational costs in re-
furbishing centers, fifth term represents total sending costs from refurbishing centers to part
inventories, finally the sixth term express total operational costs in storehouses.

∑
j,c,s,t

thcsthjcst +
∑
j,s

(osjs
∑
j

(qji
∑
c,t

hjcst)) +
∑
j,s,r,t

tlsrtlisrt+∑
i,r

(orir
∑
s,t

lisrt) +
∑
i,r,p,t

tvrptvirpt +
∑
i,p

(opip
∑
r,t

virpt).
(6)
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Opportunity cost: Construction of facilities brings costs and while the whole capacity of
the facility is not used, it is called a missed opportunity. The cost of this opportunity can be
considered as a percentage of unused capacity multiplies by the cost of facility opportunity.
The equation (7) represents that opportunity cost equals to the total opportunity cost of all
the potential points of the facilities.

∑
m

(1− amm)qmmxmm +
∑
d

(1− add)qddxdd +
∑
s

(1− ass)qssxss+∑
r

(1− arr)qrrxrr +
∑
p

(1− app)qppxpp.
(7)

Therefore, total profit of the activity of this supply chain will be:

max z1 =
∑
j,c

(sjc + usjc)xjc + (vsjc − sjc − usjc)

xjc∫
0

F (Djc)dDjc

−(
∑

i,k,m,t

sprikgikmt +
∑
m

fmmxmm +
∑
d

fddxdd +
∑
s

fssxss +
∑
r

frrxrr+

∑
p

fppxpp +
∑

i,p,m,t

tnpmtnipmt +
∑

i,k,m,t

tgkmtgikmt +
∑
j,m

ojmomjm +
∑

j,m,d,t

tfmdtfjmdt+∑
j,d

(odjd
∑
m,t

fjmdt) +
∑
j,d,c,t

tedctejdct +
∑
j,c

(ocjc
∑
d,t

ejdct) +
∑
j,c,s,t

thcsthjcst+∑
j,s

(osjs
∑
j

(qji
∑
c,t

hjcst)) +
∑
j,s,r,t

tlsrtlisrt +
∑
i,r

(orir
∑
s,t

lisrt)+∑
i,r,p,t

tvrptvirpt +
∑
i,p

(opip
∑
r,t

virpt) +
∑
m

(1− amm)qmmxmm +
∑
d

(1− add)qddxdd+

∑
s

(1− ass)qssxss +
∑
r

(1− arr)qrrxrr +
∑
p

(1− app)qppxpp).

(8)

Pollution: the calculation of the total amount of pollution (Carbon Dioxide) for transferring
between facilities has been conducted. In this calculation several vehicles with different levels
of contamination and effective distances on pollution have been considered. Then the pollution
amount of unused capacity will be considered as surplus capacity of the contaminant. Due
to the amount of pollution for placing each facility, total pollution equals to sum of pollution
amount if the facility is placed in the potential location. Total produced pollution is as follows:

min z2 =
∑

i,m,k,t

pgkmtgikmt +
∑

j,m,d,t

pfmdtfjmdt +
∑
j,d,c,t

pedctejdct +
∑
j,c,s,t

phcsthjcst+∑
i,r,s,t

plsrtlisrt +
∑
i,r,p,t

pvrptvirpt +
∑

i,p,m,t

pmpmtnipmt +
∑
m

(1− amm)emm+

∑
d

(1− add)edd +
∑
s

(1− ass)ess +
∑
r

(1− arr)err +
∑
p

(1− app)epp+

∑
m

pmmxmm +
∑
d

pddxdd +
∑
s

pssxss +
∑
r

prrxrr +
∑
p

pppxpp

(9)



Closed loop supply chain mathematical modeling considering lean agile resilient and green strategies 183

Customer’s satisfaction: This research refers to a customer not just as the final consumer
but each facility is considered as a customer of the previous facility in the supply chain. The
first term defines customer’s satisfaction while using maximum capacity of the facilities. It is
calculated by summing of multiplication of used facility percentage in the amount of satisfaction
of facility using. Moreover, the second term is the amount of satisfaction from dispersion and
number of facilities which is defined as the number of created facilities divided to total provided
facilities multiples by the amount of satisfaction from variety of facilities. And finally, the third
term is the quantity of satisfaction for fast delivery. The capacity of vehicles is in contradiction
to the pace of it, so the function is determined by division of total displacement between two
facilities on capacity of vehicle multiples by satisfaction level between two facilities.

max z3 =
∑
m

amm × smm +
∑
d

add × sdd +
∑
s

ass × sss +
∑
r

arr × srr +
∑
p

app × spp

+ dm

∑
m

xmm

M
+ dd

∑
d

xdd

D
+ ds

∑
s
xss

S
+ dr

∑
r
xrr

R
+ dp

∑
p
xpp

P

+
∑
m,d

sfmd(
∑
j,t

fjmdt

cfmdt
) +

∑
d,c

sedc(
∑
j,t

ejdct
cedct

) +
∑
c,s

shcs(
∑
j,t

hjcst

chcst
)

+
∑
s,r

slsr(
∑
i,t

lisrt
clsrt

) +
∑
r,p

svrp(
∑
i,t

virpt
cvrpt

) +
∑
p,m

snpm(
∑
i,t

nipmt

cnpmt
) +

∑
k,m

sgkm(
∑
i,t

gikmt

cgkmt
)

(10)

Constraints
Possibility limitation: equations (11)-(21) show that if facilities placed in suggested loca-

tions, there will be a likelihood of sending and receiving products and parts.∑
j,t,d

fjmdt ≤M × xmm ∀m (11)

∑
i,p,t

nipmt ≤M × xmm ∀m (12)

∑
i,k,t

gikmt ≤M × xmm ∀m (13)

∑
c,t,j

ejdct ≤M × xdd ∀d (14)

∑
j,t,m

fjmdt ≤M × xdd ∀d (15)

∑
i,r,t

lisrt ≤M × xss ∀s (16)

∑
j,c,t

hjcst ≤M × xss ∀s (17)

∑
i,p,t

virpt ≤M × xrr ∀r (18)

∑
i,s,t

lisrt ≤M × xrr ∀r (19)
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i,m,t

nipmt ≤M × xpp ∀p (20)

∑
i,r,t

viprt ≤M × xpp ∀p (21)

Limitations of network equilibrium: equation (22) indicates that the number of entered
parts to producer equals to the number of requested parts. Equation (23) enforces producers
to send all products to distributers. Equation (24) implies that the number of entered products
to distributers equal to the number of exited ones. Equation (25) conveys that the number of
sent products to retailer equals to the total sent products from all the distributers. Equation
(26) ensures that the number of sent products to disassembly centers equals to the returned
number. Equation (27) indicates that the number of parts provided in each disassembly center
equals to the number of returned products multiples by the number of existing parts in each
product. Equation (28) represents that the number of sent parts to refurbishing center equals
to healthy parts provided in disassembly center. Equation (29) ensures that the number of
entered parts into refurbishing center equals the exited parts from the same center. Equation
(30) shows that balance level in the inventory parts.∑

j

qijojm =
∑
k,t

gikmt +
∑
p,t

nipmt ∀m, i (22)

ojm =
∑
d,t

fjmdt ∀m, j (23)

∑
m,t

fjmdt =
∑
c,t

ejdct ∀d, j (24)

xjc =
∑
d,t

ejdct ∀c, j (25)

yj × xjc =
∑
s,t

hjcst ∀s, j (26)

bis =
∑
c,j,t

hjcstqij ∀s, i (27)

(1− wi)bis =
∑
r,t

lisrt ∀i, s (28)

∑
p,t

virpt =
∑
s,t

lisrt ∀i, r (29)

∑
m,t

nipmt =
∑
r,t

virpt ∀p, i (30)

Capacity limitations: equation (31) states that if producer m places in suggested location,
its total product must be less or equal to the capacity of this producer. Equation (32) shows
that if distributer d places in suggested location, total distributed product cannot be more than
its capacity. Equation (33) implies that if disassembly center s places in suggested location, all
the disassembly part is restricted to the capacity of this center. Equation (34) implies that if
refurbishing center r is placed in suggested location, total refurbishing operation is limited to
its capacity. Equation (35) ensures that if part inventory p is located in suggested location,
total part that can be stored in the place is bounded to its capacity.
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∑
j

ojm ≤ (cmm × xmm × amm) ∀m (31)

∑
c,t,j

ejdct ≤ (cdd × xdd × add) ∀d (32)

∑
i

bis ≤ (css × xss × ass) ∀s (33)

∑
i,s,t

eisrt ≤ (crr × xrr × arr) ∀r (34)

∑
r,t,i

virpt ≤ (cpp × xpp × app) ∀p (35)

Possibility of capacity limitation: equations (36)-(40) state that if facilities are located in a
certain potential location, the capacity of that facility can be used.

amm ≤ xmm ∀m (36)

add ≤ xdd ∀d (37)

ass ≤ xss ∀s (38)

arr ≤ xrr ∀r (39)

app ≤ xpp ∀p (40)

Decision variables: constraints (41) and (42) enforce the binary and non-negativity restric-
tions on the decision variables.

gikmt, fjmdt, ejdct, hjcst, lisrt, virpt, nipmt, ojm, bis, xjc, amm, add, ass, arr, app ≥ 0 (41)

xmm, xdd, xss, xrr, xpp, xkk ∈ {0, 1} (42)

2.4. Linearization method

The presented model is nonlinear due to the integral in the objective function. This study
uses piecewise linearization used in some researches including [3]. The range of linear function
must be divided into a number of intervals, and the curve must be replaced with straight lines
which are recognized with a constant and a gradient. For standard normal distribution which
is common among demand distribution of retailers, the estimation can be seen in the Figure
2. This estimation converts nonlinear function into linear one and helps us reach the optimal
answer of linearized function. The accuracy of this estimation method will be increased by
raising the quantity of divisions and intervals and each interval must have an index and a
zero–one variable.
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Figure 2: Linear estimation of integral of normal collective distribution function

Indexes

nj
c ∈ N j

c : sets of approximation intervals for each product in every retailer

Parameters

coeffnj
c

: interval gradient of nj
c

constnj
c

: constant of interval nj
c

lowernj
c

: lower limit of interval nj
c

uppernj
c

: upper limit of interval nj
c

Decision variables

bintnj
c

: is one if interval nj
c is chosen

aintnj
c

: sent product if interval nj
c is chosen

After introducing the above notations, the linear model is as follows:

max z1 =
∑
j,c

((sjc + usjc)
∑
nj
c

aintnj
c

+ (vsjc − sjc − usjc)
∑
nj
c

(coeffnj
c
× aintnj

c
+ constnj

c
× bintnj

c
))

− (
∑

i,k,m,t

sprikgikmt +
∑
m

fmmxmm +
∑
d

fddxdd +
∑
s

fssxss +
∑
r

frrxrr+

∑
p

fppxpp +
∑

i,p,m,t

tnpmtnipmt +
∑

i,k,m,t

tgkmtgikmt +
∑
j,m

ojmomjm +
∑

j,m,d,t

tfmdtfjmdt+∑
j,d

(odjd
∑
m,t

fjmdt) +
∑
j,d,c,t

tedctejdct +
∑
j,c

(ocjc
∑
d,t

ejdct) +
∑
j,c,s,t

thcsthjcst+∑
j,s

(osjs
∑
j

(qji
∑
c,t

hjcst)) +
∑
j,s,r,t

tlsrtlisrt +
∑
i,r

(orir
∑
s,t

lisrt)+∑
i,r,p,t

tvrptvirpt +
∑
i,p

(opip
∑
r,t

virpt) +
∑
m

(1− amm)qmmxmm +
∑
d

(1− add)qddxdd+

∑
s

(1− ass)qssxss +
∑
r

(1− arr)qrrxrr +
∑
p

(1− app)qppxpp)

min z2 = . . .

max z3 = . . .
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s.t.

(41) - (49)

∑
nj
c

bintnj
c

= 1 (43)

aintnj
c
≤ uppernj

c
× bintnj

c
∀nj

c (44)

aintnj
c
≥ lowernj

c
× bintnj

c
∀nj

c (45)

bintnj
c
∈ {0, 1} (46)

aintnj
c
≥ 0 (47)∑

nj
c

aintnj
c

=
∑
d,t

ejdct ∀c, j (48)

∑
nj
c

yj × aintnj
c

=
∑
s,t

hjcst ∀c, j (49)

Equation (43) states that only one of the intervals must be chosen for each product for every
retailer. Equations (44)-(45) represent that the quantity of delivery products must be between
the lower and upper limits of the interval. Equation (46) states binary variables. Equation (47)
implies the positivity of the flow amount through the network. Equation (48) indicates that the
summation of products in interval equals to total deploying quantities to retailers and equation
(49) ensures whole quantity of parts in the intervals are equal to total sent flow to disassembly
centers.

In the first objective function and the limitations (31)-(35) there is a nonlinear statement
which consists of multiplying a continuous variable and a zero-one variable. Therefore, in
order to linearize it, some new binary and continuous variables with additional constraints are
introduced as reported in Table 2. Using Glover and Woolsey [7] method which is as follows,
limitations can be linearized.

z = x1 × x2 x1 = 0 or 1 0 ≤ x2 ≤ 1

≡
z ≤ x2 z ≤M × x1 z ≥ x2 −M × (1− x1) z ≥ 0

(50)

And in objective function, the nonlinear equation will be linearized as follows.

max z1 = (...)− (... +
∑
m

(xmm − axmm)qmm +
∑
d

(xdd − axdd)qdd

+
∑
s

(xss − axss)qss +
∑
r

(xrr − axrr)qrr +
∑
p

(xpp − axpp)qpp)
(51)

2.5. Multi-objective solution method

For solving the considered multi-objective model, Huang and Yun [9] approach will be used in
which the aim is finding a solution near to the ideal amount being resulted by minimizing the
following function. In this equation y is the number of objective function and p is a number
mostly between 1 and 2. The weights are calculated via FAHP method. Refer to [10] in order
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Constraint Description Nonlinear term and corresponding linear constraint

(31)
New variable axm = am× xm

constraints
axmm ≤ amm ∀m
axmm ≤M × xmm ∀m
axmm ≥ amm −M × (1− xmm) ∀m

(32)
New variable axd = ad× xd

constraints
axdd ≤ add ∀d
axdd ≤M × xdd ∀d
axdd ≥ add −M × (1− xdd) ∀d

(33)
New variable axs = as× xs

constraints
axss ≤ ass ∀s
axss ≤M × xss ∀s
axss ≥ ass −M × (1− xss) ∀s

(34)
New variable axr = ar × xr

constraints
axrr ≤ arr ∀r
axrr ≤M × xrr ∀r
axrr ≥ arr −M × (1− xrr) ∀r

(35)
New variable axp = ap× xp

constraints
axpp ≤ app ∀p
axpp ≤M × xpp ∀p
axpp ≥ app −M × (1− xpp) ∀p

Table 2: Categories of variables change and linearization

to study more on this subject. Z+ and Z- are the best and the worst amount of each objective
functions in single-objective solution.

lp =

[
Y∑

y=1

wp
y

(
zy − z−y

z+y − z−y

)p
]1/p

(52)

According to these explanations, linear single-objective model combined with constant of the
problem is calculated as follows:

max z =

[
wp

1

(
z1 − z−1
z+1 − z−1

)p

+ wp
2

(
z2 − z−2
z+2 − z−2

)p

+ wp
3

(
z3 − z−3
z+3 − z−3

)p
]1/p

(53)

After linearization and providing a method of solving multi-objective the problem can solved
via optimization software.

3. Results and discussion

3.1. A real-life case study

In this section, some information is informed about the company where we research case study
on. Iran School Equipment Company was established in 1977 with the aim of designing and
producing various types of classroom equipment and furniture. Enjoying 50000 square meter
work and production space in a 60000 square meter plot of land in addition to a modern R&D
department and highly experienced experts, this company is capable enough to develop its
products according to the latest worldwide standards and modern technologies. The market for
classroom equipment in Iran is about 1000 billion rials per year, and the company has a large
part of this market. The company produces a variety of products that in this study we have
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focused on the following three products: Desk and bench, Student chair and Teacher’s desk
that each of them is composed of different parts. These products are intended for sale in three
target markets that each of them has a retailer who also has the responsibility of collecting
returned products. The related information is as follow.

Specifications of all markets including selling price of products, salvage value of unsold
products, shortage cost of lack of products, and demands are shown in the Table 3. Return rate
for all the products is 10% and the percentage of non-usable for all the parts is considered as
15%. There are four types of vehicles for transportation among facilities: Truck; with petrol
or hybrid motor and Trailer; with petrol or hybrid motor. Table 4 shows the capacity, cost and
pollution of each four types of vehicles between all facilities. In this research only the CO2
emitted in the proposed supply chain network has been considered (CO2 Kg/Km). It should
be noted that applications of this kind of supply chain network models to the real cases are
really hard. As it can be seen, some parameters are random numbers that choose from uniform
distribution.

(Sjc) (svjc) (scjc) (Dcj)

J1.c1 200 148 50 1040
J2.c1 175 110 60 2300
J3.c1 150 100 50 1960
J1.c2 112 91 70 7970
J2.c2 530 60 50 1600
J3.c2 150 100 50 1500
J1.c3 175 90 60 2200
J2.c3 150 100 60 8060
J3.c3 200 158 60 2350

Table 3: Product related parameters in markets

t1 t2 t3 t4

cost u(13,17) u(9,10) u(6,7) u(4,5)
capacity u(8,9) u(10,12) u(19,21) u(23,25)
pollution u(6,8) u(9,11) u(29,35) u(42,50)

Table 4: Parameters of transportation vehicle

Satisfaction from fast transportation of parts and products between facilities is considered
as a random number between 50 and 90 from uniform distribution. In this research, we consider
the time as indicator of customers satisfaction. Decision making group state the importance
of each objective function as w1=0.5, w2=0.2, w3=0.3 and p=1. In order to linearize the first
objective function, five intervals have been considered. The GAMS software has been used for
this problem solving.

The result of solving model is as follows: profit is 1102489 and total pollution is 570742
and customer satisfaction is 25219. The first producer manufactures the second and third
products while second one produces only first product and third producer have all the products
in production plan. First refurbishing center refurbishes the first and the second parts while
the second refurbishing center refurbishes only the second and the third and fourth parts and
third refurbishing center recycling only the first part.
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3.2. The benefit of the proposed model

This section aims to investigate how the LARG mathematical modeling can assist in improving
the objective functions. To this end, this paper compares the objective functions of the following
two approaches for the supply chain network design.
LARG mathematical modeling : This approach makes the SCND decisions using the LARG
mathematical modeling presented in the previous section.
Sequential approach: This approach, first solves the model without considering one of the four
strategies and then by replacement of decision variables (transportation amounts, construct
locations and used capacity percentages) in objective functions, calculate the objective functions
values.

Figure 3: Comparison bitween LARG approach and sequential approach

For example, by carelessly lean strategy in 3 changeling points, the mathematical model
earns the value of all decision variables. And then with replacing this decision variables in
profit objective function, the value of it is calculated. This approach repeated for agile and
green strategies in turn. The amount of three objective functions in the sequential approach is
showed in Figure 3.

Differences between the sequential approach and LARG approach also are provided in Table
5. The last row of Table 5 presents the change percentages weighted by the weights of objective
functions. It is obvious from the last row that by eliminating each strategy, the weighted
objective function decline.

This numerical example proofs the efficiency of LARG mathematical modeling in SCND.
Also, the preference of LARG strategy again the separately four strategy has been established.

Elimination resilient strategy haven’t specific effect on weighted objective function because
of action of resilient strategy is in the implementation stage of the supply chain but we must
consider resilient strategy in design stage to avoid of difficulties in implementation stage.

Objective Function LARG Approach
Eliminated Strategy
Lean Agile Green Resilient

Total profit (w1=0.5) 1120489 531172 1389941 1213171 1137749
Total pollution (w2=0) 570742 313548 450190 991542 57729
Customer satisfaction (w3=0) 25219 37112 15991 24891 24970
Weighted change percentage -3.1% -2.6% -3.1% 00.2%

Table 5: Comparing the performance of the sequential and LARG approaches
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4. Conclusion and future direction

The conscience of industrial engineering and particularly, the conscience of the supply chain
management is unification and that is the motivation of the LARG supply chain management.
Necessarily, all the organizations would move towards LARG supply chain management which
has more advantages in theoretical objective functions compared to each individual strategy
and being more successful in the current multi-aspect nature of the supply chains. On the
other hand, design of the supply chain network effects the long-term performance of the supply
chain and disregarding the main strategies of the supply chain management during the design
period, leads to incompatibility during the operation phase of the supply chain. Having a large
diversion between these two fields is one of the theoretical shortcomings of the supply chain
management.

As mentioned in this paper in detail, four strategies; lean, agile, resilient and green have
been considered separately or sometimes researchers jointed both of these in their works. There
are several conflicts here, such as capacity surplus, scattered facility and transportation vehicle.
Here a mathematical model has been developed which combined all these conflicts in a model
with three objective functions as: profit, pollution and customer satisfaction. By linearization
of nonlinear equations and using compromise programming method, this problem has been
solved.

We illustrated the model output for a real-life case study from the classroom equipment
industry that showed significant improvements in the objective function due to considering all
four strategies simultaneously. This paper demonstrates LARG capabilities in CSND. Proves
that the LARG ability in CSND is very high and it is very useful in theory and practice. In
practice, it helps the executive manager to consider all management methods simultaneously
that causes the manager does not worry about losing any resources. In theory, it indicates that
the optimal solution obtained through LARG is better than the optimal solution obtained from
solving the model without considering any of the strategies.

For future studies, more conflict issues would be considered as challenging point of the inte-
grated model for LARG strategies. Entrance of inventory control and routing into model would
be another investigation topic. Considering facilities disruption can also provide additional
insights and practical implications.
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Appendix A

The notations are categorized by sets and indices, parameters and decision variables.
Sets and indices

i ∈ I : sets of parts in all the products

j ∈ J : sets of products

k ∈ K : sets of potential suppliers

m ∈M : sets of potential producers

d ∈ D : sets of potential distributors

c ∈ C : sets of retailers (market)

s ∈ S : sets of potential disassembly centers
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r ∈ R : sets of potential refurbishing centers

p ∈ P : sets of potential part inventories

t ∈ T : series of existing transportation vehicles

Parameters

tfmdt : sending cost of a product from producer m to distributor d with transportation vehicle t

tedct : sending cost of a product from distributor d to retailer c with transportation vehicle t

thcst : sending cost of a product from retailer c to disassembly center s with transportation
vehicle t

tlsrt : sending cost of a part from disassembly center s to refurbishing center r with
transportation vehicle t

tvrpt : sending cost of a part from refurbishing center r to part inventory p with transportation
vehicle t

tnpmt : sending cost of a part from part inventory p to producer m with transportation vehicle t

tgkmt : sending cost of a part from supplier k to producer m with transportation vehicle t

pgkmt : caused pollution by sending a part from supplier k to producer m with transportation
vehicle t

pfmdt : caused pollution by sending a product from producer m to distributor d with
transportation vehicle t

pedct : caused pollution by sending a product from distributor d to retailer c with
transportation vehicle t

phcst : caused pollution by sending a product from retailer c to disassembly center s with
transportation vehicle t

plsrt : caused pollution by sending a part from disassembly center s to refurbishing center r
with transportation vehicle t

pvrpt : caused pollution by sending a part from refurbishing center r to part inventory p with
transportation vehicle t

pnpmt : caused pollution by sending a part from part inventory p to producer m with
transportation vehicle t

cfmdt : capacity of transportation vehicle t for sending product from producer m to distributor d

cgkmt : capacity of transportation vehicle t for sending part from supplier k to producer m

cedct : capacity of transportation vehicle t for sending product from distributor d to retailer c

chcst : capacity of transportation vehicle t for sending product from retailer c to disassembly
center s

clsrt : capacity of transportation vehicle t for sending part from disassembly center s to
refurbishing center r
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cvrpt : capacity of transportation vehicle t for sending part from refurbishing center r to part
inventory p

cnpmt : capacity of transportation vehicle t for sending part from part inventory p to producer m

sfmd : satisfaction of fast delivery of products from producer m to distributor d

sedc : satisfaction of fast delivery of products from distributor d to retailer c

shcs : satisfaction of fast delivery of products from retailer c to disassembly center s

slsr : satisfaction of fast delivery of parts from disassembly center s to refurbishing center r

svrp : satisfaction of fast delivery of parts from refurbishing center r to part inventory p

snpm : satisfaction of fast delivery of parts from part inventory p to producer m

sgkm : satisfaction of fast delivery of parts from supplier k to producer m

fmm : cost of locating a producer in suggested location m

fdd : cost of locating a distributor in suggested location d

fss : cost of locating a disassembly center in suggested location s

frr : cost of locating a refurbishing center in suggested location r

fpp : cost of locating a part inventory in suggested location p

omjm : operational cost for a product j in producer m

odjd : operational cost for a product j in distributor d

ocjc : operational cost for a product j in retailer c

osis : operational cost for a part i in disassembly center s

orir : operational cost for a part i in refurbishing center r

opip : operational cost for a part i in part inventory p

qmm : cost of producer m’s opportunity cost

qdd : cost of distributor d’s opportunity cost

qss : cost of disassembly center d’s opportunity cost

qrr : cost of refurbishing center r’s opportunity cost

qpp : cost of part inventory p’s opportunity cost

emm : pollution amount of capacity surplus in producer m

edd : pollution amount of capacity surplus in distributor d

ess : pollution amount of capacity surplus in disassembly center s

err : pollution amount of capacity surplus in refurbishing center r

epp : pollution amount of capacity surplus in part inventory p

pmm : pollution amount of producer m
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pdd : pollution amount of distributor d

pss : pollution amount of disassembly center s

prr : pollution amount of refurbishing center r

ppp : pollution amount of part inventory p

dm : satisfaction of dispersion and variety of producer’s facilities

dd : satisfaction of dispersion and variety of distributor’s facilities

ds : satisfaction of dispersion and variety of disassembly center’s facilities

dr : satisfaction of dispersion and variety of refurbishing center’s facilities

dp : satisfaction of dispersion and variety of part inventory’s facilities

smm : satisfaction from effects of capacity surplus of producer m

sdd : satisfaction from effects of capacity surplus of distributor d

sss : satisfaction from effects of capacity surplus of disassembly center s

srr : satisfaction from effects of capacity surplus of refurbishing center r

spp : satisfaction from effects of capacity surplus of part inventory p

cpp : maximum capacity of part inventory p

cdd : maximum capacity of distributor d

crr : maximum capacity of refurbishing center r

cmm : maximum capacity of producer m

css : maximum capacity of disassembly center s

sprik : buying price of part i from supplier k

qij : number of part i in product j

yj : return percentage of product j

wi : uselessness of part i

sjc : price of product j in retail c

vsjc : salvage value of unsold product j in retail c

usjc : shortage cost of lack of product j in retail c

Djc : demand for product j in retail c

E(Djc) : expected demand j in retail c

F (Djc) : cumulative distribution function of variable Djc

M : big positive number
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Decision variables

gikmt : the amount of part i which will be sent by transportation vehicles t from supplier k to
producer m

fjmdt : the amount of product j which will be sent by transportation vehicles t from producer m
to distributor d

ejdct : the amount of product j which will be sent by transportation vehicles t from distributor
d to retailer c

hjcst : the amount of product j which will be sent by transportation vehicles t from retailer c to
disassembly center s

lisrt : the amount of part i which will be sent by transportation vehicles t from disassembly
center s to refurbishing center r

virpt : the amount of part i which will be sent by transportation vehicles t from refurbishing
center r to part inventory p

nipmt : the amount of part i which will be sent by transportation vehicles t from part inventory
p to producer m

xmm : equals 1 if a producer located in suggested place m and equals to 0 otherwise

xdd : equals 1 if a distributor located in suggested place d and equals to 0 otherwise

xss : equals 1 if a disassembly center located in suggested place s and equals to 0 otherwise

xrr : equals 1 if a refurbishing center located in suggested place r and equals to 0 otherwise

xpp : equals 1 if a part inventory located in suggested place p and equals to 0 otherwise

amm : capacity percentage of producer m which is used. Between 0 and 1

add : capacity percentage of distributor d which is used. Between 0 and 1

ass : capacity percentage of disassembly center s which is used. Between 0 and 1

arr : capacity percentage of refurbishing center r which is used. Between 0 and 1

app : capacity percentage of part inventory p which is used. Between 0 and 1

ojm : amount of product j produced in producer m

bis : amount of part i disassembled in disassembly center s

xjc : amount of product j sent to retailer c

Parameters and variables of the network showed schematically in Figure 1.
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Appendix B

Simplification of profit formula of products in retailers As mentioned in formula (1), profit of
product j in retailer c is as follows:

sjc(xjc ∧Djc) + svjc(xjc −Djc)
+ − scjc(Djc − xjc)

+

Which can be simplified using the following equations:

=sjc(xjc ∧Djc) + svjc(xjc −Djc)
+ − scjc(Djc − xjc)

+

=sjc(xjc − (xjc −Djc)
+) + svjc(xjc −Djc)

+ − scjc(Djc − xjc)
+

=sjcxjc + (xjc −Djc)
+(−sjc + svjc) + (Djc − xjc)

+(−scjc)
=sjcxjc + (xjc −Djc)

+(−sjc + svjc) + ((xjc −Djc)
+ − (xjc − E(Djc)))(−scjc)

=(sjc + scjc)xjc + (xjc −Djc)
+(svjc − sjc − scjc)− E(Djc)scjc

=(sjc + scjc)xjc + (svjc − sjc − scjc)

xjc∫
0

F (Djc)dDjc − E(Djc)usjc
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1. Introduction

In the current dynamic market, companies must find the most efficient means of sending prod-
ucts to customers in the quantities requested as soon as possible at the lowest cost; this is
the well-known transportation problem (TP). The classical transportation problem has been
widely studied [20] and then generalized to more than two indexes [18, 26, 27]. Based on its
typology [18], TP can be classified into four groups: 2-index, 3-index, 4-index, and n-index.
Previously, many efficient algorithms have been developed to identify the optimal total cost
when the demands, offers, and unitary costs are known.

In real-world applications, there are many different situations where classical methods for
solving TP are no longer suitable because of the uncertainties of one or more parameters that
cannot be accurately determined; this occurs owing to the imprecise tool of measure, lost
and missing data, and even calculation errors. To overcome this problem, problem’s data are
presented with fuzzy numbers, for the purpose of modeling the uncertainties within the data,
thus fuzzy mathematics becomes mandatory in solving this type of problems.

The theoretical foundations of fuzzy logic were established in the early 1965 by L- Zadeh
[24]. Fuzzy logic is based on the association of the notion of ”fuzzy subset“ and ”theory of pos-
sibilities“. The world of reasoning in fuzzy logic is more intuitive than in binary logic; it allows
designers to better understand natural phenomena and to model them using the definition of
rules and membership functions in sets called ”fuzzy sets“. A fuzzy transportation problem
(FTP) is a problem where its data (e.g., costs and or offers and requests) are fuzzy quantities.
In 1970, Bellman and Zadeh [2] first introduced the concept of decision-making in a fuzzy
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environment. Eight years later, Zimmermann [25] showed that fuzzy linear programming algo-
rithms were effective. In 1984, Chanas, Kolodziejkzy, and Machaj [3] presented a fuzzy linear
programming model to solve the fuzzy transportation problem. Chanas and Kuchta (1996)[4]
introduced a new concept for solving a transportation problem with fuzzy numbers data.

In 2004, Liu and Kao [11] described a method for solving FTP using the extension principle.
Nagoor Gani and Abdul Razak (2006) [16] obtained a fuzzy solution for the two-stage cost
minimizing of FTP in which availabilities and demands are trapezoidal fuzzy numbers. Pandian
and Natarajan (2010) [17] proposed a fuzzy zero point method for finding an optimal solution
for FTP, where all parameters are trapezoidal fuzzy numbers. Kumar and Kauar (2011) [7]
proposed a new method for solving FTP by assuming that a decision maker was uncertain
about the exact values of the transportation cost, availability, and demand of the product.
Kumar and Murugesan (2012) [9] provided an optimal solution for FTP using triangular fuzzy
numbers using a modified revised simplex method. In [10], P. Kumari performed a comparative
study on the optimality of the initial solutions obtained by different available methods for the
two-index fuzzy transportation problem. In 2020 [19], Jayanta Pratihar et al. proposed an
algorithm that was based on Vogel’s approximation method to solve the fuzzy transportation
problem.

The two-index fuzzy transportation problem has been rigorously studied using fuzzy trian-
gular numbers in [1, 9, 15], intuitionistic fuzzy numbers in [5, 12, 13, 23], and fuzzy trapezoidal
numbers in [7, 10, 14, 16, 17, 21, 22]. In addition, in 2019, Kumar et al. [8] used Pythagorean
fuzzy numbers. However the efficiency of these algorithms was not tested for the multi-index
fuzzy transportation problem. Authors in [6] proposed an adaptation of R. Zitouni’s algorithm
[27] for solving the four index fuzzy transportation problem.

In this paper, we will present three adapted algorithms to solve the four index fully fuzzy
transportation problem (FFTP4) using both trapezoidal and triangular fuzzy numbers. Using
the ranking function of fuzzy availabilities, fuzzy requests, fuzzy means of transportation, fuzzy
qualities of the goods, and fuzzy costs, we adapt the least cost cell, Russell’s approximation, and
Vogel’s approximation methods in the fuzzy context with four indexes to obtain the initial basic
feasible solution. Of note, FLC4, FRAM4, and FVAM4 are the adapted methods, respectively.
The degeneracy case is handled by the detective method to complete the base of the initial
solution. Finally, we will improve this solution using [27] algorithm’s second phase to obtain
the optimal solution of FFTP4. In the numerical simulation, we will present a comparative
study between FLC4, FRAM4, and FVAM4 in various FFTP4 examples of different sizes
(from 8× 16 to 113× 630000). Based on these results, we will choose a suitable algorithm that
provides the initial solution that is close to the optimum in a less number of iterations and
time.

This paper is organized as follows. Section 2 contains a brief introduction to fuzzy logic, its
application and some fuzzy preliminaries. In Section 3, we introduce an economic interpretation
of the FFTP4 as well as its associated mathematical formulation. In Section 4, we present the
different descriptions of the adapted algorithms. Numerical implementation and a comparative
study between FLC4, FRAM4 and FVAM4 are conducted in Section 5. Finally, Section 6 is the
conclusion.

2. Introduction to fuzzy mathematics

2.1. Fuzzy logic

The fuzzy logic is an extension of Boolean logic, it was created in 1965 by L. Zadeh [24] in
order to represent mathematically the imprecision, inaccuracies and uncertainties of systems
and natural phenomena, by introducing the degree of truth in the verification of a condition;
which means a condition can be in state between 0 and 1 (not totally true and not totally
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false but true and false with a degree), like the notion of beauty which is subject to several
discussion. Fuzzy logic uses an imprecise but very descriptive language to deal with input data
more like a human operator.

2.2. Fuzzy logic applications

During the 90s, fuzzy logic becomes a fashion, several researches are published about its ap-
plications in various fields (decision making, diagnosis, database, optimization, fuzzy systems
control, maintenance of rotating machines, . . . , etc.), where no deterministic model exists or is
not practically implementable, as well as in situations where the imprecision of the data makes
control by classical methods impossible.

2.3. Preliminaries

2.3.1. Fuzzy set

L. Zadeh defines a fuzzy set as follows: ”a fuzzy set is a class with a continuum of membership
grades“. Thus, a fuzzy set Ã (fuzzy subset of universe of discourse U) is characterized by a
membership function. It is defined as a set of couples (x, µÃ(x)), where x is an element of the
universe of discourse U , and µÃ is the membership function.

2.3.2. Membership function

Instead of imposing the membership of an element on ”true“ or ”false“ sets, as in the traditional
binary logic, fuzzy logic allows degrees of membership. The degree of membership of a fuzzy set
is materialized by a number between 0 and 1. Let U be a set; then, the membership function
is defined as µ : U → [0, 1]. The exact value of the membership function linked to the value
of the variable is called the ”membership factor“. Of note, this membership function is the
equivalent of the characteristic function of a classical set.

2.4. Fuzzy numbers

A fuzzy number Ã is a fuzzy subset of the set of real numbers R with a membership function
µÃ.

2.4.1. Trapezoidal fuzzy number

A fuzzy number Ã = (a, b, c, d) with a ≤ b ≤ c ≤ d is called a trapezoidal fuzzy number if its
membership function is given by:

µÃ(x) =


0 if x < a,
x−a
b−a if a ≤ x ≤ b,
1 if b ≤ x ≤ c,
d−x
d−c if c ≤ x ≤ d,
0 if d < x.

(1)

The function µÃ : R → [0, 1] is continuous, strictly increasing on [a, b] constant on [b, c] and
strictly decreasing on [c, d]. It is presented by a trapezoidal shape.
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2.4.2. Triangular fuzzy number

Triangular fuzzy number is a particular case of trapezoidal fuzzy number, we get it only if b = c
in the representation (a, b, c, d). Its membership function is given by:

µÃ(x) =


0 if x < a,
x−a
b−a if a ≤ x ≤ b,
d−x
d−b if b ≤ x ≤ d,
0 if d < x.

(2)

The function µÃ : R → [0, 1] is continuous, strictly increasing on [a, b] and strictly decreasing
on [c, d]. It is presented by a triangle shape.

2.5. Ranking function

Let F (R) be the set of fuzzy numbers. The ranking function is a defuzification tool of fuzzy
numbers to crisp numbers < : F (R)→ R. It is used to compare fuzzy numbers.

• if F (R) represents a set of trapezoidal fuzzy numbers,

<(Ã) =
a+ b+ c+ d

4
, Ã = (a, b, c, d), (3)

• if F (R) represents a set of triangular fuzzy numbers,

<(Ã) =
a+ 2b+ d

4
, Ã = (a, b, d). (4)

For two fuzzy numbers Ã and B̃, we have

Ã ≤< B̃ ⇐⇒ <(Ã) ≤ <(B̃), (5)

Ã ≥< B̃ ⇐⇒ <(Ã) ≥ <(B̃), (6)

Ã =< B̃ ⇐⇒ <(Ã) = <(B̃). (7)

2.6. Arithmetic operations

Let Ã = (a1, a2, a3, a4) and B̃ = (b1, b2, b3, b4) be two fuzzy trapezoidal numbers:

Addition: Ã⊕ B̃ = (a1, a2, a3, a4)⊕ (b1, b2, b3, b4) = (a1 + b1, a2 + b2, a3 + b3, a4 + b4).

Subtraction: Ã	 B̃ = (a1, a2, a3, a4)	 (b1, b2, b3, b4) = (a1 − b4, a2 − b3, a3 − b2, a4 − b1).

Multiplication:

• When <(Ã) > 0,

Ã⊗ B̃ =
(
a1 ×<(B̃), a2 ×<(B̃), a3 ×<(B̃), a4 ×<(B̃)

)
. (8)

• When <(Ã) < 0,

Ã⊗ B̃ =
(
a4 ×<(B̃), a3 ×<(B̃), a2 ×<(B̃), a1 ×<(B̃)

)
. (9)
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2.7. Properties

• The addition of fuzzy numbers is associative and commutative :

Ã⊕ B̃ = B̃ ⊕ Ã and Ã⊕ (B̃ ⊕ C̃) = (Ã⊕ B̃)⊕ C̃ ∀Ã, B̃, C̃ ∈ F (R).

• No element Ã ∈ F (R) has an opposite in F (R).

• The multiplication of a fuzzy number Ã = (a1, a2, a3, a4) by a real number α > 0 is
defined by: αÃ = (αa1, αa2, αa3, αa4).

• The multiplication of a fuzzy number Ã = (a1, a2, a3, a4) by a real number α < 0 is
defined by: αÃ = (αa4, αa3, αa2, αa1).

• (α+ β) Ã = α Ã⊕ β Ã ∀α, β ∈ R with αβ ≥ 0 and ∀ Ã ∈ F (R).

• α(Ã⊕ B̃) = αÃ⊕ αB̃ ∀α ∈ R and ∀ Ã, B̃ ∈ F (R).

3. Four index fuzzy transportation problem

Let:

• A1, . . . , Am, m be the origins of availabilities α̃1, . . . , α̃m, respectively.

• B1, . . . , Bn, n be the destinations of demands β̃1, . . . , β̃n, respectively.

• S1, . . . , Sp, p be the means of transportation chosen depending on reserved charges γ̃1, . . . , γ̃p
respectively.

• H1, . . . ,Hq, q be the qualities of goods obtained in even units of quantities δ̃1, . . . , δ̃q
respectively.

• x̃ijkl (i = 1, . . . ,m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q), be the quantity of prod-
uct Hl transported from the origin Ai towards the destination Bj using the means of
transportation Sk.

• c̃ijkl (i = 1, . . . ,m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q), be the unit cost of transport
of product x̃ijkl.

Mathematically, a four index fuzzy transportation problem can be stated as follows:

Minimize Z̃ =<
m∑
i=1

n∑
j=1

p∑
k=1

q∑
l=1

c̃ijkl ⊗ x̃ijkl

subject to the constraints:
n∑
j=1

p∑
k=1

q∑
l=1

x̃ijkl =< α̃i for all i = 1, . . . ,m

m∑
i=1

p∑
k=1

q∑
l=1

x̃ijkl =< β̃j for all j = 1, . . . , n

m∑
i=1

n∑
j=1

q∑
l=1

x̃ijkl =< γ̃k for all k = 1, . . . , p

m∑
i=1

n∑
j=1

p∑
k=1

x̃ijkl =< δ̃l for all l = 1, . . . , q

x̃ijkl ≥< 0, for all i = 1, . . . ,m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q,

(10)

where for all (i, j, k, l), we have α̃i >< 0, β̃j >< 0, γ̃k >< 0, δ̃l >< 0, and c̃ijkl ≥< 0.
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We can also write the four index fully fuzzy transportation problem as the following linear
program: 

min Z̃ =< c̃
T ⊗ x̃

s.c

Ax̃ =< b̃
<(x̃) ≥ 0,

(11)

where:

� x̃ = (x̃1111, . . . , x̃mnpq)
T ∈ F (R)N .

� c̃ = (c̃1111, . . . , c̃mnpq)
T ∈ F (R)N .

� b̃ = (α̃1, . . . , α̃m, β̃1, . . . , β̃n, γ̃1, . . . , γ̃p, δ̃1, . . . , δ̃q) ∈ F (R)M .

� A is the M ×N matrix with coefficients in R.

� M = m+ n+ p+ q and N = mnpq.*

Let E = {(i, j, k, l); i = 1 : m, j = 1 : n, k = 1 : p and l = 1, q} associate for each
(i, j, k, l) ∈ E a vector Pijkl ∈ RM . Only four components of the Pijkl vector are non-zero; they
are located in the lines i,m+ j,m+ n+ k, and m+ n+ p+ l and have 1 as a common value.
We define the matrix A as the matrix of vectors Pijkl. Of note, the matrix A is of rank M − 3.

The problem is to determine x̃ijkl so that the total cost of transport is minimal.

By generalizing the feasible condition in [27], we obtain the following theorem:

Theorem 1. The four index fully fuzzy transportation problem has a feasible solution if and
only if

m∑
i=1

α̃i =<

n∑
j=1

β̃j =<

p∑
k=1

γ̃k =<

q∑
l=1

δ̃l. (12)

4. Resolution

To obtain the fuzzy optimal solution for a four index fully fuzzy transportation problem, we go
through two phases:

1. Determining an initial basic feasible solution.

2. Improving a basic feasible solution.

4.1. Phase 1

There are three popular methods used to determine an initial feasible solution to the clas-
sical transportation problem. They are the least cost, Russell’s approximation, and Vogel’s
approximation methods. We are going to adapt these methods to the four index transportation
problem in a fuzzy context. We denote, FLC4, FRAM4, and FVAM4 the adapted algorithms,
respectively.

Now, we introduce the description of each method.

Let Eb be the set of interesting cells. At the beginning of each algorithm, Eb = ∅.
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4.1.1. FLC4 algorithm

The FLC4 algorithm is based on the least cost cell method; the principle of this method is to
determine in each step the quantity transported with the minimum cost.
Step 1:

1. For each unsaturated quadruplet (i, j, k, l), choose (̄i, j̄, k̄, l̄), where c̃īj̄k̄l̄ = min c̃ijkl.

2. Take x̃īj̄k̄l̄ = min
(
α̃ī, β̃j̄ , γ̃k̄, δ̃l̄

)
and add (̄i, j̄, k̄, l̄) to Eb.

3. Update α̃ī, β̃j̄ , γ̃k̄ and δ̃l̄ as follows:

(a) α̃ī = α̃ī 	 x̃īj̄k̄l̄
if x̃īj̄k̄l̄ = α̃ī then let x̃ījkl be equal to fuzzy zero and saturate c̃ījkl, ∀(j, k, l) 6=
(j̄, k̄, l̄).

(b) β̃j̄ = β̃j̄ 	 x̃īj̄k̄l̄
if x̃īj̄k̄l̄ = β̃j̄ then let x̃ij̄kl be equal to fuzzy zero and saturate c̃ij̄kl, ∀(i, k, l) 6= (̄i, k̄, l̄).

(c) γ̃k̄ = γ̃k̄ 	 x̃īj̄k̄l̄
if x̃īj̄k̄l̄ = γ̃k̄ then let x̃ijk̄l be equal to fuzzy zero and saturate c̃ijk̄l, ∀(i, j, l) 6= (̄i, j̄, l̄).

(d) δ̃l̄ = δ̃l̄ 	 x̃īj̄k̄l̄
if x̃īj̄k̄l̄ = δ̃l̄ then let x̃ijkl̄ be equal to fuzzy zero and saturate c̃ijkl̄, ∀(i, j, k) 6= (̄i, j̄, k̄).

Step 2:

• Repeat from 1 to 3 until all x̃ijkl variables are determined.

4.1.2. FRAM4 algorithm

The FRAM4 algorithm is based on Russell’s approximation method [20]. The idea of this
method is to determine in each step the minimum reduced cost matrix. Then, the transported
quantity is chosen as the minimum of this matrix.
Step 1:

1. For each i unsaturated, determine c̃i = max
jkl

c̃ijkl.

2. For each j unsaturated, determine c̃j = max
ikl

c̃ijkl.

3. For each k unsaturated, determine c̃k = max
ijl

c̃ijkl.

4. For each l unsaturated, determine c̃l = max
ijk

c̃ijkl.

5. Calculate the reduced cost matrix c∗ijkl = c̃ijkl 	 (c̃i ⊕ c̃j ⊕ c̃k ⊕ c̃l).

6. Choose the cell (̄i, j̄, k̄, l̄) with the smallest fuzzy reduced cost c∗ijkl; if there is more than
one, choose the one with the smallest fuzzy cost c̃ijkl; if there is equality again, choose

the one whose min(α̃i, β̃j , γ̃k, δ̃l) is the largest.

7. Take x̃īj̄k̄l̄ = min
(
α̃ī, β̃j̄ , γ̃k̄, δ̃l̄

)
and add (̄i, j̄, k̄, l̄) to Eb.

8. Update α̃ī, β̃j̄ , γ̃k̄ and δ̃l̄ as in step 1 (3) in the FLC4 algorithm.

Step 2:

• Repeat from 1 to 8 until all x̃ijkl variables are determined.
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4.1.3. FVAM4 algorithm

The FVAM4 algorithm is based on Vogel’s approximation method. This method relies on the
minimization of a system of penalties. A penalty of dimension i, j, k or l is the fuzzy difference
between the smallest and next smallest fuzzy cost.
Step 1:

1. For each i unsaturated, determine the penalty p1
i = mini2	mini1 .

2. For each j unsaturated, determine the penalty p2
j = minj2	minj1 .

3. For each k unsaturated, determine the penalty p3
k = mink2 	mink1 .

4. For each l unsaturated, determine the penalty p4
l = minl2	minl1 .

5. Identify the dimension corresponding to the highest penalty.

6. In the selected dimension found in previous step, identify the cell (̄i, j̄, k̄, l̄) with the
smallest fuzzy cost.

7. Take x̃īj̄k̄l̄ = min(α̃ī, β̃j̄ , γ̃k̄, δ̃l̄) and add (̄i, j̄, k̄, l̄) to Eb.

8. Update α̃ī, β̃j̄ , γ̃k̄ and δ̃l̄ as in step 1 (3) in the FLC4 algorithm.

Step 2:

• Repeat from 1 to 8 until all x̃ijkl variables are determined.

4.2. Treatment of degeneracy

At the end of phase 1, we obtain the initial feasible solution, which can be degenerate or not
degenerate.

Let I = {(i, j, k, l); <(x̃ijkl) > 0}, and Ax is the matrix of vectors Pijkl∀(i, j, k, l) ∈ Eb.

4.2.1. Test of degeneracy

• if rank(Ax) = rank(A) then
the obtained solution is not degenerate.

• elseif rank(Ax) < rank(A) then
the obtained solution is degenerate.

4.2.2. Treatment of degeneracy

Let Nb be the number of elements of Eb that are in the solution, let Eh be the complement of
Eb in the ensemble E (i.e., Eh = Ecb), and let s = rank(A)−Nb.

� if Nb = rank(A) (i.e., s = 0), then
the base is complete and I(0) = Eb

� if Nb < rank(A) (i.e., s > 0), then
the solution is degenerate; we define the ensemble Es with s elements from Eh that are
chosen randomly until Eb ∪ Es is linearly independent and take I(0) = Eb ∪ Es. It is a
modification of the method in [28].
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4.3. Phase 2

To test the optimality or to improve the basic feasible solution, we will adapt the phase 2 of
ALPT4C [27].

1. Initialization:

Let I(r) be the set of interesting quadruplet (i, j, k, l) in iteration r. First, take r=0; I(0)

was previously defined.

2. For all (i, j, k, l) ∈ I(r), solve the linear system

AxY =< c̃ijkl where Y = [ũ
(r)
i , ṽ

(r)
j , w̃

(r)
k , t̃

(r)
l ]; i = 1 : m, j = 1 : n, k = 1 : p, l = 1 : q.

3. For all (i, j, k, l) /∈ I(r) determine

∆̃
(r)
ijkl = c̃ijkl 	 (ũ

(r)
i ⊕ ṽ

(r)
j ⊕ w̃

(r)
k ⊕ t̃

(r)
l )

.

4. • If ∀(i, j, k, l) /∈ I(r), we have <
(

∆̃
(r)
ijkl

)
≥ 0 then

the solution x̃(r) is optimal. Stop.

• Else use
∆̃

(r)
i0j0k0l0

= min{∆̃(r)
ijkl; <

(
∆̃

(r)
ijkl

)
< 0}.

(a) For all (i, j, k, l) ∈ I(r), determine a cycle µ(r) by solving the system∑
λ

(r)
ijklAx = −Pi0j0k0l0

(b) Determine θ(r) where θ(r) = min (
x̃
(r)
ijkl

−λ(r)
ijkl

) = θ
(r)
isjsksls

with λ
(r)
ijkl < 0

(c) Determine a new set of basic solution x̃(r+1) and basic cells as follows:

x̃(r+1) =
{
x̃

(r)
ijkl/(i, j, k, l) /∈µ(r)

}
∪
{
x̃

(r)
ijkl ⊕ λ

(r)
ijklθ

(r)/(i, j, k, l) ∈µ(r)
}
.

I(r+1) =
{
I(r) ∪ {(i0, j0, k0, l0)}

}
\ {(is, js, ks, ls}

(d) Repeat steps 1). . .4).

5. Numerical implementation and comparative study

In this section, we will provide a numerical experiment to test the effectiveness of our adapted
algorithms.

Of note, for simplicity, the ranking function of a fuzzy number (a, b, c) is < instead of
<(a, b, c).

5.1. Example

In the following example, x̃
(r)
B and x̃

(r)
H are the set of basic variables and non-basic variables at

iteration r, respectively.
The transportation problem is in the form FFTP4 with (m = n = p = q = 2), whose

quantities α̃i, β̃j , γ̃k, δ̃l, and c̃ijkl are given by the following tables.
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c̃1111 c̃1112 c̃1121 c̃1122 c̃1211 c̃1212 c̃1221 c̃1222
(4, 5, 6) (0, 2, 7) (1, 3, 5) (5, 6, 9) (3, 5, 6) (4, 6, 9) (6, 7, 9) (2, 4, 5)
< = 5 < = 2.75 < = 3 < = 6.5 < = 4.75 < = 6.25 < = 7.25 < = 3.75

c̃2111 c̃2112 c̃2121 c̃2122 c̃2211 c̃2212 c̃2221 c̃2222
(5, 6, 8) (6, 8, 10) (2, 3, 7) (6, 8, 12) (7, 9, 11) (3, 9, 7) (3, 4, 5) (4, 6, 10)
< = 6.25 < = 8 < = 3.75 < = 8.5 < = 9 < = 7 < = 4 < = 6.5

Table 1: Matrix of costs

α̃1 α̃2 β̃1 β̃2 γ̃1 γ̃2 δ̃1 δ̃2
(3, 7, 7) (1, 2, 7) (3, 4, 8) (1, 5, 6) (2, 2, 3) (2, 7, 11) (0, 4, 6) (4, 5, 8)
< = 6 < = 3 < = 4.75 < = 4.25 < = 2.25 < = 6.75 < = 3.5 < = 5.5

Table 2: Table of α̃i, β̃j , γ̃k and δ̃l quantities

This FFTP4 provides a feasible solution because:

2∑
i=1

α̃i =<

2∑
j=1

β̃j =<

2∑
l=1

γk =<

2∑
l=1

δ̃l = (4, 9, 14)

The size of this problem is (2, 2, 2, 2); thus, here, M = 8 and N = 16.

5.1.1. Application of the FLC4 algorithm

Step 1

� Take Eb = ∅,

� min c̃ijkjl = c̃1112,

� Determine x̃1112:

x̃1112 = min
(
α̃1, β̃1, γ̃1, δ̃2

)
= min ((3, 7, 7)<=6, (3, 4, 8)<=4.75, (2, 2, 3)<=2.25, (4, 5, 8)<=5.5)
= (2, 2, 3)<=2.25.

� Add (1, 1, 1, 2) to Eb,

� Update α̃1, β̃1, γ̃1 and δ̃2 as:
α̃1 = (0, 5, 5),

β̃1 = (0, 2, 6),

γ̃1 = (−1, 0, 1),

δ̃2 = (1, 3, 6).

� For all (i, j, l) 6= (1, 1, 2), let x̃ij1l be equal to fuzzy zero and saturate c̃ij1l.

Then, repeat until all x̃ijkl variables are determined.

The initial basic feasible solution given by FLC4 is: x̃(0) = x̃
(0)
B ∪ x̃

(0)
H where

x̃
(0)
B =

{
x̃

(0)
1112 = (2, 2, 3), x̃

(0)
1121 = (0, 2, 6), x̃

(0)
1222 = (−6, 3, 5), x̃

(0)
2221 = (−6, 2, 6), x̃2222 = (−4, 0, 12)

}
.
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The value of the objective associated with x̃(0) is

Z̃(0) =<

2∑
i=1

2∑
j=1

2∑
k=1

2∑
l=1

c̃ijkl ⊗ x̃(0)
ijkl = (16, 33, 59.5).

Test of degeneracy

The number of elements of x̃
(0)
B is equal to 5 = M − 3; thus, the solution is not degenerate.

Phase 2
The test of optimality in phase 2 shows that this solution is not optimal. Thus, we can improve

it. x̃(1) = x̃
(1)
B ∪ x̃

(1)
H where

x̃
(1)
B =

{
x̃

(1)
1112 = (2, 2, 3), x̃

(1)
1121 = (−12, 2, 10), x̃

(1)
1222 = (−10, 3, 17), x̃

(1)
2121 = (−4, 0, 12), x̃

(1)
2221 = (−6, 2, 6)

}
.

The test of optimality shows that x̃(1) is optimal. The value of the objective associated with
x̃(1) is:

Z̃(1) =<

2∑
i=1

2∑
j=1

2∑
k=1

2∑
l=1

c̃ijkl ⊗ x̃(1)
ijkl = (14, 29, 53.5).

5.1.2. Application of the FRAM4 algorithm

� Take Eb = ∅,

� Calculate the reduced costs:

c̃(i=1) c̃(i=2) c̃(j=1) c̃(j=2) c̃(k=1) c̃(k=2) c̃(l=1) c̃(l=2)

(6, 7, 9) (7, 9, 11) (6, 8, 12) (7, 9, 11) (7, 9, 11) (6, 8, 12) (7, 9, 11) (6, 8, 12)

Table 3: Reduced costs in the first iteration

� Calculate the reduced costs matrix:

c∗1111 c∗1112 c∗1121 c∗1122

(−29,−28,−20) (−44,−30,−18) (−43,−29,−20) (−40,−25,−15)
c∗1211 c∗1212 c∗1221 c∗1222

(−39,−29,−21) (−39,−27,−17) (−37,−26,−17) (−42,−28,−20)
c∗2111 c∗2112 c∗2121 c∗2122

(−40,−29,−19) (−40,−26,−16) (−44,−31,−19) (−41,−25,−13)
c∗2211 c∗2212 c∗2221 c∗2222

(−37,−27,−17) (−42,−26,−20) (−42,−31,−22) (−44,−28,−16)

Table 4: Reduced costs matrix in the first iteration

� min
i,j,k,l

c∗ijkl = c∗2221,

� Determine x̃2221:

x̃2221 = min
(
α̃2, β̃2, γ̃2, δ̃1

)
= min ((1, 2, 7)<=3, (1, 5, 6)<=4.25, (2, 7, 11)<=6.75, (0, 4, 6)<=3.5)
= (1, 2, 7)<=3.
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� Add (2, 2, 2, 1) to Eb,

� Update α̃2, β̃2, γ̃2 and δ̃1 as:
α̃2 = (−6, 0, 6),

β̃2 = (−6, 3, 5),

γ̃2 = (−5, 5, 10),

δ̃1 = (−7, 2, 5).

� For all (i, j, l) 6= (2, 2, 1), let x̃2jkl be equal to fuzzy zero and saturate c̃2jkl.

Then, repeat until all x̃ijkl variables are determined.

The initial basic feasible solution given by the FRAM4 method is x̃(0) = x̃
(0)
B ∪ x̃

(0)
H where

x̃
(0)
B =

{
x̃

(0)
2221 = (1, 2, 7), x̃

(0)
1121 = (−7, 2, 5), x̃

(0)
1112 = (2, 2, 3), x̃

(0)
1222 = (−6, 3, 5), x̃

(0)
1122 = (−10, 0, 18)

}
.

The value of the objective associated with x̃(0) is

Z̃(0) =<

2∑
i=1

2∑
j=1

2∑
k=1

2∑
l=1

c̃ijkl ⊗ x̃(0)
ijkl = (14, 29, 53.5).

Test of degeneracy

The number of elements of x̃
(0)
B is equal to 5 = M − 3; thus, the solution is not degenerate.

Phase 2
The test of optimality in phase 2 shows that the initial solution obtained from the FRAM4
algorithm is optimal and does not need improvement.

5.1.3. Application of the FVAM4 algorithm

Step 1

� Take Eb = ∅,

� Calculate the penalties:

p1
1 p1

2 p2
1 p2

2 p3
1 p3

2 p4
1 p4

2

(−6, 1, 5) (−4, 1, 3) (−6, 1, 5) (−2, 0, 3) (-4,3,6) (−3, 1, 4) (−3, 0, 6) (−5, 2, 5)

Table 5: Penalties in the first iteration

• max(p1
i , p

2
j , p

3
k, p

4
l ) = p3

1,

• min c̃ij1l = c̃1112,

� Determine x̃1112:

x̃1112 = min
(
α̃1, β̃1, γ̃1, δ̃2

)
= min ((3, 7, 7)<=6, (3, 4, 8)<=4.75, (2, 2, 3)<=2.25, (4, 5, 8)<=5.5)
= (2, 2, 3)<=2.25.

� Add (1, 1, 1, 2) to Eb,
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� Update α̃1, β̃1, γ̃1 and δ̃2 as:
α̃1 = (0, 5, 5),

β̃1 = (0, 2, 6),

γ̃1 = (−1, 0, 1),

δ̃2 = (1, 3, 6).

� For all (i, j, l) 6= (1, 1, 2), let x̃ij1l be equal to fuzzy zero and saturate c̃ij1l.

Then repeat until all x̃ijkl variables are determined.

The initial basic feasible solution given by the FVAM4 method is: x̃(0) = x̃
(0)
B ∪ x̃

(0)
H , where

x̃
(0)
B =

{
x̃

(0)
1112 = (2, 2, 3), x̃

(0)
1222 = (1, 3, 6), x̃

(0)
1121 = (−6, 2, 4), x̃

(0)
2221 = (−5, 2, 5), x̃

(0)
2121 = (−4, 0, 12)

}
.

The value of the objective associated with x̃(0) is

Z̃(0) =<

2∑
i=1

2∑
j=1

2∑
k=1

2∑
l=1

c̃ijkl ⊗ x̃(0)
ijkl = (14, 29, 53.5)

Test of degeneracy

The number of elements of x̃
(0)
B is equal to 5 = M − 3; thus, the solution is not degenerate.

Phase 2
The test of optimality in phase 2 shows that x̃(0) is optimal and does not need improvement.

5.2. Comparative study

The following tables show a comparative study between the three adapted algorithms FLC4,
FRAM4, and FVAM4 that are applied to solve the four index fully fuzzy transportation problem.
We will treat 13 different problems with different dimensions M ×N . For each problem, a set
of data and cost matrixes are randomly chosen for the fair comparison of these algorithms.

Discussion

� These tables show that the proposed algorithms can effectively solve FFTP4 with a large
range of dimensions from 8× 16 to more than 113× 630000.

� The results show the robustness of our method in phase 2 when finding the optimal
solution, from the initial one, even in the case of degeneracy.

� The initial basic feasible solution obtained by FLC4 is far from being the optimal one for
most FFTP4; its main advantage is that it is quick and easy, and its simulation code is
very simple.
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Table 6: FLC4, FRAM4, and FVAM4 in solving FFTP4

� The initial basic feasible solution obtained by FVAM4 or FRAM4 methods is very close
to the optimal one.

� In most cases, FVAM4 requires less time and a smaller number of iterations compared
to FRAM4 and FLC4. Consequently, this method is preferable to use to solve the four
index fully fuzzy transportation problems with large size.
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Table 7: FLC4, FRAM4, and FVAM4 in solving FFTP4

6. Conclusion

In many real-life situations, data from transportation problems are often uncertain. To deal
with such problems, this uncertainty can be modeled using fuzzy mathematics. In this study,
we proposed three approaches (i.e., FLC4, FRAM4, and FVAM4) to determine the initial
basic feasible solution to the four index fully fuzzy transportation. Then, after treating the
degeneracy problem, we initiate the second phase to determine the optimal solution. Of note,
the arithmetic operations used are based on the notion of ranking function. We performed
numerical experiments to test the efficiency and stability of our algorithms. The obtained
results are encouraging and show that the method, in general, provides the initial solution close
to the optimum. The algorithms FLC4, FRAM4, FVAM4 are independent of the number of
indexes, as shown in the numerical examples. Therefor a comparative table can be used to solve
fuzzy multi-index problems. The second phase of the algorithm has shown its robustness and
efficiency for determining the optimal solution in a considerably shorter period of time.
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Abstract. The aim of this paper is to assess the relative efficiency of commercial banks in one devel-
oping country, i.e. the Republic of North Macedonia by using the data envelopment analysis (DEA)
technique–window analysis. The selection of inputs and outputs plays a key role when applying DEA
for assessing the efficiency of decision-making units (DMUs). In the conducted research two inputs and
two outputs have been selected. The sample consists of 14 commercial banks and the period that is
being observed is an eleven year span from 2007 to 2017. According to the average efficiency score for
the whole observed period, the most efficient bank belongs to the group of large banks, which simul-
taneously shows the highest efficiency. The banking sector in the Republic of North Macedonia, as a
whole, showed the highest efficiency in 2007, and the lowest efficiency in 2011.
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1. Introduction

The financial system in the Republic of North Macedonia is relatively simple, and financial
markets are still underdeveloped. It is considered to be a bank-based financial system, where
banks play a crucial role in financing the economic activities and maintaining the financial
stability of the system, as well as the stability of the other institutional segments. According to
Khan and Khattak [15], the banking sector is considered to be the nerve system of a country’s
economy. If the nerve system fails to function, the whole body becomes useless. Similarly, failure
of the banking system will lead to a catastrophe for the entire economic system. Therefore,
for the stability and growth of the economy, the banking sector has to function at its optimum
level. This can be achieved only if the banking sector is able to allocate the resources efficiently
or with minimum waste.

With the break-up of the Socialist Federal Republic of Yugoslavia (SFRY) and the Soviet
Union (USSR) in the late 1980s and early 1990s, Central and Eastern European countries
have abandoned the system of ”planned economy” and have begun to rapidly build economic
systems based on market principles and rules, compatible and comparable to those of the
developed countries. At the very beginning of this transition process, these countries (including
the Republic of North Macedonia) had been given a rather difficult task of successfully fulfilling

∗Corresponding author.
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the transformation of its financial system, because it was considered that the construction of
financial systems based on market principles will contribute to the overall development of these
countries and that it will stimulate their economic growth. Despite the large number of national
differences and specifics, these countries have inherited the same infrastructural problems, so
from here, the tasks and content of the implemented reforms were equal [24].

From the moment monetary independence was established, North Macedonia’s banking
system was relatively underdeveloped and poor. At the end of 1992, there were only 6 banks in
the country, however, as a result of a more liberal approach to the establishment of new banks,
in just one year, the number of banks has grown to 20. The consolidation of the banking sector
began in 2001 as a result of increased competition in the banking market due to the inflow of
foreign capital, as well as reforms in payment systems, which allowed operations to begin taking
place through commercial banks.

Banks in the Republic of North Macedonia have been implementing a traditional business
model in their operations, i.e. they collect deposits from the domestic and private sector and
make placements (as loans) in the domestic households and companies. Other than that, this
traditional business model can be identified by the structure of the total revenue of the banks.
Namely, around two thirds of the total revenue of the banking sector has come from the net
interest revenue [10]. The structure of the total banking revenue in most of the observed period
(2007-2017) corresponds with the traditional business model in banks’ operations. Thus, net
interest revenue, with a share of 65%, is the most significant in the structure of total revenues
[11]. Contrary to the past few years, when net interest revenue had the largest contribution to
the growth of banks’ profits, in 2017, the largest contribution to the increase in profits came
from the non-interest revenue. That is to say, in 2017 there was a slowdown in the annual
growth of the net interest revenue of banks, due to the decline in interest revenue from non-
financial companies. On the other hand, the growth of non-interest revenue does not arise
from the introduction of new financial products or services, but is mainly due to the increase
in non-operating revenue of a largely unrepeatable character, such as the collected previously
written off claims and capital gains from the sale of assets [11]. In the period from 2007 to
2014, net interest revenue was almost continuously increasing the already predominant share
in the structure of total revenues. In 2015 and 2016, the share of net interest revenue remained
almost unchanged, and in 2017 this share decreased by 2 percentage points. Within the same
time period, commission fees reduced their share in the total revenues, and a slightly greater
variability is noted in the shares of other regular revenues, which have been increasing in the past
three years. Such observations only confirm the application of the traditional business model in
the operation of banks the Republic of North Macedonia and even indicates the strengthening
of the same. In other words, it is obvious that the banks do not achieve a significant expansion
of their operations with some non-traditional activities, which would bring them additional
revenue from commissions and consequently, greater diversification of the total revenues. On
the other hand, the more pronounced volatility of the shares of other non-interest regular
revenues only confirms their predominantly random character.

The aim of this paper is to assess the relative efficiency of commercial banks in the Republic
of North Macedonia by using the leading non-parametric frontier methodology - data envel-
opment analysis (DEA). DEA enables the measurement of the relative efficiency of decision-
making units (DMUs), that use multiple inputs to produce multiple outputs. When the sample
of analysis is small and multiple inputs and outputs are selected, then the efficiency frontier
could be constructed by most of the DMUs. To overcome this problem, the DEA technique
window analysis could be selected as the most adequate one, which can increase the number of
DMUs. In addition, the window analysis allows time dimension in the efficiency analysis to be
included. Panel data of eleven years (from 2007 to 2017) is used in this paper, and in order to
consider the trend of efficiency of the commercial banks in the observed period, window analysis
is chosen as the most appropriate DEA technique.
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Our research has the following two objectives: 1) to identify inputs and outputs that will be
used for measuring the relative efficiency of the commercial banks; 2) to solve the DEA window
analysis model with software support and to present and interpret the obtained results.

The reminder of this paper is organized as follows. In Section 2 literature review is given.
In Section 3 the methodology and sample data are described. In Section 4 the obtained results
are presented and discussed while Section 5 concludes the paper.

2. Literature review

According to DEA bibliography published in 2008 [8], that covers over 4000 research articles
published in the period from 1978 up to 2007, the following areas are identified as the most
popular for DEA application: banking, education, healthcare and hospital efficiency [7].

DEA in banking is applied for the following problems [21]: a) analysis of banks operating
within one country, b) analysis of bank branches in one bank, c) analysis of banks in two or
more countries, d) efficiency of bank mergers and e) banking branch development strategies.

In this paper, the DEA is used to assess the relative efficiency of banks in the Republic of
North Macedonia, which means that it is an analysis of banks operating in the country, and
special attention is placed on application of the DEA window analysis technique.

Hartman & Storbeck [14] use window analysis to investigate the development of the lending
efficiency of 12 Swedish banks over a period of 9 years. Asmild et al. [2] combine window
analysis with Malmquist indexes in a study of the Canadian banking industry. Kisielewska
et al. [16] assess the cost efficiency of the 10 largest banks in Poland in a nine-year period
(1995-2003) using DEA and they assess productivity change over time using the Malmquist
productivity index. In the Polish banking industry six input – oriented models are used, with
constant returns to scale (CRS) assumption and they have found that retail-focused banks tend
to be more efficient in comparison with corporate focused banks. Savic et al. [23] use the
DEA window analysis technique to measure the performance of 28 commercial banks in Serbia
from 2005 to 2011. In the Serbian banking industry the intermediation approach along with
two models: the profit efficiency model and the operating efficiency model are used. Based on
the obtained results, the majority of Serbian banks show an efficiency score which is between
60% and 70% regardless of the used model. Repkova [22] has estimated the efficiency of 12
commercial banks in Slovakia in the period from 2003 to 2012 all while using the DEA window
analysis approach. The average efficiency of commercial banks in Slovakia estimated using the
Charnes-Cooper-Rhodes (CCR) model, ranges from 77% to 91%, while estimated using the
Banker-Charnes-Cooper (BCC) model, ranges from 83% to 94%. In the Slovak banking sector,
the medium-size and small banks are more efficient than the large banks. The average efficiency
in the period 2003-2008 increased, while during the period 2010-2011 it decreased, probably as
a result of the financial crisis, and these results coincide with those in [1].

In the Republic of North Macedonia, the authors have found the following papers regarding
the application of DEA in banks: Micajkova and Poposka [17], Naumovska and Cvetkoska [18],
Naumovska and Cvetkoska [19], and Fotova Čiković and Cvetkoska [12] (Table 1).
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Authors Period/Variables DEA
model

Results

Micajkova
and
Poposka
[17]

2008–2011
Inputs- total deposits received and la-
bor costs; Outputs - loans to banks
and customers, and investments.

CCR
and BCC
(input-
oriented)

The average efficiency of the Mace-
donian banking sector increased in
the period from 2008 to 2010, while
it decreased in the last year of the
observed period, i.e. in 2011. In
this banking sector the highest pure
efficiency scores and the greatest
scale inefficiency were noted in the
group of large banks.

Naumovska
and
Cvetkoska
[18]

2007-2013
Inputs - deposits and operating costs;
Outputs - loans and net interest rev-
enue

CCR
(output-
oriented)

No bank has been efficient in all
of the observed years. The high-
est number of efficient banks (i.e. 6
banks) has been identified in 2008,
whereas the lowest number of effi-
cient banks (i.e. 3 banks) has been
identified in 2011 and 2012. The av-
erage efficiency of the Macedonian
banking sector has been the high-
est in 2008 (90.35%) and the lowest
in 2012 (79.83%).

Naumovska
and
Cvetkoska
[19]

2007-2013
Inputs - deposits and operating costs;
Outputs - loans and net interest rev-
enue

BCC
(output-
oriented)

The average efficiency of the Mace-
donian banking sector has been the
highest in 2008 (93.66%) and the
lowest in 2009 (86.96%). In 2013, 5
of the banks were identified as rela-
tively inefficient.

Fotova
Čiković
and
Cvetkoska
[12]

2008-2015
Inputs - total deposits (deposits from
banks and other clients), interest
costs and operating (non-interest) costs
(costs for salaries, amortization, ad-
ministrative costs and other operating
costs); Outputs- total loans (issued to
banks and other clients) interest rev-
enue and non-interest revenue (fee and
commission revenue and other operat-
ing revenue).

DEA
Window
analysis
model
(output-
oriented)

The average efficiency of the Mace-
donian banking sector in the ob-
served period is 88.77%. There is
no bank that is relatively efficient
in every year in every window. The
results indicate that 28.57% of the
banks have an overall efficiency by
years that is higher than 95%. The
group of large banks has the highest
efficiency in the Macedonian bank-
ing sector.

Table 1: DEA applications in the Macedonian banking sector

3. Methodology and data

There are two approaches to analyzing the efficiency of entities: the parametric approach and
the non-parametric approach. In this paper, the focus is on the non-parametric approach, more
specifically on DEA. For the parametric approach, see [13].

DEA is a specially designed methodology for measuring the relative efficiency of decision-
making units, introduced in the literature of the operational research (OR) discipline by Charnes,
Cooper, and Rhodes in 1978. Charnes, Cooper, and Rhodes [4] have extended Farrell’s idea [9]
by linking the calculation of technical efficiency and production frontier, so that the relative
technical efficiency of each decision-making unit is calculated as a ratio between the weighted
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output and the weighted input. The weights (multipliers), for both output and input variables
must be chosen in a way that calculates the Pareto efficiency measure of each DMU in the
observed sample, so that the result of the relative efficiency of each of the DMUs can not be
greater than 1 [5].

It is important for the decision-making units to be homogeneous entities, i.e. they should
use the same resources (in DEA known as inputs) to produce the same results (in DEA known
as outputs), although they may be in different amounts [25]. The DEA allows the maximum
performance measure for each decision-making unit to be calculated against the other decision-
making units which are part of the observed population, with only one requirement – the
decision-making unit must either lie on the efficient frontier or be below it [5].

In this paper the application of DEA is in the banking sector in the Republic of North
Macedonia. Commercial banks in North Macedonia, tend to make profit by collecting deposits
and approving loans. Their main goal is profit maximization. In that direction, we want to
assess the profit efficiency of the commercial banks in North Macedonia by using DEA.

Due to the fact that we have not found a reference in the Republic of North Macedonia where
the profit efficiency model is considered and implemented, we realized that such an analysis is
important in order to give insights to Macedonian banks of the relative efficiency over time
that will help the identified inefficient banks to improve their efficiency. Savic et al. [23] have
analyzed profit efficiency from intermediation aspect and we use their model in the selection of
the variables. As inputs we use interest and non-interest expenses, while the outputs are interest
and non-interest revenues. The observed period is 11 years (2007-2017). Taking into account
that we have a panel data and we also want to monitor the trend of the relative efficiency of
the commercial banks in the observed period, we are using the DEA window analysis model.
The model is output-oriented. Output orientation means that the objective of the model is
to maximize the outputs by using the given level of inputs [6]. By using the DEA technique
Window analysis, the changes in efficiency of the DMU over time can be observed but only given
the assumption that the production possibilities remained the same during the whole period
of analysis. When using DEA, the specification of the returns to scale assumption is crucial.
The CRS means that the increase in the inputs lead to a proportial increase in the outputs,
while the variable returns to scale (VRS) means that the increase in inputs does not lead to a
proportional change in the outputs. We have run the window analysis model first by specifying
the CRS assumption and than VRS assumption. When we compared the the obtained results
with CRS and VRS assumption it was identified a big difference, and in such a case it is better
to assume VRS (results are available upon request).

We are using the DEA technique window analysis under VRS assumption, based on the
BCC model. The BCC model one of basic DEA models, details can be found in Banker et al.
[3]. What follows is the envelopment form of the output-oriented BCC model [6]:

(BCC −Oo) max
ηB ,λ

ηB , (1)

s.t.

Xλ ≤ x0 (2)

ηBy0 − Y λ ≤ 0 (3)

eλ = 1 (4)

λ ≥ 0 (5)

where ηB is a scalar. The input data for DMUj (j = 1, 2, ..., n) are (x1j , x2j , ..., xmj), and the
output data are (y1j , y2j , ..., ysj); the data set is given by two matrices X and Y , where X is
the input matrix and Y is the output matrix, λ is a column vector and all its elements are
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non–negative, while e is a row vector and all its elements are equal to 1 [6]. The objective
function (1) is always greater or equal than 1. DMUs with result of 1 will be relative efficient,
while those with a result greater than 1 will be relative inefficient. In this paper instead of
presenting inefficiency scores we are using the reciprocal values that are efficiency scores of the
DMUs and could be better interpreted.

The name of the window analysis and its basic concept are associated with Klopp [?]. The
idea of window analysis is that the same DMU in the period i, and in the period j (for i 6= j )
is observed like two different DMUs; p is the length of the window (a number of periods to be
observed). First to be observed is the data for the first p period, then the data for the period 1
are omitted and the data for the period p + 1 are added, and this allows for the next window
to be obtained. The data for the first two periods are then omitted and the data for periods p
+1 and p + 2 are added, so the next window is obtained, and this is repeated as soon as all of
the time periods in the analysis have passed [20]. In window analysis the following symbols and
formulas are used: [6]: n – the number of decision-making units, k - the number of periods, p
- length of the window (p ≤ k), p=k+1/2, w – the number of windows (w = k – p + 1), the
number of decision-making units in each window is calculated according to this formula: np,
while the number of “different” decision-making units is calculated through the formula: npw.
The obtained results with the window analysis are presented in a table, and the trend can be
observed through the rows, while how the result changes or not with the change from one to
another window can be noted through the column. A disadvantage of this technique is that the
DMUs in the first and the last period are not tested as frequently as others [6].

The sample of analysis consists of 14 commercial banks in the Republic of North Macedonia:
Alfa Banka AD Skopje (rebranded into Silk Road Bank AD Skopje in May 2016), Centralna
Kooperativna Banka AD Skopje, Eurostandard Banka AD Skopje, Halk Banka AD Skopje,
Kapital Banka AD Skopje, Komercijalna Banka AD Skopje, NLB Banka AD Skopje, Ohridska
Banka AD Ohrid, ProKredit Banka AD Skopje, Sparkasse Banka AD Skopje, Stopanska Banka
AD Bitola, Stopanska Banka AD Skopje, TTK Banka AD Skopje and Uni Banka AD Skopje.
The authors have left out the Macedonian Bank for Development Promotion from the analysis
because it is not comparable with other banks: it has a specific function in the sector and works
on different principles compared to the commercial banks (it is a state-owned bank and is not
involved in deposits collection).

We are using data from the revised financial statements for the selected inputs and outputs
for each commercial bank in the period from 2007 to 2017. The sample of analysis consists of
14 commercial banks (n=14), eleven years are considered (k=11), the length of the window is
6 years (p=6), and the number of windows is 6 (w=k -p+1=11-6+1=6). In each window there
are 84 banks, and the number of “different” banks is 504. Every window covers 6 years (for
example, window 1 covers 6 years: 2007, 2008, 2009, 2010, 2011 and 2012; in the next window
(window 2) data for 2007 are omitted and the data for 2013 are added, and so on), as presented
in Table 2.

window 1 2007 2008 2009 2010 2011 2012
window 2 2008 2009 2010 2011 2012 2013
window 3 2009 2010 2011 2012 2013 2014
window 4 2010 2011 2012 2013 2014 2015
window 5 2011 2012 2013 2014 2015 2016
window 6 2012 2013 2014 2015 2016 2017

Table 2: Windows in the DEA window analysis model. Source: Authors

For solving the specified DEA model (Window-O-V) the software DEA-Solver-LV has been
used, and details on this software can be found in Cooper et al. [6].
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4. Results and discussion

The obtained results for solving the Window-O-V model are presented in Table 3. According
to the results in Table 3 it can be noted that in the post–crisis period, i.e. in the first few
years shortly after the global financial crisis, many of the banks note lower efficiency. The
lowest average efficiency AE for the whole banking sector was achieved in 2011 (65.25%), while
the highest was achieved in 2007 (84.04%). From 2012 to 2016 the average efficiency AE for
the whole banking sector in Macedonia noted an increase. The increase in efficiency can be
interpreted as a consequence of the processes of M&A in 2012 (when Halk Banka AD Skopje took
over Ziraat Banka) and 2014 (when Postenska Banka AD Skopje was acquired by Eurostandard
Banka AD Skopje). Stopanska banka AD Bitola had AD Pelisterka as its largest shareholder in
2013, and that was the year that this bank began its modernization and expansion. According
to the average efficiency scores, it increased its efficiency after this ownership change, i.e. after
the year 2013. As presented in Table 3, there isn’t a bank which has noted an efficiency score
of 1 in each of the 11 years of the observed period. Furthermore, six banks (Halk Banka AD
Skopje, Uni Banka AD Skopje, ProKredit Banka AD Skopje, Eurostandard Banka AD Skopje,
Sparkasse Banka AD Skopje, and Ohridska Banka AD Ohrid) have not achieved an efficiency
score of 1 in any of the analyzed years.

The overall efficiency (by windows and by years) for the analyzed commercial banks is
given in Table 4. The mean efficiency scores in the 6 windows for each bank presents their
overall efficiency by windows. The mean of annual efficiency of each bank presents their overall
efficiency by years. Based on the presented results (overall efficiency by years) what can be
seen in Table 4, is that the most relatively efficient banks are: Stopanska Banka AD Skopje
(99.05%), Komercijalna Banka AD Skopje (96.46%), and NLB Tutunska Banka AD Skopje
(90.02%) (these 3 banks belong to the group of large banks (based on the classification of the
National Bank of the Republic of North Macedonia according to the total assets of banks for
2017)), while the least efficient bank is one middle-sized bank, i.e. Eurostandard Banka AD
Skopje (57.19%).

2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017

N
L

B
T

u
tu

n
sk

a 0.7797 0.7699 0.7521 0.8531 0.9453 1
0.7541 0.7521 0.8531 0.9439 0.9965 1

0.7516 0.8517 0.9273 0.9585 0.9557 1
0.8473 0.9092 0.9299 0.9496 1 1

0.8874 0.9161 0.9359 0.9823 0.9778 1
0.8857 0.9029 0.9378 0.9328 0.9752 1

S
tu

p
a
n
sk

a

1 1 1 0.9982 0.9192 0.9857
1 1 0.9982 0.9192 0.9857 0.9636

1 1 0.9345 1 0.9740 1
1 0.9345 1 0.9747 1 1

0.9620 1 0.9900 1 0.9827 1
1 0.9900 1 0.9827 1 1

K
o
m

er
ci

ja
ln

a 1 1 0.8760 0.9017 0.9590 1
1 0.8551 0.9017 0.9590 1 1

0.8367 0.9009 0.9561 0.9970 1 1
0.8994 0.9458 0.9861 0.9731 0.9831 1

0.9333 0.9731 0.9558 0.9691 1 1
0.9686 0.9515 0.9393 0.9366 0.9758 1
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2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
H

a
lk

B
a
n
ka

0.6114 0.5825 0.5488 0.5252 0.6477 0.7295
0.5751 0.5742 0.5348 0.6570 0.7045 0.7814

0.5436 0.4872 0.5810 0.6556 0.7199 0.7288
0.4355 0.5020 0.5467 0.5795 0.5580 0.6164

0.4562 0.4926 0.5181 0.5094 0.5507 0.6390
0.4422 0.4652 0.4630 0.5176 0.6076 0.5828

U
n
i

B
a
n
ka

0.7228 0.6985 0.5793 0.5586 0.6026 0.6718
0.7089 0.5536 0.5683 0.6336 0.7349 0.9843

0.5177 0.4932 0.5103 0.5330 0.6356 0.9468
0.4027 0.4048 0.4016 0.5002 0.7398 0.7960

0.3654 0.3781 0.4318 0.6207 0.6697 0.6336
0.3498 0.4186 0.5510 0.5958 0.5762 0.7676

P
ro

K
re

d
it

0.9833 0.9087 0.8121 0.7590 0.7392 0.7895
0.9330 0.8313 0.7750 0.7800 0.8096 0.8320

0.8109 0.7374 0.7194 0.7585 0.7828 0.7979
0.7554 0.6706 0.6345 0.6597 0.6619 0.7164

0.6922 0.5440 0.5563 0.5656 0.6361 0.6878
0.4982 0.4948 0.4951 0.5643 0.6259 0.6440

T
T

K
B

a
n
ka

0.8842 0.6392 0.5455 0.5797 0.6860 0.7635
0.6673 0.6023 0.6679 0.7691 0.8535 1

0.5647 0.6275 0.7433 0.8263 0.9040 1
0.5812 0.6686 0.7426 0.7803 0.8307 1

0.7261 0.8151 0.8307 0.8524 1 1
0.7611 0.7602 0.8154 1 1 0.9374

E
u
ro

st
a
n
d
a
rd

0.9320 0.7735 0.7262 0.6129 0.4708 0.4015
0.8154 0.7902 0.6459 0.5249 0.4239 0.4439

0.7928 0.6411 0.5081 0.4285 0.4711 0.4204
0.6028 0.5032 0.4658 0.5217 0.3531 0.4038

0.6589 0.5784 0.6670 0.3052 0.3729 0.4189
0.5784 0.6670 0.2753 0.3357 0.3839 0.4918

K
a
p
it

a
l

B
a
n
ka 1 1 0.7856 0.9396 0.3420 0.4098

1 0.8567 0.9424 0.4084 0.4463 0.5682
1 1 0.3960 0.4589 0.5787 0.5729

1 0.3424 0.4209 0.5217 0.5053 0.5397
1 0.9725 1 0.7652 0.6631 0.7797

1 1 0.7457 0.7105 0.9146 0.5996

S
to

p
a
n
sk

a

0.7524 0.7172 1 0.6842 0.6251 0.6434
0.7564 1 0.6956 0.6352 0.6616 0.8055

1 0.6666 0.5855 0.5836 0.6617 0.9715
0.6411 0.5594 0.5045 0.5544 0.9129 0.6427

0.5194 0.4850 0.5815 0.8584 0.5919 0.5833
0.4509 0.5445 0.8213 0.5590 0.5395 0.5327

S
p
a
rk

a
ss

e

0.6795 0.6900 0.6961 0.6441 0.6388 0.7024
0.7648 0.7037 0.6364 0.6087 0.6708 0.8987

0.6320 0.5805 0.5497 0.6313 0.7720 0.9166
0.4903 0.4221 0.5332 0.6481 0.6983 0.9470

0.3856 0.4605 0.5944 0.6465 0.8193 0.8727
0.4067 0.5369 0.6118 0.7582 0.8096 0.8660
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2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
O

rh
id

sk
a

0.7258 0.6443 0.7143 0.7978 0.7295 0.6506
0.6561 0.6862 0.7656 0.6933 0.6271 0.6630

0.6687 0.7283 0.6723 0.6045 0.6345 0.6471
0.6355 0.5713 0.5021 0.5266 0.5145 0.5710

0.4794 0.4150 0.4421 0.4498 0.5345 0.6490
0.3902 0.3870 0.4010 0.4922 0.6125 0.6657

K
o
o
p

er
a
ti

v
n
a 0.6948 1 1 0.6821 0.5312 0.5048

1 1 0.6954 0.5950 0.5507 0.6158
1 0.7246 0.4729 0.5304 0.5709 0.6918

0.9942 0.3942 0.4581 0.5003 0.5880 0.6015
0.4072 0.5602 0.4778 0.5799 0.5896 0.6229

0.5418 0.4669 0.5579 0.5648 0.5875 0.5306

A
lf

a
B

a
n
ka

1 0.7596 0.8254 0.6731 0.5519 0.4693
0.7596 0.8335 0.6776 0.5648 0.4840 0.5887

0.8870 0.6569 0.5501 0.4666 0.5596 0.6097
0.6894 0.5536 0.4428 0.5544 0.5270 0.7821

0.6316 0.4559 0.5130 0.5109 0.7516 0.6721
0.4360 0.4824 0.4790 0.7328 0.6563 0.4739

AE 0.8404 0.8062 0.7835 0.7257 0.6525 0.6599 0.7025 0.7122 0.7248 0.7437 0.7209

Table 3: Results Window-O-V

Overall efficiency
Bank by windows by years

NLB Tutunska Banka AD Skopje 0.9115 0.9002
Stopanska Banka AD Skopje 0.9860 0.9905
Komercijalna Banka AD Skopje 0.9593 0.9646
Halk Banka AD Skopje 0.5742 0.5773
Uni Banka AD Skopje 0.5905 0.6242
ProKredit Banka AD Skopje 0.7128 0.7370
TTK Banka AD Skopje 0.7896 0.8092
Eurostandard Banka AD Skopje 0.5391 0.5719
Kapital Banka AD Skopje 0.7274 0.7666
Stopanska Banka AD Bitola 0.6758 0.6830
Sparkasse Banka AD Skopje 0.6645 0.7016
Ohridska Banka AD Ohrid 0.5986 0.6201
Centralna Kooperativna Banka AD Skopje 0.6357 0.6659
Alfa Banka AD Skopje 0.6184 0.6615

Table 4: Overall efficiency for commercial banks in North Macedonia

5. Conclusion

The financial system in the Republic of North Macedonia is relatively simple and financial
markets are still underdeveloped. It is considered to be a bank-based financial system where
banks play a crucial role in financing the economic activities and maintaining the financial
stability of the system, as well as the stability of the other institutional segments. Banks are
the main strings that connect the institutions and participants in the financial system, and they
have the highest influence on the total movements in the system. It is safe to assume that the
banking sector is the key segment, which can transfer the risks onto the other segments in the
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financial system. Therefore, it is crucial to maintain its stability in order to maintain the total
financial stability in the economy.

The DEA technique window analysis is used in this paper to assessed the the profit efficiency
of commercial banks in North Macedonia. The sample consists of 14 commercial banks, two
inputs (the interest and the non-interest expenses of banks) and two outputs (the interest and
the non-interest revenue) are considered as variables, and the observed period is eleven years
(2007-2017).

Based on the obtained results, the lowest score of average efficiency of the banking system
as a whole was achieved in 2011 (65.25%), while the highest score of average efficiency was
achieved in 2007 (84.04%). No bank was identified as being relatively efficient in each year in
each window, but the most efficient banks belong to the group of large banks.

This is the first study in the Republic of Nort Macedonia in which the profit efficiency of
commercial banks is assessed and monitored using the DEA window analysis technique. The
main contribution of the conducted research is the fact that the whole banking sector as well
as each individual bank have been screened, enabling both generalization and specialization of
the results. The results of the presented research are aimed for analysts who are interested
in applying DEA for banks’ benchmarking as well as for analysts and investors in the North
Macedonian commercial banks.

In our future research we plan to explore the determinants of profit efficiency in the context of
the Macedonian banks by including contextual variables in the model. The list of the contextual
variables will be made by conducting a questionnaire survey with the top management of each
bank, while for their selection the multi–criteria decision making method Analytic Hierarchy
Process (AHP) will be used.
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jak, Lj. Martić, and L. Neralić (Eds.) Proceedings of the 5th Conference on Operational Research
(pp. 204–214). Croatian Operational Research Society, Rab, Croatia.

[21] Paradi, J. C., Vela, S., and Yang, Z. (2004).Assessing bank and bank branch performance. In W. W.
Cooper, L. M. Seiford, and J. Zhu (Eds. Handbook of Data Envelopment Analysis (pp. 349–400).
Boston, MA: Kluwer Academic. doi: 10.1007/1-4020-7798-x 13
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Abstract. Awareness of the importance of U-shaped assembly line balancing problems is all on the
rise. In the U-shaped assembly line, balancing is affected by the uncertainty associated with the
assembly task times. Therefore, it is crucial to develop an approach to respond to the uncertainty
caused by the task times. When the great majority of existing literature related to uncertainty in the
assembly line is considered, it is observed that the U-shaped assembly line balancing problem under
uncertainty is scarcely investigated. That being the case, we aim to fill this research gap by proposing a
robust counterpart formulation for the addressed problem. In this study, a robust optimization model
is developed for the U-shaped assembly line worker assignment and balancing problem (UALWABP) to
cope with the task time uncertainty characterized by a combined interval and polyhedral uncertainty
set. A real case study is conducted through data from a company producing water meters.
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1. Introduction

The U-shaped assembly line balancing is one of the well-known problems in the existing aca-
demic literature. Because the U-type layout is proved to be more effective than the straight line
concerning efficiency and flexibility, many studies have been conducted on this area [11]. In the
context of U-shaped assembly line balancing, there are models developed for situations where
the parameters or the probability distribution of the parameters are fully known. However, a
great majority of these studies have not considered the uncertainty and vagueness associated
with assembly task times in real production systems but focused on the deterministic envi-
ronment. In this study, we focused on the U-shaped assembly line balancing problem since
this type of layouts is commonly used in many industries. To this end, a robust optimization
model is developed to balance U-shaped assembly lines under the uncertainty of task times.
The proposed optimization model leads to obtain robust solutions for balancing the U-shaped
line with uncertain task times.

The uncertainty in the parameters is generally handled with two approaches (i) stochastic
optimization and (ii) robust optimization. Stochastic optimization describes the uncertainty
with probability [24]; however, the parameter uncertainty is set-based and the optimization
model is deterministic in the robust optimization [5]. Therefore, robust optimization allows ad-
dressing the parameter uncertainty more comprehensively compare to stochastic optimization,
in which the scenario-based approach is applied [17]. Besides, a robust approach generally leads
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to a computationally tractable solution, which is one of the important issues for optimization
[3]. In robust optimization, a conservative procedure is conducted by taking the possible realiza-
tion of uncertain parameters into account. By doing so, a robust solution can be achieved from
suboptimal solutions to guarantee the optimality of the solutions without encountering over-
conservativeness in case of parameter change. It should be considered that the implemented
robust approach and uncertainty set have a considerable impact on the conservativeness of the
solutions. The noteworthy points for robust optimization are (i) uncertainty set, (ii) tractabil-
ity, and (iii) conservativeness and probability of constraint violation, (iv) complexity of the
model, and (v) quality of the solution [5, 22]. While implementing robust optimization, there
is no need for historical data to estimate the distributions. Besides, the robust optimization
focuses on the worst–case scenario and thereby the strict constraints are included in the opti-
mization model. On the other hand, stochastic optimization considers the expected values of
all possible scenarios by considering the data at hand. Therefore, robust optimization is pre-
ferred as seeking the solution for the worst-case scenario in case of the absence of probability
information.

Two important issues should be considered for robust formulation (i) tractability and (ii)
conservativeness with probability guarantees. Tractability is related to the solvability of the
robust model and obtaining tractable solutions depends on the nominal problem and the un-
certainty set. The selection of a robust approach is important to avoid conservative solutions
and therefore several formulations following uncertainty sets are proposed in the academic lit-
erature. See [3, 22] for example. In addition, the probability of constraint violations can be
computed in advance as a function of the structure of the uncertainty set [5].

In this study, a robust optimization model is developed to solve the single model U-shaped
assembly line worker assignment and balancing problem (UALWABP) considering the task
time uncertainty. The robust model is developed based on the model introduced by [15, 23]
for the deterministic single model UALWABP problem. The major contribution of this study,
to the best of the authors’ knowledge, a robust optimization approach is employed for the
UALWABP problem for the first time in the existing literature. Moreover, a real case study
from a manufacturing company producing water meters is presented to show the applicability
of the proposed model. The price of robustness associated with the solutions is explained based
on the computational results.

The rest of the paper is organized as follows. A comprehensive literature review on the robust
optimization for the assembly line balancing problem is presented in Section 2. The problem
statement and optimization model are provided in Section 3. The problem data with the case
study is presented and the computational studies are conducted in Section 4. Concluding
remarks and future research directions are given in Section 5.

2. Literature review

In this section, we reviewed the studies conducted for the application of a robust optimiza-
tion approach on the assembly line balancing problem, in particular U-shaped assembly line
balancing.

While many studies conducted to cope with the uncertainties in task time for assembly line
balancing used stochastic programming and fuzzy logic [1, 2, 7, 8, 16], relatively few studies
investigated practical applications of robust optimization for dealing with uncertainties in as-
sembly line balancing, in particular U-shaped assembly line, see for example [6, 9, 11, 13, 18, 20].

Robust optimization is proposed in the early 1970s by [21]. Since then, it has been effectively
used to handle uncertain data in optimization problems [4]. There are several approaches for
applying robust optimization, see [3, 22] for example.

Li et al. [12] introduced robust optimization approaches for mixed-model assembly line
balancing problems subject to task time uncertainty. They developed a genetic algorithm-robust
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methodology for the problem. Gurevsky et al. [9] addressed the robust balancing for straight
assembly lines. A breadth-first search procedure was employed to obtain optimal solutions.
Hazır and Dolgui [10] presented a robust approach with an optimization model by considering
interval uncertainty of task times in assembly lines. A decomposition-based algorithm was
developed for large-sized problem instances. Moreira et al. [13] focused on a robust assembly line
balancing problem with the objective of the minimal number of stations where heterogeneous
workers are assigned. Hazır and Dolgui [11] proposed a robust approach for the U-shaped
assembly line balancing problem for the first time by considering worst-case situations. Pereira
[18] studied an interval data version of the min-max regret (robust) based assembly line worker
assignment and balancing problem (ALWABP). Pereira and Álvarez-Miranda [19] developed a
robust formulation for the task-time uncertainty of the assembly line balancing problem. The
cost of protecting a solution in case of uncertainty was investigated through the experiments.
Chica et al. [6] used robust multi-objective optimization and simulation method to obtain
robust solutions for assembly line balancing problem. A real case study was presented through
six different configurations to show the effectiveness robust approach. Samouei and Ashayeri
[20] developed two different robust optimization models in which the objective is to minimize
both cost and cycle time. Robust solutions were obtained for different confidence levels.

The vast majority of the existing literature related to the robust optimization with the
assembly line balancing problem is reviewed in detail. The literature on the role of a robust
optimization approach in the assembly line balancing is rather sparse. Therefore, an extensive
survey of the literature suggests that there is a need to develop a robust optimization model
to consider such balancing problems. This study contributes to the U-shaped assembly line
balancing literature by providing a comprehensive robust optimization model for UALWABP.
On one hand, from the managerial point of view, the proposed model is novel by considering
the tactical level decisions for managers. On the other hand, from the application perspective,
tractable solutions can be obtained easily via the proposed model.

In this regard, this study is the first attempt to investigate the UALWABP within the context
of robust optimization. To this end, a robust optimization model is proposed by carefully
investigating the addressed problem subject to task time uncertainty.

3. Optimization model

The developed robust optimization model intends to solve the single model UALWABP prob-
lem under uncertainty. The considered objective is the minimization of the total number of
workstations. The detailed information related to UALWABP can be found in [14, 15, 23].

Assumptions
- The robust optimization is considered to cope with the uncertainty of task times.
- The assembly line is constructed for one product type.
- The cycle time is known in advance.
- The walking time for workers is neglected.

The optimization model is adapted from [15, 23] by extending the original model to include
task time uncertainty. The robust linear equivalent of their model is modified according to
the uncertainty set suggested by [4]. Only the positive variables are considered by [22]. The
robust counterpart of the U-shaped assembly line worker assignment and balancing model is
then formulated as follows.

Indices
i,r,s: Indices of tasks (i: 1,. . . ,I)
j: Index of workstations (j: 1,. . . ,J)
w: Index of workers (w: 1,. . . ,W )
Parameters
n : total number of tasks



232 Ömer Faruk Yılmaz

ti: operation time for task i
mmax : maximum number of stations allowed to be utilized (mmax ≤ n)
C : cycle time Wj : set of tasks that can be assigned to station j
‖Wj‖ : number of tasks in set Wj

L(r, s) : a set for tasks that preceding task s
Γ : represent the number tasks with uncertain operation time
t̂: deviation of parameter ti
Variables
Ajw: if worker w is assigned to station j, 1; otherwise, 0
xij : if task i is assigned to station j with original network, 1; otherwise, 0
yij : if task i is assigned to station j with phantom network, 1; otherwise, 0
kij : if task i is allocated to station j, 1; otherwise, 0
sijw : if worker w is allocated to task i in station j, 1; otherwise 0
yrjw : auxiliary variable defined for variable sijw
p : auxiliary variable used for parameter Γ
qi : auxiliary variable used for deviation of parameter ti
zj : if station j is utilized, 1; otherwise 0
Objective function

Min

J∑
j=1

zj (1)

Constraints

J∑
j=1

kij = 1 ∀i (2)

xij + yij = kij ∀i, j (3)

I∑
i=1

ti × sijw + p× Γ +

I∑
i=1

qi ≤ C × zj ∀j, w (4)

p+ qi ≥ t̂i × yrijw ∀i, j, w (5)

yrijw ≥ sijw ∀i, j, w (6)

J∑
j=1

(mmax − j + 1)× (xrj × xsj) ≥ 0 ∀r, s ∈ L (7)

J∑
j=1

(mmax − j + 1)× (yrj × ysj) ≥ 0 ∀r, s ∈ L (8)

∑
i∈Wj

kij− ‖Wj ‖ ×zj ≤ 0 ∀j (9)

J∑
j=1

Ajw ≤ 1 ∀w (10)
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W∑
w=1

Ajw ≤ 1 ∀j (11)

zj −
W∑

w=1

Ajw = 0 ∀j (12)

Ajw + kij ≥ 2× sijw ∀ijw (13)

Ajw + kij ≤ 1 + sijw ∀ijw (14)

xij , yij , zj , Ajw, sijw, yrijw, kij ∈ 0, 1 (15)

The objective function (1) minimizes the total number of stations in which at least one task
is assigned. In this regard, the addressed problem is considered to be UALWABP-1, given the
cycle time, minimize the number of stations. Equations (2)-(3) state that each task must be
assigned to the front or back of the U-shaped line. In other words, a task must be assigned to
the forward or backward of a station. Equation (4) is related to the cycle time of each station
and includes the robustness of the model. While p and q are employed as auxiliary variables,
Γ is used as a robust parameter determining the number of tasks with uncertain task times.
Equations (5)-(6) are also added to the model to develop the robust counterpart of the nominal
model proposed by [15, 23]. In these equations, the interval and polyhedral uncertainty set
proposed by [4] is considered to obtain tractable and non-conservative solutions. This combined
uncertainty set is described as follows:

ϕInt+Pol(Φ,Γ) = {âij ‖ η ‖∞≤ Φ, ‖ η ‖1≤ Γ} (16)

The parameter Γ takes in [0,|I|] and this interval changes for each constraint. The robust coun-
terpart of the investigated problem is constructed under the interval and polyhedral uncertainty
set properties, in which the parameter Γ determines the number of tasks subject to uncertainty.
When the parameter Γ is equal to 0, the model corresponds to the nominal model, which means
that there is not an uncertain task time. The considered uncertainty set for the distribution of
task time (η) taking values within the bound Φ=1. It is noteworthy to state that ‖ η ‖∞= 1
corresponds to the over conservative formulation. Under this uncertainty set dynamics, the im-
plementation of the addressed uncertainty set to the optimization model is explained in [22].In
equation (16), while p is defined as an auxiliary variable used for parameter Γ, qi is considered
as an auxiliary variable used for deviation of parameter ti. For the investigated problem, the
operation times of tasks are uncertain, and therefore the robust optimization modeling ap-
proach is used to cope with this situation. The task times t̂ are considered to be uncertain and
independently distributed and follow a symmetric distribution in [t-̂t, t+t̂] where t denotes the
nominal values of the task times. In a U-shaped assembly line, parameter Γ regulates how many
tasks’ operation times deviate. By doing so, we avoid dealing with over-pessimistic situations.
In equation (16), |I| represents the number of tasks in the U-shaped assembly line. The proba-
bility of violation of a constraint is determined by exp(-Γ/2×|I|). Equations (7)-(8) developed
by [23] to represent the precedence constraints for both original and phantom networks. While
equation (7) is used for predecessor tasks, equation (8) is employed for the successor tasks of the
corresponding task. Equation (9) ensures that when a task is assigned to a station, this station
must be constructed. Equations (10)-(12) state that a worker can be assigned to at most one
station and similarly a station can be assigned to at most one worker. Equation (10) states
that a worker cannot be assigned more than one station. Equation (11) indicates that a station
cannot be operated by more than one worker. Equation (12) ensures that only one worker is
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assigned to a station if the corresponding station is utilized. Equations (13)-(14) are used to
protect the linear structure of the optimization model by obtaining the piecewise linear func-
tion. Equation (15) defines the sign restrictions and binary variables. The optimization model
is developed for solving the addressed problem. In this way, (i) worker to station assignment,
(ii) task to station assignment decisions are aimed to be made concurrently.

s1j =

I∑
i=1

kij × ti = 0 ∀j (17)

Equation (17) is employed to compute the total operation time of tasks in the jth station.
By doing so, the difference between station operation times can be computed to analyze the
impact of the parameter Γ. As indicated in the introduction, the tractability of a robust model
and obtaining less conservative solutions are two important issues for robust optimization.
Bertsimas and Sim [4] suggested a new robust approach to control the degree of conservatism
with a combined interval and polyhedral uncertainty set. In their approach, the tractability of
the model is ensured by constructing a linear model in which only some of the parameters are
allowed to deviate. For this reason, we also apply the same approach in this study. In the next
section, computational studies are conducted to investigate these issues.

4. Case study and computational results

In this section, the proposed optimization model is employed in a real case study by providing
data from a company producing water meters. The precedence diagram representing relations
between assembly tasks along with the nominal values of task times is shown in Figure 1.
There are 16 different tasks in total and the precedence relations among tasks along with
nominal operation times are shown in Figure 2. The robust counterpart of the nominal model
is constructed with a combined interval and polyhedral uncertainty set as it is proposed by [4].

Figure 1: Precedence relationship diagram and nominal values of task times

Figure 2: Optimal solution for U-shaped assembly line for Γ=0
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The task time uncertainty is equal to 5% of the nominal task times. We assume that only
the task operation times are subject to uncertainty. The parameter Γ controls the degree of
conservatism.

Because it is not likely that all task times change their values simultaneously. Thus, it is
plausible to assume that only a subset of task times can vary and affect the objective function.
A solution is considered to be robust when Γ number of parameters change and it remains
feasible, in other words, the solution is robust against the worst-case scenario. For the cycle
time constraint (4), we define Γ that is always less than the number of uncertain task times.
When the parameter is equal to 0 (Γ=0), the model corresponds to the nominal model, which
means that there is not an uncertain parameter. In this manner, Figure 2 represents the optimal
solution after the proposed model is solved to balance the assembly line for the deterministic
case. There are three different stations in the system and each of which is ruled by a worker.

To analyze the problem with different problem specifications, two different cycle time values
(C=56.1 and C=60), three different values of the maximum number of stations allowed in
the system (Mmax=5, Mmax=8, and Mmax=11), and two different values of the uncertainty
level (2% and 5%) are considered. The problem is solved for each parameter combination and
the problem data is the same for all runs. A personal computer with hardware of Intel®
CoreTM i7-3630QM CPU and 16 GB memory is used to conduct experiments. The results
are obtained for four different Γ parameter levels to obtain optimal solutions in a reasonable
computation time. The computational results are given in Table 1, in which U:Uncertainty
level; MWD: Maximum workload difference; NS: Number of utilized stations; PoV: Probability
of the constraint violation; C: Cycle time; Mmax: Maximum number of allowed station.

According to the results, it is observed that the total number of stations utilized in the system
(objective function) is not changed with any parameter combination. This is the reason behind
why we consider the change in the maximum workload to observe the impact of conservatism
degree on the system performance. The most important conclusion that can be deduced from
Table 1 is that as the degree of conservatism increases, the workload imbalance decreases. Table
1 shows the optimal values for different parameter settings along with approximate probability
bounds of constraint violation. In this table, C is related to customer orders. While C=56.1
reflects the real data from production, C=60 is determined to make a detailed analysis in case
of less demand.

For each scenario of conservatism degree, Figures 3-4 show the change in the maximum
workload difference (maximum station workload-minimum station workload) along with the
conservatism degree for uncertainty levels 2% and 5% respectively. As stated earlier, it can
be concluded that when the conservatism increases, the workload difference among stations
decreases. In other words, as the number of operation times allowed to change increases, the
system instability decreases. This indicates that the robust approach performs better when the
system has a high degree of uncertainty.

The price of robustness is the reduction from nominal objective value to robust objective
value. When we examine the price of robustness with respect to the maximum workload
difference, it is observed that the robust solutions do not lead to worse results compared to
the nominal optimal value, which can be obtained for Γ=0. Thus, the price of robustness is
interpreted contrary to the known in the existing literature. From Figure 3 , it is observed that
the price of robustness reaches its highest value when Mmax=8 and C=56.1 for 5% uncertainty
of task times, that is, by 97.5%. From Figure 4, it is observed that the price of robustness
reaches its highest value when Mmax=5 and C=60 for 5% uncertainty of task times, that is,
by 89.4%. These results indicate that the price of robustness can change with respect to the
different parameter combinations. The cost of protecting the number of stations utilized in
the system is equal to 0, i.e. there is not any cost to protect the assembly line against the
uncertainty associated with task times. Furthermore, this cost is negative when the response
variable is accepted to be the maximum workload difference.
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Figure 3: Maximum workload differences for 5% uncertainty of task times (Γ between 0 and 4 )

Figure 4: Maximum workload differences for 2% uncertainty of task times (Γ between 0 and 4)

Figure 5: Probability of constraint violation with respect to degree of conservatism
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From Figure 5, it is observed that the probability of constraint violation decreases as the
degree of conservatism increases. These values represent the probability bounds for violations
and the minimum bound is obtained for Γ=3. This result indicates that the maximum workload
difference does not have to protect the system against constraint violation.

U-0.05 Γ MWD NS CPU PoV Γ MWD NS CPU PoV

Mmax 5 0 2.2 3 0.2 1.00 Mmax 5 0 15.5 3 0.7 1.00
C 56.1 1 2.7 3 2.8 0.97 C 60 1 4.3 3 7.7 0.97

2 2 3 6.7 0.88 2 10.3 3 20.9 0.88
3 0.2 3 92.4 0.75 3 4.3 3 70.8 0.75

Mmax 8 0 8.2 3 0.9 1.00 Mmax 8 0 19.5 3 0.7 1.00
C 56.1 1 1.8 3 1.2 0.97 C 60 1 15.9 3 37.2 0.97

2 0.2 3 1.4 0.88 2 7.3 3 50.7 0.88
3 0.2 3 117.2 0.75 3 8.6 3 215.8 0.75

Mmax 11 0 6.8 3 0.6 1.00 Mmax 11 0 20.2 3 0.8 1.00
C 56.1 1 2.8 3 26.1 0.97 C 60 1 7.6 3 40.6 0.97

2 2 3 51.6 0.88 2 11.6 3 56.2 0.88
3 0.2 3 169.3 0.75 3 5.2 3 301 0.75

U-0.02 Γ MWD NS CPU PoV Γ MWD NS CPU PoV
Mmax 5 0 3.5 3 1.2 1.00 Mmax 5 0 11.4 3 0.7 1.00
C 56.1 1 3.1 3 8.8 0.97 C 60 1 9.5 3 10.7 0.97

2 2.4 3 55.7 0.88 2 6.6 3 59.9 0.88
3 1.2 3 192.4 0.75 3 1.2 3 160.8 0.75

Mmax 8 0 6.5 3 0.9 1.00 Mmax 8 0 16 3 0.7 1.00
C 56.1 1 7.8 3 1.2 0.97 C 60 1 18.3 3 37.2 0.97

2 3.5 3 1.4 0.88 2 10.5 3 54.7 0.88
3 1.2 3 117.2 0.75 3 5.1 3 158.8 0.75

Mmax 11 0 3.7 3 0.7 1.00 Mmax 11 0 18.6 3 0.8 1.00
C 56.1 1 4.5 3 26.6 0.97 C 60 1 11.6 3 40.6 0.97

2 2 3 51.4 0.88 2 7.8 3 56.2 0.88
3 1.2 3 169.3 0.75 3 5.2 3 201.5 0.75

Table 1: Computational results for different parameter settings

5. Concluding remarks

This paper explores the U-shaped assembly line worker assignment and balancing problem
(UALWABP) with uncertain task times. To investigate the uncertainty and its impact on
performance, a robust optimization approach is employed. That being the case, a robust coun-
terpart formulation is developed for the single UALWABP problem under task time uncertainty.
While developing the robust counterpart of the original model, the approach introduced by [4]
is considered. Conservativeness and tractability issues are investigated in detail by several pa-
rameter combinations. Tractable solutions are found via the proposed model without knowing
full knowledge about the distribution of task times. The solution conservativeness is controlled
by adjustable parameters (Γ) for the combined interval and ellipsoidal uncertainty set. The
proposed approach is applied to a real-life case study from a manufacturing company produc-
ing water meters. Several managerial insights are obtained based on computational results. (i)
The workload imbalance decreases with an increasing degree of conservatism. (ii) The robust
approach performs better when the system has a high degree of uncertainty. (iii) There is no



238 Ömer Faruk Yılmaz

cost to protect the number of stations utilized in the system against uncertainty associated with
task times. (iv) Protection cost is negative when the response variable is accepted to be the
maximum workload difference. (v) Overall, we do not have to penalize the objective function
or increase workload difference among stations against uncertainty and constraint violation.
In the future, this study can be extended in different directions. (i) The scope of the study
can be re-analyzed by considering other uncertainty sets such as box, interval, and ellipsoidal.
(ii) Various design configurations may be considered for the assembly line and the addressed
problem can be investigated in this context. (iii) Last but not least, the robust formulation can
be extended for mixed-model U-shaped assembly lines.
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[8] Foroughi, A., and Gökçen, H. (2019). A multiple rule–based genetic algorithm for cost–
oriented stochastic assembly line balancing problem. Assembly Automation, 39(1), 124–139. doi:
10.1108/AA-03-2018-050
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Abstract. Mathematical modelling, and integer programming generally, has many practical applica-
tions in different areas of human life. Effective and fast solving approaches for various optimization
problems play an important role in the decision-making process and therefore, big attention is paid
to the development of many exact and approximate algorithms. This paper deals only with a special
class of location problems in which given number of facilities are to be chosen to minimize the objective
function value. Since the exact methods are not suitable for their unpredictable computational time or
memory demands, we focus here on possible usage of a special type of a particle swarm optimization
algorithm transformed by discretization and meme usage into so-called discrete self-organizing migrat-
ing algorithm. In the paper, there is confirmed that it is possible to suggest a sophisticated heuristic
for zero-one programming problem, which can produce near-to-optimal solution in much smaller time
than the time demanded by exact methods. We introduce a special adaptation of the discrete self-
organizing migration algorithm to the p-location problem making use of the path-relinking method. In
the theoretical part of this paper, we introduce several strategies of the migration process. To verify
their features and effectiveness, a computational study with real-sized benchmarks was performed. The
main goal of the experiments was to find the most efficient version of the suggested solving tool.
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1. Introduction

Many kinds of public service systems are usually designed to satisfy their users by providing
necessary service in case of emergency. Since the resources, from which the service can be
provided, are limited mostly due to economic or technological restrictions, the mathematical
model of the problem may often take the form of a weighted p-median problem [3, 7, 18, 21]
or any similar one. To make the mathematical model applicable in wider spectrum of research
problems, the concept of so-called generalized disutility has been introduced [8, 13, 15, 19, 26].
This model extension enables to cover more demands of system users, which can arise almost
simultaneously, and furthermore, the nearest located service center does not need to have
sufficient capacity to solve all the assigned demands at the same time. Of course, mentioned
model generalization brings some difficulties into the solving process of the problem.

The necessity to solve large problem instances has led to the development of several effective
solving techniques. The first group of approaches contains the exact methods based on the
branch and bound principle. Many of them use a specific model reformulation, in which so-
called radial approach is applied [1, 3, 9, 10, 24]. One of the biggest disadvantages of the
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exact methods consists in their almost unpredictable demands, which usually make the solving
process extremely time consuming. Simultaneously, many different approximate methods have
been developed. Currently, the main attention is paid to various metaheuristic approaches, i.e.
genetic algorithms, scatter search, path-relinking method and many others [11, 12, 14, 23], the
aim of which can be specified as a task of obtaining a good solution in acceptably short time.

In this paper, we focus on study of possible usage of a special type of a particle swarm
optimization algorithm [2] transformed by discretization and meme usage into so-called discrete
self-organizing migrating algorithm [5, 22, 30].

The principle of the self-organizing migrating algorithm has proved to be very hopeful tool
for solving real life problems from the field of engineering [6, 25]. The discrete version of the self-
organizing migrating algorithm has been successful in solving complicated problems described
as zero-one programming problems in the field of scheduling and routing [4]. The successful
results in solving real complex discrete problems indicate that the principle can be also used to
solve other scheduling problems referenced in [27, 28, 29]. Nevertheless, it must be taken into
account that a successful application of any metaheuristic must be paid by very thoroughly
performed implementation of the solving algorithm making use of individual characteristics of
the problem.

In this paper, we deal with the hypotheses that stochastic characteristic of service of ran-
domly emerging demands including impact of limited capacity of service centers can be described
using generalized disutility model and, furthermore, that it is possible to suggest a sophisticated
heuristic for a specific problem, which can produce near-to-optimal solution in much smaller
time than the time demanded by an exact method.

The study is aimed at application of the algorithm to efficient solving of the min-sum p-
location problem. We introduce a special adaptation of the discrete self-organizing migration
algorithm to the p-location problem making use of the path-relinking method. We study various
strategies of the migration process and compare them to find the most efficient version of the
solving tool.

2. Strategies of discrete self-organizing migrating algorithm

The standard general particle swarm optimization algorithm repeatedly updates a population
(swarm) of problem solutions (particle positions) by performing a perturbation with each so-
lution of the population taking into account the general best-found solution and also the best
solutions in trajectories traversed by the individual particles. The way of perturbation de-
pends on the range of the optimized objective function and the perturbation operations include
weights of the general and local best-found solutions and some random changes. The derived
discrete self-organizing migrating algorithm is also based on the idea of updating particle po-
sitions corresponding to problem solutions, nevertheless updating of an individual particle is
performed by moving its current position to the best position found on the trajectory connect-
ing the current position of the updated particle to some other particle. The choice of the other
particle is specified by the used migration strategy. Based on the way of population updating,
various strategies can be distinguished. We will study the following often referred ones [30].

The strategy AllToOne (ATO): Each particle of the current population is evaluated and the
best one is denoted as a leader. Then the trajectories from the individual particles to the leader
are inspected and the particle positions are updated with exception of the leader. Updated
particle positions and the leader position represent the new population.

The strategy AllToAll (ATA): This strategy does not distinguish any special particle, e.g.
the leader. Each trajectory from an updated particle to other particle locations is inspected
and the best found positions enter the new population.

The above mentioned strategies have also their adaptive versions, which follow.
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The strategy AllToOne-Adaptive (ATO − A): This strategy starts similarly to ATO by
population evaluation and the leader determination. Then, trajectories from particles to the
leader are subsequently inspected and the position of the leader is updated immediately after
each trajectory inspection.

The strategy AllToAll-Adaptive (ATA−A): This strategy differs from the above-described
ATA only in the start of a single trajectory inspection. When trajectories from an updated
particle are inspected, the starting position corresponding to the particle is updated after each
trajectory inspection. A decision on the most efficient strategy for the studied p-location prob-
lem is matter of experiments, which will be referred in the remainder of the paper.

3. Implementations of the discrete self-organizing migrating algorithm
for the min-sum p-location problem

The solved p-location problem defined for m possible facility locations and p facilities to be
located can be described by (1) in general.

min {f (P ) , P ⊂ {1, 2, . . . ,m} , |P | = p} (1)

The generalized min-sum version of the p-location problem is determined by the objective
function f specification (2).

f (P ) =

n∑
j=1

bj

r∑
k=1

qkmink {dij : i ∈ P} (2)

The objective function value f (P ) for given subset P of facility locations is computed for n
users with weights bj for j = 1, . . . , n and for probability values qk for k = 1, . . . , r, where qk is
probability that the k-th nearest facility is the closest available one. The symbol dij stays for
the distance between locations i and j and operation mink {} denotes the k-th minimal value
of the list of values in the brackets.

Path-relinking(P, Q)
begin

0. Initialize B by argmin {f(P ), f(Q)}, determine U = P −Q and V = Q− P .
1. Determine facility locations i∗ ∈ U and g∗ ∈ V by

(i∗, g∗) = argmin {f ((P − {i}) ∪ {g}) : i ∈ U, g ∈ V }.
2. Update P , U , V , and B according to

P = (P − {i∗}) ∪ {g∗}
U = U − {i∗}
V = V − {g∗}
B = argmin {f (P ) , f (P ∗)}

3. If —U— = —V— = 1, then terminate and return B, otherwise perform
exchange P for U and Q for V and go to 1.

end.

Table 1: Algorithm Path-relinking (P, Q)

The presented implementations of the discrete self-organizing migrating algorithms are based
on the path-relinking method, implementation of which makes use of a special structure of the
set of all feasible solutions of (1). The method inspects vertices of an m-dimensional hypercube
lying on the shortest path in the hypercube surface between elements of a pair of input vertices
corresponding with a pair of the p-location problem solutions. The path-relinking method
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[16, 20] skips the hypercube vertices, which do not correspond to feasible solutions of (1), i.e.
the vertices, where |P | 6= p. Let P and Q denote a pair of input solutions. Then, the used
path-relinking method is described by the following steps.
Let S =

{
P 1, . . . , P |S|

}
denote a starting population of feasible solutions of the problem (1).

Descriptions of the studied implementations associated with the individual strategies follow.

ATO(S, tmax)

begin
0. Compute f

(
P k
)
, for each P k ∈ S. Determine the leader

P l = argmin
{
f
(
P k
)

: k = 1, . . . , |S|
}

.
1. Initialize Snew =

{
P l
}

.
2. For each P k ∈ S −

{
P l
}

compute Bk = Path− relinking
(
P k, P l

)
and perform Snew = Snew ∪

{
Bk
}

.
3. Determine P l = argmin

{
f
(
Bk
)

: k = 1, . . . , |S|
}

.
4. If (currentT ime > tmax), then terminate and return P l,

otherwise set S = Snew and go to 1.
end.

Table 2: ATO (S, tmax)

ATA(S, tmax)

begin
0. Initialize Snew = ∅.
1. For each P k ∈ S initialize Bk = P k

and perform steps 2 and 3 and then to 4.
2. For each P t ∈ S −

{
P k
}

compute
Bk = argmin

{
f
(
Bk
)
, f
(
Path− relinking

(
P k, P t

))}
.

3. Update Snew = Snew ∪
{
Bk
}

.
4. If (currentT ime > tmax), then terminate and return

argmin
{
f
(
Bk
)

: k = 1, . . . , |S|
}

,
otherwise set S = Snew and go to 0.

end.

Table 3: ATA (S, tmax)

ATO-A(S, tmax)

begin
0. Compute f

(
P k
)

for each P k ∈ S. Determine the leader
P l = argmin {f (Pk) : k = 1, . . . , |S|}.

1. For each P k ∈ S −
{
P l
}

update
P l = argmin

{
f
(
P l
)
, f
(
Path− relinking

(
P k, P l

))}
.

2. If (currentT ime > tmax), then terminate and return P l,
otherwise go to 1.

end.

Table 4: ATO-A (S, tmax)
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ATA-A(S, tmax)

begin
0. Initialize Snew = ∅.
1. For each P k ∈ S initialize Bk = P k and perform steps 2 and 3 and then to 4.
2. For each P t ∈ S −

{
P k
}

compute
Bk = argmin

{
f
(
Bk
)
, f
(
Path− relinking

(
Bk, P t

))}
.

3. Update Snew = Snew ∪
{
Bk
}

.
4. If (currentT ime > tmax), then terminate and return

argmin
{
f
(
Bk
)

: k = 1, . . . , |S|
}

,
otherwise set S = Snew and go to 0.

end.

Table 5: ATA-A (S, tmax)

4. Numerical experiments

The main goal of the following computational study is a comparison of the presented strategies
of the discrete self-organizing migrating algorithm (DSOMA) with the goal to find the most
efficient implementation of the algorithm for solving the generalized weighted p-median problem.
The initial study has been performed using the benchmarks, which were derived from some of
the Slovak self-governing regions. The individual instances of the benchmarks are denoted by
the following names: Nitra (NR), Trenč́ın (TN), Trnava (TT), Žilina (ZA), Banská Bystrica
(BB), Košice (KE) and Prešov (PO). The sizes of the individual benchmarks are determined
by integers m and p. The number m gives the number of possible center locations and p gives
the number of service centers to be located. The generalized disutility objective function was
computed for r = 3. The coefficients qk for k = 1, . . . , r have been obtained from statistics
presented in [17] and their values are: q1 = 77.063, q2 = 16.476 and q3 = 100–q1–q2.

The starting population for each solved instance was established as a uniformly deployed
set of p-location problem solutions according to [14] and [15]. To increase robustness of the
comparison, we made use of the uniformly deployed set property that each permutation of
m subscripts of locations generates a different uniformly deployed set. Thus, we generated
randomly ten different uniformly deployed sets for each benchmark.

The sizes m and p and uniformly deployed set parameters |S| and h are reported in Table
1 together with the optimal solution values of (1) taken from [14]. The optimal solution values
are reported in the column denoted by OptSol. The symbol |S| denotes the cardinality of the
set S and h is the minimal Hamming distance between each two problem solutions of the set.

Region m p |S| h OptSol

NR 350 27 83 50 48940
TN 276 21 137 38 35275
TT 249 18 212 32 41338
ZA 315 29 112 52 42110
BB 515 36 172 66 44752
KE 460 32 60 60 45588
PO 664 32 232 60 56704

Table 6: Benchmark parameters

Experiments with the individual strategies were organized so that each implementation
was applied to each uniformly deployed set for given value of tmax and then the results were
summarized in the table associated with the time threshold tmax. A table for given tmax
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tmax = 10s. tmax = 5s.
ATO ATO-A ATO ATO-A

Region F ∗avg CT [s] F ∗avg CT [s] F ∗avg CT [s] F ∗avg CT [s]

NR 49320 10.0 48965 10.7 50911 5.1 48965 7.4
TN 35533 10.0 35277 11.5 35533 5.0 35277 7.0
TT 41521 10.0 41386 10.8 41521 5.0 41386 6.6
ZA 42314 10.0 42121 14.4 49807 5.2 42121 5.2
BB 56510 25.0 44752 25.3 56510 26.1 44752 26.1
KE 46070 10.0 45661 10.9 55502 5.9 45678 6.0
PO 72673 33.4 56736 33.3 72673 35.2 56736 34.9

Table 8: Results of numerical experiments with all-to-one strategies

contains sections denoted by ATO ,ATA,ATO-A,ATA-A, in which the results obtained by
the associated strategies are plotted. Each section contains two columns denoted by F ∗avg and
CT [s]. The column denoted by F ∗avg reports the average minimum of the objective function
of resulting solutions obtained by the approach application to ten uniformly deployed sets. The
average computational times of the studied approaches are reported in the columns denoted
by CT [s]. These values are given in seconds. As concerns the threshold tmax and reported
computational time CT , we have to notice that the termination rule acts only after the new
population is completed. Taking into account the computational complexity of the population
update under the individual strategies, the threshold tmax can be several times exceeded in
all-to-all strategies. That is why computational time is reported regardless of the threshold
setting. The experiments were performed for tmax = 10 seconds. The numerical experiments
were run on a PC equipped with the Intel® Core� i7 3610QM processor with the parameters:
2.3 GHz and 8 GB RAM. The algorithms were implemented in the Java language and run in
the NetBeans IDE 8.2 environment.

ATO ATA ATO-A ATA-A
Region F ∗avg CT [s] F ∗avg CT [s] F ∗avg CT [s] F ∗avg CT [s]

NR 49320 10.0 57556 300.1 48965 10.7 48961 149.8
TN 35533 10.0 42473 316.3 35277 11.5 35276 159.4
TT 41521 10.0 46528 456.0 41386 10.8 41386 230.6
ZA 42314 10.0 49025 562.3 42121 14.4 42120 283.6

Table 7: Results of numerical experiments for the threshold tmax = 10 seconds

Having compared the preliminary results reported in Table 7, we have found that the both
all-to-all strategies are very inefficient concerning the type of studied problem and the way of
creating the starting population. In the prescribed time tmax = 10 seconds, these strategies
were not able to complete a single population update. The update takes an order of magnitude
higher time than the threshold. Despite this extension, the results of ATA differ significantly
from the optimal solution, while the other strategies reach almost the optimal solutions with
accuracy better than one percent of the optimal value. It can be noticed that the adaptive mode
considerably contributes to the resulting solution quality. As the all-to-all approach represents
such a burden in a strategy performance that it demands for inacceptable computational time,
we restricted the remainder of the computational study only to all-to-one strategies. We applied
them to a broader set of benchmarks and, furthermore, we reduced the time threshold to
estimate differences in their convergence speed. The obtained results are plotted in Table 8.
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The results reported in Table 8 confirm advantage of the adaptive mode over the simple
all-to one strategy. Even if the ATO strategy is able to repeat the population update more
times in the given threshold compared to ATO − A, the ATO − A results are better even for
the harder instances BB and PO.

5. Conclusion

The paper deals with possible strategies of the self-organizing migrating algorithm and follows
the goal to find the most suitable strategy for the generalized weighted p-median problem
using a uniformly deployed set of solutions as the starting population. We have performed a
series of numerical experiments and found that the most suitable strategy for the given type
of problem and the special way of starting population determination is the adaptive all-to one
strategy. We confirmed the hypothesis that it is possible to suggest a sophisticated heuristic
for a specific problem, which can produce near-to-optimal solution in much smaller time than
the time demanded by an exact method.

Further research in this area may be focused on exploitation the preliminary mapping of the
feasible solution set in the range of objective function values yielded by the uniformly deployed
set for accelerating the self-organizing migrating algorithm performance. The next objective of
the future research will be aimed at applications of the suggested method to obtaining series of
non-dominated solutions of the bi-criterial p-location problems.
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Abstract. As markets are becoming increasingly saturated, many businesses are shifting their focus to
customer retention. In their need to understand and predict future customer behavior, businesses across
sectors are adopting data-driven business intelligence to deal with churn prediction. A good example
of this approach to retention management is the mobile game industry. This business sector usually
relies on a considerable amount of behavioral telemetry data that allows them to understand how
users interact with games. This high-resolution information enables game companies to develop and
adopt accurate models for detecting customers with a high attrition propensity. This paper focuses
on building a churn prediction model for the mobile gaming market by utilizing logistic regression
analysis in the extended recency, frequency and monetary (RFM) framework. The model relies on a
large set of raw telemetry data that was transformed into interpretable game-independent features.
Robust statistical measures and dominance analysis were applied in order to assess feature importance.
Established features are used to develop a logistic model for churn prediction and to classify potential
churners in a population of users, regardless of their lifetime.
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1. Introduction

Free-to play (F2P) games and other service-based business models are dominant in the online
gaming market today. Within the F2P business setting, instead of charging a single upfront
fee for the game license, companies make money with subscriptions, advertising, or microtrans-
actions from paying players throughout their lifetime as customers [6]. F2P games are free to
download and the developer hopes to generate revenue via in-app purchases and/or advertising
[20]. For this reason, F2P model only works if the first taste that users get is so compelling
that they regularly come back for more [11]. Thus, customer retention is crucial for successful
monetization of a game. Predicting player behavior is one of the central and most common
challenges in game analytics. This is notably due to the mobile F2P section of the game in-
dustry being to a degree dependent on predictive modelling to be able to monitor, control and
forecast their revenue flow [27].

In user-oriented game analytics, the most important data source is telemetry. Telemetry is
data, typically digital, obtained over a distance, and in a common scenario of digital games,

∗Corresponding author.

http://www.hdoi.hr/crorr-journal ©2020 Croatian Operational Research Society
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an installed game client is transmitting data about user-game interaction to a collection server,
where the data is transformed and stored in a format that supports rapid analysis and reporting
[10]. Mobile applications and, especially, mobile games are highly integrated into humans’
lives. They are used in different environment, such as home, work, restaurants, offices, public
transport, or “on the go”. For this reason, telemetry is especially beneficial since it provides
the close observation of users in everyday context. Moreover, behavioral telemetry offers high-
resolution, precise data about how users interact with games and the application of telemetry to
obtain data about in-game and associated behavior from game players has gained substitutional
traction in both the industry and academic sector [9]. Telemetry datasets allow for recording
any user action of interest and capture a full range of temporal characteristics of user behavior.
For example, events such as ”app open”, ”game start”, ”level completed” and ”game end” can
easily be tracked. An event represents a code-path being triggered, but the various behaviors
that want to be studied may be described by several events happening in a particular sequence
or context [8]. Raw telemetry data can be transformed into various interpretable measures
referred as gameplay metrics. Behaviors that are analyzed may be described by several events
happening in a particular sequence or context, so it is useful to be able to tie events together
through common identifiers [8].

The focus of this paper is on building an extended RFM (Recency, Frequency and Mone-
tary) prediction model for churn classification in the field of mobile games by using telemetry
data. The RFM model is extended by incorporating features related to user lifetime, usage
intensity and rewards. The analysis addresses the main problem, establishing a churn predic-
tion model, but also several common issues in churn classification: constructing meaningful
features on the basis of raw telemetry data, handling sparse data, assessing feature importance
in the logit model, building a prediction model with imbalanced datasets and assessing the
model fit. This work relies on using logistic regression for classifying users as churners, because
the use of this method in many applications has shown that it offers a good predictive per-
formance, understandable models, and interpretable log odds ratio to assess the explanatory
variables. Moreover, logit models have several desirable features: logit modelling is well-known,
conceptually simple and frequently used in marketing, especially at the level of the individual
consumer; the ease of interpretation of logit is an important advantage over other methods
(e.g. neural networks); logit modeling has been shown to provide good and robust results in
general comparison studies for churn prediction and it has been shown by several authors that
logit modeling may even outperform more sophisticated methods [5]. Correspondingly, logistic
regression is frequently used for customer churn prediction and proved to be an efficient and
accurate classifier [17, 22, 24].

2. Related work

Churn has been analyzed in a range of industries, most widely in telecommunication sector,
but also in the field of banking and insurance, retail business, internet service providers, ser-
vice industries, newspaper publishing, P2P networks and online games [14, 15]. Among many
techniques for customer churn prediction modeling that have been proposed over the years,
decision trees, neural networks and logistic regression stand out as the most popular techniques
[12, 14, 23]. Other frequently used approaches include support vector machines, Naive Bayes,
random forests, regression forests, different regression analysis, clustering, ensemble methods
and many more. This plethora of statistical/data mining/machine learning approaches make
it difficult to choose an appropriate model for churn modeling. Considering that the choice
of the method affects the churn modeling, several authors gave guidelines for companies that
are starting up a predictive modeling function. For instance, Neslin et al. [22] proposed logit
and tree approaches as a good starting point. However, in spite of the fact that churn predic-
tion modeling has been extensively researched, no general consensus exists on the performance
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of churn prediction modeling techniques, and there are contradictory results when comparing
such models [31]. Since conflicts often arise when comparing different customer churn prediction
models, the issue of which technique to use remains an open research issue [30].

First two studies investigating churn prediction in F2P games were conducted in 2014
[13, 26]. Hadiji and co-authors defined a range of features (e.g. playtime, session length,
and session intervals) that are generic to games, and evaluated their usefulness in predicting
player churn [13]. They compared a range of different classifiers, including neural networks, lo-
gistic regression, naive Bayes and decision trees. They found that in terms of weighted F1-score,
decision trees performed best, followed by logistic regression. Moreover, they showed that usage
frequency, usage intensity and user lifetime stand out as features with the highest importances
for churn prediction. Runge and co-workers [26] focused on predicting churn for high value
players of casual social games. They compared optimal prediction performance of 4 common
classifiers and showed that logistic regression and neural networks outperform decision trees and
support vector machines. Kim and co-workers provided new insights by focusing on new players
[18]. They formally defined churn by using different observation churn prediction periods. For
churn prediction modeling, they utilized logistic regression, gradient boosting, random forests
and two deep learning algorithms, CNN and LSTM. Selection of the optimal algorithm varied
over the games that were included in analysis. Still, since the performance advantage of the
best performing algorithm was not very large compared to any other algorithm, they conclude
that the prediction performance has a little dependency on the choice of the machine learning
algorithm. They also showed that playtime related metrics matter much more than play-score
related metrics for casual games. Casual game players tend to churn very quickly and for this
reason, a challenging problem is to detect churn at an early stage. For instance, Milošević et.al
[21] explored early one-day churn prediction and applied four machine learning algorithms for
the binary classification problem of churn prediction: logistic regression, decision trees, random
forest, gaussian naive Bayes and gradient boosting. Tree-based models mostly outperformed all
other models in terms of AUC and F1 measures where the gradient boosting model performed
best, while decision trees showed the worst results. Logistic regression has shown good perfor-
mance, considering the simplicity and scalability of the model. Very short-term user behavior
was evaluated by Drachen and co-workers [7] and they revealed that retaining players can be
successfully determined with a short history of behavioral information and using heuristic pre-
diction approaches. Moreover, they suggest that a large part of the value of advanced analytics
in games can potentially be accessed by relying on static heuristic models because these models
are robust, easily understandable and simple to deploy and scale. Several studies have moved
fom the traditional binary classification to evaluating time-to the event, i.e. time to churn.
For instance, Perianez and co-workers [25] modeled the churn behavior for high value players
from the perspective of survival analysis. They treated the churn prediction as a problem of
censored data,where the outcome is the continuous time – the time-to-exit the game. Viljanen
and co-workers [32] analyzed player retention as a duration variable and used total playtimes
of an in-development mobile game with the application of survival analysis. They emphasize
that retention can be quantified as user engagement by employing several duration variables:
playtimes, session lengths, subscription times, and game progression.

3. Methodology

3.1. Data collection

This study builds on the data that was collected in 2018, using randomly selected players of a
F2P online casual game developed and published by Nanobit, Croatia. Dataset was constructed
to simulate a business problem where on a specific date, a selection of active users would be
used to evaluate their churn risk by analyzing their (past) behavior. Active users that are
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at a high risk level could potentially be incentivized to stay in the game by involving them
in different retention campaigns. Here, the target user population is the population of active
users, regardless their lifetime. The dataset was formed by randomly selecting 10 000 users that
had an event recorded on a certain date D1. In order to eliminate users that have no observable
past activity and engagement, filtering procedures were performed. If users that just registered,
but do not have additional sessions, were kept in the sample, this would skew many variables,
such as user activity or spending and would generate samples with no history observations to be
analyzed. For this reason, users that have experienced the game with at least one session, one
level completed and at least 5 minutes total session duration were kept in the dataset. Focusing
not solely on events recorded, but on usage duration and levels completed is considered as
needful due to the fact that event recording does not necessary imply experiencing the game.
For instance, a user can start a game, and leave it opened while actually doing something
else. This filtering procedure eliminated around 16 percent of users from the dataset, where
11 percent were users with no observable past. This left 8415 users and about three million
events in the sample. During data preparation and, especially, during data cleansing, inaccurate
records were deleted or modified. The main data cleansing procedure refers to calculation of
session duration and number of sessions. Session duration was calculated by evaluating two
events: ”game start” and ”game end”, and parameters that are recording time of these events.
Session duration is defined as a time difference between two consecutive ”game start” and ”game
end” events, where an upper bound on session duration of 10800 seconds was set. Thus, session
durations over 10800 seconds were limited on 10800 seconds. The second modification was set
on calculating the number of sessions. In order to remove irrelevant sessions, when calculating
the number of sessions, only sessions with duration 60 seconds or more were taken into account.
During the observation period of 1 week, tracked events were aggregated on a daily basis for
each user.

3.2. Data transformation

The initial step in developing a customer churn management model is identifying “the best
data”. The quality of the data used in modeling will determine the power and the accuracy of
the model. Since different combinations of data have different analytical power, it is necessary
to determine most suitable data for the analysis being performed. RFM features (Recency,
Frequency and Monetary) proved to be a good source of customer behavior in general [3, 12],
but also in the F2P online gaming market [6, 27]. Recency features are related to the time of
the last usage of the service; frequency features are related to how often the service is used,
while monetary features are related to the total money that the customer has spent on services
over a certain period. In the mobile gaming field, information on user behavior is found in
player’s action log, daily logins, purchases, playtime, and level-ups [2] and there is a simple way
to transform these events into features. For instance, Castro and Tsuzuki propose an approach
where recency would represent a time span since the player’s last game session; frequency
would correspond to the number of game sessions recorded during a predetermined period of
time [6].Moreover, if no monetary value is directly involved, they propose replacing the third
metric by some measure of “intensity” of a past activity such as the sum of all session times
recorded from the player’s past activity. In this research, the RFM framework is extended
with additional features, related to user lifetime, rewards and usage intensity. In this case,
usage intensity observes user activity and engagement relative to user lifetime. As mentioned
before, one of the benefits of the RFMs approach is its simplicity. However, this simplicity
is also one of the major drawbacks, because it can yield exactly the same feature values for
remarkably different playing behaviors [6]. By aggregating (summing) feature values through
the observation period the time aspect is completely neglected.

In this paper, features are derived from six gameplay events: “game start”, “game end”,
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“level-up”, “currency spent”, “purchase completed” and “commercial video watched”. For each
event, different parameters, such as timing and different currency amounts, were being tracked.
Based on these events, a set of features useful for churn prediction was established and presented
in Table 1.

Feature Feature [feature label] Transformation Recording
category # selected for churn model frequency

#Level completed [Lvl Nr]
#Session number [Ses Nr] EMA Daily

Frequency Session length [Ses Len]
Total lifetime session length [LifeSes Len] End of
Total lifetime session number [LifeSes Nr] - observation
#Total lifetime levels completed [LifeLvl Nr] period

End of
Lifetime #Lifetime in days [Life] - observation

period

Monetary #Currency 1 spent [C1 Spnt] EMA Daily
(currency Currency 2 spent [C2 Spnt]
spent and Discretized End of
purchases) #LTV (lifetime value) [LTV ] (payer/ observation

non-payer) period

#Commercial watched –currency reward Discretized
Rewards [Rew sec] (watcher/ Daily
(monetary & non-watcher)
non-monetary) #Commercial watched – rewards in seconds Sum Daily

[Rew cur]

#Days from last session [Rec Ses] Discretized End of
(having/not having observation

#Days from last level completed [Rec Lvl] session/level period
completed yesterday)

Recency #Number of days from last currency 1 spent - End of
[Rec C1] observation

period
#Number of days from last currency 2 spent Discretized End of
[Rec C2] (having/not having observation

currency2 spent period
yesterday)

Table 1: Constructed features

Features are constructed on the basis of similar research in accordance with data scientists
from the developer company Nanobit. In order to aggregate a series of daily data recorded
during one week into a single indicator while simultaneously incorporating the time effect,
Exponential Moving Average (EMA) was applied. Due to the fact that some users had lifetime
length less than one week, exponential moving average was applied conditional on user lifetime
as defined with:

EMAx
t (i) = (xt(i) − EMAx

t−1(i))
2

k + 1
+ EMAx

t−1(i), k = min(6, lifetime(i)), (1)

where xt(i) is the value of feature x of user i on day t, EMAx
t (i) is the value of exponential

moving average value calculated for feature x of user i for day t, where 6-day exponential
moving average was applied if user lifetime is larger than 6, while otherwise the time period
of EMA is limited to user lifetime length. Exponential moving average is weighted toward the
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most recent data and older data become exponentially less important in the average calculation.
Based on features presented in Table 1, three additional features were constructed: mean daily
session length [ADay Ses len], mean daily session number [ADay Ses Nr], mean daily levels
completed [ADay Lvl Nr]. These features relate three frequency features (total lifetime session
length, total lifetime session number, total lifetime levels completed) to user lifetime in days,
and as such can express usage intensity. Some of the features were discretized due to high
skewness or high sparsity (Table 1). For instance, lifetime value LTV was transformed into
a binary feature that distinguishes payers from non-payers. Selection of features that will
be used for churn prediction was based on feature reliability, which was discussed with the
developer, and examined with the analysis of the raw dataset. Another important parameter
for the selection of features was their theoretical and empirical relation with other features.
Since the construction of all features was based on a raw telemetry dataset that consists of
recorded events, theoretical relation stems from the pure feature design. Empirical relation, on
the other hand, was determined through correlation analysis. For example, EMA transformed
session length [Ses Len] is highly correlated with EMA transformed level completed [Lvl Nr]
and due to the fact that capturing and explaining levels completed has a higher reliability than
capturing number of sessions, only Lvl Nr was used for churn prediction modelling.

3.3. Churn definition

In non-contractual business settings, such as freemium mobile applications and online games,
customers do not churn through the termination of a contract. Leaving the game or an app
is very easy for players without notifying the firm about their decision. In the field of mobile
games, churn definition usually relies on player absence in an a priori selected period of time. A
player is usually classified as a churner if she/he is not using a game within a given period of time.
Decision of whether a customer has churned or not is quite subjective, and the churn definition
is usually based on heuristic rules set by the industry officials [16]. Thus, churn definitions are
highly influenced by the subjective perception of the modeller who has to decide (inter alia)
on the best suited behavioral measure to evaluate and prediction window size. Duration of the
prediction period may vary between applications, depending on different business goals, where
14 days and 30 days are some typical settings used in industry [19]. This paper focuses on the
engagement-based approach and identifies churners on the basis of their lack of engagement in
a game through completing a level in a game, not solely by their absence. Thus, players are
identified as churners if they have no level completed in the period of 14 consecutive days.

3.4. Building churn prediction model and assessing feature importance

First, features were analyzed based on the notion of explanatory power. The analysis was
based on robust statistical methods that can overcome several issues: high asymmetry level,
outlier presence and heteroscedasticity between churn/non-churn groups. Second, the difference
between churners and non-churners was estimated by calculating robust effect sizes proposed
by Wilcox and Tian [33]. As last, calculated effect sizes were used to rank the features.

Before building the churn prediction model, the dataset was randomly split into train and
test datasets whereas 75 percent of the data were used for training the model. Churn problems
usually introduce imbalanced datasets. This can be handled by different techniques where
most common techniques rely on sampling and follow the basic principle of minimizing or
even eliminating rarity by altering the distribution of training examples [4]. In this work, the
problem of imbalanced dataset was handled by performing random undersampling approach,
which eliminates majority-class examples (non-churners) and results in a completely balanced
dataset.

Strategy for logistic model building relied on identifying the most parsimonious model in
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order to obtain a numerically stable and more easily generalized model. Stepwise logistic re-
gression with forward and backward elimination was applied, choosing the best model according
to the Akaike information criterion (AIC). The model fit was assessed by performing Hosmer-
Lemeshow goodness of fit and by the measures derived from classification tables: accuracy,
sensitivity (recall) and by calculating AUC. A special emphasis was put on the sensitivity mea-
sure and AUC, due to the fact that classification accuracy can be misleading in the case of
imbalanced datasets.

The importance of each feature in the process of modeling the churn prediction was examined
by applying dominance analysis, which is an intuitive and a straightforward procedure for
determining predictor importance. This type of analysis requires only a measure of model fit
to determine an additional contribution of any given predictor to any specific subset model,
and follows the principle that ”one predictor is more important than another only if it would
be chosen over its counterpart in all subset models” [1]. More specifically, dominance analysis
used in this work relies on conditional and general dominance, which are weaker dominance
types and operate on an “on average” basis. General dominance is calculated as an average of
each feature conditional dominance measures, and features were then ranked according to their
general dominance. The criterion applied was McFadden’s R2.

4. Results

4.1. Churn vs. non-churn group

The engagement churn definition given in 3.3 classified 15 percent of users as churners. For all
examined features, churners and non-churners exhibit significant differences with mostly high
or medium effect sizes as presented in Table 2 where 0.15, 0.35, and 0.50 correspond to small,
medium and large effect sizes, respectively [33]. Long term frequency features have the largest
effect sizes, followed by short term frequency, intensity and monetary features. Compared to
non-churners, churners exhibit lower mean values of all quantitative features except for number
of days from last currency 1 spent.
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Table 2: Feature effect sizes

4.2. The logit model

In order to completely balance churn and non-churn classes, random undersampling was per-
formed on the train data. This way, the training dataset was formed by taking a random
sub-sample of non-churners from the initial training dataset. Importance of the constructed
features was evaluated by applying the stepwise logistic regression with forward and backward
elimination to several undersampled train datasets. Only significant features were then selected
for examining possible intercorrelations. This was achieved by performing stepwise logistic
regression with forward and backward elimination and all possible intercorrelations included.
This process was repeated after excluding outliers determined on the basis of Cook’s distance.
Model results are presented in Table 3.
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Feature Coefficients S.E.

Intercept 1.1670 *** 0.184
C1 Spnt 0.1829 ** 0.066
Lvl Nr −0.6185 *** 0.183
LifeLvl Nr −0.0055 ** 0.002
ADay Ses Nr −0.1165 ** 0.045
ADay Lvl Nr 0.2260 * 0.093
Rec C1 0.0258 *** 0.008
LTV 0.0189 0.249
Rec C2 −0.8436 *** 0.206
Lvl Nr×LifeLvl Nr −0.0025 *** 0.001
Lvl Nr×Rec C1 −0.0190 ** 0.007
ADay Ses Nr×ADay Lvl Nr 0.0164 ** 0.005
C1 Spnt×Rec C2 −0.1766 ** 0.066
Lvl Nr×Rec C2 0.6546 *** 0.182
ADay Lvl Nr×Rec −0.2612 ** 0.098
ADay Ses Nr×LTV −0.1572 ** 0.060
C1 Spnt×LifeLvl Nr 0.0003 0.001

Table 3: Logit model results (***, **, * indicate significance at the 1%, 5% and 10% levels)

Hosmer–Lemeshow goodness of fit suggests that there is no (strong) evidence on the model
lack of fit (χ2 = 12.7, df = 8, p−value = 0.12). According to classification matrix the accuracy
of the model is 71%, while the sensitivity reaches 73% (Table 4). The ROC curve is presented
on Figure 1 with AUC = 79%. Model performance was evaluated on the test data with the
accuracy of 67% and sensitivity of 73%.

Figure 1: ROC curve
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Predicted / Actual Non-churn Churn

Non-churn 647 256
Churn 288 688

Table 4: Classification matrix

Logistic model was benchmarked against random forest model based on unbiased trees that
enables learning unbiased forests [28, 29]. The model was built after hyperparameter tuning
on a validation dataset by a grid search and maximizing classification sensitivity. Random
forest model achieved lower values of sensitivity (72%) and AUC (72%), but ahigher accuracy
level (72%). Stepwise logistic regression was also performed on the overasampled train dataset.
Significant features for the stepwise model without interactions were the same as in the under-
sampled case, but the model with intercorrelations included had higher complexity and a lower
performance.

4.3. Feature importance

Dominance analysis was applied in order to determine importance of features in the churn
prediction model. The importance is firstly asserted separately for different model sizes whereas
the model size indicates the number of features included in the model. This was performed
firstly by calculating additional contribution of each feature in terms of McFadden’s R2 for
different models of the same size, and then averaging calculated values for each feature. The
results are presented by a heatmap on Figure 2.

Figure 2: Average additional feature contribution by level
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Furthermore, general feature dominance is determined by calculating the average of con-
ditional measures for each feature. This is presented in Table 5 where features are ranked
according to their importance. Feature importance ranks are consistent with the robust uni-
variate effect size results examined prior to building the prediction model. LifeLvl Nr and
Rec C2 stand out as the most important features generally dominating other features included
in the churn prediction model.

Table 5: General feature dominance

5. Conclusion

As mobile game markets became increasingly saturated, companies have recognized that in-
creasing the revenue is more likely to come from their existing customer base than from a new
acquisition. One way of preventing the customer churn is to predict it, so retention management
in the gaming industry has shifted its focus the customer churn prediction. Accurate prediction
of customer churn is an ongoing challenge for both gaming industry and academia.

This paper presents a procedure for building a customer churn prediction logit model within
the extended RFM framework for the mobile gaming market. The first step of the procedure
focuses on transforming the raw telemetry data into meaningful game independent features
that can be used for building the churn prediction model within the extended RFM frame-
work. Feature univariate exploratory power is evaluated by applying a robust heteroscedastic
approach. This approach is capable of handling skewed, heavy-tailed features generated from
the raw telemetry data. Based on selected features, a logistic churn prediction model is built
where the feature importance is assessed by dominance analysis. The established logit churn
prediction model proved to be an efficient and accurate classifier, and was benchmarked by a
random forests model.

Besides solely churn prediction, understanding why users churn is another challenging task
in the development of retention campaigns. Consequently, the most important benefit of the
established extended RFM logit model is related to interpretability of constructed features and
classification results. Our analysis showed that users classified as churners tend to have lower
long term and short term engagement and activity, lower engagement intensity and usage in-
tensity, they spend less, and are less interested in performing additional activities in order to
receive rewards. Also, churners have lower median lifetime than non-churners. Differences in
recency depend on the feature examined where the proportion of non-churners that recently
have spent currencies or have completed at least one level, tend to be higher than the propor-
tion of non-churners. On contrary, the proportion of recently active churners is higher than
the proportion of recently active non-churners. The magnitude of these univariate differences
is examined by analyzing robust effect sizes. The results showed that the exploratory power is
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highest for the long-term frequency features, followed by short-term frequency features, inten-
sity features and monetary features. Similar results are obtained when examining the feature
importance for churn prediction models that involve feature combinations. Within the multi-
variate logit churn prediction model, long term frequency features and recency features stand
out as the most important features for churn prediction, followed by intensity features and short
term frequency features.

Within the vast amount of information and possible reasons that lead to mobile game aban-
donment, it is crucial to recognize the most important features, especially since some features are
more important than the others in terms of their contribution to churn prediction. Studies on
churn prediction in mobile games have involved various game-dependent and game-independent
features for churn prediction, applied different churn definitions, and utilized different predic-
tion algorithms for different subpopulations of users. Features were rarely categorized into
meaningful groups by their characteristics or on the basis of some framework, and reporting
feature importance is not a norm. Thus, results in terms of the model predictive performance or
feature importance may not be directly comparable. Still, many features can be categorized into
the extended RFM framework for achieving feature importance comparability. Within studies
that have reported feature importance, frequency features were regularly reported as one of the
most important features [7, 13, 18, 25]. Also, recency, lifetime, monetary and intensity features
were distinguished as features with the highest importance [7, 13, 18, 25]. Moreover, intersession
measures related to playtime consistency, such as intersession time, were also reported as highly
important [7, 13]. This opens new challenges in extending the proposed feature framework.

Two main limitations can be singled out within this study: (1) the results presented in this
paper are based on data coming from only a single game; (2) the results presented are based on
a single, arbitrarily chosen churn definition. The second issue is a common situation for churn
prediction analysis in non-contractual settings where churn definitions are highly influenced by
the subjective perception of the modeller. The modeller has to decide on which behavioral
measure and prediction window size to use. Although the proposed extended RFM logit model
proved to be a very good discriminator between churners and non-churners, in order investigate
the full potential of RFM and its extensions, different methods should be tested and different
observation period length should be analyzed.
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financial crisis. After the crisis, the growth continued but it was not as strong as before. The results of
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1. Introduction

When looking at the strategic documents laying out the future development agenda of the
European Union (EU), topics such as competitiveness and productivity are among the most
popular ones. These topics are important in academic as well as a policy–making area because
they both play an important role in driving economic growth. Competitiveness and productivity
are studied individually regarding different measurement concepts. Both concepts are not
directly measurable and various indicators are employed to capture competitiveness [1, 25] and
productivity [5]. Moreover, the relationship between competitiveness and productivity is also a
matter of empirical investigation because productivity is usually considered as the main driving
force of competitiveness [21].

Regarding productivity, one of the stylized facts that emerged over the last two decades is
the stagnating productivity growth of the EU which strongly contributes to diverging income
patterns between Europe and US [24]. Nevertheless, the notion of stagnating productivity does
not equally apply to the entire EU. EU consists of advanced economies with established market
economies as well as post–socialist economies that stemmed from a centrally planned economy
environment. That is, the environment in which neither competitiveness nor productivity had
the role they have in modern market economies where competitiveness and productivity are
placed on the pedestal. Hence, these countries entered the transition process with a low level of
productivity and low competitive ability [8, 20]. Notwithstanding, this kind of setting provided
the post–socialist countries with a large catch–up potential. Indeed, these countries exhibited
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higher productivity growth rates in comparison to old EU member states. Yet, this growth
turned out to be fragile as the 2008 global economic and financial crisis clearly demonstrated.

Therefore, this article investigates the relationship between competitiveness and productiv-
ity in post–socialist EU new member states (referred to in the remainder of the text as EU
NMS): Bulgaria, Croatia, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland, Ro-
mania, Slovakia and Slovenia. Malta and Cyprus are not considered in this article as they
do not have the centrally–planned economy legacy. As the group of selected EU NMS is it-
self heterogeneous, the particular emphasis is put in exploring potential differences among the
analysed countries. In other words, the question is: Does the total factor productivity have an
equal relative impact on competitiveness in all selected EU NMS?

Although there are articles investigating the impact of competitiveness on productivity [15],
the impact of productivity on competitiveness is a subject of a small number of empirical
research [20]. These studies mostly use firm–level data [9, 16] and indicate that productivity
is an important determinant of competitiveness. This paper tries to add further insight and
reduce the gap in the existing literature by using national level (macroeconomic) data.

Regarding different types of competitiveness, this article focuses on export competitive-
ness because the poor export performance was one of the key factors that contributed to the
disappointing economic performance of the socialist economies [10] and eventually led to the
transition towards market-oriented economies.

Productivity is also subject to various measurement concepts. However, Cihák and Fonteyne
[7] and Schadler et al. [23] found that the main driver of growth in the EU NMS is the total
factor productivity. Total factor productivity (TFP) is the productivity that is not generated
by amplified usage of inputs (capital or labour). Instead, it is attributed to intangible factors
(for instance, technological progress or organisational innovation) that enable more efficient use
of inputs [11]. As such, total factor productivity is not directly measurable and is obtained
indirectly as the change in output that is not attributable to changes in inputs [17]. Therefore,
total factor productivity is employed as the productivity indicator.

As the concept of competitiveness is a dynamic one, the selected modelling framework has
to reflect this. Unlike similar analyses that are mostly based on a single cross–sectional or time–
series data, we employed a panel modelling framework. There are many advantages of panel
models over cross–sectional or time–series data. As panel data have more degrees of freedom
and sample variability than cross–sectional data, the efficiency of model estimates is improved.
Moreover, panel data capture the heterogeneity across cross–sectional units and over time and
model the joint dependence [26]. As a result, the complexity of export competitiveness can be
analysed better using panel data than a single cross–section or time–series data.

This article adds to the existing literature by introducing further insight into the relation-
ship between total factor productivity and export competitiveness for the selected EU NMS
by searching for possible differences in the relative impact of total factor productivity on com-
petitiveness. The analysed period covers almost two decades, i.e. the period from 2000 to
2018. This time frame includes many ups and downs the EU NMS faced: the negotiation and
pre–accession period as well as the crisis period.

The main imputs for technological progress is an investment in innovation and knowledge.
For that reason, prior to the empirical analysis, the main determinants of total factor productiv-
ity in the analysed countries are depicted graphically for a better insight into the background.
It is important to note that the literature suggests that the relationship between innovation and
total factor productivity is not necessarily a one–to–one relationship. Namely, [19] stresses that
rapid technological progress can bring rather little change in total factor productivity. Indeed,
in the initial reflections on the first enlargement wave, innovation was not considered the main
determinant of productivity growth due to different pattern in the specialisation of the EU
NMS [12]. It was considered that large investments in knowledge and innovation would not
bring the desired progress. Nevertheless, fifteen years after the initial reflections it is obvious
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that progress in investment in innovation and research and development (R&D) still has not
‘kicked in’. This lack of investment could be the reason behind the difference in the relative
impact of TFP on competitiveness in analysed countries.

The remainder of the paper is structured in the following manner. Section 2 presents an
overview of the employed data and methodology applied in the paper. Section 3 presents and
discusses the empirical results. Finally, Section 4 summarizes the conclusions of the paper and
provides recommendations for future research as well as its limitations.

2. Data analysis and methodology

The empirical analysis is performed for a cross–sectional units of selected EU NMS: Bulgaria,
Croatia, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland, Romania, Slovakia and
Slovenia (N = 11). Constrained by availability and consistency of data, the research period
ranges from 2000 to 2018 (T = 19).

Data on total factor productivity are measured as an index (2015=100) and are obtained
from AMECO database (Figure 1).

Figure 1: TFP index (2015=100) of the selected EU NMS from 2000 to 2018
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As a dependent variable, the share of the country’s export in total world exports (EX) was
employed. Independent variables included in the model are total factor productivity (TFP) and
two control variables: real effective exchange rate (REER) and unit labour cost (ULC). Dependent
variable EX is calculated as the country’s share in world exports and represents a measure of a
country’s export competitiveness. The source of the data is the Direction of Trade Statistics
database of the International Monetary Fund.

The real effective exchange rate (REER) is added to the model to assess a country’s com-
petitiveness relative to its major competitors in international markets. The data comes from
the annual macro–economic database of the European Commission’s Directorate–General for
Economic and Financial Affairs, AMECO. The indicator is deflated by the price index (total
economy) against a panel of 42 countries (EU28 and 14 other industrial countries: Australia,
Canada, United States, Japan, Norway, New Zealand, Mexico, Switzerland, Turkey, Russia,
China, Brazil, South Korea, and Hong Kong). The real appreciation (a loss of competitiveness)
corresponds to an increase in the index.

The second control variable ULC, unit labour cost, measures the average cost of labour per
unit of output. Its values are obtained as the ratio of labour costs to labour productivity and
come from AMECO database. An improvement of a country’s competitive position relative to
their trading partners’ results in a decline in the relative unit labour cost index.

With a short hiatus due to the 2008 economic and financial crisis, selected EU NMS exhibited
growth in total factor productivity in the analysed period which is not surprising. Given the
initial condition of these countries at the beginning of the transition process and substantial
inefficiencies taken over from the previous, centrally–planned system EU NMS had a large
catch–up potential. There was (and still is) plenty of space for managerial improvements and
inter–industry resource reallocation [23].

However, if one is to dig deeper, many differences in the dynamics of total factor productivity
among the analysed countries would emerge. Table 1 shows the growth rates of total factor
productivity of the selected EU NMS from 2000 to 2018 divided into three categories: pre–
crisis period, post–crisis period and the growth rate calculated for the entire analyzed period.

Period prec–crisis post–crisis entire sample
Country (2000-2007) (2008-2018) (2000-2018)

Bulgaria 20.75 6.49 28.58
Croatia 14.70 −4.95 6.80
Estonia 21.64 −0.38 11.34
Latvia 37.10 26.44 60.71
Lithuania 37.70 0.87 37.84
Czech Republic 21.78 4.94 27.74
Hungary 12.56 −1.67 10.75
Poland 17.56 12.22 31.18
Romania 46.87 10.35 67.87
Slovenia 16.20 7.24 24.15
Slovakia 37.92 4.93 46.95

Table 1: Growth rates of total factor productivity for selected EU NMS from 2000 to 2018

Indeed, in the pre–crisis period, the growth in TFP was impressive in some countries (al-
most 47% in Romania and about 38% in Slovakia, Latvia and Lithuania) while in others it was
substantially smaller (Croatia and Hungary). However, in the post–crisis period, some coun-
tries swiftly recovered (Latvia) while some countries exhibited negative growth rates (Croatia,
Estonia and Hungary). In Lithuania, although the growth rate was slightly above zero, the
slowdown in the period after the crisis is also evident. Overall, the growth in total factor
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productivity was largest in Romania and Latvia and lowest in Croatia, Hungary and Estonia.

To test if the relative effects of a unit change in total factor productivity vary in the ana-
lyzed countries, the model is expanded with an interaction term (D×lnTFP). It is obtained by
multiplying the total factor productivity variable and dummy variable D, which takes on value
one for the countries where total factor productivity has not returned to the pre–crisis level
(Croatia, Estonia, Hungary and Lithuania) and value zero for other countries.

Total factor productivity is usually closely related to innovation. Therefore, for a better
insight into the total factor productivity dynamics, the commonly used innovation indicators
are illustrated in Figures 2-3.

Figure 2: Number of patents of the selected EU NMS, 2001 and 2018

Figure 3: R&D expenditure (percentage of GDP) of the selected EU NMS, 2002 and 2018
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Apart from Croatia, all other countries increased their R&D expenditure. Some countries
had a substantial increase, like Poland who doubled the share of R&D expenditures in GDP.
Again, these figures are not even close to countries with the highest R&D intensities: Sweden
with 3.32% and Austria with 3.17%. Therefore, it is evident that selected EU NMS are lagging
behind advanced EU economies regarding innovation indicators. Moreover, it is also clear that
there are striking differences among the selected countries and this will be further investigated
in the empirical analysis.

All variables employed in the empirical analysis are log–transformed. Additionally, to control
for the impact of the 2008 global economic and financial crisis, a dummy variable Crisis is
added to the model.

The dynamic panel model with one lagged dependent variable is selected as an appropriate
modelling specification considering the dynamic nature of the analysed variables and contem-
poraneous correlations conditional on the past [2, 3].

yit = X ′itβ + γ · yit−1 + δ · Crisisit + αi + εit i = 1, 2, ..., N T = 2, 3, ..., T, (1)

where yit is a dependent variable, Xit is the matrix of independent variables, αi is the (un-
observed) individual effect, and εit is the error (idiosyncratic) term with E(εit) = 0 and
E(εitεjs) = σ2

ε if j = i and t = S and E(εitεjs) = 0 otherwise. Dummy variable Crisis

captures the potential impact of the 2008 global economic and financial crisis.
The model in equation (1) is suitable in cases when unobservable factors affect both the

dependent variable and explanatory variables resulting in a correlation between some explana-
tory variables and lagged dependent variable, which is likely to be the case in our analysis. It
captures the dynamic interaction between variables and deals with unobserved heterogeneity
across selected countries. As a result, parameter estimates are more efficient compared to static
panel model [3, 6].

3. Empirical results

The results of the estimated model (1) are presented in Table 2. The Windmeijer–corrected
standard errors (robust to heteroskedasticity and arbitrary patterns of autocorrelation) were
applied [27].

Variable Coefficient Robust s.e. t–statistic p–value

EXit−1 0.584305*** 0.1218331 4.80 0.001
lnREERit −0.015101 0.1595257 −0.09 0.926
lnULCit 0.148839 0.1119456 1.33 0.211
lnTFPit 1.212760** 0.4941675 2.45 0.032
D×lnTFPit −1.538040** 0.5518731 −2.79 0.018
Crisisit −0.019566 0.0362612 −0.54 0.600

Table 2: Dynamic panel model estimation results with export EXit as dependent variable
Note: ***, **, * indicate significance at the 1%, 5% and 10% levels, respectively.

The results of performed diagnostic tests [22] are reported in Table 3. The F−statistic
(F=520.16, p−value = 0.000) confirms the suitability of the dynamic panel model specification.
The parameter estimators are consistent as there is no second–order serial correlation for the
idiosyncratic errors of the first–differenced equation (p− value = 0.456). The first–order serial
correlation (p− value = 0.030), due to the lagged dependent term, is expected. Hansen test of
over–identifying restrictions (p− value = 0.899) indicates that the instruments are exogenous,



Export and total factor productivity of EU new member states 269

which is the crucial assumption for the validity of the model. Moreover, the Hansen test
excluding a group (p− value = 0.730) does not reject the null that the model with additional
instruments is correctly specified. Thus, all specification tests support the model adequacy.

Test Statistic p–value

Arellano–Bond test for AR(1) in first differences z = −2.17 0.030
Arellano–Bond test for AR(2) in first differences z = −0.75 0.456
F-test F = 520.16 0.000
Hansen test of overid. restrictions χ2(14) = 7.82 0.899
Hansen test excluding group χ2(11) = 7.82 0.730
Difference (null H = exogenous) χ2(3) = 0.000 1.000

Number of observations 186
Number of instruments 20
Number of groups 11

Table 3: Model diagnostics

Looking at the results of the estimated model (Table 2) as expected, the lagged dependent
variable is statistically significant with a positive sign indicating that export competitiveness is
heavily determined by its past values. The crisis dummy variable turned out to be statistically
insignificant as the crisis affected both the countries’ exports (the numerator of the dependent
variable EX) and the world exports (denominator of EX).

Total factor productivity is statistically significant at the 5% level and has the expected
positive sign. This means that the increase of total factor productivity, on average, leads to an
improvement in export competitiveness in selected EU NMS.

Both control variables (the real effective exchange rate and unit labour cost) are not sta-
tistically significant. This result indicates that, due to the process of globalization, a further
increase in export competitiveness is primarily associated with the total factor productivity.

The interaction term is statistically significant and negative. Therefore, the increase in
total factor productivity, on average, increases export competitiveness in EU NMS. However,
the relative impact is smaller in countries with negative (or weaker) growth in total factor
productivity in the period following the 2008 global economic and financial crisis. [9] found that
the productivity–exports nexus is affected by the ability of an economy to efficiently allocate
its resources, this finding indicates possible allocative inefficiency in Croatia, Estonia, Hungary
and Lithuania.

Corruption could be one of the factors that contribute to the inefficiency in Croatia and
Hungary as these countries are at the bottom of the list of the Corruption perceptions index
(Figure 4). To have a better picture on where do exactly these countries stand, highest-ranked
Denmark has a score 88 (higher index value corresponds to less severe corruption problems)
while Croatia and Hungary are ranked 60th and 64th, respectively.
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Figure 4: Corruption perceptions index 2018

In the study [14] authors found that corruption influences total factor productivity both
directly (constraining productive activities) and indirectly (by diverting resources to less pro-
ductive units). And yet, in Estonia and Lithuania, which are countries least ‘infested’ with the
corruption of all the analysed countries, the relationship between export competitiveness and
total factor productivity is also unfavourable. One possible factor that disables the efficient
allocation of resources in Estonia and Lithuania may lie in the structure of R&D expenditure
which is presented in Table 4.

Business enterprise sector Government sector Higher education sector
2002 2018 2002 2018 2002 2018

EU 63.8 66.7 13.0 10.7 22.4 21.8
Bulgaria 18.5 71.9 71.4 22.1 10.0 5.4
Czech Republic 61.1 61.9 23.0 16.4 15.6 21.5
Estonia 30.7 42.3 17.0 11.4 47.9 44.5
Croatia 42.7 48.0 22.2 19.9 35.1 32.0
Latvia 40.9 24.9 19.0 22.8 40.1 52.4
Lithuania 16.9 41.8 33.4 22.2 49.8 35.9
Hungary 35.5 75.6 32.9 10.9 25.2 12.7
Poland 20.3 66.1 45.5 1.9 33.9 31.7
Romania 60.3 59.3 24.2 30.6 15.6 9.8
Slovenia 59.7 74.2 23.1 13.6 15.5 11.9
Slovakia 64.3 54.1 26.6 21.2 9.1 24.3

Table 4: R&D expenditure by sector of performance (% of total), 2002 and 2018

In the post–crisis period, government spending shifted from investment towards current
expenditure [13]. This is why the share of the government sector in R&D expenditure decreased
in most of the countries. The biggest decrease was in Poland where the share dropped from
45.5% in 2002 to only 1.9% in 2018. In addition to a decrease in government spending, R&D
intensity (measured in euros per inhabitant) decreased as well (Figure 5).
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Figure 5: R&D expenditure (in euro per inhabitant), 2000 to 2018

Figure 5 indicates that in the aftermath of the crisis the countries lost the momentum and
they were unable to keep the pace of the previous growth in R&D investment. This consequently
reflected the total factor productivity and, ultimately, export competitiveness. Previous high
growth rates did not mean much, because in catching-up economies innovation is more oriented
towards equipment rather than R&D [18].

Therefore, the environment for entrepreneurship and innovation in the analyzed countries
is still viable for improvement and this would help in channelling the resources towards a
more efficient use. While some of the countries seem to be on the right track, the future
definitely looks gloomy for Croatia. One word comes to mind when looking at Croatia’s figures:
stagnation. Some of the indicators improved only slightly, some are virtually the same and
some indicators have even gone from bad to worse. In a dynamic setting, stagnation is the
worst possible scenario. The only way forward is in improving the setting for innovation and
efficient allocation of resources through the implementation of structural reforms and tackling
with corruption.

4. Conclusion

Competitiveness and productivity are at the top of the lists of strategic documents laying out
the future development agenda of the European Union. Although the role of productivity
in fostering competitiveness is straightforward this article provides insight into the relation-
ship between productivity and competitiveness for a group of countries that originate from a
centrally–planned economy environment. These countries entered the transition process with a
low level of productivity and low competitive ability. To assess the relationship between export
competitiveness and total factor productivity a dynamic panel data model with one lagged de-
pendent variable was estimated. The obtained results show that for selected EU NMS export
competitiveness significantly depends on its past values and total factor productivity. The in-
crease in total factor productivity, on average, increases export competitiveness. However, the
relative impact is smaller in countries with negative growth in total factor productivity following
the 2008 global economic and financial crisis. The results suggest that the productivity–exports
nexus is affected by the ability of an economy to allocate its resources efficiently.
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However, on the wings of a large catch–up potential, while other advanced EU economies
recorded stagnating productivity growth rates, EU NMS countries had impressive productivity
growth rates. Eventually, the impressive growth rates came to a halt with the emergence of the
2008 global economic and financial crisis. Swift recovery of part of the EU NMS demonstrated
the robustness of their productivity growth. On the other hand, the inability of the remaining
countries to recover productivity growth rate to the pre-crisis level proved the fragility of their
productivity growth. These countries should persist along the lines of implementing structural
reforms, tackling corruption and investing in innovation.

With the year 2020 bringing new challenges that the modern economies have never seen
before, the possibility to pursue growth recovery policy recommendations will, to a large extent,
depend on the ability of the economies to cope with them. This could be a chance for the policy-
makers to prioritise the structural reforms that are continuously postponed. On the other hand,
the inability to overcome the accumulated as well as new difficulties would probably give rise
to further stagnation or even deterioration.

The main limitation of the study is that it does not answer how total factor productivity is
affected by various factors and why differences in productivity exist across countries. Further
research needs to find obstacles that affect the main drivers of total factor productivity in some
countries. It could be interesting to see how to export diversification contributes to export
growth and the impact of productivity growth.
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Abstract. Conducting an in-depth exploration of trade-offs between sustainability aspects is a notable
matter of taking decisions. Furthermore, there are many real world investigations that trade-offs and
sustainability should be dealt with in the presence of desirable and undesirable materials while some
of them accept integer amounts. Therefore, this study addresses trade-offs of sustainability dimensions
when undesirable and integer-valued measures are presented. For this purpose, approaches based upon
data envelopment analysis (DEA) are proposed. To explain, DEA models are introduced to calculate
individual and group marginal rates of substitution and also directional marginal rates of substitution
when integer and undesirable variables are observed. These procedures are applied to calculate trade-
offs between different sustainability dimensions, including economic, environmental and social ones.
The applications of ports and industrial parks are provided to clarify the approaches appeared in this
study. The results derived from the proposed strategies show the usefulness and validity of them.
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1. Introduction

The consideration of sustainability performance and trade-offs of sustainability dimensions is a
significant aspect for making decisions. In many real world conditions, there are also integer-
valued variables and undesirable products. A valuable approach to benchmark decision making
units (DMUs) and to assess the performance is the non-parametric data envelopment analysis
(DEA) technique, initially developed by Charnes et al. [5].

In the DEA literature, some studies have been presented to deal with the sustainability per-
formance of processes. Tajbakhsh and Hassini [22] provided centralized and non-cooperative
DEA models to analyze sustainable multi-stage structures while integer and undesirable per-
formance measures were not investigated. Amirteimoori et al. [3] introduced a DEA-based
approach to evaluate the sustainability of proceedings over multiple periods when weakly dis-
posable undesirable outputs are appeared in the operation. Modeling with weakly disposable
undesirable outputs and non-uniform abatement factor initially developed by Kuosmanen [13]
in the DEA studies. Tajbakhsh and Shamsi [23] rendered efficiency and super-efficiency DEA
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models to assess the sustainability of countries matters when undesirable integer measures are
presented. Undesirable outputs (inputs) are supposed as desirable inputs (outputs) and trade-
offs of sustainability dimensions are not addressed in that research. Jahani Sayyad Noveiri
and Kordrostami [10] determined the sustainability performance of systems with discrete and
bounded factors in several periods of time while trade-offs between sustainability areas have not
been tackled. Also, Zhou et al. [25] conducted a review of the literature on DEA applications
in sustainability issues.

Furthermore, from one hand, there are DEA–based studies without including sustainability
issues to measure the efficiency in the presence of undesirable and integer variables. Chen et
al. [6] introduced the integer additive DEA model with undesirable factors and provided its
associated additive super–efficiency model to discriminate the efficient entities. Undesirable in-
puts (outputs) managed as desirable outputs (inputs) in that consideration. Amirteimoori and
Maghbouli [2] assessed the efficiency of DMUs in the presence of integer measures and weakly
disposable undesirable outputs. In the DEA literature, there are different approaches to address
undesirable outputs. Halkos and Petrou [9] classified approaches applied to handle undesirable
outputs into four categories, including ignoring them, treating them as inputs, regarding them
as ordinary outputs and applying transformations. For instance, the assumptions of weak and
managerial disposability are some of plans to concentrate undesirable outputs with their ben-
efits and drawbacks. Also, following [14], researchers can take each approach in order to deal
with undesirable outputs as a result of the applications that they conduct. Due to the main
purpose of this study that is rendering DEA approaches to analyze trade–offs of sustainability
areas in the presence of integer values, we consider the weak disposability assumption for unde-
sirable outputs. However, approaches proposed in this study can be extended for other existing
techniques to consider undesirable outputs such as modelling with managerial disposability
proposed by Sueyoshi and Goto [21].

And from the other hand, some DEA investigations have been concentrated on trade-offs
between indicators. Asmild et al. [4] expanded Rosen et al. approach [19] to examine non-
marginal trade-offs between measures. Khoshandam et al. [12] estimated marginal rates of
substitutions in the presence of undesirable outputs. Actually, they calculated the directional
marginal rates of substitution in a weak disposability production technology while all measures
considered as real values. Mirzaei et al. [15] applied binding supporting surfaces in an efficient
point to compute different marginal rates. Mirzaei et al. [16] planed a method in accordance
with the free disposal hull model to estimate marginal rates of substitution where the convexity
principle is not satisfied. Podinovski et al. [18] calculated different directional differentials
for some technologies organized as polyhedral sets such as the ones with weakly disposable
undesirable products using a unified linear method. Podinovski [17] discussed more about the
application of the technique presented by Podinovski et al. [18] to technologies with weakly
disposable undesirable outputs and dealt with different marginal rates and elasticity measures.

However, to our knowledge, marginal rates of substitutions in the presence of integer mea-
sures have not been investigated in the DEA context whilst it is important to find optimal integer
values for integer performance measures in trade-offs. On the other hand, trade-off analysis as
the interrelation between sustainability indicators is vital for comparison and decision-making
among various choices. Undesirable products and integer-valued indicators are also present in
many occasions of sustainability assessment. Therefore, procedures founded on DEA are pro-
pounded in this research to analyze marginal rates of substitution of sustainability areas when
undesirable and integer-valued indicators are present in the system. To illustrate in more de-
tails, individual and group marginal rates of substitution and also directional marginal rates of
substitution between sustainability components, including economic, environmental and social
ones are estimated whilst there are integer and undesirable indicators. Integer variables are,
actually, dealt with in trade-offs and integer results are found for integer-valued performance
measures. The study areas of ports and industrial parks are used to examine the validity of the
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designed approach herein. In summary, the main purpose of this study is the response to the
following:

What-if questions related to sustainability areas and in the presence of integer values and
undesirable measures.

The structure of this research is arranged as follows. Some preliminaries and concepts
which are prerequisite to clarify the proposed method are provided in Section 2. The suggested
methodology is disclosed in Section 3. Two applications of ports and industrial parks are given
in Section 4 to illustrate and verify the introduced technique. Finally, conclusions and some
recommendations are presented in Section 5.

2. Preliminaries

In this section, some terminologies, concepts and procedures associated with the proposed
methodology are given that are essential for better insight of the issue under investigation.

2.1. Weakly disposable undesirable outputs

Assume there are n DMUs (DMUj ; j = 1, ..., n) with m inputs xj = (x1j , ..., xmj), s desirable
outputs yj = (y1j , ..., ysj) and K undesirable outputs wj = (w1j , ..., wKj).

According to [20], outputs (y, w) are stated to be weakly disposable if and only if (x, y, w) ∈
V = {x can produce (y, w)} reveals that (x, θy, θw) ∈ V for all 0 ≤ θ ≤ 1, x ∈ R+

m,y ∈ R+
s

and w ∈ R+
K . θ is refereed as the abatement factor. It means that proportional decreases of

attainable outputs are feasible. Fare and Grosskopf [8] considered a single abatement factor θ
and presented the following technology:

V = {(x, y, w)|
∑n

j=1 λjxij ≤ xi, i = 1, ...,m, θ
∑n

j=1 λjyrj ≥ yr, r = 1, ..., s,

θ
∑n

j=1 λjwkj = wk, k = 1, ...,K,
∑n

j=1 λj = 1, λj ≥ 0, 0 ≤ θ ≤ 1} (1)

that the technology is based on variable returns to scale assumption and λj is intensity
variables.

Kuosmanen [13] took different abatement factors θj into account in technology (1) and
rendered the following linear form using a change of variables:

V = {(x, y, w)|
∑n

j=1(λj + µj)xij ≤ xi, i = 1, ...,m,
∑n

j=1 λjyrj ≥ yr, r = 1, ..., s,∑n
j=1 λjwkj = wk, k = 1, ...,K,

∑n
j=1(λj + µj) = 1, λj ≥ 0, µj ≥ 0} (2)

in which λj and µj are weight variables.

2.2. Technology with integer and real input-output factors and unde-
sirable outputs

Suppose that (x, y, w) can be partitioned into (xI , xNI , yI , yNI , wI , wNI). In other words, each
set of inputs, desirable outputs and undesirable outputs are divided into sets of integer and real
measures denoted by superscript I and NI that xI(I ∈ II), yI(I ∈ OI), wI(I ∈ KI), xNI(NI ∈
INI), yNI(NI ∈ ONI) and wNI(NI ∈ KNI). Notice that II ∪ INI = m, OI ∪ ONI = s and
KI ∪ KNI = K. Amirteimoori and Maghbouli [2] advanced the following integer technology
including the weak disposability assumption of undesirable outputs.

V IW = {(xI , xNI , yI , yNI , wI , wNI)|
∑n

j=1(λj + µj)xij ≤ xi, i ∈ II ,
∑n

j=1(λj + µj)xij ≤ xi, i ∈ INI ,∑n
j=1 λjyrj ≥ yr, r ∈ OI ,

∑n
j=1 λjyrj ≥ yr, r ∈ ONI ,

∑n
j=1 λjwkj = wk, k ∈ KI ,∑n

j=1 λjwkj = wk, k ∈ KNI ,
∑n

j=1(λj + µj) = 1, λj ≥ 0, µj ≥ 0}
(3)
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2.3. Trade-offs and marginal rates of substitution

The information of trade-offs between indicators in processes is significant for making appro-
priate decisions. Trade-offs such as marginal rates of substitution show partial differential or
slopes of the performance frontier for certain items. To give further details, the marginal rates
of substitution are the rates wherein one or multiple variables of units can change for the vari-
ations of one or more other indicators. At this point, the procedure described by Asmild et al.
[4] to calculate marginal rate of substitution is given briefly.

Consider each entity as a throughput vector zj = (−xj , yj) that xj ∈ R+
m and yj ∈ R+

s . As
mentioned in [4], at the point zo on the frontier, the marginal rates of substitution of throughput
j to throughput b can be computed through the following four steps:

a. Specify a slight expansion h for the throughput b.

b. Solve the following model to attain the optimal value z∗oj :

Max z∗oj
s.t. {Zλ ≥ z∗o , 1Tλ = 1, z∗ol = zol, l 6= j, b; z∗ob = zob + h, λ ≥ 0} (4)

in which the n-dimensional vectors λ and 1 are the intensity variable and unity, respectively.

c. Apply the following formula and calculate the marginal rates of substitution from the
right:

MRS+
jb(zo) =

z∗oj − zoj
h

(5)

d. Estimate the marginal rates of substitution from the left by iterating stages b and c for
−h instead of h.

In the next section, plans based on DEA are proposed to assess marginal rates of substitution
for sustainability dimensions with encountering integer and real indicators and undesirable
outputs.

3. Methodology

Suppose there are n entities, DMUj(j = 1, ..., n) with m inputs, xdij(i = 1, ...,m), s desirable

outputs ydrj(r = 1, ..., s) and K undesirable outputs, wd
kj(k = 1, ...,K). Performance measures

are taken integer and non-integer values into account and they are incorporated into three
dimensions, including economic, social and environmental areas, that is i ∈ II d ∪ INI d = I =
{1, ...,md} = {1, ...,m}, r ∈ OI d∪ONI d = O = {1, ..., sd} = {1, ..., s}, k ∈ U I d∪UNI d = U =
{1, ...,Kd} = {1, ...,K}, in which d ∈ D = {economic, social, environmental}.

The following model is provided to estimate the sustainable performance of entities in
the presence of undesirable and integer-valued measures. Notice that undesirable outputs are
treated as weakly disposable and the models are based on the variable returns to scale (VRS)
assumption.
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e∗ = Min 1
m+K (

∑
i∈I θi +

∑
k∈U ϕk)

s.t.
∑n

j=1(λj + µj)x
d
ij ≤ x̃di , i ∈ IId, d ∈ D,

x̃di ≤ θixdio, i ∈ IId, d ∈ D,∑n
j=1(λj + µj)x

d
ij ≤ θixdio, i ∈ INId, d ∈ D,∑n

j=1 λjy
d
rj ≥ ỹdr , r ∈ OId, d ∈ D,

ỹdr ≥ ydro, r ∈ OId, d ∈ D,∑n
j=1 λjy

d
rj ≥ ydro, r ∈ ONId, d ∈ D,∑n

j=1 λjw
d
kj = w̃d

k, k ∈ U Id, d ∈ D,
w̃d

k = ϕkw
d
ko, k ∈ U Id, d ∈ D,∑n

j=1 λjw
d
kj = ϕkw

d
ko, k ∈ UNId, d ∈ D,∑n

j=1(λj + µj) = 1,

θi ≤ 1, ϕk ≤ 1, x̃di ∈ Z+, i ∈ IId,∀d ∈ D, ỹdr ∈ Z+, r ∈ OId,∀d ∈ D,
w̃d

k ∈ Z+, k ∈ U Id,∀d ∈ D,λj , µj ≥ 0.

(6)

Definition 1. The unit under evaluation is called efficient if and only if e∗ = 1, i.e. the optimal
values θ∗i = 1 and ϕ∗k = 1.

3.1. The marginal rates of substitution between two components

In this place, tradeoffs are addressed for sustainable entities that appear on the frontier. For
unsustainable entities, marginal rates of substitution are measured for the projection points of
them into the frontier. Thus, the following steps are applied to determine the marginal rates
of substitution between any two measures from economic and environmental dimensions. It is
clear that this procedure can be extended and analyzed for different sustainability dimensions.

a. A small increment h for p th throughput from the environmental aspect is considered.
b. The following problem is computed to find y∗economic

so ; in other words, the integer-valued
economic factor y∗economic

so results from the change of p th environmental measure.

es∗ = Max y∗economic
so

s.t.
∑n

j=1(λj + µj)x
d
ij ≤ x̃di , i ∈ IId, d ∈ D,

x̃di ≤ xdio, i ∈ IId, d ∈ D,∑n
j=1(λj + µj)x

d
ij ≤ xdio, i ∈ INId, d ∈ D,∑n

j=1 λjy
d
rj ≥ ỹdr , r ∈ OId, d ∈ D,

ỹdr ≥ ydro, r ∈ OId, r 6= s, d ∈ D,
ỹeconomic
s ≥ y∗economic

so ,∑n
j=1 λjy

d
rj ≥ ydro, r ∈ ONId, d ∈ D,∑n

j=1 λjw
d
kj = w̃d

k, k ∈ U Id, d ∈ D,
w̃d

k = wd
ko, k ∈ U Id, k 6= p, d ∈ D,

w̃d
p = wenvironmental

po + h,∑n
j=1 λjw

d
kj = wd

ko, k ∈ UNId, d ∈ D,∑n
j=1(λj + µj) = 1,

y∗economic
so ∈ Z+, x̃di ∈ Z+, i ∈ IId,∀d ∈ D,

ỹdr ∈ Z+, r ∈ OId,∀d ∈ D, w̃d
k ∈ Z+, k ∈ U Id,∀d ∈ D,λj , µj ≥ 0.

(7)

c. The marginal rate of substitution from the right is estimated as follows:

MR+
sp =

y∗economic
so − yeconomic

so

h
(8)

d. The marginal rate of substitution from the left is computed by repeating (b) and (c) and
substituting h by −h.
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3.2. The generalization to multi-component scenarios

The influence of the change of one variable into another measure has been dealt with in the
proceeding expressions while integer-valued and undesirable measures are presented. In this
subsection, changes of a set of variables resulted from changes of another set of variables are
examined when there are integer and undesirable factors. Consider two sets A = {a1, ..., ac}
and B = {b1, ..., bv}. The purpose is the investigation of the changes of the set A derived from
the changes of the set B. Assume members of the set B change by the value β. Therefore, we
follow the below three-stage approach to calculate the changes of the members of the set A.

a. Solve the following multi objective mixed integer linear programming (MOMILP) for
changing the set B by the value β and find y∗economic

so , s ∈ A.

es∗ = Max y∗economic
so , s ∈ A

s.t.
∑n

j=1(λj + µj)x
d
ij ≤ x̃di , i ∈ IId, d ∈ D,

x̃di ≤ xdio, i ∈ IId, d ∈ D,∑n
j=1(λj + µj)x

d
ij ≤ xdio, i ∈ INId, d ∈ D,∑n

j=1 λjy
d
rj ≥ ỹdr , r ∈ OId, d ∈ D,

ỹdr ≥ ydro, r ∈ OId, r 6= s, r /∈ A, d ∈ D,
ỹeconomic
s ≥ y∗economic

so , s ∈ A∑n
j=1 λjy

d
rj ≥ ydro, r ∈ ONId, d ∈ D,∑n

j=1 λjw
d
kj = w̃d

k, k ∈ U Id, d ∈ D,
w̃d

k = wd
ko, k ∈ U Id, k 6= p, p /∈ B, d ∈ D,

w̃d
p = wenvironmental

po + β, p ∈ B∑n
j=1 λjw

d
kj = wd

ko, k ∈ UNId, d ∈ D,∑n
j=1(λj + µj) = 1,

y∗economic
so ∈ Z+, s ∈ A, x̃di ∈ Z+, i ∈ IId,∀d ∈ D, ỹdr ∈ Z+, r ∈ OId,∀d ∈ D,
w̃d

k ∈ Z+, k ∈ U Id,∀d ∈ D,λj , µj ≥ 0.

(9)

For computing the aforementioned MOMILP model, it can be transformed into the following
MILP:

Max ϕ
s.t. ϕ ≤ y∗economic

so , s ∈ A,
and all constraints of model (9).

(10)

b. The marginal rate of substitution from the right is estimated as follows:

MR+
sp =

y∗economic
so − yeconomic

so

β
, p ∈ B, s ∈ A (11)

c. The marginal rate of substitution from the left is computed by repeating (a) and (b) and
substituting β by −β.

3.3. Directional trade-offs between sustainability dimensions for multi-
component scenarios

Now in this part we deal with reactions of multiple components arisen from changes of several
variables in direction d. To estimate the marginal rates of substitution for environmental
undesirable outputs p ∈ B to economic desirable outputs s ∈ A, the following approach is
propounded by considering the vectors d(UO) and d(DO). Actually, the changes of desirable
outputs in A in direction d(DO) is assessed when undesirable outputs in B are changed in the
direction d(UO). Thus, we have:
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a. A small increment β for throughputs belong to B from the environmental aspect is
considered.

b. The following MOMILP is provided to obtain the optimal values y∗economic
so , s ∈ A:

es∗ = Max d
(DO)
s y∗economic

so , s ∈ A
s.t.

∑n
j=1(λj + µj)x

d
ij ≤ x̃di , i ∈ IId, d ∈ D,

x̃di ≤ xdio, i ∈ IId, d ∈ D,∑n
j=1(λj + µj)x

d
ij ≤ xdio, i ∈ INId, d ∈ D,∑n

j=1 λjy
d
rj ≥ ỹdr , r ∈ OId, d ∈ D,

ỹdr ≥ ydro, r ∈ OId, r 6= s, r /∈ A, d ∈ D,
ỹeconomic
s ≥ y∗economic

so , s ∈ A∑n
j=1 λjy

d
rj ≥ ydro, r ∈ ONId, d ∈ D,∑n

j=1 λjw
d
kj = w̃d

k, k ∈ U Id, d ∈ D,
w̃d

k = wd
ko, k ∈ U Id, k 6= p, p /∈ B, d ∈ D,

w̃d
p = wenvironmental

po + d
(UO)
p β, p ∈ B∑n

j=1 λjw
d
kj = wd

ko, k ∈ UNId, d ∈ D,∑n
j=1(λj + µj) = 1,

y∗economic
so ∈ Z+, s ∈ A, x̃di ∈ Z+, i ∈ IId,∀d ∈ D, ỹdr ∈ Z+, r ∈ OId,∀d ∈ D,
w̃d

k ∈ Z+, k ∈ U Id,∀d ∈ D,λj , µj ≥ 0.

(12)

To calculate the above mentioned MOMILP model, it can be replaced by the following
MILP:

Max ϕ

s.t. ϕ ≤ d(DO)
s y∗economic

so , s ∈ A,
and all constraints of model (12).

(13)

c. The marginal rate of substitution from the right is estimated as follows:

MR+
sp =

y∗economic
so − yeconomic

so

β
, p ∈ B, s ∈ A (14)

d. The marginal rate of substitution from the left is computed by repeating (b) and (c) and
substituting β by −β.

It should be mentioned that we examined marginal rates of substitution between environ-
mental and economic factors in this section. However, it can be extended and rewritten for
other dimensions and also interconnected factors such as economic-social ones.

In the next section, applications are provided to clarify and to show the practicality of the
described techniques.

4. Applications

In this section first the data set of 13 ports is used to analyze trade-offs of measures and the
performance. Data is initially applied by Adegoke [1] to assess sustainability of ports. Then,
a dataset of 31 Iranian industrial parks is considered and the proposed approach is applied to
analyze trade-offs of variables. Data of industrial parks that is partially used in this investigation
have been provided in [11] originally. Due to this fact that the proposed approach in this
research has been based on the assumption of the weak disposability of undesirable outputs
and the correlation of desirable and undesirable outputs in applications, the weak disposability
assumption has been considered.
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4.1. An application to ports

13 ports, containing three inputs, one desirable output and one undesirable output are consid-
ered. Data are presented in Table 1. Facilities the loading and unloading of ships (berth length),
Infrastructure that facilities storage capacity and drayage transportation (terminal area) and
number of gantry cranes are taken as inputs with economic dimension. Notice that number
of cranes is an integer-valued factor. Annual cargo handled by a port (economic-social dimen-
sion) is treated as a desirable output, which is shown in Table 1 as ”container throughput”.
Greenhouse gases emissions (environmental dimension) shown by ”GHG Emissions” in Table 1
is deemed as an undesirable output [1]. The purpose is to calculate the changes of the amount
of cargo handled annually respect to the changes of greenhouse gases emissions. Firstly, model
(6) is computed to assess the sustainability of ports when integer-valued measures and weakly
disposable undesirable outputs are presented. Column 2 of Table 2 shows the sustainability
scores. As can be seen, six ports, Los Angeles, Montreal, Prince Rupert, Tacoma, Vancouver
and Virginia are sustainable. Furthermore, the projection points of input and output measures
are revealed in columns 3-7 of Table 2. As can be seen in column 5, the projections of the
number of cranes are integer values.

Inputs Desirable
Output

Undesirable
Output

# Port Berth
Length
(m)

Terminal
Area
(acres)

Number
of
Cranes

Container
Through-
put (m
TEU)

GHG
Emissions
(m Tons)

1 Everglades 6928 316 8 1.06 173623
2 Halifax 1860 142 12 0.48 35292
3 Houston 9300 550 22 2.18 1062509
4 Long Beach 29676 1339 73 6.77 776967
5 Los Angeles 26812 1693 88 8.85 881496
6 Montreal 4000 150 17 1.44 66433
7 New York-

New Jersey
27987 1518 69 6.25 1253001

8 Oakland 22231 780 33 2.36 170405
9 Prince Ru-

pert
360 60 4 0.73 91000

10 Seattle 12340 533 21 1.4 47797
11 Tacoma 10687 594 26 2.12 48060
12 Vancouver 3067 425 26 2.93 1050593
13 Virginia 13270 1145 28 2.65 152308

Table 1: Ports data

To appraise the marginal rates of substitution between two items, including annual cargo
handled and greenhouse gases emissions, model (7) and formula (8) measured for h = ±100.
The objective optimal value y∗economic−social

so and the marginal rate of substitution from the
right are evaluated and shown in columns 2 and 3 of Table 3, respectively. As can been, for
h = +100, infeasible problems raise for Prince Rupert and Vancouver ports. Halifax and
Seattle ports have positive tiny marginal rates and Los Angeles has negative tiny marginal
rates. Moreover, by considering h = +100, no marginal changes have been observed for other
ports. As the same way, the optimal value of the objective function y∗economic−social

so and the
marginal rate of substitution from the left appear in columns 4 and 5 of Table 3.

Seven ports have positive marginal rates for h = −100. Other ports have no change from the
left. Therefore, trade-offs between economic-social and environmental measures is estimated
using the proposed approach. It can be observed in this case that if the changes present, they
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will be minor. It should be pointed out that marginal rates of substitution are estimated for
sustainable ports and the projection points of unsustainable ports.

Projection points
# Efficiency Berth

Length
Terminal
Area

Number
of
Cranes

Container
Through-
put

GHG
Emissions

1 0.57 1572.58 120.89 8 1.06 113414.64
2 0.69 1200 80.77 7 0.48 33741.65
3 0.57 5083.57 351.61 19 2.18 232160
4 0.85 20408.63 1259.88 69 6.77 652706.39
5 1.00 26812 1693 88 8.85 881496
6 1.00 4000 150 17 1.44 66433
7 0.70 18552.54 1161.75 62 6.25 613528.74
8 0.63 6832.26 341.57 26 2.36 167628.41
9 1.00 360 60 4 0.73 91000
10 0.71 5575.83 283.02 18 1.40 47797
11 1.00 10687 594 26 2.12 48060
12 1.00 3067 425 26 2.93 1050593
13 1.00 13270 1145 28 2.65 152308

Table 2: Efficiency scores and projection points

h = +100 h = −100
# Objective

function
MR+ Objective

function
MR−

y∗economic−social
so y∗economic−social

so

1 1.06 0.00000 1.06 0.00000
2 0.4808 0.00001 0.4792 0.00001
3 2.18 0.00000 2.1796 0.00000
4 6.77 0.00000 6.7694 0.00001
5 8.85 -0.00001 8.8492 0.00001
6 1.44 0.00000 1.4381 0.00002
7 6.25 0.00000 6.2496 0.00000
8 2.36 0.00000 2.3594 0.00000
9 Infeasible - 0.7292 0.00001
10 1.4014 0.00001 1.3981 0.00002
11 2.12 0.00000 2.1156 0.00004
12 Infeasible - 2.9298 0.00000
13 2.65 0.00000 2.6496 0.00000

Table 3: Results for marginal rates of substitution

4.2. An application to industrial parks

The application of the proposed approach herein is dealt with by using the data set of industrial
parks in 31 provinces of Iran. Data are presented in Table 4. Notice that various approaches are
present in the DEA contexts to concern undesirable outputs in industrial parks; see for instance
[7, 11, 24]. Because of the relationship between desirable and undesirable outputs in this case,
undesirable outputs are deemed as weakly disposable. Each province as the DMU contains
three inputs, four desirable outputs and two undesirable outputs. Performance measures are
designed as follows:

-Inputs: Number of created companies (x1) (economic integer-valued factor), productions
(x2) (economic real-valued factor) and environmental projects (x3) (environmental real-valued
factor) are considered as input measures.
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-Desirable outputs: Number of active companies (y1) (economic integer-valued factor), rev-
enue (y2) (economic real-valued factor), number of graduates (y3) (social integer-valued factor)
and welfare services (y4) (social real-valued factor) are presented as desirable outputs.

-Undesirable outputs: Two measures, CO2 emission (w1)(environmental real-valued factor)
and Effluent (w2) (environmental real-valued factor) are taken as undesirable outputs. As can
be seen, there are undesirable measures and also integer-valued factors in the system under
evaluation.

# Province Inputs Desirable outputs Undesirable
outputs

x1 x2 x3 y1 y2 y3 y4 w1 w2

1 Azerbaijan
Sharghi

2647 1.139 112.763 1944 2.121 100 212.109 74 2740

2 Azerbaijan
Gharbi

1075 1.645 133.85 1863 15.103 226 1234.006 59 3170

3 Ardabil 686 0.157 11.169 394 0.305 31 36.585 62 2150
4 Isfahan 3216 4.733 373.917 2521 6.93 102 692.991 65 3130
5 Alborz 1686 2.223 180.061 881 2.868 57 200.785 47 2940
6 Ilam 312 0.133 11.43 124 0.159 14 12.688 39 1970
7 Bushehr 426 18.621 1731.713 179 25.265 29 1515.922 54 2150
8 Tehran 4810 5.776 485.213 2906 10.17 243 1220.355 42 2410
9 Chahar

Mahaal
Bakhtiari

912 0.21 20.795 582 0.372 22 22.346 40 3210

10 Khorasan
Jonoobi

434 0.414 35.148 200 0.575 19 63.262 28 2840

11 Khorasan
Razavi

2023 3.411 259.254 1351 4.744 149 521.887 62 2450

12 Khorasan
Shomali

266 0.811 56.791 117 1.128 24 124.122 48 2120

13 Khuzestan 1049 9.912 802.866 777 13.076 104 1569.171 31 2390
14 Zanjan 849 1.07 101.632 536 1.576 22 94.534 56 2650
15 Semnan 2114 0.236 18.161 981 0.341 14 34.133 51 2640
16 Sistan

Baluches-
tan

1585 0.093 6.498 428 0.165 55 18.203 25 1990

17 Fars 2540 0.822 77.306 1322 1.101 101 66.056 59 3540
18 Qazvin 901 0.804 59.493 477 0.971 36 87.387 23 2380
19 Qom 1297 0.313 23.802 717 0.521 27 36.477 29 2790
20 Kurdistan 298 0.179 12.731 241 0.232 32 27.836 18 2960
21 Kerman 1311 2.437 192.488 668 3.486 67 418.293 57 3610
22 Kermanshah 557 0.44 41.821 269 0.695 48 62.59 32 1950
23 Kohgiluyeh

Boyer-
Ahmad

241 0.008 0.651 147 0.012 14 1.412 46 2100

24 Golestan 694 0.218 16.776 346 0.328 35 26.211 29 2740
25 Gilan 437 0.097 8.161 278 0.14 71 16.75 57 2750
26 Lorestan 188 0.111 7.879 102 0.154 36 18.521 22 2900
27 Mazandaran 857 0.45 32.85 509 0.607 64 60.729 25 2770
28 Markazi 1516 0.768 55.314 969 1.441 42 144.138 26 2390
29 Hormozgan 386 0.694 48.594 118 1.338 41 147.133 53 2790
30 Hamadan 980 1.755 165.15 2160 19.322 185 784.365 52 2980
31 Yazd 1424 0.948 70.153 740 1.615 31 161.501 65 2810

Table 4: Industries parks data

At first model (6) is used to assess the sustainability performance in the presence of integer
values and weakly disposable undesirable outputs. The results are shown in column 2 of Table
5. As is apparent, 15 provinces are sustainable with the score one. At this stage, we estimate
the marginal rates of substitution between two components, CO2 emission (w1) and number
of active companies (y1), for sustainable provinces and the projection points of unsustainable
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provinces. For this purpose, model (7) and expression (8) is applied for h = ±5. The findings
are provided in Table 5. Columns 3 and 4 show the objective function of model (7) and the
marginal rates of substitution from the right, respectively. As shown, the problem is infeasible
for 25 industrial parks. Also, there are positive marginal rates for two provinces, Qom and
Markazi while negative marginal rates are rendered for four provinces, Isfahan, Semnan, Fars
and Golestan.

# Eff h = +5 h = −5
y∗1 MR+ y∗1 MR−

1 1 Infeasible - 1883 12.20
2 1 Infeasible - Infeasible -
3 0.91 Infeasible - 368 5.20
4 0.82 1711 -162 Infeasible -
5 0.38 Infeasible - Infeasible -
6 0.55 Infeasible - Infeasible -
7 1 Infeasible - Infeasible -
8 1 Infeasible - Infeasible -
9 1 Infeasible - Infeasible -
10 0.38 Infeasible - Infeasible -
11 0.53 Infeasible - Infeasible -
12 0.54 Infeasible - Infeasible -
13 1 Infeasible - Infeasible -
14 0.37 Infeasible - Infeasible -
15 1 666 -63 895.00 17.20
16 1 Infeasible - Infeasible -
17 0.83 1269 -10.60 1237 17
18 0.47 Infeasible - Infeasible -
19 1 728 2.20 551.00 33.20
20 1 Infeasible - Infeasible -
21 0.31 Infeasible - Infeasible -
22 0.6 Infeasible - Infeasible -
23 1 Infeasible - Infeasible -
24 0.77 293 -10.60 Infeasible -
25 1 Infeasible - Infeasible -
26 1 Infeasible - Infeasible -
27 0.77 Infeasible - Infeasible -
28 1 1021 10.40 671.00 59.60
29 0.47 Infeasible - Infeasible -
30 1 Infeasible - Infeasible -
31 0.49 Infeasible - Infeasible -

Table 5: The result for two-component case

For more illustration, consider the industrial park of Isfahan. Increasing CO2 emission by
h = +5 leads to the reduction in the number of active companies to 1711. Also, increasing CO2

emission by h = +5 for Qom results in the increment of the number of active companies to 728.
Similarly, the objective function value of model(7) and the marginal rate of substitution from the
left are depicted in columns 5 and 6. In this case, the model (7) is also infeasible for 25 provinces.
Furthermore, positive marginal rates are revealed for 6 industrial parks in provinces Azerbaijan
Sharghi, Ardabil, Semnan, Fars, Qom and Markazi. Notice that no negative marginal rate is
presented in this case. For instance, see the industrial park in Semnan. Decreasing of CO2

emission by h = −5 causes the abatement in number of active companies to 895. As evidenced,
the integer amounts are obtained for the integer-valued outputs.

Afterwards, the marginal rates of substitution are calculated between several components
that are the environmental factors, CO2 emission and effluent, and the economic and social
measures, number of active companies and number of graduates. In this regard, model (10)
and the statement (11) is used by considering β = ±5. Results are indicated in Table 6.
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# β = +5 β = −5
OF y∗1 y∗3 MR+

1 MR+
3 OF y∗1 y∗3 MR−1 MR−3

1 Infeasible - - - - 117 208 117 347.20 -3.4
2 Infeasible - - - Infeasible - - - -
3 Infeasible - - - - 56 323 56 14.20 -5
4 177 235 177 -

457.20
15 Infeasible - - - -

5 Infeasible - - - - Infeasible - - - -
6 Infeasible - - - - 11 84 11 8 0.60
7 Infeasible - - - - Infeasible - - - -
8 Infeasible - - - - 149 149 149 551.4 18.8
9 Infeasible - - - - Infeasible - - - -
10 Infeasible - - - - Infeasible - - - -
11 Infeasible - - - - Infeasible - - - -
12 Infeasible - - - - Infeasible - - - -
13 Infeasible - - - - Infeasible - - - -
14 Infeasible - - - - Infeasible - - - -
15 77 406 77 -115 12.6 76 421 76 112 -12.4
16 53 362 53 -13.20 -0.4 40 257 40 34.20 3
17 137 137 137 -237 7.20 134 134 134 237.60 -6.60
18 Infeasible - - - - Infeasible - - - -
19 69 400 69 -63.40 8.4 57 437 57 56 -6
20 Infeasible - - - - Infeasible - - - -
21 Infeasible - - - - Infeasible - - - -
22 Infeasible - - - - Infeasible - - - -
23 Infeasible - - - - Infeasible - - - -
24 36 278 36 -13.60 0.20 33 268 33 15.60 0.40
25 Infeasible - - - - 65 65 65 42.6 1.2
26 Infeasible - - - - Infeasible - - - -
27 Infeasible - - - - Infeasible - - - -
28 101 828 101 -28.20 11.8 62 550 62 83.8 -4
29 Infeasible - - - - 35 231 35 -22.60 1.20
30 Infeasible - - - - Infeasible - - - -
31 Infeasible - - - - Infeasible - - - -

Table 6: The results for multi-component scenarios

Columns 2 and 7 show objective functions for β = ±5. y∗1 and y∗3 for β = +5 are shown
in columns 3 and 4, respectively. As can be seen, they are estimated as integer values. The
marginal rates of substitution from the right for two integer-valued desirable outputs are pre-
sented in columns 5 and 6. The infeasibility occurs for 24 industrial parks by regarding β = +5.
For more explanation, consider Semnan. The augmentation of the environmental indicators by
β = +5 causes the reduction in the number of active companies y∗1 and the expansion in the
number of graduates y∗3 . Moreover, the marginal rates of substitution from the left are com-
puted and for two integer-valued desirable outputs are displayed in columns 10 and 11. Findings
show that model (10) is infeasible for 19 industrial parks as long as β = −5.

Integer values y∗1 and y∗3 are revealed in columns 8 and 9. Also, for β = −5, the num-
ber of other active companies decreases, except the one in Hormozgan which increases. The
number of graduate also increases in six provinces, Azerbaijan Sharghi, Ardabil, Semnan, Fars,
Qom and Markazi, and it decreases for Ilam, Tehran, Sistan Baluchestan, Golestan, Gilan and
Hormozgan.

Detections represent that the decrease (increase) of undesirable outputs can cause the re-
duction or expansion of integer desirable outputs.

It should be noted that by examining the direction (dx, dy, dw) = (0, 0, 0, 1, 0, 1, 0, 1, 1) and
computing model (13) and (14), the results of Table 6 are detected. Now, to compare the results
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of the proposed approach with Khoshandam et al. [12], we consider all measures as real values.
In this case, the sustainability scores considering all measures as real values are similar to scores
presented in column 2 of Table 5. The results of multi-component scenarios for Khoshandam
et al.’s approach [12] are shown in Table 7.

As can be seen, the optimal real values for number of active companies and number of grad-
uates are obtained using Khoshandam et al.’s approach [12] whilst integer values are achieved
for these outputs via the approach provided herein. Furthermore, different marginal rates of
right and left have been found in two techniques. Nevertheless, as revealed in both approaches,
the problem is infeasible for similar industrial parks.

Therefore, to research trade-offs and marginal rates of substitution in the presence of integer
measures, the advanced procedure is beneficial and leads to more rational achievements. Thus,
economists and decision-makers can utilize it to investigate the changes of some sustainability
dimensions caused by the changes of factors from other sustainability areas when they confront
with integer and undesirable measures.

# β = +5 # β = −5
OF y∗1 y∗3 MR+

1 MR+
3 OF y∗1 y∗3 MR−1 MR−3

4 177.20 1705.91 177.20 -163.02 -7.17 1 117.36 1769.98 117.36 34.80 -3.47
0 15 77.27 406.45 77.27 -114.91 12.65 3 56.19 323.39 56.19 14.12 -5.04
0 16 53.63 362.01 53.63 -13.20 -0.27 6 11.82 90.73 11.82 6.65 0.44
0 17 137.07 1012.23 137.07 -61.95 7.21 8 149.57 1369.02 149.57 307.40 18.69
0 19 69.40 400.27 69.40 -63.35 8.48 15 76.18 421.48 76.18 111.90 -12.44
0 24 36.50 278.06 36.50 -13.59 0.30 16 40.30 262.41 40.30 33.12 2.94
0 28 101.83 828.97 101.83 -28.01 11.97 17 134.22 1048.87 134.22 54.63 -6.64
0
Oth-
ers

Infeasible - - - - 19 57.20 437.01 57.20 56.00 -6.04

0 24 33.25 268.37 33.25 15.53 0.35
0 25 65.33 255.85 65.33 4.43 1.13
0 28 62.62 560.11 62.62 81.78 -4.12
0 29 35.50 256.41 35.50 3.60 1.10
0 Others Infeasible - - - -

Table 7: The results for Khoshandam et al.’s approach

5. Conclusions and recommendations

The estimation of trade-offs of sustainability dimensions is the significant aspect for decision
makers and managers. Furthermore, there are integer-valued performance measures and unde-
sirable outputs in many real world applications. Therefore, a DEA-based approach has been
provided in this research to analyze the sustainability of systems when integer-valued elements
and weakly disposable undesirable outputs appear.

Afterwards, procedures on the basis of DEA have been propounded to assess individual
and group marginal rates of substitution between sustainability dimensions, including social,
economic and environmental ones while undesirable measures and integer factors are disclosed.
The technique has also been extended to appraise the directional marginal rates of substitution
between sustainability areas. Two applications of ports and industrial parks have been con-
ducted, representing advantages and suitability the designed approaches. The findings show
that the approaches provided in this study can estimate marginal rates of substitutions in the
rational way.

Moreover, the investigation shows further research can be performed to estimate non-
marginal changes in the presence integer-valued and undesirable variables with different assump-
tions of disposability such as managerial disposability. Also, the calculation of the marginal
rates of substitution in sustainable multi-stage processes when there are nondiscretionary mea-
sures would be an interesting topic for future study.
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[8] Färe, R. and Grosskopf, S. (2003). Nonparametric productivity analysis with undesirable outputs:
Comment. American Journal of Agricultural Economics, 85(4), 1070–1074. doi: 10.1111/1467-
8276.00510

[9] Halkos, G. and Petrou, K. N. (2019). Treating undesirable outputs in DEA: A critical review.
Economic Analysis and Policy, 62, 97–104. doi: 10.1016/j.eap.2019.01.005

[10] Jahani Sayyad Noveiri, M. and Kordrostami, S. (2019). Multi–period sustainability performance
in the presence of discrete and bounded measures. International Journal of Industiral Engineering
and Production Research, 30(4), 507–528. doi: 10.22068/ijiepr.30.4.507

[11] Khodakarami, M., Shabani, A. and Farzipoor Saen, R. (2014). A new look at measuring sustain-
ability of industrial parks: A two-stage data envelopment analysis approach. Clean Technologies
and Environmental Policy, 16(8), 1577–1596. doi: 10.1007/s10098-014-0733-8

[12] Khoshandam, L., Kazemi Matin, R. and Amirteimoori, A. (2015). Marginal rates of substitution
in data envelopment analysis with undesirable outputs: A directional approach. Measurement, 68,
49–57. doi: 10.1016/j.measurement.2015.02.020

[13] Kuosmanen, T. (2005). Weak disposability in nonparametric production analysis with undesirable
outputs. American Journal of Agricultural Economics, 87(4), 1077–1082. doi: 10.1111/j.1467-
8276.2005.00788.x

[14] Liu, W. B., Meng, W., Li, X. X. and Zhang, D. Q. (2010). DEA models with undesirable inputs
and outputs. Annals of Operations Research, 173(1), 177–194. doi: 10.1007/s10479-009-0587-3

[15] Mirzaei, M., Kordrostami, S., Amirteimoori, A. and G. Chegini, M. (2016). Alternative trade–offs
in data envelopment analysis: An application to hydropower plants. Mathematical Problems in
Engineering, 2016, 1–8. doi: 10.1155/2016/1531282

[16] Mirzaei, M., Kordrostami, S., Amirteimoori, A. and G. Chegini, M. (2019). A method for cal-
culating the marginal rate in the FDH model. International Journal of Industrial Mathematics,
11(1), 55–62. http://ijim.srbiau.ac.ir/article_12557.html

[17] Podinovski, V. V. (2019). Direct estimation of marginal characteristics of nonparametric produc-
tion frontiers in the presence of undesirable outputs. European Journal of Operational Research,
279(1), 258–276. doi: 10.1016/j.ejor.2019.05.024

[18] Podinovski, V. V., Chambers, R. G., Atici, K. B. and Deineko, I. D. (2016). Marginal values and
returns to scale for nonparametric production frontiers. Operations Research, 64(1), 236–250. doi:
10.1287/opre.2015.1457

[19] Rosen, D., Schaffnit, C. and Paradi, J. C. (1998). Marginal rates and two-dimensional level curves
in DEA. Journal of Productivity Analysis, 9(3), 205–232. doi: /10.1023/A:1018382904489

https://spectrum.library.concordia.ca/984075/1/Adegoke_MASc_F2018.pdf
https://spectrum.library.concordia.ca/984075/1/Adegoke_MASc_F2018.pdf
http://ijim.srbiau.ac.ir/article_12653.html
http://ijim.srbiau.ac.ir/article_12653.html
https://doi.org/10.1111/exsy.12316
https://doi.org/10.1016/j.omega.2004.11.002
https://doi.org/10.1016/0377-2217(78)90138-8
https://doi.org/10.1016/0377-2217(78)90138-8
https://doi.org/10.1016/j.dss.2012.05.040
https://doi.org/10.1016/j.jenvman.2017.01.048
https://doi.org/10.1111/1467-8276.00510
https://doi.org/10.1111/1467-8276.00510
https://doi.org/10.1016/j.eap.2019.01.005
http://dx.doi.org/10.22068/ijiepr.30.4.507
https://doi.org/10.1007/s10098-014-0733-8
https://doi.org/10.1016/j.measurement.2015.02.020
https://doi.org/10.1111/j.1467-8276.2005.00788.x
https://doi.org/10.1111/j.1467-8276.2005.00788.x
https://doi.org/10.1007/s10479-009-0587-3
https://doi.org/10.1155/2016/1531282
http://ijim.srbiau.ac.ir/article_12557.html
https://doi.org/10.1016/j.ejor.2019.05.024
https://doi.org/10.1287/opre.2015.1457
https://doi.org/10.1287/opre.2015.1457
https://doi.org/10.1023/A:1018382904489


Trade-offs analysis of sustainability dimensions using integer-valued DEA 289

[20] Shephard, R. W. (1970). Theory of cost and production functions. Princeton
University Press. https://press.princeton.edu/books/hardcover/9780691647524/

theory-of-cost-and-production-functions

[21] Sueyoshi, T. and Goto, M. (2012). Weak and strong disposability vs. natural and man-
agerial disposability in DEA environmental assessment: Comparison between Japanese elec-
tric power industry and manufacturing industries. Energy Economics, 34(3), 686–699. doi:
10.1016/j.eneco.2011.10.018

[22] Tajbakhsh, A. and Hassini, E. (2015). A data envelopment analysis approach to evalu-
ate sustainability in supply chain networks. Journal of Cleaner Production, 105, 74–85. doi:
10.1016/j.jclepro.2014.07.054

[23] Tajbakhsh, A. and Shamsi, A. (2019). Sustainability performance of countries matters: A non–
parametric index. Journal of Cleaner Production, 224, 506–522. doi: 10.1016/j.jclepro.2019.03.189

[24] Zhang, B., Guo, J., Wen, Z., Li, Z. and Wang, N. (2020). Ecological evaluation of industrial parks
using a comprehensive DEA and inverted–DEA model. Mathematical Problems in Engineering,
2020, 1–11. doi: /10.1155/2020/9397806

[25] Zhou, H., Yang, Y., Chen, Y. and Zhu, J. (2018). Data envelopment analysis application in
sustainability: The origins, development and future directions. European Journal of Operational
Research, 264(1), 1–16. doi: 10.1016/j.ejor.2017.06.023

https://press.princeton.edu/books/hardcover/9780691647524/theory-of-cost-and-production-functions
https://press.princeton.edu/books/hardcover/9780691647524/theory-of-cost-and-production-functions
https://doi.org/10.1016/j.eneco.2011.10.018
https://doi.org/10.1016/j.eneco.2011.10.018
https://doi.org/10.1016/j.jclepro.2014.07.054
https://doi.org/10.1016/j.jclepro.2014.07.054
https://doi.org/10.1016/j.jclepro.2019.03.189
https://doi.org/10.1155/2020/9397806
https://doi.org/10.1016/j.ejor.2017.06.023


 



Croatian Operational Research Review 291
CRORR 11(2020), 291-300

Different convergence rates of new EU member states: Panel data
analysis of the causes
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Abstract. This paper, using panel data analysis, tries to identify factors regarding the different conver-
gence rates of CESEE EU member countries’ real income between 2002 and 2018. Stylized convergence
facts are identified and the drivers of economic growth based on production function, i.e. the accumu-
lation of labour and capital and total factor productivity (TFP) growth have been analysed. Moreover,
paper takes into account other variables that have been recognized as growth determining factors –
trade openness, FDI, labour market and integration level, as well as TFP determining factors – insti-
tutional quality, innovation and human capital. Based on the research results trade openness and gross
capital formation have been identified as key factors regarding real income growth of analysed coun-
tries. Also, it has been confirmed that growth of CESEE countries is strongly affected by the growth
of Eurozone. Finally, the authors’ conclusion is that several CESEE countries are facing institutional
convergence challenges.
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1. Introduction

Convergence examines whether poor countries or regions tend to grow faster than rich ones
or not. It answers are there forces that lead to convergence over time regarding per capita
income and product. Based on the theory of neoclassical growth, Barro and Sala-i-Martin
[4] have analysed whether 48 contiguous U.S. states converged in the period 1840–1988. The
empirical results provided evidence showing the tendency of poor economies to grow faster
than rich ones in per capita terms. According to Siljak and Nagy, [24] the European Union
has focused on convergence since the Treaty of Rome (1957), which was complemented with
establishment of the European Regional Development Fund whose key aim was to develop
less developed regions in order to reach the developed ones. Transition countries on their
way to European Economic and Monetary Union were obliged to Copenhagen criteria and
Maastricht convergence criteria. Even though empirical results show that new EU member
countries (EU12) are generally converging to old member states (EU15) the fact is that the
pace of convergence is different and has changed over time. Moreover, convergence criteria
proved not to be crucial in the pace of convergence rate and therefore research oriented towards
factors that determine the successfulness of convergence of new EU member countries towards

∗Corresponding author.

http://www.hdoi.hr/crorr-journal ©2020 Croatian Operational Research Society
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the old member states. Stylized facts regarding crucial factors that determine convergence
rate include capital accumulation, foreign direct investments, trade openness, labour market
flexibility and total factor productivity. Therefore, the aim of the paper is threefold: to analyse
the determinants of the convergence of Central, Eastern and South–Eastern Europe (CESEE)
EU member countries, to differentiate those that grow faster and to define determinants that
contribute to higher convergence pace.

Economic theory differentiates between two types of beta convergence – absolute (uncon-
ditional) and conditional convergence. Absolute convergence states that countries with the
same population growth and the same stock of capital and production function will reach the
same level of income. On the other hand, conditional convergence states that parameters differ
among countries and that those different countries will achieve different levels of income which
means they will converge to the average of a certain convergence club. Jelnikar and Murmayer
[15] tested and confirmed hypothesis of conditional convergence among EU15 and EU10 group.
Moreover, they have also shown that during the period 1995-2007 the EU10 group moved closer
to the average per capita income level of EU15. Vojinović, Acharya and Próchniak [28] have
analysed sigma (reduction in the dispersion of levels of income across economies) and beta con-
vergences (absolute and conditional) of GDP per capita among ten Central and East European
countries in the period 1992–2006. Their results confirmed both types of convergence. Namely,
the poorer EU member states grew faster than the richer member states. Kulhánek [17] has
shown in his paper that five Central European countries – Czech Republic, Hungary, Poland,
the Slovak Republic and Slovenia are well positioned to catch up with the EU15 average, but
are converging at a slower rate than EU12 member states.

Dvoroková [11] focused her research on the impact of financial crisis on the real conver-
gence among EU member states. Using a cross–sectional linear regression analysis the author
concluded that in the period between 2001 and 2012 beta convergence occurred among EU
countries. In their paper, [9] have analysed the speed and patterns of economic convergence in
the new EU member states and have concluded that there is growth heterogeneity, i.e. uneven
economic convergence within the EU. Their results imply presence of unobserved factors that
define the pace of convergence. Findings of Borsi and Metiu [5] suggest that there is no overall
income convergence in the EU. Still, they have found convergence clubs based on the geograph-
ical properties. In their research, they have paid special attention to institutional changes and
macroeconomic adjustment processes. The economic convergence of Central and Eastern Euro-
pean countries was also confirmed in the paper of Colak [7]. However, the convergence process
was interrupted by financial crisis [14].

Due to the fact that panel data set has multiple entities (in our case countries), each of
which has repeated measurements of particular variables at different time periods, panel data
analysis is considered as an adequate method for this type of research. Furthermore, “panel
data give more informative data, more variability, less collinearity among the variables, more
degrees of freedom and more efficiency” [3].

The rest of the paper is organized as follows. Section 2 provides theoretical and literature
review on convergence of new EU member states. Section 3 presents data and methodology.
Section 4 presents research results and provides discussion. Finally, the paper closes with
concluding remarks in Section 5.

2. Theoretical and literature review

Taking into consideration previous research, the question that arises is: Which of the factors
that affect the pace of convergence are crucial in the long run? Therefore, this paper will
investigate the causes of different degrees of convergence rate. Research will focus on new EU
member countries. Determinants that will be analysed are capital accumulation, foreign direct
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investments, trade openness, Eurozone growth, labour market and total factor productivity
factors that include innovation, institution quality and human capital.

Based on the model of Solow [29] capital accumulation has been recognized as one of the
key factors of economic growth. Spence, [25] besides finding that economies grow faster in the
post–war period, has emphasized that in a period of faster convergence countries showed a ratio
of investment to GDP above 25%. Investment was also booming in most transition economies
before 2008 and in twelve countries investment rates were above 25% of GDP. The pre-crisis
investment boom was fuelled by strong demand growth and was largely financed by capital
inflows. After the crisis, the investment ratio decreased significantly. As for CESEE economies,
investments are necessary for rapid accumulation of capital and convergence with advanced EU
member states.

The importance of capital inflows for Central and Eastern European (CEE) countries has
been emphasized by Damijan, Kostevc and Rojec [8]. Namely, foreign direct investments (FDI)
had a positive impact on capital accumulation and enabled the transfer of technology and
knowledge, supporting total factor productivity growth. Fidrmuc and Martin [12] have also
confirmed positive relation between export and stock of FDI with industrial production and
economic growth in CESEE region. Still, investment in CESEE is regarded to be highly pro-
cyclical and volatile and mainly oriented to machinery and infrastructure, and less towards
R&D [6].

Trade openness has been recognized in many papers with Rodŕıguez and Rodrik [22] and
Rodŕıguez [21] to point out. A country that is more opened can support higher level of economic
growth in the long run, and increased trade flows allow redirection of resources within the sector
and specialization between countries thus increasing efficiency and revenue levels. CESEE
countries are all characterized with high level of trade openness. Namely, with high level
of trade openness, which has increased in almost all CESEE countries since 2000, creating
favourable conditions for income convergence. Still, high degree of trade openness may not be
enough to attain a sustainable convergence rate, especially if it is not supported by improved
competitiveness.

In the last twenty years, only some transition countries have managed to take advantage
of the demographic dividend, i.e. to stimulate the potential for economic growth associated
with an increase in the share of the working age population in the total population. Although
this share increased in some CESEE countries, others such as Baltic countries have recorded
negative trends. Accordingly, since 2000 the contribution of labour to economic growth in
transition economies when compared to other emerging economies has on average been low.
Although the underlying demographic trends were diverse, all transition countries experienced
adverse migration trends. Regarding labour market, Atoyan et al. [2] concluded that labour
outflows, especially of skilled workers, lowered productivity growth and pushed up wages which
resulted in slower growth and slower convergence of income. Moreover, the outflow of labour
was particularly large in Southeast Europe, as well in countries that had already joined the EU
(about 11% of the population in 1990) as in non-EU countries (10%). Still, it was somewhat
lower in Baltic and CEE countries (5—6%). Unfavourable migration trends accelerated after EU
accession. Thus, as emigration was mostly related to young and skilled workforce, productivity
and income convergence were negatively affected. Moreover, these countries are characterized
by ageing population, which may reduce overall productivity.

A number of papers investigating the relationship between economic growth and human
capital development have found the two-way relationship with human capital development
playing crucial role in defining growth trajectories [29]. Although human capital cannot be
directly measured, it can be approximated by variables such as the percentage of the workforce
with higher education or the enrolment rate in higher (tertiary) education. Regarding these
indicators, most CESEE countries perform relatively well compared to the EU average. In
particular, the share of the population with baccalaureus degree in the Baltic States is higher,
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and in CEE countries it is similar to EU average. Moreover, since the year 2000, tertiary
education enrolment has increased in all CESEE countries, which indicates the growth of human
capital, which might positively affect productivity and economic growth in the future.

The institution quality is often considered to be a crucial determinant for economic growth.
Besides it also explains long-term differences between countries considering economic develop-
ment [1, 23] Although institutions are endogenous, which means that they are determined by
society and can be a function of the income, institution quality improvement does not occur au-
tomatically. Kaufmann and Kraay [16] found a strong positive causal effect ranging from better
governance to higher per capita income which emphasizes the importance of good governance.

Finally, innovations are perceived as a key driver of productivity increase, higher level of
competitiveness and economic growth. Pece, Simona and Salisteanu [20] have conducted an
analysis for CEE countries and confirmed a positive relationship between economic growth and
innovation. Maradana et al. [19] examined the long-run relationship between innovation and
per capita economic growth in 19 European countries over the period 1989-2014 and have found
presence of both unidirectional and bidirectional causality between innovation and per capita
economic growth. Although in recent years some CESEE countries have managed to improve
innovation level in relation to the EU15, others have lagged and stalled.

3. Data and methodology

This paper examines the causes of different convergence rates of 11 CESEE new EU member
states: Bulgaria, Croatia, the Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland,
Slovakia, Slovenia and Romania. Variables that represent determinants of convergence are:
(i) Gross Capital Formation as capital accumulation; (ii) foreign direct investments (FDI to
GDP); (iii) trade openness as ratio of a sum of export and import to GDP; (iv) the ratio of
the working age population in total population indicating the labour market characteristics
(D1Ages 16 64 Total); (v) number of patents in GDP represent innovation; (vi) institution
quality is expressed by World Bank Index that encompasses four indicators - regulatory quality,
government effectiveness, control of corruption and the rule of law (D1Inst AVG T) and (vii)
the level of highly educated individuals expressed as the ratio of enrolled students in tertiary
education in total education presents human capital indicator (Tertiary Total).

The annual data are taken from following databases: European Commission (AMECO
database), IMF, OECD, Penn World Table v9.1, United Nations, World Economic Forum
(GCI), Wiiw (FDI database), World Bank and World Intellectual Property Organisation statis-
tic database. Analysed period encompasses the period between 2002 and 2018 because since
2002 all the CESEE EU member countries have finished transition period and transformed their
economies to market economies.

GDP per capita and GDP growth for all countries are presented in Figure 1 and Figure 2.
Figure 1 generally shows the growth trend for all countries and it is evident that initial differ-
ence among countries has been diminishing. Nevertheless, the rate of convergence varied across
countries and periods. Namely, most convergence occurred before financial crisis (Hungary,
Croatia, Romania and Slovenia) while after the financial crisis some countries have been con-
verging more slowly (Bulgaria) and some even faster (Estonia, Lithuania, Latvia and Poland).
Figure 2 shows that financial crisis had a negative impact on GDP growth of CESEE countries.
However, the effect of crisis was different with Poland being affected significantly less than
for example Latvia and Lithuania. Moreover, after financial crisis growth rates differed with
Latvia and Lithuania growing faster than for example Croatia and Hungary implying decline
in conditional convergence with financial crisis as inflection point. However, convergence seems
to be improved in 2014, but from 2016 onwards the situation slightly worsened.
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Figure 1: GDP per capita of CESEE countries

Figure 2: GDP growth of CESEE countries

Following the model proposed by Mankiw et al. [18] we define our theoretical model of
conditional convergence adopted to panel data:

∆yit = α+ βyit−1 + γ′Φit + εit, i = 1, 2, ..., N t = 1, 2, ..., N, (1)

where ∆yit is the annual growth rate of the country i in year t, yit−1 is the lagged variable in
the levels and Φit is the vector of control variables as defined above.

According to characteristics of panel data a different estimators were employed. Breusch-
Pagan test (LM test), by testing the variance of the individual effects, shows that random effect
model is more suitable than pooled OLS (Table1). However, according to results of Hausman
specification test [13], which compares fixed effect model with random effect model, fixed effect
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model proved to be more suitable than random effect model. According to the results of F–test
that compares fixed effect model with OLS (pooled) model, fixed effect model again proved to
be more suitable. As our panel has an independent variable from the previous period then a
dynamic model should be applied, but not a standard dynamic model because the dependent
variable is in the first differences (GDP growth) while the lagged variable is in the levels. Still,
our model can be estimated by the GMM method under conditions when T > N (17 years,
11 countries) and therefore we also apply LSDVc estimator [28], which is most commonly used
in dynamic panel models where it is assumed that individual effects are fixed (dynamic panel
+ one–way fixed effect). Namely, LSDVc corrects estimation bias. In order to examine the
assumption of serial correlation, community–contributed programme called xtserial was per-
formed in Stata [10]. Moreover, in order to solve the problem of autocorrelation, clustered
standard errors (CSE), that are generally recommended when analyzing panel data, were ap-
plied. Besides, CSE also account for heteroscedasticity. Finally, the Levin–Lin–Chu unit root
tests show the stationarity of time series in first differences (due to space limit, results are
available on request).

4. Results and discussion

Research results of all our models are presented in Table 1. Suitability tests proved that the fixed
effect (FE) model is the most suitable, but also other models confirm the effects of independent
variables and provide relatively similar results. Moreover, the results of fixed effect model were
proved by LSDVc estimator. Namely, GDP growth is significantly negatively related to lagged
GDP per capita, which is in line with the β–convergence hypothesis, i.e. it confirms that
countries have been converging in the analysed period. GDP growth in Eurozone has shown
to have a strong impact on economic growth in CESEE countries, which implies high level of
importance of Eurozone for economic growth of CESEE economies. Also, greater gross capital
formation, investments and greater trade openness contributed positively to growth. These
results are in line with theoretical assumptions and previous research.

Variable OLS FE RE LSDVc

GR CC PPP L1. 0.2491***
Lagged log GDPPP −15.0038*** −33.7949*** −16.2044*** −32.6436***
Tertiary Total 0.0269* −0.0104 0.0249 0.0022
D1Ages 15 64 Total 0.6251 −2.4311 0.2587 −2.3743
D1Patent Million −0.0092 −0.0077 −0.0108 0.0017
GCF GDP 0.2365*** 0.3906*** 0.2569*** 0.2213***
FDI GDP −0.0388 −0.0196 −0.0359 −0.0278
Trade GDP 0.0227*** 0.0792*** 0.0254*** 0.0723**
D1Inst AVG T 7.1047** 4.0775 6.7377* 3.7916
Euro Growth 1.4736*** 1.1643*** 1.4468*** 1.2628***
Constant 56.7064** 129.6380*** 61.1647***

Number of observations 176 176 176 176
Number of groups 11 11 11 11
F-test 7.55*** 7.55***
LM test 15.87*** 15.87***
Hausman test 47.67*** 47.67***
Sigma u 2.53206 0.29591
Sigma e 2.11861 2.11861

Table 1: Determinants of the GDP growth in CESEE countries in period 2002–2018



Different convergence rates of new EU member states: Panel data analysis of the causes 297

Other variables, FDI, labour market, human capital, institutions and innovation did not
prove to be significant, what is not in line with theoretical assumptions and previous research.
This confirms that pattern of economic convergence has changed over time and there is need
to scrutinize the causes.

Surprisingly, FDI were not proved as significant. Still, our period covers post crisis period
when capital flows to CESEE region dropped and remained low with the largest decline of inward
FDI. The decline of inward FDI, besides omitting its positive direct effects on economy, also
had a negative catalytic effect on domestic investment. The result was a decline in productivity
and slower post-crisis growth, which explains insignificance of FDI in our models.

With regard to labour market, it is important to stress that CESEE countries were charac-
terized by significant emigration of the working age population during the phase of economic
growth from 2013 to 2018. This has negatively affected productivity, economic growth and
the convergence process in CESEE economies. When last three years are omitted from the
analysis our results confirm the positive effect of the labour market variable. Another impor-
tant aspect is the aging population in CESEE countries. Namely, most CESEE countries with
South Korea and Taiwan record the worst indicators of fertility rate. That is something that
CESEE countries must take in consideration and take adequate measures in order to improve
such indicators.

Human capital proved to be insignificant as well, i.e. it did not contribute to convergence
rate of analysed countries. This fact can be explained by mismatch of education system with
the labour market and poor PISA average scores in Reading, Mathematics and Science in
2018 in several CESEE countries especially Romania and Bulgaria. Possible explanation for
insignificance of institution quality is that the quality worsened over time in several CESEE
countries. Moreover, World Bank institution quality index is comprised of four indicators:
government effectiveness, regulatory quality, rule of law and control of corruption. Most of the
indicators worsened during and after “Migrant Crisis” especially in Hungary and some of them
in other countries such as Lithuania, Poland, Romania and Slovak Republic. On the other
hand, institutional quality has improved in Estonia and probably contributed to high level of
convergence that Estonia achieved, but, generally, the aforementioned indicators of institution
quality got worse. Innovations also proved to be an insignificant factor for convergence rate.
This is explained by heterogeneity of innovation development in CESEE countries. According
to World Intellectual Property Organization, the indicator of patent application is very low
in most CESEE countries besides Slovenia and Poland. Also, as it was already pointed out,
benefits from innovations are not automatic and demand the implementation of policies that
support innovation. As the institutional quality in analysed countries is still low, the full effect
of innovation transformation into economic growth is hindered.

To summarize, economic growth and convergence in CESEE economies was fuelled by in-
creasing openness, international trade and FDI, and some CESEE economies managed to in-
crease their global markets competitiveness. However, in some economies these high current
account deficits persisted which implies external competitiveness issues. In countries with lower
external competitiveness, convergence was slower. In most CESEE countries (Czech Republic,
Slovakia, Hungary, Croatia, Romania, Bulgaria and Slovenia) most convergences occurred be-
fore financial crisis, while some countries (Estonia, Lithuania, Latvia and Poland) were converg-
ing even faster after the crisis. Economic growth in the first group of countries was mainly based
on trade, capital accumulation and FDI and only partially on total factor productivity growth,
while the contribution of the labour market characteristics was negligible or even negative. Af-
ter the financial crisis, FDI declined resulting in slowdown in overall investment. Besides, most
CESEE countries experienced emigration trends and unfavourable demographic development.
On the other hand, economic growth of the second group of countries was, besides common
factors, also supported by development of institutional quality and human capital, which im-
prove the capacity of absorbing European Structural and Investment Funds which are of great
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importance for economic convergence. Therefore, due to the fundamental role of institutional
quality and human capital in economic and, more importantly, social development, their im-
provement will be the key challenge for most of CESEE economies in the upcoming decade.
Also, the transformation towards more technologically advanced and innovative economies will
remain the prerequisite for all CESEE countries in order to reach sustainable convergence and
avoid the middle-income trap. Finally, the assessment of their success will be visible in the long
run.

5. Conclusion

This paper has analysed conditional convergence and the causes of different convergence rates
among CESEE countries between 2002 and 2018. The importance of convergence stems as from
the far-reaching implications of real income for economic well-being as well as from the impor-
tance of convergence for economic integration within the EU. The paper has identified stylized
convergence facts and analysed the drivers of economic growth, i.e. the capital accumulation,
FDI, trade openness, labour market characteristics and factors of total factor productivity
growth in the context of CESEE countries.

Our paper has shown that CESEE countries in the analysed period converged and conse-
quently reduced the gap in terms of GDP per capita. However, the rate of convergence varied
across countries and periods. This suggested that the importance of some convergence rate
factors changed over time and our panel data analysis confirmed this assumption. Namely,
capital accumulation, trade openness and relation to Eurozone proved to be significant in the
analysed period. Still, FDI, labour market, human capital, institutions and innovation did not
prove to be significant, which is not in line with expectations and confirms significant changes
in convergence patterns and differences between economies regarding convergence pace.

The results imply that most CESEE countries, on the one hand, experienced decline in FDI
and negative migrations considering labour market and that, on the other hand, they failed
in improving institutional quality and human capital as the prerequisites for development of
innovation and business friendly environment. Basing economic growth on capital accumulation
and FDI is not sustainable, whereas the development of institutional quality, human capital,
innovation and labour market reforms (high labour market participation rate) are of crucial
importance.

Challenges related to the declining share of the working age population and unfavourable
demographic trend are expected to increase because of the accelerated aging of the population.
These challenges can be mitigated by increased labour participation, especially among young
people, women and the elderly. The mismatch between education system and labour market still
exist in many CESEE economies and education reforms are required. Moreover, development of
innovation and institutional quality will be the basis for increasing and maintaining convergence
in future, and also for resisting the negative impacts of aging population and emigration trends.
Finally, we can conclude that besides real and nominal convergence, some CESEE countries are
facing challenges of institutional convergence, whereby institutional quality is eroding, what
diminishes the capacity of these countries to use European Structural and Investment Funds
which are considered as a catalyst for economic convergence.
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[17] Kulhánek, L. (2012). Real convergence in Central and Eastern European EU member states.
MPRA Working Paper, 39822, 1–9. https://mpra.ub.uni-muenchen.de/39822/1/MPRA/_paper/
_39822.pdf

[18] Mankiw, N. G., Phelps, E. S. and Romer, P. M. (1995). The Growth of Nations. Brookings Papers
on Economic Activity, 1, 275–326. doi: 10.2307/2534576

[19] Maradana, R. P., Pradhan, R. P., Dash, S., Gaurav, K., Jayakumar, M. and Chatterjee, D.
(2017). Does innovation promote economic growth? Evidence from European countries. Journal
of Innovation and Entrepreneurship, 6(1), 1–23. doi: 10.1186/s13731-016-0061-9
Oblath, G., Palocz, E., Popper, D. and Valentinyi, Á. (2015). Economic convergence and structural
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1. Introduction

Modern business environment is highly uncertain and complex, which is why firms require
more information to make timely business decisions and increase competitiveness. In this con-
text, Enterprise Resource Planning (ERP) systems are emerging which due to the pronounced
technological advancements, are recording rapid and intensive development. ERP systems are
integrated information systems that administrate and coordinate all the resources, data, and
tasks of a firm from one central database [6]. Many research has declared that ERP systems
can enhance competitive advantage in the information technology era by reduction of inven-
tory, personnel and costs (IT, procurement, transportation and logistics costs) and by increasing
productivity, revenue and profits, visibility of corporate data, flexibility and communications
[17].

In contrast to majority of prior researches we are not only concentrated on ERP systems,
therefore we use integrated information system (IIS) variable, which comprises ERP and addi-
tional specialized applications. In order to clarify use of ERP and IIS terms, here we must point
out that term ERP is mainly used in Section 2 when referencing previous research related with
ERP, however, the term IIS is used when describing the variable which is used for measurement
model in Section 3.

In this research, we study the effects of IIS on the firm business performance. We examine
only financial performance indicators, represented by return on assets (ROA). This research
contributes to the existing insights in several ways. First, we use comprehensive description of
IIS, which comprises ERP and additional specialized applications like consolidation of financial
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statements, managerial reporting, etc. Furthermore, we developed several IIS features (analyt-
ical capabilities, age, scope and implementation quality) that may have a significant influence
on the firm business performance. Such approach results with improved measurement of IIS
variable and with more reliable findings on its influence on firm financial performance. Second,
although IIS are expected to result in a better business performance, empirical evidence is
unclear [10, 11, 14]. Therefore, in order to fill the gap in existing knowledge, we examine the
influence of IIS on the firm business performance. This study represents one of the very rare
studies that explores the impact of IIS on firm financial performance in Croatia and in South
East European (SEE) countries in general.

Our empirical research is based on survey data drawn from 83 firms in Croatia during 2018.
The main findings of our study can be concise as follows. Firstly, we confirmed a significant
relationship between two IIS features (IIS analytical capabilities and IIS scope) and return on
assets (ROA). Secondly, other IIS features such as IIS age and control variables were insignificant
according to evaluated regression model.

The rest of the paper is structured into six sections. In Section 2 we review the literature
and in Section 3 we describe the methodology and data. Empirical findings are presented in
Section 4 while discussion is in Section 5. Concluding remarks are presented in Section 6.

2. Literature review

ERP system represents software solution that covers the entire business of the firm, supports
and integrates the work of all functions and integrates all internal and external business pro-
cesses of the firm [9]. ERP systems implementation represents a firm’s largest investment
and project as part of a firm’s effort to modernize and differentiate itself [12]. Information
technologies facilitate key business process enhancements, increasing information quality and
decision making [5]. ERP systems investments are expect to increase efficiency and effective-
ness and finally financial performance of the firm [6]. Numerous studies have tried to find a
positive effect of IT investments, such as ERP systems, on firm performance, however in early
research findings have yielded nonsignificant positive association between IT investments and
financial performance, a phenomenon that is referred to as the productivity paradox [5]. In
recent research, the evidence has been mixed because some research has found certain evidence
supporting the theses that ERP systems enable firms to achieve better financial performance
[19]. For instance, [6] indicated that the extensive use of formal controls mediates the positive
direct influence of ERPs on the non–financial performance of the firm. Some research compare
firm performance of adopters and nonadopters of ERP systems results of which indicate that
ERP firm’ performance was relatively unchanged from pre to post adoption, while non-ERP
firm’ performance significantly dropped over the same time period [5]. Similarly, comparing
firm performance of ERP adopters and ERP nonadopters, [4] reveal that ERP adopters are
constantly higher in performance across a wide variety of measures than nonadopters of ERP
systems.

In order for information technology to improve performance, previous studies have indicated
that a time lag is crucial. Therefore, some research explores the changes in firm performance
from 1 year before to 3 years after ERP implementation and find no significant improvement
associated with residual income or the ratio of selling, general, and administrative expenses in
each of the 3 years after ERP implementation. However, a significant improvement associated
with a decline in the ration of cost of goods sold to revenues was found 3 years after the
ERP implementation and the ratio of employees to revenues for each of the 3 years after ERP
implementation [14]. In addition, [8] found that the adoption of ERP systems leads to sustained
operational efficiencies, improved overall liquidity and increased profitability 2 years after the
ERP implementation. The ERP implementation impacts operational performance, at both, the
modular and the systemic levels. Apropos, as the implementation status of the ERP system
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(module) increases, operational performance is significantly influenced [7].
Some research considers and studies the role of management accounting practices in the

mediated relationship influences ERP systems against the performance of the firm. Therefore,
accounting techniques used after the ERP systems implementation can affect the performance of
the firm amounting to 68.5% [18]. Many firms started to use ERP systems in order to accomplish
better business performance, and according to [13] IIS positive and significant influence the use
of advanced managerial accounting techniques in order to provide managers with high–quality
information.

As important critique of previous research here we can point out the fact that the existing
literature mainly focuses on ERP without detailed insight into other related analytical appli-
cations and IIS features. Transaction oriented IIS has very limited effects on decision making
process in comparison with more analytical oriented IIS, what in turn may be reflected in firm
performance. Accordingly, we predict to find influence of IIS features (analytical capabilities,
scope, age and implementation quality) over firm financial performance.

3. Methodology and data

3.1. Sample

Data required for empirical modelling of IIS implementation characteristics on firm profitability
was collected during the 2018 with extensive online questionnaire. Questionnaire was sent to
randomly selected sample of 500 firms from Croatia. Among 133 filled questionnaires (all IIS
adopters), 83 was filled with all data required for this type of research, giving an appropriate
response rate (RR) of 16.6%. Table 1 shows some basic statistics about the sampled firms.

Type of firm N %

Joint-stock firm 33 39.8
Limited liability firm 49 59.0
Other 1 1.2
Total 83 100
Main activity N %

Agriculture, forestry and fishing 3 3.6
Mining and quarrying 1 1.2
Manufacturing 31 37.3
Supply with electric energy, gas, steam and climatisation 1 1.2
Water supply, sewerage and waste management 4 4.8
Construction 2 2.4
Retail and wholesale trade, repair of motor vehicles and motorcycles 14 16.9
Transporting and storage activities 8 9.6
Accommodation and food service 10 12.0
Information and communication 2 2.4
Real estate activities 1 1.2
Professional, scientific and technical activities 2 2.4
Administrative and support service activities 3 3.6
Other service activities 1 1.2
Total 83 100

Table 1: Summary statistics on responding firms
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Sample size and response rate was similar in comparison with previous research from other
countries like India, N=154 [2], Australia, N=102, RR=5.7% [19], Finland, N=70, RR=9.6%
[6], China, N=65, RR=15% [1], Lebanon, N=50 [16]. Designed questionnaire incorporated
questions that were required for measurement of firm profitability and implemented IIS char-
acteristics (scope, analytical capabilities, age and implementation quality).

Collected data indicated that majority of respondents were the large firms (55.4%), while
the lowest number of respondents were micro firms (3.6%). Considering ownership type, the
most of responding firms had private owner (72.3%), while 12% of responding firms are state-
owned. Further, majority of responding firms were limited liability firms (59%) and 39.8% are
joint-stock firms. Industry classification (Croatian NKD) reveals that 37.3% of respondents
were from manufacturing industry, 16.9% were from retail and wholesale trade, while 12% were
from accommodation and food service industry.

3.2. Variables

Financial performance metrics represent one of the most important aspects of measuring of
firm performance [7], therefore in modelling we incorporated financial performance as the most
commonly used business performance indicator. Firm financial performance can be measured by
different indicators (ROA, ROE, ROS, etc.) but we have decided to use ROA since it represents
firm profitability irrespective of firm financial structure, i.e. capital/debt structure. Namely,
since our data set incorporates data for large, medium, small and micro firms it is expected
that sampled firms do not have the same financial structure and interest expenses. In order to
avoid different profitability level caused by financial structure the best solution was usage of
profitability indicator that is not affected by sources of financing. ROA variable was calculated
as ratio of earnings before interest and tax (EBIT) and assets on the basis of financial reports
from 2018.

For IIS, we follow [15] approach and describe IIS as a set of ERP modules and specialized
applications outside of ERP systems. In order to explore the relation among implemented IIS
and financial performance of firm we have used most important IIS features (IIS analytical
capabilities, IIS age, IIS scope and IIS implementation quality), while controlling for some
important firm characteristics. Variables used in modelling are in Table 2.

Acronym Variable Measurement

ROA Return on assets EBIT/Assets (2018)
IIS AC IIS analytical capabilities Construct measured by nine items on Likert scale
IIS S IIS scope Number of IIS modules
IIS A IIS age Number of years from initial IIS installation
IIS IQ IIS implementation quality Value based on Likert scale

Table 2: Variables description

IIS A was measured in years, which represent number of years that firm uses IIS. IIS IQ was
measured on the basis of questionnaire and expert opinions. IIS AC variable represents con-
struct based on nine items (Table 3). Estimated Cronbach’s Alpha was high (0.913) confirming
internal consistency of designed research instrument. Sampling adequacy was evaluated on the
basis of Kaiser-Meyer-Olkin (KMO). For the IIS AC construct KMO value was more than 0.6
indicating sampling adequacy. Bartlett’s test of sphericity resulted with value less than 5%,
revealing that there might be a significant relationship among items. Factor analysis for IIS AC
constructs, extracted one component, with initial eigenvalue higher than 1. Variance explained
by such extracted component reached 57.3%.
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Item Principal component loading

IIS SIMULATION 0.811
IIS DMINING 0.806
IIS FORCAST 0.798
IIS PR REALT 0.793
IIS KFI 0.757
IIS DASHBO 0.754
IIS KNFI 0.747
IIS KPI SEGM 0.722
IIS ABC 0.719

Table 3: IIS analytical capabilities items

Alongside with IIS features that were focal point of this study we have decided to control
for main firm characteristic that may also influence financial performance. Accordingly, we
have decided to incorporate two control variables, firm size (SIZE) and perceived environment
uncertainty (PEU). SIZE was measured in four categories (large, medium, small or micro firm),
according to current EU regulation. PEU represents construct, which consists of eight items
measured by five points Likert scale. Estimated Cronbach’s Alpha was 0.804 indicating in-
strument reliability. In the case of PEU construct KMO value was 0.6, confirming sampling
adequacy. Bartlett’s test of sphericity had desired value less than 5%. Factor analysis for PEU
constructs, extracted one component, with initial eigenvalue higher than 1. Variance explained
by such extracted component reached 59%.

3.3. Measurement model

Most previous research used performance of the firm as the regressand variable in modelling
[7] thus this study sheds light on the question of how IIS implementation contributes to the
financial business performance. Therefore, we examine the influence of IIS features on financial
performance of firm.

Figure 1 shows the theoretical model employed in this research. According to our theoretical
model we expect that more analytical oriented IIS will result with improved decision making
and better financial performance. Also, IIS age and implementation quality may contribute to
improvement of business processes and financial performance. IIS scope can be related with IIS
investment and area of coverage of business processes. While broader scope IIS may cover large
set of business operations allowing better management, firms should be careful with overall cost
of IIS investment and related benefits. In other words, there should be balancing among IIS
investments and expected financial benefits.

Figure 1: Theoretical model
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4. Results

Influence of IIS characteristics on firm performance was evaluated with application of multiple
regression analysis. As dependent variable in the model we have decided to use ROA, while IIS
scope, IIS analytical capabilities, IIS age and IIS implementation quality were used as indepen-
dent variables. Regression model was estimated with application of SPSS 23 software, while
results are presented in Table 4. Calculated F-ratio of 2.581 and resulting significance of 0.044
indicated that model has good overall fit. Estimated model has shown moderate explanatory
power since R2 was 12.1%. Such finding was not surprising since firm profitability might be
influenced by some other variables, which were not included into modelling. Multicolinearity
among independents was tested with Variance Inflation Factors – VIFs. All calculated VIFs
were lower than 5 indicating that there was no evidence of significant multicollinearity prob-
lem. Also, Durbin–Watson test resulted with value 2.2 indicating that there is no problem in
autocorrelation of residuals.

Variable Coefficient Standard Error t-statistic p–value

Constant 16.922 6.544 2.5858 0.0116
IIS AC 2.7310 0.979 2.7910 0.007
IIS S −0.540 0.271 −1.996 0.050
IIS A −0.146 0.147 −0.991 0.325
IIS IQ −1.382 1.434 −0.964 0.338

Table 4: Regression model results

According to the estimated regression model, it was confirmed that IIS analytical capabil-
ities were positively related with firm profitability. Namely, positive sign of IIS AC variable,
indicated that an increase in analytical capabilities of IIS results with higher firm performance
measured by ROA. IIS scope variable was negatively related with firm performance, while co-
efficient was significant at 5% level. However, other two IIS characteristics (IIS A and IIS IQ)
were unrelated with firm performance. In addition, two control variables, SIZE and PEU, were
statistically insignificant and therefore control variables were excluded from the final regression.

5. Discussion

Along with global large–scale implementation of IIS academia has started with examination
about the effects of IIS implementation on firm. This research is focusing on exploration of
expected positive consequence of IIS implementation over increased financial performance, i.e.
we expect that some of IIS features will positively influence firm performance. We observe
only financial performance indicators, represented by return on assets (ROA) since it repre-
sents firm profitability irrespective of firm financial structure. ROA variable was calculated
on the basis of financial reports from 2018 as ratio of earnings before interest and tax (EBIT)
and assets. In order to explore the influence of IIS on firm financial performance we have
used most important IIS features that is IIS analytical capabilities, IIS age, IIS scope and IIS
implementation quality, while controlling some important firm characteristics, firm size (SIZE)
and perceived environment uncertainty (PEU). In line with our theoretical expectations and
findings from similar previous research, this study confirmed that IIS characteristics affect firm
financial performance. Namely, IIS analytical capabilities are statistically positively related
with ROA. Such finding indicated that firms, which have invested in IIS with higher analytical
capabilities (forecasting, data mining, planning, etc.), achieve higher profitability. Higher level
of analytical capabilities probably results with timely prepared high–quality decision-making
information, assuring good decision–making processes.
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Contrary to that, IIS scope seems to have negative impact on ROA, what indicates that
firms must be rational with IIS investments. Investing in large set of IIS modules might be a
very expensive decision and therefore firms should focus IIS development on the most important
modules, which will result with the largest benefits.

5.1. Implications for theory and practice

This research contributes to the level of scientific research in theory and practice. As a the-
oretical contribution, in this research we use broad description of IIS, which comprises ERP
and additional specialized applications, ie stand-alone applications (outside ERP), connected
to a single database, which support individual processes/activities (consolidation, budgeting,
customer relations, etc.). Moreover, we established several IIS features that may have a signif-
icant influence on the firm financial performance which results with improved measurement of
IIS variable and with more reliable findings. Although IIS are expected to result in a better
business performance, empirical evidence is unclear [3] so, in order to fill the gap, we examine
the influence of IIS on the firm financial performance. This study represents one of the very
rare studies that explores the influence of IIS on firm financial performance in Croatia and in
South East European (SEE) countries. Findings from the study are useful for both firms and
IIS vendors. Firms and IIS vendors should be careful in IIS design phase, taking into account
that IIS design incorporates appropriate analytical capabilities required by business processes.
On the other side, scope of selected IIS modules should be rational in order to avoid unnecessary
IIS investment costs.

5.2. Limitations of the study

The results should be interpreted with caution given the limitations of the research. Although
research sample incorporated data collected from 83 firms and response rate was at satisfacto-
rily level, some future research should be based on larger sample. Larger sample would enable
application of more sophisticated methodologies. Thus for example, use of structural equation
modelling might reveal some additional direct/indirect relationships among variables. Further-
more, data required for this research was collected at a single point of time although previous
studies have indicated that a time lag is crucial. Therefore, some future research should investi-
gate the changes in firm performance at different points in time with regard to the introduction
of IIS. Previous research [12] suggests that a number of the variables (top management sup-
port, organizational complexities, employee perceptions, etc.) influenced the implementation of
IIS and therefore the performance of an organization so this is one more suggestion for future
research.

6. Conclusion

Contemporary business environment requires of firms dealing with large amount of quantitative
and qualitative information. In order to timely and efficiently deal with such challenge many
firms employ IIS, which include ERP and specialized BoB applications. Although in initial
stage of IIS implementation investment are often large, in later implementation stages it is
also necessary to invest time and money in employee education and IIS adjustments. All these
investments related with IIS are undertaken aiming to improve business processes, decision-
making procedures and consequently to enhance firm financial performance. In this research, a
theoretical model was developed and a survey instrument constructed to gather data for testing
the assumption that more analytical oriented IIS will result with improved decision making and
better firm financial performance. Our findings suggest that an increase in analytical capabilities
of IIS results with higher firm performance measured by ROA. IIS scope variable was negatively
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related with firm performance, while IIS age and IIS implementation quality were unrelated with
firm performance. In addition, two control variables, firm size and perceived environment, were
statistically insignificant. We hope future research extends our line of thinking and considers
the use of more sophisticated methodologies, taking into account a time lag.
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is no doubt that operational research contributes to the quality of life and economic prosperity
on microeconomic, macroeconomic, and global level.
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