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Abstract. We are interested in local quasi efficient solutions for nonsmooth vector optimization problems under new generalized approximate invexity assumptions. We formulate necessary and sufficient
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1. Introduction
Throughout the paper, Rn and Rm are the n–dimensional and the m–dimensional Euclidean
spaces respectively, X ⊆ Rn is a nonempty open set and f := (f1 , ..., fm ) : X → Rm is a vectorvalued function. Assume C ⊆ Rm is a closed pointed convex cone with a nonempty interior.
Partial ordering is defined on Rm using C as follows: x ≥C y (resp. x >C y) if x − y ∈ C (resp.
x − y ∈ int C) for all x, y ∈ Rm .
Let us consider the following vector optimization problem (VOP)
min f (x).

x∈X

Recall that ξ ∈ X is an efficient solution of (VOP), if no other feasible vector x ∈ X satisfies
f (x) ≤C f (ξ). Suppose we are given a mapping η : X × X → Rn and a vector e ∈ Rm such that
e >C 0. In this paper, we are interested in optimality conditions for a weaker type of solutions
to vector optimization problem, i.e. local (η, e)–quasi efficient solutions.
Definition 1. We say that a feasible point ξ ∈ X is a local (η, e)-quasi (weak) efficient solution
of (VOP) if there is r > 0 such that there is no x ∈ B(ξ; r) satisfying f (x) + ekη(x, ξ)k ≤C
(<C ) f (ξ).
∗ Corresponding

author.
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Vector optimization problems have a number of important applications in applied science,
engineering and economics; see for example [9] and references therein. A powerful tool to study
their optimality conditions is through vector variational inequalities [2], initiated by Giannessi
[12] to be vector extensions of Stampacchia variational inequalities [22]. For differentiable and
convex multiobjective functions, Giannessi [13] used vector variational inequalities of Minty
type [17] to derive necessary and sufficient conditions for efficient solutions. Generalizations of
these optimality conditions were given for different types of generalized convexity [1, 10, 11, 21,
23] and generalized invexity [3, 16, 18, 24]. In [19], relationships between quasi efficient points,
solutions to Stampacchia vector variational inequalities and vector critical points were identified
under approximate convexity assumptions. On the other hand, a new concept of approximate
invexity was defined in [4] as an extension of approximate convexity [20]. Furthermore, four
new classes of generalized convexity were introduced in [7] as a generalization of the classical
notions of pseudoconvexity and quasiconvexity.
It is worth mentioning that in case of nonsmooth vector optimization, the appropriate tool
to study optimality conditions is Clarke’s generalized Jacobian [8] when the multiobjective
function is supposed to be locally Lipschitz. Recall that f is locally Lipschitz if for any x0 ∈ X
there are two positive reals k and r > 0 with
kf (x) − f (y)k ≤ kkx − yk,

∀x, y ∈ B(x0 , r).

In this case, Clarke’s generalized Jacobian [8] of f at x ∈ X is the set of m × n matrices defined
by
∂f (x) = co{ lim Jf (x(i) ) : x(i) → x, x(i) ∈ S},
(1)
i→+∞

where co indicates the convex hull, Jf (x(i) ) is the Jacobian of f at x(i) , and S is the differentiability set of f .
In many previous works [14, 15, 18, 19] Clarke’s generalized Jacobian of f at x was defined
to be the Cartesian product of its real-valued components Clarke’s subdifferentials ∂f1 (x)×...×
∂fm (x). Using (1) in vector optimizations problems seems to be a more natural extension of the
real-valued case since ∂f as defined above is not equal to this Cartesian product. Nevertheless,
the inclusion
∂f (x) ⊆ ∂f1 (x) × ... × ∂fm (x)
reveals that using ∂f in the generalized convexity/invexity definitions and in the vector variational inequalities appear to be less restrictive than the Cartesian product.
Our aim in this paper is to introduce new types of generalized approximate invexity and
investigate their use in deriving optimality conditions for local (η, e)-quasi (weak) efficient
solutions of (VOP). In particular, we use both strong and weak forms of Stampacchia [22]
and Minty [17] vector variational inequalities given in terms of Clarke’s generalized Jacobian
(1). Finally, we show also the relationship between local (η, e)–quasi weak efficient solutions
and vector critical points.

2. Generalized approximate invexity
From now onward, we suppose that f is locally Lipschitz. Let us present our extensions of the
generalized approximate convexity concepts provided in [5, 7, 20].
Definition 2. f is said to be approximate (η, e)–invex at x0 ∈ X if there is r > 0 such that for
any x, y ∈ B(x0 , r),
f (x) − f (y) ≥C Ay η(x, y) − ekη(x, y)k, ∀Ay ∈ ∂f (y).

(2)

f is said to be approximate (η, e)-invex on X, if f is approximate (η, e)-invex at each x0 ∈ X.

On local quasi efficient solutions for nonsmooth vector optimization problems

3

By taking η(x, y) = x − y, we deduce that approximate e-convexity [20], that is where (2)
is replaced by
f (x) − f (y) ≥C Ay (x − y) − ekx − yk, ∀Ay ∈ ∂f (y),
is a special case of approximate (η, e)–invexity. However, the following example shows that the
class of approximate (η, e)-invex functions is strictly large than that of approximate e-convex
ones.
Example 1. Let X = R, C = R2+ and for x, y ∈ R
f (x) = (x, ϕ(x))T

where

(
4x − x2 ,
ϕ(x) =
2x,

x≥0
x < 0;

and
η(x, y) = −|x − y|.
Clarke’s generalized Jacobian of f at x is given by

T

{(1, 4 − 2x) },
∂f (x) = {(1, k)T : k ∈ [2, 4]},


{(1, 2)T },

x > 0;
x = 0;
x < 0.

Let x0 = 0, e = (ε, ε) for an arbitrary real ε > 0, and take r = min(1, 2ε ) > 0. For all
x, y ∈ B(x0 , r) and all Ay ∈ ∂f (y), we have
f (x) − f (y) = (x − y, ϕ(x) − ϕ(y))T ,
where


(x − y)(4 − x − y),





2x − 4y + y 2 ,



4x − x2 − 2y,
ϕ(x) − ϕ(y) =

2(x − y),




4x − x2 ,



2x,

if
if
if
if
if
if

y
y
y
y
y
y

> 0, x > 0;
> 0, x ≤ 0;
< 0, x ≥ 0;
< 0, x < 0;
= 0, x > 0;
= 0, x < 0;

and
Ay η(x, y) − ekη(x, y)k = ((−1 − ε)|x − y|, α(x, y))T ,
where



|x − y|(2y − 4 − ε),
α(x, y) = |x − y|(−2 − ε),


|x|(−k − ε),

if y > 0;
if y < 0;
if y = 0.

We can easily verify that f (x) − f (y) ≥C Ay η(x, y) − ekη(x, y)k. Hence f is approximate (η, e)invex at x0 = 0.
However, f is not approximate convex. Indeed, if we take y < 0 and x = 0, then for 0 < ε < 1
the inequality of approximate convexity is not satisfied.
Definition 3. Let x0 ∈ X. The function f is said to be
• approximate pseudo (η, e)–invex of type I at x0 if there exists r > 0 so that for any
x, y ∈ B(x0 , r),
f (x) − f (y) <C −ekη(x, y)k

⇒

Ay η(x, y) <C 0, ∀Ay ∈ ∂f (y);
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• approximate pseudo (η, e)–invex of type II at x0 if there exists r > 0 so that for any
x, y ∈ B(x0 , r),
f (x) − f (y) <C 0

⇒

Ay η(x, y) + ekη(x, y)k <C 0, ∀Ay ∈ ∂f (y).

• approximate quasi (η, e)–invex of type I at x0 if there exists r > 0 so that for any x, y ∈
B(x0 , r),
∃Ay ∈ ∂f (y) : Ay η(x, y) − ekη(x, y)k >C 0

⇒

f (x) − f (y) >C 0.

• approximate quasi (η, e)–invex of type II at x0 if there exists r > 0 so that for any
x, y ∈ B(x0 , r),
∃Ay ∈ ∂f (y) : Ay η(x, y) >C 0

⇒

f (x) >C f (y) + ekη(x, y)k.

Remark 1.
• If f is approximate pseudo (resp. quasi) (η, e)-invex of type II at x0 ∈ X, then f is
approximate pseudo (resp. quasi) (η, e)-invex of type I at x0 .
• It is easy to see that any approximate (η, e)-invex function at x0 is approximate pseudo
(η, e)-invex function of type I and approximate quasi (η, e)-invex function of type I at x0 .
• There is no relation between approximate pseudo (η, e)-invex functions of type II and
approximate quasi (η, e)-invex functions of type II and approximate invex functions (see
[14]).

3. Sufficient conditions for local quasi efficient solutions
We first consider Stampacchia and Minty types of vector variational inequalities involving
Clarke’s generalized Jacobians:
(SVVI) Find ξ ∈ X for which there exists no x ∈ X satisfying
Aξ η(x, ξ) ≤C 0,

∀Aξ ∈ ∂f (ξ).

(MVVI) Find ξ ∈ X for which there exists no x ∈ X satisfying
Ax η(x, ξ) ≤C 0,

∀Ax ∈ ∂f (x).

We present sufficient conditions for local (η, e)-quasi efficient solutions of (VOP) under
approximate invexity assumptions.
Theorem 1. Suppose f is approximate (η, e)-invex at ξ ∈ X. If ξ is a solution of (SVVI),
then ξ is also a local (η, e)-quasi efficient solution of (VOP).
Proof. Assume ξ fails to be a local (η, e)-quasi efficient solution of (VOP). Hence for each
r > 0 there is x0 ∈ B(ξ, r) satisfying
f (x0 ) − f (ξ) ≤C −ekη(x0 , ξ)k.

(3)

Since f is approximate (η, e)-invex at ξ, it follows that
f (x0 ) − f (ξ) ≥C Aξ η(x0 , ξ) − ekη(x0 , ξ)k,

∀Aξ ∈ ∂f (ξ).

Using (3), we get
Aξ η(x0 , ξ) ≤C 0,
This means ξ does not solve (SVVI).

∀Aξ ∈ ∂f (ξ).
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Remark 2. As the approximate invexity assumption is more general than approximate convexity, Theorem (1) extends Theorem 3.1 in [19].
The following theorem gives the conditions for a point to be a local (η, e)-quasi efficient
solution of (VOP) in terms of (MVVI).
Theorem 2. Suppose −f is approximate (η, e)-invex at ξ ∈ X such that η(x, ξ) + η(ξ, x) = 0
for all x ∈ X. If ξ is a solution of (MVVI), then ξ is also a local (η, e)-quasi efficient solution
of (VOP).
Proof. Assume the vector ξ fails to be a local (η, e)-quasi efficient solution of (VOP). Thus for
each r > 0 there is x0 ∈ B(ξ, r) satisfying (3). Again the approximate (η, e)-invexity of −f at
ξ yields
(−f )(ξ) − (−f )(x0 ) ≥C Ax0 η(ξ, x0 ) − ekη(ξ, x0 )k,

∀Ax0 ∈ ∂(−f )(x0 ).

Therefore
f (x0 ) − f (ξ) ≥C Ax0 η(ξ, x0 ) − ekη(ξ, x0 )k,

∀Ax0 ∈ ∂(−f )(x0 ).

Using (3) and taking into account the fact that ∂(−f )(x0 ) = −∂f (x0 ) and η(x0 , ξ) = −η(ξ, x0 ),
we obtain
Ax0 η(x0 , ξ) = (−Ax0 )η(ξ, x0 ) ≤C f (x0 ) − f (ξ) + ekη(ξ, x0 )k
= f (x0 ) − f (ξ) + ekη(x0 , ξ)k
≤C 0,
for any Ax0 ∈ ∂f (x0 ). Hence ξ does not solve (MVVI).
Furthermore, we prove that every solution of (SVVI) is still a local (η, e)-quasi efficient
solution of (VOP) in the case of approximate pseudo invexity of type II.
Theorem 3. Assume that f is approximate pseudo (η, e)-invex of type II at ξ ∈ X. If ξ is a
solution of (SVVI), then ξ is also a local (η, e)-quasi efficient solution of (VOP).
Proof. By contrapositive, assume that for each r > 0, there is x0 ∈ B(ξ, r) satisfying
f (x0 ) − f (ξ) ≤C −ekη(x0 , ξ)k <C 0.

(4)

Since f is approximate pseudo (η, e)-invex of type II at ξ, it follows that
Aξ η(x0 , ξ) <C −ekη(x0 , ξ)k,

∀Aξ ∈ ∂f (ξ).

Applying equation (4), we get
Aξ η(x0 , ξ) ≤C 0,

∀Aξ ∈ ∂f (ξ).

Therefore ξ is not a solution of (SVVI).
Using similar arguments as in the proof of Theorem (2), we can also demonstrate that under
approximate pseudo (η, e)-invexity of type II of the function −f , solutions to (MVVI) are also
local (η, e)-quasi efficient solutions of (VOP) provided that η holds the same condition.
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4. Sufficient and necessary conditions for local quasi weak efficient solutions
In this section, we consider the weak formulations of Stampacchia [22] and Minty [17] vector
variational inequalities as follows:
(WSVVI) Find ξ ∈ X for which there exists no x ∈ X satisfying
Aξ η(x, ξ) <C 0,

∀Aξ ∈ ∂f (ξ).

(WMVVI) Find ξ ∈ X for which there exists no x ∈ X satisfying
Ax η(x, ξ) <C 0,

∀Ax ∈ ∂f (x).

First, let us note that applying similar arguments as in the previous section, we can show
that if f is approximate pseudo (η, e)-invex of type I at a solution ξ ∈ X of (WSVVI), then ξ is
also a local (η, e)-quasi weak efficient solution of (VOP). The converse implication is provided
by the following theorem.
Theorem 4. Suppose that η is affine in the first argument with η(x, x) = 0 for all x ∈ X.
Assume also that −f is approximate quasi (η, e)-invex of type II at ξ ∈ X. If ξ is a local
(η, e)-quasi weak efficient solution of (VOP), then ξ is a solution of (WSVVI).
Proof. Assume that ξ is not a solution of (WSVVI). This means there is x ∈ X such that for
all Aξ ∈ ∂f (ξ), we have Aξ η(x, ξ) <C 0. Hence
− Aξ η(x, ξ) >C 0.

(5)

From ∂(−f )(x) = −∂f (x) we get −Aξ ∈ ∂(−f )(ξ). Since −f is approximate quasi (η, e)-invex
of type II at ξ, there is re > 0 such that for any x0 ∈ B(ξ, re)
−Aξ η(x0 , ξ) >C 0 ⇒ −f (x0 ) − (−f (ξ)) >C ekη(x0 , ξ)k
⇒ f (x0 ) − f (ξ) <C −ekη(x0 , ξ)k.

(6)

Let r > 0 be arbitrary. We take r ≤ min{r, re} and λ ∈ (0, 1) so that x0 = λx + (1 − λ)ξ ∈
B(ξ, r) ⊆ X. We have
Aξ η(x0 , ξ) = Aξ η(λx + (1 − λ)ξ, ξ) = λAξ η(x, ξ)
thanks to the assumptions on η. Thus, by using (5), we obtain −Aξ η(x0 , ξ) >C 0. Since
x0 ∈ B(ξ, re), then applying (6), the last inequality yields
f (x0 ) − f (ξ) <C −ekη(x0 , ξ)k
where x0 ∈ B(ξ, r). Hence, ξ cannot be an (η, e)-quasi weak efficient solution of (VOP).
The following theorem illustrates when a solution of (WMVVI) is also a local (η, e)-quasi
weak efficient solution of (VOP).
Theorem 5. Suppose that −f is approximate pseudo (η, e)-invex of type I at ξ with η(x, ξ) +
η(ξ, x) = 0 for all x ∈ X. If ξ is a solution of (WMVVI), then ξ is a local (η, e)-quasi weak
efficient solution of (VOP).
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Proof. Assume that for each r > 0 there is x0 ∈ B(ξ, r) satisfying
f (x0 ) − f (ξ) <C −ekη(x0 , ξ)k.
Since η(x0 , ξ) = −η(ξ, x0 ), we obtain
−f (ξ) − (−f )(x0 ) <C −ekη(ξ, x0 )k.
As the function −f is approximate pseudo (η, e)-invex of type I at ξ, it follows that
Ax0 η(ξ, x0 ) <C −ekη(ξ, x0 )k,

∀Ax0 ∈ ∂(−f )(x0 ).

Using ∂(−f )(x0 ) = −∂f (x0 ) and η(x0 , ξ) = −η(ξ, x0 ), we obtain
Ax0 η(x0 , ξ) = (−Ax0 )η(ξ, x0 ) <C −ekη(ξ, x0 )k <C 0,
for any Ax0 ∈ ∂f (x0 ).
The next result specifies that vector critical points represent sufficient optimality conditions.
Let us first recall their definition.
Definition 4. A vector critical point of f is a feasible point ξ ∈ X so that the system µT Aξ = 0
admits a solution µ >C 0 for some Aξ ∈ ∂f (ξ) [15].
The gist of the above definition is that a vector critical point ξ means 0 ∈ µT ∂f (ξ) has at
least a positive solution µ. Note that in case of a scalar-valued objective function f , a critical
point ξ is a solution to the inclusion problem 0 ∈ ∂f (ξ).
Theorem 6. Assume f is approximate pseudo (η, e)-invex of type I at ξ ∈ X. If ξ is a vector
critical point of f , then ξ is a local (η, e)-quasi weak efficient solution of (VOP).
To prove this result, we need to use the following theorem of the alternative.
Lemma 1. (Gordan’s Theorem) [6] If A is a n × m matrix, then we have either
1. Ax <C 0

for some x ∈ Rm ; or

2. AT y = 0, y ≥C 0

for some nonzero solution y ∈ Rn ;

but not both.
Proof of Theorem 6. Assume that for each r > 0, there is x0 ∈ B(ξ, r) satisfying
f (x0 ) − f (ξ) < −ekη(x0 , ξ)k.
Since f is approximate pseudo (η, e)-invex of type I at ξ, we obtain
Aξ η(x0 , ξ) <C 0,

∀Aξ ∈ ∂f (ξ).

By applying Gordan’s Theorem we deduce that there is no µ >C 0 such that µT Aξ = 0 for all
Aξ ∈ ∂f (ξ). We conclude ξ is not a vector critical point of f .
Remark 3. Theorem 6 improves Lemma 3.1 in [19] since the approximate pseudo convexity of
type I has been weakened by the approximate pseudo (η, e)-invexity of type I.
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5. Example
In this section, we illustrate the obtained results by an example.
Consider the following vector optimization problem:
min f (x) := (f1 (x), f2 (x)),

s.t.

x ∈ X,

where,
(
−x3 − x2 + 5x x ≥ 0
f1 (x) =
x3 + 6x
x < 0;
and
(
x2 − 2x
f2 (x) =
−x2 − 3x

x≥0
x < 0,

X = R, C = R2+ and η(x, y) = x − y for all x, y ∈ X.
The Clarke subdifferential of f at x ∈ X is given by

2
T

{(−3x − 2x + 5, 2x − 2) }
∂f (x) = co{(5; −2)T , (6; −3)T } = {(5k1 + 6k2 ; −2k1 − 3k2 )T }


{(3x2 + 6, −2x − 3)T }

x>0
x=0 ,
x<0

where k1 ≥ 0, k2 ≥ 0 such that k1 + k2 = 1.
For any e = (e1 , e2 ) s.t 0 < ei < 1 with i ∈ {1, 2}, we prove that there exists r =
that, for all x, y ∈ B(x0 , r), x0 = 0, one has
f (x) − f (y) <C 0

⇒

1
2

> 0 such

Ay η(x, y) + ekη(x, y)k <C 0, ∀Ay ∈ ∂f (y),

Hence, f is approximate pseudo (η, e)-invex of type II at x0 .
On the other hand, let ξ = 0.
Since for any x ∈ X \ {ξ} and for all k1 ≥ 0, k2 ≥ 0 such that k1 + k2 = 1 one has
Aξ η(x, ξ) = x(5k1 + 6k2 ; −2k1 − 3k2 )T C 0 ,
Therefore, ξ = 0 solves (SVVI).
Now, since f is approximate pseudo (η, e)-invex of type II at ξ, then, by Theorem 3, ξ = 0
should be a local (η, e)-quasi efficient solution of (VOP). Indeed, for 0 < e < 1, we have for all
x ∈ B(ξ, r) \ {ξ} with r > 0
(
(−x3 − x2 + 5x + ex, x2 − 2x + ex)T
f (x) − f (ξ) + ekη(x, ξ)k = f (x) + e|x| =
(x3 + 6x − ex, −x2 − 3x − ex)T
which means that
f (x) − f (ξ) + ekη(x, ξ)k C 0,
Therefore, ξ is a local (η, e)-quasi efficient solution of (VOP).

x>0
,
x<0
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6. Conclusion
We have considered two generalized types of quasi efficient solutions to nonsmooth vector
optimization problems. Using new generalized invexity assumptions we have provided necessary
and sufficient conditions of optimality for these solutions. More precisely, we have shown that
Stampacchia vector variational inequalities present sufficient optimality conditions when the
multiobjective function f satisfies weak forms of approximate invexity. On the other hand, we
have obtained necessary optimality conditions in terms of Minty vector variational inequalities
given similar approximate invexity assumptions on the function –f . Finally, we have proven that
vector critical points represent sufficient optimality conditions as well for approximate pseudo
invex functions. It is worth mentioning that we have used the original definition of Clarke’s
generalized Jacobian instead of the Cartesian product of Clarke’s subdifferentials of the scalarvalued function components as done in [14, 15, 18, 19]. Since our generalized invexity contains
as special cases previous generalized convexity conditions that were provided in [7, 5, 20], the
presented theorems in this paper extend many corresponding results in the literature like [19]
for example.
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1. Introduction
Nonconvex quadratic optimization with linear constraints is a problem of minimization of nonconvex quadratic function subject to linear equality and inequality constraints. This problem
is important in mathematical programming, and it has numerous applications in diverse fields
of science and technology, see [11, 12] for more explanations. It is well known that any local
minimum is global for a convex quadratic optimization problems, for more results on this topic,
we refer the readers to Stephen Boyd and Lieven Vandenberghe [2] and Jorge Nocedal and
Stephen Wright [8]. In general, a local minimizer may not be a global minimizer.
In this paper, we present some global optimality conditions for a nonconvex quadratic function subject to linear constraints. This problem is an NP–hard global optimization problem,
see [7, 9, 10]. In [5, 8], the authors showed that, for some quadratic optimization problems
with linear equality constraints, if the Jacobian matrix of its equality constraints has a fullrow rank and the Hessian matrix of the Lagrangian is positive definite on the null space of
this Jacobian matrix, then there is a single global minimum. Without using this condition,
we establish alternative theorems to certain global optimality problems, and we present global
optimality conditions of a quadratic optimization problem with linear equality and inequality
constraints. We prove that, if the set of Karush-Kuhn-Tucker (KKT) triplets is convex, then a
local minimizer is global.
The outline of this paper is as follows. In the Section 2 we present notations and definitions, which include the firs–order and the second–order necessary optimality conditions for
a quadratic optimization problem with linear constraints either equality or both equality and
inequality. The main results are stated and proved in the Section 3. In the Section 4 we validate the obtained results by applying our approach to an example of quadratic optimization
problems. Finally, conclusion is given in the Section 5.
∗ Corresponding

author.
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2. Preliminaries and definitions
Consider the following quadratic optimization problem with linear equality constraints
min

x∈Rn

s. t.

1 T
x Qx − cT x,
2
Ax = b,

q(x) =

(P1)

where x ∈ Rn , Q ∈ Rn×n , is a symmetric indefinite matrix; xT denotes the transposition of x;
A is an m by n real matrix with m ≤ n, b is a constant vector of Rm , c is a constant vector of
Rn and
F = {x ∈ Rn : Ax = b},
the feasible set of problem (P1)
Recall that x∗ ∈ F is a local minimizer, for problem (P1), if and only if x∗ satisfies first-order
and second-order necessary optimality conditions of Karush–Kuhn–Tucker, see for instance
[1, 3]. So x∗ is a local minimizer for the problem (P1), if and only if there exists a Lagrange
multiplier λ∗ ∈ Rm , satisfies
∇x L(x∗ , λ∗ ) = 0,
∗

∗

∇λ L(x , λ ) = 0,
T

d Qd ≥ 0

∀ d ∈ Ker(A),

(1)
(2)
(3)

where the Lagrangian function
L(x, λ) = q(x) + λT (Ax − b),
is defined on Rn × Rm . ∇x , ∇λ denotes the gradient with respect to x and λ, respectively and
Ker(A) = {x ∈ Rn : Ax = 0}.
This leads, in particular, to the following first order optimality conditions
Qx∗ + AT λ∗ = c,
∗

Ax = b.

(4)
(5)

Definition 1. A KKT pair for the problem (P1) is a pair (x, λ) ∈ Rn × Rm satisfying the
equations (4) and (5) and x is called a KKT point of problem (P1).
The set of the KKT pairs for the problem (P1) is denoted by KF .
Consider next the following quadratic optimisation problem with linear equality and inequality constraints:
1
min q(x) = xT Qx − cT x,
x∈Rn
2
(P2)
s. t. Ax = b,
xi ≥ 0, ∀ i ∈ {1, 2, . . . , n}.
The feasible set of this problem is denoted by
∆ = {x ∈ Rn | Ax = b, xi ≥ 0, i ∈ {1, 2, . . . , n}} .
The Lagrangian function is defined, on Rn × Rm × Rn , by
L(x, λ, µ) =

n
X
1 T
x Qx − cT x + λT (Ax − b) −
µi xi .
2
i=1
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It can be seen that the problem (P2) is reduced to the problem (P1), when there is no inequality
constraints.
A feasible point x ∈ ∆ is said to be a KKT point (or a stationnary point for the Lagrangian
function L) of the problem (P2), if x satisfies necessary first-order optimality conditions of
Karush-Kuhn-Tucker and there exists Lagrange multipliers (λ, µ) such that

 Qx − c + AT λ − µ = 0,
(CN1)
Ax = b,

xi ≥ 0, µi ≥ 0, µi xi = 0, ∀ i = 1, 2, . . . , n.
Let I(x) = {i ∈ {1, 2, . . . , n} : xi = 0} be the index set of active constraints. We put
M (x) = {i ∈ {1, 2, . . . , n} : µi > 0} ⊆ I(x),
Recall that a triplet (x, λ, µ) satisfy the strict complementarity condition if M (x) = I(x).
Let
T4 (x) = {d ∈ Rn | Ad = 0; di ≥ 0, ∀ i ∈ I(x)},
be the tangent cone to 4 at x and let C(x) = T4 (x) ∩ ∇x q(x)⊥ be the critical cone. One has
C(x) = {d ∈ Rn | Ad = 0; di ≥ 0, ∀ i ∈ I(x) and di = 0 for µi > 0} .
A KKT point x ∈ ∆ satisfies necessary second-order optimality conditions if the following
conditions holds:
dT Qd ≥ 0
∀ d ∈ C(x)
(CN2)
Definition 2. A KKT triplet for the problem (P2), is a triplet (x, λ, µ) ∈ Rn × Rm × Rn
satisfying the conditions (CN1) and x is called a KKT point of problem (P29.
The set of the KKT triplets for (P2) is denoted by K4 .
In general, the set K4 is not a convex set.
Definition 3. Let J ⊂ {1, 2, . . . , n}. The pseudo-face 4J is the subset of 4 defined by [6]
4J = {x ∈ 4 | xj = 0, j ∈ J; xj > 0, j ∈ {1, 2, . . . , n} \ J}.
By Contesse [3], it is well known that the conditions (CN1) and (CN2)are necessary and sufficient conditions for local optimality conditions for this problem.
For (P2), the most difficulty is that the local optimality does not imply the global optimality
in general, but we will see that this implication holds in a special case. In the next section, we
propose a global optimality criterion for this problem.

3. Mains results
In the following lemma, we present a first global optimality condition for the problem (P1)
Lemma 1. For the problem (P1), every local minimizer is a global minimizer.
Proof. Let x̄ be a local minimizer for (P1, λ̄ is an associated Lagrange multiplier vector and
x be a feasible point for this problem (satisfying Ax = b). Then, by using the second-order
Taylor expansion and the Hessian of the Lagrangian function, we have
1
q(x) = L(x, λ̄) = L(x̄, λ̄) + ∇x L(x̄, λ̄)T (x − x̄) + (x − x̄)T Q(x − x̄).
2
As L(x̄, λ̄) = q(x̄), (∇x L(x̄, λ̄) = 0 and (x − x̄) ∈ Ker(A), so from equation (3), we have that
q(x) ≥ q(x̄).
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The set KF is a convex set and has two properties listed in the following lemma.
Lemma 2.

We have

1. (y − x)T Q(y − x) = 0

∀{(x, λx ), (y, λy )} ⊂ KF ,

2. The objective function q is constant over KF .
Proof.
1. By applying (x, λx ) and (y, λy ) into (4), we have
Qx − c + AT λx = 0,

(6)

Qy − c + AT λy = 0.

(7)

Furthermore, by subtracting these equations, we obtain an expression of the form
Q(y − x) + AT (λy − λx ) = 0.
Then we have
(y − x)T Q(y − x) + (y − x)T AT (λy − λx ) = 0.

(8)

By applying x and y into (5), we have
Ay = b,

(9)

Ax = b.

(10)

From these equations, we deduce that A(y − x) = 0. So, we obtain
(y − x)T Q(y − x) = 0.
2. Using the second-order Taylor expansion and the Hessian of the Lagrangian function of
(P1), we get
q(y) = L(y, λy ) = L(x, λx ) + ∇x L(x̄, λx )T (y − x) + 21 (y − x)T Q(y − x).
Since (y − x)T Q(y − x) = 0 ∀ {(x, λx ), (y, λy )} ⊂ KF . So, it follows that q(x) = q(y).

We are able now to prove the following theorem of alternatives for quadratic programming
with linear equality constraints.
Theorem 1. Suppose that the objective function q is not constant on the feasible set F, then
for the problem (P1), only one of the following conditions is satisfied.
1) The objective function q has no lower and no upper bound on the feasible set F.
2) Every KKT point is a global minimizer.
3) Every KKT point is a global maximizer.
Proof.
1
1
Let α = inf { xT Qx − cT x : Ax = b} and β = sup { xT Qx − cT x : Ax = b}.
2
2
Suppose that the item 1) does not hold. This means that α or β is finite.
i) Suppose that α is finite, by Frank-Wolfe Theorem [4], the problem (P1) admits a global
minimizer x̄ which is a KKT point and λ̄ is the Lagrange multiplier associated. For any
other pair (x∗ , λ∗ ) ∈ KF , we obtain q(x̄) = q(x∗ ), from Lemma 2.
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ii) Suppose that β is finite. In the same way, we prove that every KKT point is a global
maximizer.
iii) If α and β are finite. From Lemma 2 we have that α = β and q is constant. Thus this
case is excluded.

Now, we extend the previous results for the problem (P2).
Theorem 2. Suppose that the set K4 of KKT triplets is convex, then
1) (x − x∗ )T Q(x − x∗ ) = 0

∀ {(x, λ, µ), (x∗ , λ∗ , µ∗ )} ⊂ K4 .

2) the Lagrangian function L and the objective function q are constant over K4 .
Proof. Let (x, λ, µ) and (x∗ , λ∗ , µ∗ ) in K4 ,
1) From the convexity of the set K4 of KKT triplets and the complementary condition, we
get, for every t ∈ [0, 1]
t(x, λ, µ) + (1 − t)(x∗ , λ∗ , µ∗ ) =
= (tx + (1 − t)x∗ , tλ + (1 − t)λ∗ , tµ + (1 − t)µ∗ )
= (x, λ, µ) ∈ K∆ .
Let i ∈ {1, 2, . . . , n} and t ∈ [0, 1], we have
0 = µi xi = (tµi + (1 − t)µ∗i )(txi + (1 − t)x∗i ) = t(1 − t)(µi x∗i + µ∗i xi ).
We obtain
µi x∗i = µ∗i xi = 0

∀ i = 1, 2, . . . , n.

(11)

∗

Since x and x satisfies
Qx + AT λ − µ = c,

(12)

Qx∗ + AT λ∗ − µ∗ = c,

(13)

by substituting (13) into (12) gives us one equation
Q(x − x∗ ) +AT (λ − λ∗ ) − (µ − µ∗ ) = 0.
which is equivalent to
Q(x − x∗ ) = −AT (λ − λ∗ ) + µ − µ∗ .
Multiply (x − x∗ ) by this relation, we get
(x − x∗ )T Q(x − x∗ ) = −(x − x∗ )T AT (λ − λ∗ ) + (x − x∗ )T (µ − µ∗ ).
Since (x − x∗ )T AT = (A(x − x∗ ))T = 0, we have from this equation that
(x − x∗ )T Q(x − x∗ ) = −

n
X

(xi µ∗i + x∗i µi ).

(14)

i=1

and, from equation (11), we obtain
(x − x∗ )T Q(x − x∗ ) = 0.

(15)
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2) From second-order Taylor expansion of the Lagrangian function L with respect to x, we
get
1
L(x∗ , λ, µ) = L(x, λ, µ) + ∇x L(x, λ, µ)T (x∗ − x) + (x∗ − x)T Q(x∗ − x)
2
From (CN1) and (15) we have
L(x∗ , λ, µ) = L(x, λ, µ)
Since
L(x∗ , λ, µ) =

(16)

n
X
1 ∗T
x Qx∗ − cT x∗ −
x∗i µi
2
i=1

and
L(x, λ, µ) =

1 T
x Qx − cT x.
2

Using equations (11) and (16), we get
1
1 ∗T
x Qx∗ − cT x∗ = xT Qx − cT x,
2
2
and q(x∗ ) = q(x).

Corollary 1. If a subset K of K4 is convex, then the Lagrangian function L is constant over
K.
Next, we give a criteria for the convexity of the set of KKT triplets K4 . We begin with a
first result concerning the sufficient conditions for the convexity of K4 .
Proposition 1. Suppose that one of the following conditions holds:
1) dT Qd ≥ 0

∀ d ∈ Ker(A).

2) I(x) = I(x∗ )

∀ (x, λ, µ), (x∗ , λ∗ , µ∗ ) ∈ K4 .

then the set K4 of KKT triplets is convex.
Proof.
1) Suppose that 1) holds and let (x, λ, µ) and (x∗ , λ∗ , µ∗ ) in K4 . We shall prove
that, for every t ∈ [0, 1], t(x, λ, µ) + (1 − t)(x∗ , λ∗ , µ∗ ) ∈ K4 . It is sufficient to prove that
the complementary condition holds. Since x − x∗ ∈ Ker(A),
(x − x∗ )T Q(x − x∗ ) ≥ 0
and from equation (14), we have
(x − x∗ )T Q(x − x∗ ) = −

n
X

(xi µ∗i + x∗i µi ) ≤ 0.

i=1

This means that
(x − x∗ )T Q(x − x∗ ) = 0.
So xi µ∗i + x∗i µi = 0

∀ i = 1, 2, . . . , n.

From this condition, we have
(tµi + (1 − t)µ∗i )(txi + (1 − t)x∗i ) = t(1 − t)(µi x∗i + µ∗i xi ) = 0

∀ i, ∀ t ∈ [0, 1].

We deduce that
t(x, λ, µ) + (1 − t)(x∗ , λ∗ , µ∗ ) ∈ K4

∀ t ∈ [0, 1].
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2) Suppose that 2) holds and let (x, λ, µ) and (x∗ , λ∗ , µ∗ ) in K4 . We shall prove that, for
every t ∈ [0, 1], then t(x, λ, µ) + (1 − t)(x∗ , λ∗ , µ∗ ) ∈ K4 .
Since I(x) = I(x∗ ) then, we have
xi µ∗i = x∗i µi = 0

∀ i = 1, 2, . . . , n.

xi µ∗i + x∗i µi = 0

∀ i = 1, 2, . . . , n.

This means that
So we have the set K4 is convex.
From Proposition (1), we deduce the following corollary.
Corollary 2.
1) If Q is positive semidefinite, then the set K4 of KKT triplets is convex.
2) For every J ⊂ {1, 2, . . . , n}, K4J = {(x, λ, µ) ∈ K4 | x ∈ 4J } is convex.
Theorem 3. Consider the following quadratic optimization problem
1
min { xT Qx − cT x : x ∈ 4J },
2

(P3)

where Q is an arbitrary symmetric n × n matrix. Then, every local minimizer of problem (P3
is a global minimizer.
Proof. Let x∗ be a local minimizer for problem (P3 with Lagrange multiplier (λ∗ , µ∗ ) and
x ∈ 4J . Then, we have I(x) = I(x∗ ). This means that µ∗i xi = 0 ∀ i = 1, 2, . . . , n and
L(x, λ∗ , µ∗ ) = q(x).
Note that d = x − x∗ which satisfy the following conditions
d ∈ Ker(A) and di = 0 ∀ i ∈ I(x∗ ) = J.
Then, we deduce that
d ∈ T4J (x∗ ) = {d ∈ Rn | Ad = 0; di = 0, ∀ i ∈ I(x∗ ) = J},
this means that dT Qd ≥ 0. From second–order Taylor expansion of the Lagrangian function L
with respect to x, we have
1
q(x) = L(x, λ∗ , µ∗ ) = L(x∗ , λ∗ , µ∗ ) + ∇x L(x∗ , λ∗ , µ∗ )T d + dT Qd.
2
Hence, we obtain q(x) ≥ q(x∗ ). This completes the proof.

4. Example
By using our approach, we show that every local minimizer is a global minimizer for the following
nonconvex quadratic minimization problems with linear constraints.
min

x∈R5

s. t.

1 T
x Qx,
2
5
X
Ax =
xi = 1,
q(x) =

i=1

xi ≥ 0, ∀ i ∈ {1, 2, . . . , 5},

(P)
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where A = 1 1 1 1 1 and

2 1 1 1 −1
 1 2 1 1 1



Q=
 1 1 2 1 −1  .
 1 1 1 2 −1 
−1 1 −1 −1 2
√
The eigenvalues of Q are: λ1 = 12 (5 − 33) < 0, λ2 = 1 > 0, λ3 = 1 > 0, λ4 = 3 > 0,
√
λ5 = 21 (5 + 33) > 0. Then this matrix is not positive semidefinite.
Let
(
)
5
X
5
∆= x∈R |
xi = 1; xi ≥ 0, i ∈ {1, 2, . . . , 5}


i=1

and
(
5

d∈R |

Ker(A) =

5
X
i=1
4


= Zu | u ∈ R

)
di = 0 .
,

where



1 0 0 0
 0 1 0 0



Z=
 0 0 1 0.
 0 0 0 1
−1 −1 −1 −1
• First, we discuss according to the zero components of a solution of problem (P). Then we
can solve the necessary first order conditions (CN1) of this problem .

T

T
3
3
3
7
5
11
, 0,
,
,
; λ=
; µ = 0,
, 0, 0, 0 .
We obtain x =
16
16 16 16
16
16
• The solution x satisfies the conditions (CN2) for problem (P).
• Secondly, we show that, the matrix Q is positive semidefinite over the set Ker(A). Indeed,
we have
y T Qy ≥ 0, ∀ y ∈ Ker(A)

⇔

The matrix Z T QZ is positive semidefinite on

6
 3
T
Z QZ = 
 5
5

dT (Z T QZ)d ≥ 0, ∀ d ∈ R4 .
R4 , where

3 5 5
2 3 3 
,
3 6 5 
3 5 6

√
and the eigenvalues
of Z T QZ are: λ1 = 9 + 2 19 > 0, λ2 = 1 > 0, λ3 = 1 > 0,
√
λ4 = 9 − 2 19 > 0.
Therefore, the first item of Proposition 1 holds (i.e. the set K4 of this problem is convex).
• From the second item of Theorem 2, then x is a global minimizer for (P)

A sufficient conditions for global quadratic optimization

19

5. Conclusion
We have given a new sufficient global optimality condition for non-convex quadratic minimization problems subjective to both linear equality and linear inequality constraints, related to the
set of Karush-Kuhn-Tucker triplets (KKT) of this problem. We have shown that, if the set of
KKT of this problem is convex, then a local minimum is global. Our approach can be a tool
to solve globally a subclass of minimization of non-convex standard quadratic problems.
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Abstract. In this paper, we establish a cost optimization analysis for an M/M/1/N queuing system
with differentiated working vacations, Bernoulli schedule vacation interruption, balking and reneging.
Once the system is empty, the server waits a random amount of time before he goes on working vacation during which service is provided with a lower rate. At the instant of the service achievement
in the vacation period, if there are customers present in the system, the vacation is interrupted and
the server returns to the regular busy period with probability β 0 or continues the working vacation
with probability 1 − β 0 . Whenever the working vacation is ended, the server comes back to the normal
busy period. If the system is empty, the server can take another working vacation of shorter duration.
In addition, it is supposed that during both busy and working vacation periods, arriving customers
may become impatient with individual timers exponentially distributed. Explicit expressions for the
steady-state system size probabilities are derived using recursive technique. Further, interesting performance measures are explicitly obtained. Then, we construct a cost model in order to determine the
optimal values of service rates, simultaneously, to minimize the total expected cost per unit time by
using a quadratic fit search method (QFSM). Finally, numerical illustrations are added to validate the
theoretical results.
Keywords: Bernoulli schedule vacation interruption, cost queuing model, differentiated working vacations, impatient customers, QFSM optimization
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1. Introduction
queuing systems subject to working vacation policy have been extensively studied due to
their wide applications in computer systems, telecommunications, and production management.
Many working vacation policies improve the adaptability for optimal design of queuing systems.
These models have been studied by different researchers. As a general rule, in working vacation
policy, the server resumes its work at the normal service rate after the end of the vacation, only
if customers are waiting in the system. Li and Tian [11] introduced vacation interruptions in an
infinite-buffer Markovian single server queue with working vacation policy at which the server
∗ Corresponding

author.
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may come back from the vacation to the regular working level once the number of customers
attain a certain value in the vacation period. Then, Li et. al [12] considered a GI/M/1 queuing
model with working vacation and vacation interruption. Baba [3] dealt with a M/P H/1 queuing model under working vacations and vacation interruption. An M/G/1 queuing system with
single working vacation and vacation interruption under Bernoulli schedule has been examined
in Gao and Liu [9]. Lee and Kim [10] presented the sojourn time distribution of an M/G/1
queue with a single working vacation and vacation interruption. Later, the transient analysis of
an infinite capacity sigle server Markovian queue with differentiated vacations has been done in
Vijayashree and Janani [20]. Majid et. al [15] treated a M/M/1 queuing model with working
vacation and vacation interruption under Bernoulli schedule. Recently, significant results on
the subject have been presented, see for instance, Ameur et. al [2], Majid and Manoharan [14],
and Rajadurai [16] and the reference therein.
Various queuing situations occur where customers tend to be discouraged by a long queue.
As a consequence, customers decide either not to join the queue (balk) or leave after logging into
the queue without being served because of their impatience (renege). Numerous researchers have
been attracted by the analysis of the impatience behavior in queuing models with vacation and
working vacation. Yue et. al [21] dealt with impatience behavior in an M/M/1/ queue under
multiple working vacation policy. A finite buffer renewal input queuing model with balking and
multiple working vacations has been carried out by Vijaya Laxmi and Jyothsna [18]. Then,
Vijaya Laxmi and Jyothsna [19] analyzed the impatience behaviour in a queuing model with
Bernoulli schedule vacation interruption. Later, Bouchentouf and Yahiaoui [8] investigated a
M/M/1 queuing model with feedback, reneging and retention of reneged customers, multiple
working vacations and Bernoulli schedule vacation interruption. Majid and Manoharan [13]
provided the analysis of an infinite-space Markovian multi-server queuing model with single
and multiple synchronous working vacations. Afroun et. al [1] used a Q-matrix method for
the study of an unreliable M/M/1/N queuing model with customer’s impatience. Recently,
Bouchentouf et. al [4], Bouchentouf and Guendouzi [5, 6], Bouchentouf and Medjahri [7], and
Sampath and Liu [17] gave some important papers in this area.
In this investigation, we consider a finite-buffer Markovian single server queuing system
with waiting server, balking and reneging, under differentiated working vacations and Bernoulli
schedule vacation interruption at which the server is subject to two types of working vacation,
namely: working vacation after the busy period and working vacation taken immediately after
the server has just returned from previous working vacation to find that there are no customers
in the queue. During working vacation period, the service is supposed to be interrupted under
the Bernoulli schedule.
The rest of the paper is organized as follows. Section 2 presents the description of the queuing
model. In Section 3 we derive the stationary distribution of the system. In Section 4 we deduce
important characteristics of the system. In Section 5 we construct a cost model in order to
determine the optimal values of service rates, simultaneously, to minimize the total expected
cost per unit time by using a quadratic fit search method (QFSM). Numerical demonstrations
are given in Section 6. Finally, Section 7 concludes the paper.

2. Description of the model
Consider a finite–buffer single server queuing system subject to differentiated working vacations,
Bernoulli schedule vacation interruption, waiting server and customers’ impatience. Figure 1
shows the state transition diagram of the considered model.
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Figure 1: State–transition diagram
What follows are the assumptions of the system.
i) Customers join the queue according to a Poisson process with rate λ
ii) Service time during normal busy period follows an exponential distribution with rate µ
iii) On arrival, a customer either decides to join the queue with probability θn or balk with
probability θn0 = 1 − θn . Note that 0 ≤ θn+1 ≤ θn < 1 with 1 ≤ n ≤ N − 1, θ0 = 1, and
θN = 0.

24

Amina Angelika Bouchentouf, Abdelhak Guendouzi and Shakir Majid

iv) Once the normal busy period is over, the server waits for a random duration of time
before he goes on working vacation. It is supposed that waiting time duration follows an
exponential distribution with rate η.
v) The server begins a type–I working vacation after the waiting time duration is finished.
When the working vacation time is ended, and the server finds an empty system, he takes
another vacation of shorter duration, named type–II working vacation. Otherwise, he
comes back to the normal busy period and starts serving the customers present in the
system. Type–I and type–II working vacation times follow exponential distributions with
parameter φ1 and φ2 , respectively.
vi) During vacation period, customers are served at lower rate. The service time during this
period follows an exponential distribution with ν < µ.
vii) During working vacation period, the server is supposed to be interrupted under the
Bernoulli rule, i.e., at a service completion instant during this period if there are customers in the system, the server may interrupt the vacation and switch to normal busy
period with probability β 0 or continue the vacation with probability β = 1 − β 0 . It is
worth noting that the vacation service rate can be only applied to the first customer
arrived during a vacation period.
viii) In normal busy period, type–I, and type–II working vacations, each arriving customer
activates an individual timer, exponentially distributed with parameters ξ0 , ξ1 and ξ2 ,
respectively, such that, if the customer’s service has not begun before the customer’s
timer expires, he abandons the queue and never returns.
ix) The inter–arrival times, service times, waiting times, working vacation times, and impatience times are mutually independent. The service discipline is First–Come, First–Served.

2.1. Practical application of the proposed queuing model
Power consumption and the delay of the data frame are two important points in the design
of an effective energy saving mechanism. The considered queuing model is evolved for the
data frames of type–I and type–II energy saving classes in IEEE 802.16e. Consider the finite
capacity (buffer) fed by the downlink data frames at the base station at which the data frames
arrive at the buffer according to Poisson process with arrival rate λ. In active mode (normal
busy period), the mobile station and the base station connect with each other for sending and
receiving messages in the form of data frame. The service time is supposed to be exponentially
distributed with parameter µ. Let θn be the probability with which the incoming data frames
decide to join the buffer and let 1 − θn denote the probability that they decide to balk, when
there are n incoming data frames in front of them in the system.
When there is no data frame in the system, the mobile station is allowed to remain in an
inactive state for a random period (waiting server). Whenever the idle status is over, it sends
a MOB-SLP-REQ message to the base station requesting to enter a type–I sleep mode. Once
it received the response message MOB-SLP-RSP from the base station, the mobile station
enters the sleep mode which is distributed exponentially with parameter φ1 . If there is no data
frame on its return, it is authorized to enter type–II sleep mode of shorter duration which is
exponentially distributed with parameter φ2 . In type–I and type–II sleep modes, the system
operates continuously but slowly (working vacation policy) at which the service time is assumed
to be exponentially distributed with parameter ν. After completing type–II sleep mode, it comes
back to regular busy state even if there is no frame date. At the time of service completion
during both type–I and type–II sleep modes, the system can continue operating with probability
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β or switch to the normal busy period with (1−β). At this time, if some data frames are present
in the system, they will be processed immediately (working vacation interruption).
During both busy period, type–I or type–II sleep modes, a data frame (customer) can
be recalled by the sender; on its arrival, if the system is on busy, type–I or type–II sleep
mode, a customer activates an individual impatience timer T0 , T1 or T2 , which is exponentially
distributed with parameter ξ0 , ξ1 or ξ0 , respectively. If impatience timers expire before the
begging of the processing time, the frame date abandons the system.

3. Steady–state analysis
Let N (t) denote the number of customers
time t, such that

 0, when the server
J(t) = 1, when the server

2, when the server

in the system and J(t) be the status of the server at

is in normal busy period,
is on type-I working vacation period,
is on type-II working vacation period.

Clearly, the process {(J(t), N (t)), t ≥ 0} is a continuous–time Markov process with state
space
Ω = {(j; n) : j = 0, 1, 2; n = 0, 1, ..., N }.
Let Pj,n = lim P {J(t) = j, N (t) = n}, (j, n) ∈ Ω, denote the system state probabilities.
t→∞

Applying the Markov process theory, we obtain the following set of steady–state equations
(λ + η)P0,0 = µP0,1 , n = 0,

(1)

(λθ1 + µ)P0,1 = λP0,0 + φ1 P1,1 + φ2 P2,1 + β 0 νP1,2
(2)
+β 0 νP2,2 + (µ + ξ0 )P0,2 , n = 1,
(λθn + µ + (n − 1)ξ0 )P0,n = λθn−1 P0,n−1 + φ1 P1,n + φ2 P2,n + β 0 νP1,n+1
(3)
+β 0 νP2,n+1 + (µ + nξ0 )P0,n+1 , 2 ≤ n ≤ N − 1,
(µ + (N − 1)ξ0 )P0,N = λθN −1 P0,N −1 + φ1 P1,N + φ2 P2,N , n = N,

(4)

(λ + φ1 )P1,0 = ηP0,0 + νP1,1 , n = 0,

(5)

(λθ1 + ν + φ1 )P1,1 = λP1,0 + (βν + ξ1 )P1,2 , n = 1,

(6)

(λθn + ν + (n − 1)ξ1 + φ1 )P1,n = λθn−1 P1,n−1 + (βν + nξ1 )P1,n+1 ,
(7)
2 ≤ n ≤ N − 1,
(ν + (N − 1)ξ1 + φ1 )P1,N = λθN −1 P1,N −1 , n = N,

(8)

λP2,0 = φP1,0 + νP2,1 , n = 0,

(9)

(λθ1 + ν + φ2 )P2,1 = λP2,0 + (βν + ξ2 )P2,2 , n = 1,

(10)
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(λθn + ν + (n − 1)ξ2 + φ2 )P2,n = λθn−1 P2,n−1 + (βν + nξ2 )P2,n+1 ,
(11)
2 ≤ n ≤ N − 1,
(ν + (N − 1)ξ2 + φ2 )P2,N = λθN −1 P2,N −1 , n = N.

(12)

The normalization condition is
N
X
n=0

P0,n +

N
X
n=0

P1,n +

N
X

P2,n = 1.

(13)

n=0

Theorem 1. 1. The steady-state-probabilities of the system size during type-II working vacation
period are given by
P2,n = ψn P2,N ,
(14)
where

1,







 ν + (N − 1)ξ2 + φ2
,
ψn =
λθN −1







 λθn+1 + ν + nξ2 + φ2 ψn+1 − βν + (n + 1)ξ2 ψn+2 ,
λθn
λθn

n = N;
n = N − 1;

(15)

0 ≤ n ≤ N − 1.

2. The steady-state-probabilities of the system size during type-I working vacation period are
given by
P1,n = Θ1 γn P2,N ,
(16)
where

1,







 ν + (N − 1)ξ1 + φ1
,
γn =
λθN −1







 λθn+1 + ν + nξ1 + φ1 γn+1 − βν + (n + 1)ξ1 γn+2 ,
λθn
λθn
and
Θ1 =

n = N;
n = N − 1;

(17)

0 ≤ n ≤ N − 1;

λψ0 − νψ1
.
φ1 γ0

(18)

3. The steady-state-probabilities of the system size during normal busy period P0,n are given by
P0,n = (Θ2 ωn − τn )P2,N ,

(19)


1,
n = N;







 µ + (N − 1)ξ0
,
n = N − 1;
ωn =
λθN −1







 λθn+1 + µ + nξ0 ωn+1 − µ + (n + 1)ξ0 ωn+2 , 0 ≤ n ≤ N − 1,
λθn
λθn

(20)

where
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τn =


0,







Θ1 φ1 + φ2



,



 λθN −1

n = N;
n = N − 1;
(21)

λθn+1 + µ + nξ0
µ + (n + 1)ξ0



τn+1 −
τn+2


λθn
λθn







Θ (φ γ
+ β 0 νγn+2 ) + (φ2 ψn+1 + β 0 νψn+2 )

 + 1 1 n+1
,
λθn

and

0 ≤ n ≤ N − 1,



Θ1
Θ2 =
(λ + φ1 )γ0 − νγ1 ,
ηω0

with
P2,N =

27

X
N

ψn + Θ 1

n=1

N
X

γn + Θ 2

n=0

N
X

ωn −

n=0

(22)
N
X

−1
τn

.

(23)

n=0

Proof. Solving recursively equations (10)–(12), we get P2,n = ψn P2,N , where ψn is presented
by (15). Via equations (6)–(8), we find P1,n = γn P1,N , where γn is given by (17). Using
equation (9) we get equations (16)–(18). By solving equations (2)–(4), we derive P0,n in terms
of P0,N and P2,N . Then, using (5) we obtain P0,n in terms of P2,N , given by (19). Finally, using
the normalization condition (13) we get equation (23).

4. Performance measures
Once the steady–state probabilities of the system are obtained, we evaluate the system behaviour based on the following performance measures.
The mean number of customers in the system
Ls =

N
X

n(P0,n + P1,n + P2,n ).

(24)

n=0

The mean number of customers in the queue
Lq =

N
X

(n − 1)(P0,n + P1,n + P2,n ).

(25)

n=1

The mean number of customers served per time unit
Ecs = µ

N
X

N
X

n(P1,n + P2,n ).

(26)

(1 − θn )(P0,n + P1,n + P2,n ).

(27)

n=1

nP0,n + ν

n=1

The average balking rate
Br = λ

N
X

n=1

The mean waiting time of customers in the system
Ws =

Ls
, where λ0 = λ − Br .
λ0

(28)
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The average reneging rate
Rr = ξ0

N
X

(n − 1)P0,n + ξ1

n=1

N
X

(n − 1)P1,n + ξ2

n=1

N
X

(n − 1)P2,n .

(29)

n=1

The probability that the server is in normal busy period
Pb =

N
X

P0,n .

(30)

n=0

The probability that the server is on type-I working vacation period (Pwv1 ) (resp. on type-II
working vacation period
Pwv1 =

N
X

P1,n and Pwv2 =

n=0

N
X

P2,n .

(31)

n=0

The probability that the server is idle during busy period Pid = P0,0 .
The probability that the server is working during normal busy period
Ps = 1 − P0,0 − (Pwv1 + Pwv2 ).

(32)

5. Cost model and optimization study
To construct the cost model, we consider the following cost (in unit) elements associated with
different events:
• C1 : Cost per unit time when the server is working during normal busy period.
• C2 : Cost per unit time when the server is idle during normal busy period.
• C3 : Cost per unit time when the server is on type-I or type-II working vacation period.
• C4 : Cost per unit time when a customer joins the queue and waits for service.
• C5 : Cost per unit time when a customer balks.
• C6 : Cost per unit time when a customer reneges.
• C7 : Cost per service per unit time during normal busy period.
• C8 : Cost per service per unit time during type-I or type-II working vacation period.
Using the definition of each cost element and its corresponding system characteristics, the
total expected cost per unit time of the system is given by
F = C1 Ps + C2 Pid + C3 (Pwv1 + Pwv2 ) + C4 Lq + C5 Br + C6 Rr + µC7 + νC8 .
Our objective is to determine the optimal service rates during working vacation periods
type-I and type-II ν ∗ as well as during regular busy period µ∗ that minimize the cost function
F.
Given a 3-point pattern, we may fit a quadratic function via corresponding functional values
that has a unique minimum, xq , for the given objective function F (x). The unique optimum xq
of the quadratic function agreeing with F (x) at 3-point operation (xl , xm , xu ) is given as


1 F (xl )(sm − su ) + F (xm )(su − sl ) + F (xu )(sl − sm )
,
xq ∼
=
2 F (xl )(xm − xu ) + F (xm )(xu − xl ) + F (xu )(xl − xm )
where sl = (xl )2 , sm = (xm )2 , and su = (xu )2 .
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5.1. Numerical analysis
For the analysis, we fix C1 = 45, C2 = 20, C3 = 30, C4 = 40, C5 = 25, C6 = 35, C7 = 40 and
C8 = 25. The tolerance of QFSM is taken as  = 10−5 .
To carry out the optimisation study we consider two following cases:
(a) λ = 4.00, η = 0.20, φ1 = 0.16, φ2 = 0.28, β 0 = 0.30, ξ0 = 0.20, ξ1 = 1.90, ξ2 = 2.50,
n
N = 10, ν = 1.10 and θn0 = 2 . This case is presented by Table 1 and Figure 2.
N
(b) λ = 4.00, η = 0.20, φ1 = 0.16, φ2 = 0.28, β 0 = 0.30, ξ0 = 0.20, ξ1 = 1.90, ξ2 = 2.50,
n
N = 10, µ = 4.60 and θn0 = 2 . This case is presented by Table 2 and Figure 3.
N
µl
3.90000
4.30000
4.30000
4.30000
4.30000
4.30000

µm
4.30000
4.52422
4.52422
4.52332
4.52322
4.52320

µu
4.70000
4.70000
4.52739
4.52422
4.52332
4.52322

F (µl )
347.77245
341.85791
341.85791
341.85791
341.85791
341.85791

F (µm )
341.85791
341.06123
341.06123
341.06121
341.06121
341.06121

F (µu )
341.52020
341.52020
341.06148
341.06123
341.06121
341.06121

µq
4.52422
4.52739
4.52332
4.52322
4.52320
4.52319

F (µq )
341.06123
341.06148
341.06121
341.06121
341.06121
341.06121

Table 1: Search for optimum service rate during regular busy period (µ∗ )
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Figure 2: Effect of µ on the total expected cost

νl
0.20000
0.20000
0.30000
0.30000
0.30000
0.30000

νm
0.30000
0.30000
0.31323
0.31302
0.31292
0.31292

νu
0.60000
0.32976
0.32976
0.31323
0.31302
0.31292

F (ν l )
333.05174
333.05174
332.70887
332.70887
332.70887
332.70887

F (ν m )
332.70887
332.70887
332.70479
332.70479
332.70478
332.70478

F (ν u )
334.25941
332.71154
332.71154
332.70479
332.70478
332.70478

νq
0.32976
0.31323
0.31302
0.31292
0.31292
0.31292

F (ν q )
332.71154
332.70479
332.70479
332.70479
332.70478
332.70478

Table 2: Search for optimum service rate during working vacation periods (ν ∗ )
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Figure 3: Effect of ν on the total expected cost
From Figure 2–3 we clearly observe the convexity of the curves which shows that there
exist certain values of the service rates (µ) and (ν) that minimize the total expected cost
function for the chosen set of model parameters. Further, via Tables 1–2 respectively, by
adopting QFSM and choosing the initial 3-point pattern as (µl , µm , µu ) = (3.90, 4.30, 4.70)
and (ν l , ν m , ν u ) = (0.20, 0.30, 0.60), after finite iterations, we see that the minimum expected
operating cost per unit time converges to the solution F = 341.06121 at µ∗ = 4.52319, and
converges to F = 332.70478 at ν ∗ = 0.31192.

5.2. Impact of the arrival rate and the capacity of system
To show the impact of the arrival rate (λ) and the capacity of system (N ) on the system
performance measures, we consider the following cases:
(a) λ = 3.40 : 0.50 : 5.40, η = 0.30, φ1 = 0.10, φ2 = 0.30, β 0 = 0.30, ξ0 = 0.70, ξ1 = 1.10,
n
ξ2 = 1.50, N = 12 and θn0 = . This case is presented by Table 3.
N
(b) λ = 4.20, η = 0.50, φ1 = 0.05, φ2 = 0.10, β 0 = 0.50, ξ0 = 0.20, ξ1 = 0.30, ξ2 = 0.40,
n
N = 4 : 4 : 20 and θn0 = . This case is presented by Table 4.
N
According to Tables 3–4 we observe that along the increasing of λ and N the optimal service
rate during regular busy period (µ∗ ), the optimal service rate during vacation period (ν ∗ ),
the minimum expected cost F ∗ , the probability that the server is working during regular busy
period (Ps∗ ), the mean system size (L∗s ), the average rate of reneging (Rr∗ ), and the mean number
∗
of customers served (Ecs
), monotonically increase. While the probability that the server is idle
∗
∗
during normal busy period (Pid
) and type-II
), the probabilities that the server is in type-I (Pwv1
∗
∗
(Pwv2 ) working vacations, as well as the mean waiting time (Ws ) all decrease. In addition, the
average rate of balking (Br∗ ) increases with (λ) and decreases with (N ), as intuitively expected.
Obviously, the mean system size increases with (λ) and (N ) which implies an increase in (Ps∗ ),,
∗
∗
∗
∗
).
), (Pwv1
), and (Pwv2
which results in the increasing of the (Ecs
), and a decreasing in (Pid
Further, with the increasing of the system size, the customers become impatient, which leads
to the increasing of the average rate of reneging. On the other hand, it is quite obvious that
the larger the mean system size, the higher the average balking rate. However, the greater the
system capacity, the smaller the mean balking rate.
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µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

λ = 3.40
2.00101
0.27314
0.74176
0.09022
0.16469
0.00333
2.42530
1.12658
0.68717
1.18598
4.08661
246.885

λ = 3.90
2.26440
0.28515
0.76768
0.08485
0.14496
0.00251
2.57669
0.65225
0.83742
1.28488
4.99810
271.115

λ = 4.40
2.52243
0.29377
0.78906
0.07964
0.12934
0.00195
2.71753
0.61035
0.99643
1.37685
5.95278
294.568

λ = 4.90
2.77541
0.29962
0.80702
0.07472
0.11670
0.00155
2.84945
0.57518
1.16352
1.46305
6.94498
317.371
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λ = 5.40
3.02350
0.30324
0.82236
0.07011
0.10627
0.00126
2.97375
0.54511
1.33819
1.54434
7.97011
339.618

Table 3: λ vs. system characteristics

µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
L∗s
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

N =4
1.33795
0.20685
0.78373
0.03834
0.17629
0.00164
2.60956
0.91540
2.74004
0.36489
2.89298
247.329

N =8
2.13714
0.52350
0.82201
0.03672
0.13966
0.00162
3.47690
1.06872
1.82537
0.54782
6.51793
306.186

N = 12
2.40345
0.66346
0.84511
0.03358
0.11984
0.00148
4.07565
1.12330
1.42648
0.66700
8.84703
338.751

N = 16
2.51232
0.72081
0.86353
0.02969
0.10545
0.00132
4.56079
1.19678
1.19721
0.76161
10.53426
361.666

N = 20
2.57433
0.74754
0.87640
0.02683
0.09556
0.00121
4.94947
1.30147
1.03939
0.83722
11.8432
379.151

Table 4: N vs. system characteristics

5.3. Impact of working vacation rates and the waiting rate of the sever
To study the impact of working vacation rates φ1 , φ2 , and the waiting rate of the sever η, we
consider:
(a) λ = 3.80, η = 0.80, φ1 = 0.04 : 0.04 : 0.20, φ2 = 0.30, β 0 = 0.20, ξ0 = 0.30, ξ1 = 0.60,
1
ξ2 = 1.20, N = 8 and θn0 = 1 −
. This case is presented by Table 5.
n+1
(b) λ = 4.10, η = 0.80, φ1 = 0.04, φ2 = 0.12 : 0.04 : 0.28, β 0 = 0.20, ξ0 = 0.15, ξ1 = 0.30,
1
ξ2 = 1.20, N = 8 and θn0 = 1 −
. This case is presented by Table 6.
n+1
(c) λ = 4.30, η = 0.15 : 0.20 : 0.95, φ1 = 0.04, φ2 = 0.12, β 0 = 0.40, ξ0 = 0.60, ξ1 = 1.20,
1
ξ2 = 0.45, N = 8 and θn0 = 1 −
. This case is presented by Table 7.
n+1
Tables 5–7 depict the impact of type-I and type-II vacation rates as well as the waiting
server rate. With the increasing of (φi ), i = 1, 2, a decreasing trend is observed in (ν ∗ ), (L∗s ),
(Ws∗ ), (Br∗ ), (Rr∗ ), and (F ∗ ). As intuitively expected, when the mean vacation times decreases,
the server switches rapidly to the normal busy period at which customers are served at faster
rate. Consequently, the mean system size decreases which results in the decreasing of the
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µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

φ1 = 0.04
1.21830
0.52471
0.57433
0.03432
0.38825
0.00310
2.20618
0.67237
2.38508
0.52272
2.10512
228.643

φ1 = 0.08
1.26232
0.44988
0.59951
0.03703
0.35750
0.00597
2.19712
0.65098
2.37837
0.51199
2.13951
228.053

φ1 = 0.12
1.29821
0.37691
0.61883
0.03909
0.33332
0.00875
2.18934
0.63924
2.37267
0.50375
2.16614
227.254

φ1 = 0.16
1.32838
0.30668
0.63437
0.04070
0.31338
0.01156
2.18229
0.62850
2.36762
0.49707
2.18806
226.334

φ1 = 0.20
1.35429
0.23918
0.64720
0.04197
0.29639
0.01445
2.17576
0.62047
2.36309
0.49153
2.20662
225.341

Table 5: φ1 vs. system characteristics

µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
L∗s
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

φ2 = 0.12
1.75004
0.50541
0.73599
0.08647
0.17575
0.00178
2.19603
0.61750
2.48420
0.24230
3.23176
245.028

φ2 = 0.16
1.75039
0.50536
0.73610
0.08652
0.17587
0.00151
2.19572
0.61694
2.48399
0.24215
3.23228
245.021

φ2 = 0.20
1.75065
0.50531
0.73617
0.08656
0.17596
0.00131
2.19547
0.61607
2.48383
0.24204
3.23266
245.017

φ2 = 0.24
1.75087
0.50528
0.73623
0.08659
0.17602
0.00116
2.19528
0.61588
2.48370
0.24196
3.23297
245.013

φ2 = 0.28
1.75104
0.50526
0.73628
0.08661
0.17607
0.00105
2.19512
0.61561
2.48359
0.24190
3.23321
245.011

Table 6: φ2 vs. system characteristics

∗

µ
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

η = 0.15
1.37287
0.11612
0.75165
0.07734
0.16983
0.00118
1.91357
0.48759
2.53823
0.71047
2.18160
226.442

η = 0.35
1.22927
0.17139
0.68826
0.05523
0.25435
0.00216
1.99626
0.49874
2.61049
0.80087
1.90269
228.900

η = 0.55
1.14293
0.19595
0.64326
0.04269
0.31121
0.00283
2.04076
0.50962
2.64926
0.85612
1.73364
229.805

η = 0.75
1.08299
0.21078
0.60759
0.03425
0.35480
0.00336
2.06873
0.51157
2.67384
0.89540
1.61476
230.186

η = 0.95
1.03783
0.22131
0.57802
0.02803
0.39015
0.00380
2.08778
0.51922
2.69085
0.92537
1.52495
230.323

Table 7: η vs. system characteristics
average rates of balking and reneging as well as of the total expected cost of the system. Along
∗
∗
the increasing of (φi ), i = 1, 2, a increasing trend is seen in (µ∗ ), (Pid
), (Ps∗ ), and (Ecs
), as
∗
∗
intuitively expected. Also, (Pwv1 ) decreases with (φ1 ) and increases with (φ2 ). While (Pwv2
)
increases with (φ1 ) and decreases with (φ2 ), as expected.
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∗
∗
), (Pwv2
), (Br∗ ), (Rr∗ ), and (F ∗ ) with
An increasing trend is seen in (ν ∗ ), (L∗s ), (Ws∗ ), (Pwv1
η. Obviously, the probability that the server switches to the working vacation period increases
with (η). This implies an increase in (L∗s ). Thus, the mean number of customers in the system
increases with (η), which results in the increasing in the average rates of balking and reneging.
∗
∗
Further, a decreasing trend is observed in (µ∗ ), (Ps∗ ), (Pid
), and (Ecs
). This makes a perfect
sense; the smaller the mean waiting server time, the greater the probability of busy period, and
the larger the mean number of customers served.

5.4. Impact of impatience rates
To show the impact of impatience rates ξ0 , ξ1 and ξ2 on the performance measures of the
system, we consider the following cases:
(a) λ = 4.50, η = 0.40, φ1 = 0.10, φ2 = 0.80, β 0 = 0.50, ξ0 = 0.20 : 0.30 : 1.40, ξ1 = 1.50,
n
ξ2 = 2.50, N = 15, and θn0 = 2 . This case is presented by Table 8.
N
(b) λ = 4.50, η = 0.30, φ1 = 0.07, φ2 = 0.14, β 0 = 0.50, ξ0 = 0.40, ξ1 = 0.60 : 0.30 : 1.80,
n
ξ2 = 2.50, N = 15, and θn0 = 2 . This case is presented by Table 9.
N
(c) λ = 4.50, η = 0.30, φ1 = 0.07, φ2 = 0.14, β 0 = 0.50, ξ0 = 0.40, ξ1 = 0.90, ξ2 = 1.30 :
n
0.30 : 2.50, N = 15, and θn0 = 2 . This case is presented by Table 10.
N

∗

µ
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
L∗s
Ws∗
Br∗
Rr∗
∗
Ecs
F∗

ξ0 = 0.20
4.99107
0.78815
0.67768
0.12901
0.19066
0.00265
3.13486
0.72861
0.06554
0.91707
13.44693
383.392

ξ0 = 0.50
4.04238
0.61576
0.71916
0.10686
0.17196
0.00203
3.05444
0.71563
0.06140
1.43442
10.62928
355.653

ξ0 = 0.80
3.32898
0.50711
0.74584
0.09206
0.16043
0.00167
2.95059
0.70042
0.05905
1.88256
8.44975
335.703

ξ0 = 1.10
2.76214
0.43165
0.76522
0.08102
0.15233
0.00143
2.84738
0.68951
0.05695
2.26785
6.75811
320.326

ξ0 = 1.40
2.29614
0.37837
0.78073
0.07196
0.14604
0.00127
2.75133
0.64122
0.05503
2.60027
5.42674
308.004

Table 8: ξ0 vs. system characteristics
From Tables 8–10, we see that along the increasing of the impatience rates (ξ0 ), (ξ1 ), and
(ξ2 ), the optimal service rate during vacation period (ν ∗ ), the optimum expected cost (F ∗ ), and
∗
the performance measures (L∗s ), (Ws∗ ), (Br∗ ), and (Ecs
) all decreases. While (Rr∗ ) increases with
(ξ0 ), (ξ1 ), and (ξ2 ). It is quite clear that the mean system size decreases with the impatience rates
which implies a decrease in the mean number of customers served. In addition, as expected,
∗
∗
∗
) decrease with (ξ0 ) and increase with (ξ1 ) and (ξ2 ). Whereas
(µ∗ ), (Pid
), (Pwv1
), and (Pwv2
∗
(Ps ) increases with (ξ0 ) and decreases with (ξ1 ) and (ξ2 ), as it should be.
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µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

ξ1 = 0.60
3.95322
0.95056
0.79932
0.09568
0.10285
0.00214
3.66408
0.85584
0.07503
1.17725
13.2511
376.899

ξ1 = 0.90
4.24402
0.81692
0.75398
0.11613
0.12736
0.00253
3.28129
0.80123
0.06648
1.13883
12.3664
368.304

ξ1 = 1.20
4.36186
0.70978
0.72899
0.12497
0.14329
0.00275
3.09512
0.77389
0.06254
1.16401
11.8044
363.573

ξ1 = 1.50
4.41578
0.63677
0.72013
0.12581
0.15122
0.00284
3.02621
0.73955
0.06114
1.20845
11.5310
360.393

ξ1 = 1.80
4.44369
0.58531
0.69968
0.13073
0.16648
0.16648
2.90107
0.69877
0.05854
1.24147
11.1348
358.332

Table 9: ξ1 vs. system characteristics

∗

µ
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

ξ2 = 1.30
4.24202
0.81812
0.75456
0.11596
0.12721
0.00227
3.28593
0.79854
0.06657
1.13795
12.3795
368.413

ξ2 = 1.60
4.24288
0.81764
0.75436
0.11603
0.12727
0.00233
3.28420
0.78264
0.06654
1.13814
12.3749
368.371

ξ2 = 1.90
4.24341
0.81733
0.75421
0.11608
0.12731
0.00240
3.28298
0.78009
0.06651
1.13836
12.37145
368.342

ξ2 = 2.20
4.24377
0.81710
0.75409
0.11611
0.12734
0.00246
3.28204
0.77897
0.06649
1.13859
12.3687
368.321

ξ2 = 2.50
4.24402
0.81692
0.75398
0.11613
0.12736
0.00253
3.28129
0.77875
0.06648
1.13883
12.3664
368.304

Table 10: ξ2 vs. system characteristics

5.5. Impact of balking function and interruption probability
To examine the effect of balking function θn0 and interruption probability β 0 on the characteristics of the considered queuing system, we consider the following cases:
(a) λ = 4.50, η = 0.80, φ1 = 0.10, φ2 = 0.50, β 0 = 0.10 : 0.20 : 0.90, ξ0 = 0.20, ξ1 = 0.90,
n
ξ2 = 1.50, N = 14, and θn0 = . This case is presented by Table 11.
N
(a) λ = 4.80, η = 0.25, φ1 = 0.20, φ2 = 0.80, β 0 = 0.45, ξ0 = 0.15, ξ1 = 0.55, ξ2 = 0.95,
n
n
1
N = 12, and θn0 = 2 :
:1−
. This case is presented by Table 12.
N
N
n+1
From Table 11, we observe that with the increases of (β 0 ), the probabilities of type-I and
∗
∗
) and (Pwv2
), the mean system size (L∗s ), the mean waiting time
type-II working vacations (Pwv1
∗
(Ws ) as well as average rates of balking and reneging (Br∗ ) and (Rr∗ ) monotonically decrease.
Obviously, the increasing of the interruption probability implies a decrease in the vacation
periods which in turn implies a decrease in reneging and balking average rates. This results
∗
in the increasing of the mean number of customers served (Ecs
). Consequently, the optimal
∗
expected cost (F ) decreases. While the probability that the server is working during normal
∗
busy period (Ps∗ ) and the probability that the server is idle during this period (Pid
) increase,
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which is quite reasonable, the greater the interruption probability, the smaller the probability
of working vacation and the higher the probability of busy period.

µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
F∗

β 0 = 0.10
3.10718
0.86824
0.65587
0.03560
0.30458
0.00395
3.63470
0.81992
1.16830
1.04115
9.04293
358.666

β 0 = 0.30
3.36279
0.86353
0.70040
0.04965
0.24604
0.00391
3.38497
0.79245
1.08802
0.86062
9.50768
351.732

β 0 = 0.50
3.51371
0.82789
0.71881
0.05855
0.21875
0.00389
3.23954
0.73207
1.04128
0.77012
9.69296
347.384

β 0 = 0.70
3.61821
0.79306
0.72910
0.06504
0.20204
0.00382
3.13910
0.69408
1.00900
0.71188
9.79422
344.265

β 0 = 0.90
3.69641
0.76167
0.73579
0.07014
0.19033
0.00374
3.06396
0.67852
0.98485
0.67005
9.85805
341.852

Table 11: β 0 vs. system characteristics

n
N2
5.37564
1.04026
0.75040
0.14131
0.10505
0.00324
3.46201
0.71920
0.14949
0.51961
16.8522
407.532

θn0 =
µ∗
ν∗
Ps∗
∗
Pid
∗
Pwv1
∗
Pwv2
∗
Ls
Ws∗
Br∗
Rr∗
∗
Ecs
∗
F

n
N
4.04876
0.49766
0.77730
0.11448
0.10589
0.00232
2.93719
0.63551
1.17488
0.42893
10.4906
341.741

θn0 =

1
n+1
2.19541
0.13724
0.76538
0.09992
0.13267
0.00203
2.08750
0.54395
2.83595
0.26626
3.8767
259.743

θn0 = 1 −

Table 12: θn0 vs. system characteristics
n
yields the lowest the average rate of
2
N
∗
0
balking (Br ). In addition, with the increasing of (θn ), the probability that the server is idle
∗
∗
during normal busy period (Pid
), the probability of type-II working vacation (Pwv2
), the mean
∗
∗
system size (Ls ), and the mean waiting time (Ws ) monotonically decrease. Nevertheless, the
∗
probability of type-I working vacation (Pwv1
) increases with θn . This implies a decrease in the
∗
∗
average rate of reneging (Rr ) as well as the mean number of customers served (Ecs
). Therefore,
∗
the minimum expected cost (F ) decreases, as intuitively expected. On the other hand, the
probability that the server is working during normal busy period (Ps∗ ) is not monotone with
(θn ), this can be due to the choice of the system parameters.
From Table 12 it is well shown that θn = 1 −
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6. Conclusion
In this paper, we considered a M/M/1/N queuing model subject to differentiated working
vacations, Bernoulli schedule vacation interruption, waiting server and customer’ impatience
during both busy and working vacation periods. We obtained the steady-state solution of the
considered system. Then, we derived useful characteristics of the queuing model. After that,
we constructed a cost model in order to determine the optimal values of service rates, simultaneously, to optimize the total expected cost per unit time via a quadratic fit search method
(QFSM). Finally, we presented numerical results showing the impact of system parameters on
key performance measures. For further works, it will be interesting to generalize the current
model to more complex queuing systems such as M/M/c/N and M AP/M/c/N queues with
differentiated working vacations, Bernoulli schedule vacation interruption, waiting servers, and
impatient customers.
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Abstract. An indefinite quadratic programming problem is a mathematical programming problem
which is a product of two linear factors. In this paper, the piece–wise indefinite quadratic programming
problem (P IQP P ) is considered. Here, the objective function is a product of two continuous piece–
wise linear functions defined on a non-empty and compact feasible region. In the present paper, the
optimality criterion is derived and explained in order to solve PIQPP. While solving PIQPP, we will
come across certain variables which will not satisfy the optimality condition. For these variables,
cases have been elaborated so as to move from one basic feasible solution to another till we reach the
optimality. An algorithmic approach is proposed and discussed for the PIQPP problem. A numerical
example is presented to decipher the tendered method.
Keywords: indefinite quadratic programming problem, optimal solution, piece–wise indefinite quadratic
function, quasi–concave function
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1. Introduction
Quadratic programming is an important class of non-linear programming in which the objective
function is quadratic and the constraints are linear. Aneja et al. [1] in their paper considered a
class of quadratic programs. They considered the maximization and minimization cases of this
program assuming the two linear factors to be non-negative. Cabot[3] in his paper considered
the problem of maximizing the sum of certain quasi-concave functions over a convex set. Kough
[10] developed an algorithm to obtain the global optimum of indefinite quadratic programming
problem by employing Benders cut. Pardalos et al. [14] in their paper proposed branch and
bound algorithm for finding the global optimum of large scale indefinite quadratic problems
over a polytope. Chen and Huang [5] in 2001, proposed a derivative algorithm for solving the
inexact quadratic programming which has been a useful tool for environmental system analysis.
Shi et al. [15] in 2005 proposed a multiple criteria quadratic programming to classify credit
card accounts for business intelligence and decision making.
∗ Corresponding

author.
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1.1. Indefinite quadratic programming problem
Indefinite quadratic programming problem has diverse applications in material world. It can
be seen in production planning, health care, financial planning , corporate planning etc.
Mathematically, the indefinite quadratic programming problem is defined as:
(IQP P ) : M axZ (X) = Z1 (X) .Z2 (X) = C T X + α



DT X + β



subject to
AX ≤ b
X≥ 0
where SI = {X : AX ≤ b; X ≥ 0} is non-empty and compact. SI represents the feasible region
of the problem (P IQP P ). Here, X ∈ Rn is a vector of variables; C, D ∈ Rn ; α , β ∈ R
and A ∈ Rm×n . Both Z1 (X) and Z2 (X) are assumed to be positive for all X ∈ SI . Thus,
the function Z(X) is both quasi-concave and quasi-convex on SI . Hence, Z(X) is explicitly
monotone on SI . Therefore, the optimal solution to the problem (IQP P ) occurs at an extreme
point of SI .

1.2. piece–wise programming problem
The transmutation of piece–wise linear programming problem to an identical linear programming problem has been proposed by various authors. The proposed methodologies however
increase the size of the problem. Fourer [6] in 1985, in his paper developed a simplex algorithm
for solving piece–wise linear programming problem. He proved the algorithm on presumption
that each piece–wise linear term has finite number of pieces, that a basic feasible starting bases
can be found and all bases are non-degenerate. In 1991, Benchekroun and Falk [2] developed
an algorithm for non-convex piece–wise linear programs. Fourer [7] in 1992, in his paper provides applications, supporting the practical value of piece–wise linear programming algorithm.
In 1994, Murthy and Helgason [12] discussed a specialised direct approach which handles the
piece–wise linear structure of the cost function by allowing each arc to have varying costs on
different sequences. Chang [4] in 2002, in his paper proposed a modified goal programming
technique to solve piece–wise linear functions with n terms. Keha et al. [9] in 2004, formulated
linear programs with piece–wise linear objective functions with and without additional binary
variables. Problems with piece–wise linear costs give rise to various applications. Ge et al. [8]
in 2013, considered the problem of determining the optimal schedules for a given sequence of
jobs on a single processor. They extended the result to piece–wise linear cost functions.
In 2007, Pandey and Punen [13] in their paper proposed a simplex algorithm to solve piece–
wise linear fractional programming problem which is combination of simplex method for linear
programs, piece–wise linear programs and the linear fractional programs.

2. piece–wise indefinite quadratic programming problem
The piece–wise indefinite quadratic programming problem is defined as follows.

Pp
(PIQPP): Max Z(X) = i=1 Zi (xi )
subject to X ∈ S

(1)

where S = {X|AX = b : 0 ≤ xi ≤ ti ; i = 1, 2, ...p} is the feasible region of the problem
(P IQP P ). It is assumed to be non-empty and bounded. Here, Zi (xi ) = Zi1 (xi ).Zi2 (xi );
i = 1, 2, ..., p.
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Zi1 (xi ) = ci xi + αi ; Zi2 (xi ) = di xi + βi ; i = 1, 2, ..., p

(2)

X = (x1 , x2 , ..., xp ) ∈ Rp ; ci , di ∈ Rp , i = 1, 2, .., p
αi , βi ∈ R, A ∈ Rn×p , b ∈ Rn .

Here, each objective function Zi (xi ) ; (i = 1, 2, 3, ....p) is the product of two positive valued
affine functions, hence, it is quasi-concave. The polyhedron S defined by the constraint region
of the problem (P IQP P ) is assumed to be non-empty and compact. Also, Zi1 (xi ) and Zi2 (xi )
are continuous piece–wise linear functions defined on the feasible region S.
The following proposition proves that Z(X) which is the sum of quasi-concave functions is
a quasi-concave function on S.
Proposition 1. The condition under which the sum of quasi-concave functions is quasi-concave.
Proof. Consider two quasi-concave functions, as
Z1 (X) = (c1 X + α1 )(d1 X + β1 ) and Z2 (X) = (c2 X + α2 )(d2 X + β2 )
The sum is defined as Z(X) = Z1 (X) + Z2 (X).
Z(X) is a quasi-concave function if
Z(λ X1 + (1 − λ)X2 ) ≥ M in(Z(X1 ), Z(X2 )), 0 ≤ λ ≤ 1
Suppose that M in(Z(X1 ), Z(X2 )) = Z(X1 ).
Here, Z1 (X) and Z2 (X)are two quasi-concave functions.
Therefore,Z1 (λ X1 + (1 − λ)X2 ) ≥ M in(Z1 (X1 ), Z1 (X2 ))
and Z2 (λ X1 + (1 − λ)X2 ) ≥ M in(Z2 (X1 ), Z2 (X2 )), 0 ≤ λ ≤ 1
Case(i): Suppose that M in(Z1 (X1 ), Z1 (X2 )) = Z1 (X1 ) and
M in(Z2 (X1 ), Z2 (X2 )) = Z2 (X1 ).
Consider,
Z(λ X1 + (1 − λ)X2 ) = Z1 (λ X1 + (1 − λ)X2 ) + Z2 (λ X1 + (1 − λ)X2 )
≥ Z1 (X1 ) + Z2 (X1 )
= Z(X1 )
Thus, Z(λ X1 + (1 − λ)X2 ) ≥ M in(Z(X1 ), Z(X2 )), 0 ≤ λ ≤ 1.
Hence, Z(X) is a quasi-concave function.
Case(ii): Suppose that M in(Z1 (X1 ), Z1 (X2 )) = Z1 (X1 )
and M in(Z2 (X1 ), Z2 (X2 )) = Z2 (X2 ). Suppose that
Z(X1 ) < Z(X2 ) ,therefore, M in(Z(X1 ), Z(X2 )) = Z(X1 )

(3)

Consider,
Z(λ X1 + (1 − λ)X2 ) = (c1 (λ X1 + (1 − λ)X2 ) + α1 )(d1 (λ X1 + (1 − λ)X2 ) + β1 )
+ (c2 (λ X1 + (1 − λ)X2 ) + α2 )(d2 (λ X1 + (1 − λ)X2 ) + β2 )

(4)

Take,
α1 = [λ + (1 − λ)]α1 ; β1 = [λ + (1 − λ)]β1
α2 = [λ + (1 − λ)]α2 ; β2 = [λ + (1 − λ)]β2


(5)
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Put (5) in (4) and on solving, we get
Z(λ X1 + (1 − λ)X2 ) = λ2 Z(X1 ) + (1 − λ)2 Z(X2 ) + λ(1 − λ)[(c1 X1 + α1 )(d1 X2 + β1 )
+(c1 X2 + α1 )(d1 X1 + β1 ) + (c2 X1 + α1 )(d2 X2 + β2 ) + (c2 X2 + α2 )(d2 X2 + β2 )]
Since, Z(X2 ) > Z(X1 ), therefore,
Z(λ X1 + (1 − λ)X2 ) = Z(X1 ) + λ(1 − λ)[(c1 X1 + α1 )(d1 X2 + β1 ) + (c1 X2 + α1 )(d1 X1 + β1 )
+ (c2 X1 + α1 )(d2 X2 + β2 ) + (c2 X2 + α2 )(d2 X2 + β2 ) − 2Z(X1 )]

(6)

Again, Z(X2 ) > Z(X1 ), therefore,
(c1 X2 + α1 )(d1 X2 + β1 ) + (c2 X2 + α2 )(d2 X2 + β2 )] > (c1 X1 + α1 )(d1 X1 + β1 )
+ (c2 X1 + α2 )(d2 X1 + β2 )

Therefore, from (6) we get





c1 X1 + α1
c2 X1 + α2
(d1 X2 − d1 X1 )2 +
(d2 X2 − d2 X1 )2
d1 X2 + β1
d2 X2 + β2
+ (X1 − X2 )(d1 β2 − d2 β1 )(Z2 (X1 ) − Z2 (X2 ))
(7)

Z(λ X1 + (1 − λ)X2 ) > Z(X1 ) +

From (3), Z2 (X1 ) > Z2 (X2 ),therefore, Z2 (X1 ) − Z2 (X2 ) > 0
Z(λX1 + (1 − λ)X2 ) > Z(X1 ) if (X1 − X2 ) > 0,(d1 β2 − d2 β1 ) > 0
or (X1 − X2 ) < 0 , (d1 β2 − d2 β1 ) < 0
that is, if X1 > X2 then dd21 > ββ12 and if X1 < X2 then dd12 < ββ12
In any case,Z(λ(X1 + (1 − λ)X2 ) > Z(X1 ).
Hence, Z(X) will be a quasi-concave function.
Similarly, we can derive an expression for the sum of three quasi-concave functions.

3. Notations
The breakpoints of Zi1 (xi ) be given by
ui
ui +1
0
1
2
0 = Zi1
< Zi1
< Zi1
< .... < Zi1
< Zi1
= ti ; i = 1, 2, ..., p
The breakpoints of Zi2 (xi ) be given by
vi
vi +1
0
1
2
0 = Zi2
< Zi2
< Zi2
< .... < Zi2
< Zi2
= ti ; i = 1, 2, ..., p.
Let 0 = ε0i < ε1i < ... < ελi i < ελi i +1 = ti ; (i = 1, 2, ..., p) be the arrangement of distinct elements
in an ascending order.
q
`
Both the functions Zi1
(i = 1, 2, ..., p ; ` = 0, 1, ...ui + 1) and Zi2
(i = 1, 2, ....., p ;
m m+1
q = 0, 1, ..., vi + 1) are linear within each interval [εi , εi ], m = 0, 1, ...λi .
Equation (1) can be rewritten as:
m+1
m m
Zi1 (xi ) = cm
; m = 0, 1, , .....λi ; i = 1, 2, , ....p
i xi + αi , εi ≤ xi ≤ εi
m
m m
Zi2 (xi ) = di xi + βi , εi ≤ xi ≤ εm+1
; m = 0, 1, ..., λi ; i = 1, 2, ...., p
i
m
m
m
cm
,
d
,
α
,
β
∈
R;
m
=
0,
1,
..,
λ
;
i
=
1, 2, .., p.
i
i
i
i
i
Since Zi1 (xi ) and Zi2 (xi ) are piece–wise continuous linear functions, therefore, we have
c0i ≤ c1i ≤ c2i ≤ ... ≤ cλi i ; i = 1, 2, ..., p; d0i ≤ d1i ≤ ... ≤ dλi i ; i = 1, 2, ..., p
Moreover, the functions are continuous, therefore, we have
m+1 m+1
m
m
cm
εi
+ αim+1 ; m = 0, 1, ..., λi ; i = 1, 2, ..., p
i εi + αi = ci
m+1 m+1
m m
m
and di εi + βi = di εi
+ βim+1 ; m = 0, 1, ..., λi ; i = 1, 2, ..., p
Using the transformation for piece–wise linear functions [11],let the partition of the variables

An algorithm for piece–wise indefinite quadratic programming problem

43

Pλi
0
i
ym
xi s be defined as: xi = m=0
subject to the constraints
i
0 ≤ ym
≤ εm+1
− εm
i , m = 0, 1, ..., λi
i

(8)

Using (8) in (2), we get
Zi1 (xi ) =

p
X

(ci xi + αi )

i=1

=

p
X

ci

p X
λi
X
i=1 m=0

∴ Zi1 (xi ) =

p X
λi
X

!
i
ym

!
+ αi

m=0

i=1

=

λi
X

i
(ci ym
)+

p
X

αi

i=1

i
(ci ym
) + α0 , α0 =

i=1 m=0

p
X

αi

(9)

i=1

Pp Pλi
Pp
i
Similarly,Zi2 (xi ) = i=1 m=0
(di ym
) + β 0 , β 0 = i=1 βi .
Pp Pλi
i
Also,AX = b ⇒ i=1 m=0 ahi ym
= bh , h = 1, ..., m
m+1
m
i
− εi ; m = 0, 1, ..., λi ; i = 1, 2, .., p.
0 ≤ ym ≤ εi
Using the transformation from equation (8) in equation (2), the result is equation (9). Thus,
using equationP(9), problem (1)
Pp is transformed to the following problem,
p
M axZ(X) = i=1 Zi (xi ) = i=1 Zi1 (xi ).Zi2 (xi )
subject
Pp Pto
λi
i
i=1
m=0 ahi ym = bh , h = 1, ..., m
m+1
i
− εm
0 ≤ ym ≤ εi
i ; m = 0, 1, ..., λi ; i = 1, 2, .., p.
The optimal solution for this problem exists as this is an indefinite quadratic programming
problem. Solving this problem by its conventional method increases the size of the problem.
Thus, arises the need of developing an algorithm to obtain the solution of (P IQP P ).

4. Methodology to solve (P IQP P )
The piece–wise
quadratic programming problem (P IQP P ) is defined as:
Pindefinite
p
M axZ(X) = i=1 Zi (xi )
subject to
AX = b
X∈S
0 ≤ xi ≤ ti , i = 1, 2, 3, ....p.
Here, we have AX = B
This can be written as B ∗ XB ∗ + N ∗ XN ∗ = b
⇒ XB ∗ = B −1 (b −P
N ∗ XN ∗ )
−1
⇒ XB ∗ = B b − z∈N ∗ B −1 Ai xi
Here, B ∗ is the n × n basis matrix and XB ∗ is the basic feasible solution corresponding to the
basis B ∗ . N ∗ is the non-basis matrix defined as
λ
N ∗ = {i : ai ∈
/ B ∗ ; xi ∈ (ε0i , ε1i , ..., εi i+1 )}.
∗
The non-basic matrix N ∗ is further decomposed into N where,
∗
N = {i : i ∈ N ∗ , xi = εδi i for some δi ∈ (0, 1, ..., λi+1 )}.
∗
The basis structure for the problem (P IQP P ) is (B ∗ , N ∗ , N ).
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Let X ∗ = (XB ∗ , XN ∗ ) be a basic feasible solution corresponding to this basis structure. Each
non-basic variable xi will take value at one of the break points of Zi1 (xi ) or Zi2 (xi ).
µB ∗ +1

µB ∗

Let µBj∗ be the index such that εB ∗j ≤ xBj∗ ≤ εB ∗j
j

j

, j = 1, 2, ..., n.
µB ∗

Definition 1. Z1j -slope vector: The n− vector cB ∗ whose j th coordinate is cB ∗j corresponding
j

∗

to the basis structure (B ∗ , N ∗ , N ) is called Z1j - slope vector.
µB ∗

Definition 2. Z2j -slope vector : The n− vector dB ∗ whose j th coordinate is dB ∗j corresponding
j

∗

to the basis structure (B ∗ , N ∗ , N ) is called Z2j - slope vector.
Result 1: Correspondence between basic feasible solution to (IQP P ) and an optimal
solution to (P IQP P ) exists.
Proof. Let X 0 = (x01 , x02 , ..., x0p ) ∈ Rp be an optimal solution to (P IQP P ). Choose an index
ik for each i = 1, 2, ....p such that εiik ≤ x0i ≤ εiik +1 . Then we have,
0

Max Z(X ) =

p
X

Zi (X 0 )

i=1

subject to AX 0 = b
Pp
Pp
Pp
Pp
where Zi1 (X 0 ) = i=1 ci x0i + α; Zi2 (X 0 ) = i=1 di x0i + β; α = i=1 αi ; β = i=1 βi
εiik ≤ x0i ≤ εiik +1 , i = 1, 2, ...., p.

(10)

Thus, if the set of feasible solutions of (IQP P ) is non-empty and the objective function is
positive for all the feasible solutions and the values of the variables lies within the specified
bounds (as in (10)), then an optimal solution to (P IQP P ) is a basic feasible solution to (IQP P ).

4.1. Optimality condition
A non-basic variable xi changes its value from its current breakpoint value either in the left side
direction or in the right side direction. The left hand side reduced cost is denoted by ξi− and
the right hand side reduced cost is denoted by ξi+ . The left hand side reduced cost is defined
as:
ξi− = Z1 (dB ∗ B ∗−1 Ai − diδi −1 ) + Z2 (cB ∗ B ∗−1 Ai − cδi i −1 )
− θi (dB ∗ B ∗−1 Ai − diδi −1 )(cB ∗ B ∗−1 Ai − ciδi −1 )

(11)

The right hand side reduced cost is defined as:
ξi+ = Z1 (dB ∗ B ∗−1 Ai − dδi i ) + Z2 (cB ∗ B ∗−1 Ai − cδi i )
− θi (dB ∗ B ∗−1 Ai − dδi i )(cB ∗ B ∗−1 Ai − cδi i )
(12)
Pp
Pp
Here, Z1 (= i=1 Zi1 ) and Z2 (= i=1 Zi2 ) are the values of the objective functions at the
current basic feasible solution X ∗ = (XB ∗ , XN ∗ ). cB ∗ ; dB ∗ are the corresponding Z1j and Z2j
slope vector respectively.
If δi = λi+1 then ξi+ = 0. If δi = 0 then ξi− = 0.
For all the basic variables, xi , ξi− = ξi+ = 0

An algorithm for piece–wise indefinite quadratic programming problem

45

Theorem 1. A non-degenerate basic feasible solution is optimal for (P IQP P ) if and only if
ξi− ≤ 0, ξi+ ≥ 0, i = 1, 2, ..., p.
Proof. Let B ∗ be the n × n basis matrix and let N ∗ be the non-basic matrix. The objective
function values corresponding
to the basis B ∗ are given by
P
∗−1
Zi1 = (CB ∗ )i B
b − j∈N ∗ (zji1 − cj )x∗j + αi , i = 1, 2, ..., p
P
Zi2 = (DB ∗ )i B ∗−1 b − j∈N ∗ (zji2 − dj )x∗j + βi , i = 1, 2, ..., p
0
Suppose that XB
∗ be a non-degenerate optimal solution for (P IQP P ) corresponding to the
λ
basis B ∗ , where x0j = εj j , j ∈ N ∗ . Therefore, improved objective function values are given by
P
λ
0
∗−1
Zi1 (XB
b − j∈N ∗ (zji1 − cj )εj j + αi , i = 1, ..., p
∗ ) = (CB ∗ )i B
P
λ
0
∗−1
Zi2 (XB
b − j∈N ∗ (zji2 − dj )εj j + βi , i = 1, ..., p
∗ ) = (DB ∗ )i B
0
0
0
and Zi (XB
∗ ) = Zi1 (XB ∗ ).Zi2 (XB ∗ ); i = 1, 2, ..., p.
+
Suppose that ξr < 0 corresponding to some non-basic variable x∗r . In order to find a new feasible solution, let the non-basic variable x∗r undergoes a change φ∗r . Let the new feasible solution
be given by X̂ ∗ = (x̂i )∗ where,
(x̂i )∗ =



ελr r + φ∗r , j = r
ελj
j ∈ N \ {r}
j ,

The objective function value corresponding to a new feasible solution X̂ ∗ given by
P
λ
Zi1 (X̂ ∗ ) = CB̂i (B̂ −1 b) − j∈N \{r} (zji1 − cj )εj j − (zri1 − cr )(ελr r + φ∗r ) + αi , i = 1, ..., p
hP
i
λj
i1
λr
i1
(z
−
c
)ε
−
c
)ε
− (zri1 − cr )φ∗r + αi , i = 1, ..., p
= CB̂i (B̂ −1 b) −
+
(z
j j
r r
r
j
j∈N \{r}
h
i
P
λ
= CB̂i (B̂ −1 b) − j∈N (zji1 − cj )εj j + αi − φ∗r (zri1 − cr ); i = 1, ..., p
= Zi1 (X 0 )∗ − ϕ∗r (zri1 − ci ); i = 1, ..., p.
Therefore,
Zi1 (X̂)∗ = Zi1 (X 0 )∗ − φ∗r (zri1 − cr ); i=1, 2, ....p.

(13)

Similarly, Zi2 (X ∗ ) = Zi2 (X 0 )∗ − φ∗r (zri2 − dr ).
Therefore, Zi (X̂)∗ = Zi1 (X̂)∗ .Zi2 (X̂)∗
Now, Zi (X̂)∗ − Zi (X 0 )∗ = [Zi1 (X 0 )∗ − φ∗r (zri1 − cr )][Zi2 (X 0 )∗ − φ∗r (zri2 − dr )] − Zi (X 0 )∗
i2
i1
= Zi1 (X 0 )∗ Zi2 (X 0 )∗ − Zi1 (X 0 )∗ φ∗r (zri2 − dr ) − Zi2 (X 0 )∗ (zri1 − cr ) + φ∗2
r (zr − cr )(zr − dr ) −
0 ∗
0 ∗
Zi1 (X ) Zi2 (X )
= −ϕ∗r [Zi1 (X 0 )∗ (zri2 − dr ) + Zi2 (X 0 )∗ (zri1 − cr ) − ϕ∗r (zri2 − dr )(zri1 − cr )]
Thus,
Zi (X̂)∗ − Zi (X 0 )∗ = −φ∗r ξr+

(14)

Now, ξr+ < 0; ϕ∗r > 0, we get Zi (X̂)∗ − Zi (X 0 )∗ > 0 or Zi (X̂)∗ > Zi (X 0 )∗
This implies (X 0 )∗ is not an optimal solution for (P IQP P ) which is a contradiction to our
assumption. Thus, ξr+ > 0 is an optimality condition for (P IQP P ). Similarly, case can be
discussed where ξr− ≤ 0.
Conversely, suppose that X ∗ = (XB ∗ , XN ∗ ) be a non-degenerate basic feasible solution to
(P IQP P ) for which ξr− ≤ 0 and ξr+ ≥ 0. From equation (14), we have
Zi (X̂)∗ − Zi (X 0 )∗ = −φ∗r ξr+
Since,φ∗r > 0 and ξr+ ≥ 0, therefore, Zi (X̂)∗ − Zi (X 0 )∗ ≤ 0 or Zi (X̂)∗ ≤ Zi (X 0 )∗
Thus, (X 0 )∗ is an optimal solution to (P IQP P ).
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4.2. How to move from one basic feasible solution to another improved
basic feasible solution
0
∗
Let XB
∗ be the current basic feasible solution corresponding to the basis B . If corresponding
−
+
0
to this basis ξi ≤ 0 and ξi ≥ 0, ∀ i = 1, ..., p then XB ∗ is an optimal solution to (P IQP P ).
Suppose there exists at least one non-basic variable xr , corresponding to which optimality condition is not satisfied, that is, either ξr− > 0 or ξr+ < 0. Hence, the variable xr will be the
entering variable. If ξr− > 0, then in order to improve the solution, the value of the variable
xr can be reduced from ξrλr to ξrλr − ϕ∗r , keeping the values of all other non-basic variables at
their current breakpoint. Similarly, if ξr+ < 0, then xr can be increased from ελr r to ελr r + ϕ∗r ,
to obtain an improved solution. This is discussed in following casesCase 1: Let ε+
r < 0 and xr be the corresponding entering variable. In this case, the non-basic
variable xr undergoes a change ϕ∗r .Let the new solution so obtained be (X̂r )∗ = (x̂r ), where


∗ ∗
(x̂j )r = (x∗j )r − yjr
ϕr , ∀j ∈ I ∗ 
(x̂r ) = x0r + φ∗r

(x̂j )r = (x0j ), j ∈ N ∗ \ {r}

(15)

Here, I ∗ = {j : aj ∈ B ∗ }.
µ(B ∗ )
µ(B ∗ )+1
and x̂r ≤ ελr r +1 .
The value of ϕ∗r should be restricted so that εB ∗ ≤ xB ∗ ≤ εB ∗
∗
∗
The new solution (X̂r ) is a feasible extreme point, provided φr = min{η1 , η2 , η3 } where


∗ )+1
µ(Bj

 xB∗ −εB

∗

j
j
∗

y
<
0
η1 = min

∗
jr
yjr





 
∗
µ(Bj )
(16)
 xB∗ −εB∗


j
j
∗

η2 = min
y
>
0

∗
jr
yjr


 




λr
λr +1
− εr }
η3 = min{εr
Since the basic feasible solution is non-degenerate, η!1 , η2 , η3 are all distinct.
µ(B ∗ +1)
Case (i): Let φ∗r = η1 that is, φ∗r =

xBs∗ −εB ∗

s

for some sr ∈ I ∗ . This implies that xBr∗

s

∗
ysr

µ(B ∗ +1)

becomes basic and xBs∗ departs from the basis and attains the value at the break point εBs∗ s
∗

.

∗

The change in the values of the objective functions Zi1 (X̂) , Zi2 (X̂) and the basic variables
are given by the equations (13) and (15), respectively. The rth component of CB ∗ and DB ∗
µ(B ∗ +1)
µ(B ∗ +1)
vector will change to CBr∗ r
and DBr∗ r . Again, new value of ξr+ is calculated.
If ξr+ ≥ 0, then ϕ∗r is the maximum possible change in the value of the objective functions,
given by equation (14). If ξr+ < 0, then there is a possibility of further increasing the value of
ϕ∗r by redefining µBs∗ as µBs∗ +1 in η1 . This generates new value of ϕ∗r . The process is repeated
until optimality condition is attained.
!
µ(B ∗ )
s

Case (ii): Let

ϕ∗r

= η2 , that is

φ∗r

=

xBs∗ −εB ∗
∗
ysr

s

for some sr ∈ I ∗ .

This implies that xBr∗ becomes basic and xBs∗ departs from the basis. The change in the values of
the objective functions and the basic variables are given by equations (13) and (15), respectively.
µ(B ∗ ) −1
µ(B ∗ ) −1
The rth component of CB ∗ and DB ∗ will change to CBr∗ r
and DBr∗ r
respectively.
If ξr+ ≥ 0, then the optimal solution is attained. If ξr+ < 0, then change the value of ϕ∗r by
redefining µBs∗ as µBs∗ −1 in η2 . A new value of ϕ∗r is generated and the process is repeated.
Case (iii): Let φ∗r = η3 , that is, φ∗r = (ελr r +1 − ελr r ). This means that xBr∗ remains non-basic
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∗

and the rth component of the set N will change to δr + 1. Also, cδi i and dδi i will change to cδi i +1
and dδi i +1 respectively. The change in the values of the objective functions and basic variables
are given by equations (13) and (15), respectively.
If ξr+ ≥ 0, then ϕ∗r is the maximum possible change in the value (14) and (15).
If ξr+ < 0, then ϕ∗r can be calculated by redefining δr as δr + 1. Thus, the process is repeated
until optimality condition is obtained.
Case II: Let ξr− > 0 and xr be the corresponding entering variable. If the variable xBr∗ = ελr r
undergoes a change, then the new solution is given by (X̂r )∗ = (x̂r ), where,

∗ ∗
(x̂j )r = (x∗j )r + yjr
φr , ∀j ∈ I ∗ 
(x̂r ) = x0r + φ∗r

(x̂j )r = x0j , j ∈ N ∗ \ {r}

(17)

The objective function value corresponding to new feasible solution (X̂r )∗ is given by
Zi (X̂)∗ = [Zi1 (X 0 )∗ + φ∗r (zri1 −cr )][Zi2 (X 0 )∗ + φ∗r (zri2 − dr )]
µ(B ∗ )

(18)

µ(B ∗ )+1

and x̂r ≥ ελr r −1 .
The value of ϕ∗r should be restricted so that εB ∗ ≤ xB ∗ ≤ εB ∗
∗
The new solution is a feasible extreme point, provided φr = min{η1 , η2 , η3 }, where
(

j

η1 = min
(
η2 = min

µ(Bj ∗ )+1

xB ∗ −εB ∗
j
∗
yjr

µ(B ∗ )

xB ∗ −εB ∗
j

j

∗
yjr

η3 = min{ελr r − ελr r −1 }

∗
yjr

)



<0 


) 

∗
yjr
>0

(19)









Since the basic feasible solution is non-degenerate, therefore, η1 , η2 , η3 are all distinct.
µ(B )+1
If φ∗r = η1 , then the basic variable say xBs∗ reaches the breakpoint εBs s .
µ(B )

If φ∗r = η2 , then the basic variable say xBs∗ reaches the breakpoint value εBs s .
If φ∗r = η3 , then the non-basic variable say xr moves to the new break point value.
The change in the values of the basic variables and the objective functions due to change in ϕ∗r
are given by equations (17) and (18), respectively. Thus, from above, the criterion of entering
and leaving variables is obtained.

5. Algorithm for solving piece–wise indefinite quadratic programming
problem
Step 1: Consider a piece–wise indefinite quadratic programming problem (P IQP P ).
0
Step 2: Find an initial basic feasible solution XB
∗ of (P IQP P ).
0
Step 3: Check the optimality conditions for XB ∗ . If ξi− ≤ 0 and ξi+ ≥ 0; ∀i = 1, 2, ...p, then
+
0
XB
< 0 or ξi− > 0
∗ is an optimal solution. Otherwise, go to step 4 or step 5 according as ξi
for some i.
Step 4: Let ξr+ < 0. Choose a non-basic variable xr as the entering variable. Evaluate
φ∗r = min{η1 , η2 , η3 } as given in equation (16). Accordingly, calculate a new basic feasible
solution (X̂)∗ as

(x̂j )r = (x∗j )r − yj∗ φ∗r , ∀j ∈ I ∗ 
(x̂r ) = x0r + ϕ∗r

(x̂j )r = (x0j ), j ∈ N ∗ \ {r}
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Go to step 6.
Step 5: Let ξr− > 0. Then, a non-basic variable xr is chosen as the entering variable.
Compute φ∗r = min{η1 , η2 , η3 } as in equation (19). Enumerate a new basic feasible criteria
(X̂)∗ as

∗ ∗
(x̂j )r = (xj ∗ )r + yjr
φr , ∀j ∈ I ∗ 
(x̂r ) = x0r + ϕ∗r

(x̂j )r = x0j , j ∈ N ∗ \ {r}
Go to step 6.
Step 6: Update the new basis and examine the optimality condition for this new basic feasible
condition. If the obtained new solution is optimal, then it is an optimal solution for (P IQP P ).
Otherwise go to step 4 or step 5 accordingly.

6. An illustrative example
In this section, algorithm is explained by a numerical example. Suppose an investor wants
to invest a particular amount of money in the market.He surveyed three companies A, B and
C which offer interest and loyalty additions to its lenders. Let x1 , x2 , and x3 be the time
(in months) which an investor can consider to be with company A, B and C respectively.
Company A offers interest to its lenders represented by the function Z11 (x1 ). Also, it provides
loyalty additions represented by the function Z12 (x1 ). Similarly, company B offers interest
represented by the function Z21 (x2 ) and loyalty additions represented by the function Z22 (x2 ).
Likewise, company C has Z31 (x3 ) and Z32 (x3 ) as its interest and loyalty addition functions
respectively.The maximum period for which one can invest money in company A, B and C is
6, 4 and 6 months respectively. The following are the time constraints for the investor:
2x1 + 3x2 + x3 = 15
x1 + x2 + x3 = 10
The objective is to find how long an investor should invest his money in three companies to
maximize his profit. (All amounts in million rupees)

3x1 + 0, 0 ≤ x1 ≤ 2
Z11 (x1 ) =
5x1 − 4, 2 ≤ x1 ≤ 6

−x1 + 5, 0 ≤ x1 ≤ 2
Z12 (x1 ) =
3x1 − 3, 2 ≤ x1 ≤ 6

2x2 + 5, 0 ≤ x2 ≤ 2
Z21 (x2 ) =
6x2 − 3, 2 ≤ x2 ≤ 4

−x2 + 3, 0 ≤ x2 ≤ 2
Z22 (x2 ) =
x2 − 1, 2 ≤ x2 ≤ 4

 x3 + 4, 0 ≤ x3 ≤ 2
Z31 (x3 ) = 2x3 + 2, 2 ≤ x3 ≤ 3

3x3 − 1, 3 ≤ x3 ≤ 6

 −2x3 + 5, 0 ≤ x3 ≤ 2
Z32 (x3 ) = −x3 + 3, 2 ≤ x3 ≤ 3

x3 − 3,
3 ≤ x3 ≤ 6
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Solution. The piece–wise indefinite quadratic programming is defined as
M ax

3
X

Zi (xi )

i=1

subject to
2x1 + 3x2 + x3 = 15

(20)

x1 + x2 + x3 = 10
0 ≤ x1 ≤ 6, 0 ≤ x2 ≤ 4, 0 ≤ x3 ≤ 6
where Zi (xi ) = Zi1 (xi ).Zi2 (xi ); i = 1, 2, 3.
Introducing artificial variables x4 and x5 , problem (20) can be written as
M ax

5
X

Zi (xi )

i=1

subject to
2x1 + 3x2 + x3 + x4 = 15

(21)

x1 + x2 + x3 + x5 = 10
0 ≤ x1 ≤ 6, 0 ≤ x2 ≤ 4, 0 ≤ x3 ≤ 6, x4 ≥ 0, x5 ≥ 0
where Z4 (x4 ) = (−M.x4 + 0)(0.x4 + 0)
Z5 (x5 ) = (−M.x5 + 0)(0.x5 + 0); M > 0
The initial table for the problem is shown in Table 1.
CB
−M
−M

DB
0
0

VB
x4
x5

XB
15
10

Z1 = 9 − 25M

ξi+

Z2 = 13

ξi−

x1
2
1
−

15 83
− M
2
2
0

x2
3
1

x3
1
1

x4
1
0

x5
0
1

-7-57M

25-36M

0

0

0

0

0

0

Table 1: Initial solution
Select x1 as an entering variable. For departing variable, calculate φ∗r = M in(η1 , η2 , η3 ),
10
∗
that is, φ∗r = M in 15
2 , 1 , 2 . Now, φr = 2, corresponding to η3 , therefore, x1 will increase
from 0 to 2, but it will continue as a non-basic variable. Accordingly,x4 = 11,x5 = 8. The next
basic table is shown in Table 2.
CB
−M
−M

DB
0
0

VB
x4
x5

XB
11
8

x1
2
1

Z1 = 15 − 19M

ξi+

−365 −

Z2 = 11

ξi−

0

51
M
2

x2
3
1
1 145
−
M
3
3
0

Table 2: Revised solution

x3
1
1

x4
1
0

x5
0
1

35-48M

0

0

0

0

0
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CB
3
5
Z1 = 40
Z2 = 11

DB
1
3

VB
x3
x1

XB
5
5

x1
0
1

x2
1
1

x3
-1
1

x4
1
0

x5
-2
1

ξi+
ξi−

0
0

152
0

0
0

76 + 12M
0

28 + 12M
0

Table 3: Optimal solution

8
From Table 2, select x1 as an entering variable. Calculate φ∗r = M in 11
2 , 1 , 4 . x1 will
increase its value to 6 and the basis will remain same. The new solution is given by (6, 0, 0, 0, 0).
Proceeding according to the algorithm, the optimal table is given by table 3. From Table 3
ξi− ≤ 0 and ξi+ ≥ 0; i = 1, 2, 3, 4, 5. Therefore, optimality condition is satisfied. Hence, the
optimal solution for piece–wise indefinite quadratic programming problem is (5, 0, 5, 0, 0) with
M axZ = 680. Here, x1 = 5, x2 = 0, x3 = 5. This means that a person should invest his money
with company A and C for 5 months and with company B, he should not invest at all. His
profit from investing money in three companies is Rs.680 million. The above example is also
solved using computing software LINGO 17.0. The optimal solution obtained is (5, 0, 5, 0, 0)
which is same as the solution obtained from the algorithmic approach.

7. Conclusion
In this paper, a novel idea is proposed to evaluate piece–wise indefinite quadratic programming
problem. This approach considers those objective functions which are quasi-concave. A proposition has been proved exhibiting the conditions where sum of quasi-concave functions will be
quasi-concave. An algorithm is developed moving from one basic feasible solution to another
basic feasible solution, thus,ultimately reaching to the optimal solution. A numerical example
from real world is formulated demonstrating the algorithm and is solved using LINGO 17.0
software. The results so derived computationally have also verified the algorithmic approach.
This paper scrutinizes piece–wise indefinite quadratic programming problems due to its
relevance. piece–wise indefinite quadratic programming can be applied on the function of
return on investment where we want to maximize the profit on number of shares of a company
bought and dividends earned thereon. The number of shares bought depends upon a particular
company and the amount which one wants to invest.
Acknowledgements
The author is grateful to the editor(s), and would like to thank the reviewers for their valuable
suggestions and comments.

References
[1] Aneja Y. P., Aggarwal, V. and Nair, K. P. K. (1984). On a class of quadratic programs. European
Journal of Operational Research, 18(1), 62–70. doi: 10.1016/0377-2217(84)90262-5
[2] Benchekroun, B. and Falk, J. E. (1991). A non–convex piece–wise linear optimization problem.
Computers and Mathematics with Applications, 21(6–7), 77–85. doi: 10.1016/0898-1221(91)90162W
[3] Cabot, A.V. (1978). Maximizing the sum of certain quasiconcave functions using generalized benders decomposition. Naval Research Logistics Quarterly, 25(3), 473–481. doi:
10.1002/nav.3800250309
[4] Chang, C. T. (2002). A modified goal programming model for piece–wise linear functions. European
Journal of Operational Research, 139(1), 62–67. doi: 10.1016/S0377-2217(01)00178-3

An algorithm for piece–wise indefinite quadratic programming problem

51

[5] Chen, M. J. and Huang, G. H. (2001). A derivative algorithm for inexact quadratic program–
application to environmental decision making under uncertainty. European Journal of Operational
Research, 128(3), 570–586. doi: 10.1016/S0377-2217(99)00374-4
[6] Fourer, R. (1985). A simplex algorithm for piece–wise linear programming I: Derivation and proof.
Mathematical Programming, 33(2), 204–233. doi: 10.1007/BF01582246
[7] Fourer, R. (1992). A simplex algorithm for piece–wise linear programming III: Computational analysis and applications. Mathematical Programming, 53(1–3), 213–235. doi: 10.1007/BF01585703
[8] Ge, D., Wan, G., Wang, Z. and Zhang, J. (2013). A note on appointment scheduling with
piece–wise linear cost functions. Mathematics of Operations Research, 39(4), 1244–1251. doi:
10.1287/moor.2013.0631
[9] Keha, A. B., de Farias, I. R. and Nemhauser, G. L. (2004). Models for representing piece–wise linear cost functions. Operations Research Letters, 32(1), 44–48. doi: 10.1016/S0167-6377(03)00059-2
[10] Kough, P.F. (1979). The indefinite quadratic programming problem. Operations Research, 27(3),
516–533. doi: 10.1287/opre.27.3.516
[11] Murty, K. G. (1983). Linear programming, John Wiley and Sons.
[12] Murty, R. V. and Helgason, R. V. (1994). A direct simplex algorithm for network flow problem with convex piece–wise linear costs. Optimization Methods and Software, 4(3), 191–207. doi:
10.1080/10556789408805587
[13] Pandey, P. and Punnen, A. P. (2007). A simplex algorithm for piece–wise–linear fractional
programming problems. European Journal of Operational Research, 178(2), 343–358. doi:
10.1016/j.ejor.2006.02.021
[14] Pardalos, P. M., Glick, J. H. and Rosen, J. B. (1987). Global minimization of indefinite quadratic
problems. Computing, 39(4), 281–291. doi: 10.1007/BF02239972
[15] Shi, Y., Peng, Y., Kou, G. and Chen, Z. (2005). Classifying credit card accounts for business intelligence and decision making: A multiple–criteria quadratic programming approach.
International Journal of Information Technology and Decision Making, 4(4), 581–599. doi:
10.1142/S0219622005001775

53

Croatian Operational Research Review
CRORR 11(2020), 53-66

A supply chain model under return policy considering refurbishment,
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Abstract. This article presents a three–echelon supply chain model consisting of a supplier, manufacturer, and a retailer, considering the return contract between the manufacturer and the retailer. Here,
the manufacturer has two adjacent production units – the main production unit and a refurbishment
unit. The main production unit of the manufacturer is imperfect, which produces an admixture of
perfect and defective items. He inspects all the products immediately after production and sells good
quality items to the retailer. The retailer receives a proportion of faulty products from him due to
his erroneous inspection process, which he returns after inspection. The manufacturer sends all the
defective products received from the retailer and the main production unit to the refurbishment unit for
reworking. Moreover, the learning effect of the employees on the production cost is considered. Under
these circumstances, the cost functions of each of the supply chain players have been derived. Finally,
the applicability of the proposed model has been shown using a numerical example. The sensitivity
analysis has been presented to study the effect of the parameters on the optimum decision variables.
Keywords: imperfect production, inspection error, learning effect, refurbishment, return policy, three–
echelon
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1. Introduction
In practice, almost every production system faces some inherent problems associated with the
production system such as machinery fault, defective raw materials, lethargy of the production
system for continuous work etc. As a natural consequence, when production is going on in the
factory, it is seen that some quantity of items produced is of imperfect quality. Therefore, researchers in this era have considered the effect of imperfect production while developing supply
chain production inventory models. [13] was among the first study, which considered the imperfect production while developing their model. In this model, they assumed that the system
deteriorates in the production runtime when it produces a certain percentage of defective products with the good quality products. They showed that the optimum production cycle in this
model is shorter than that of the traditional economic production quantity model. [7] extended
the economic production lot size model considering that the performance of the production
process deteriorates significantly with the increase in the production rate. In the later time,
this model was extended by [14], incorporating the idea that the production system is in the
in-control state at the beginning of the production process, where it produces all the perfect
∗ Corresponding

author.

http://www.hdoi.hr/crorr-journal

c 2020 Croatian Operational Research Society

54

Sujata Saha and Tripti Chakrabarti

quality items. The production system shifts from the in-control state to an out-of-control state
due to higher production rate and production runtime, when it produces a fraction of imperfect
quality items with the perfect items. [8] developed a lot-size model where the production process has the probability to reach an out–of–control state and produce imperfect quality items.
In this model, they assumed that the imperfect items are not defective and therefore they are
removed from the inventory to be used elsewhere. The article on the imperfect production system by [14] was further extended by [16] considering the dependence of the selling price on the
production cost and the screening cost of the items. Again, in the reality, it is observed that the
supply chain players commit mistakes frequently while screening the products. Some perfect
items are mistakenly sorted as imperfect, while a proportion of imperfect items are sorted as
perfect when they inspect the products. Researchers have developed the supply chain models
considering the erroneous inspection process [4, 5, 17]. Apart from the inspection error, another
important factor observed in the production system is the gradual decrease in the production
cost, which happens due to the learning effect of the employees. Because of the gaining adeptness of the employees with time, the wastage of raw materials or the other resources necessary
for the production decreases gradually with time. Furthermore, as they became accustomed to
the working environment, they are being capable of doing more work than the previous in the
same time period. Due to these reasons, the production cost decreases over time. A numerous
researcher has developed supply chain models taking into account the learning effect of the
employees [1, 2, 6, 9, 12, 15]. The customers are an integral part of any business, and the
revenue of any business depends solely on them. So, the vendors always try to entice them
by offering some coordination policy, such as the return policy. Under this policy, the buyers
can return the defective products to the vendors which makes an economic sense to the buyers
and are encouraged to buy more products from them [10]. [11] developed a two-echelon inventory model considering both manufacturing and the remanufacturing processes with product
return. They assumed that the returned products are transformed into a serviceable one by
the remanufacturing process. In this model, it has shown that as the remanufacturing cost is
less than the cost of producing new items, it leads to a decrease in the supply chain cost. [18]
represented a pricing model consisting of a single supplier and multiple retailers, considering
the return policy, which suggested that the inventory competition can achieve a stable solution
when the enterprise adopts the buy-back policy with the pricing and the return policy.
Best known to the authors of this paper, no study previously considered the gradual decrease
in the production cost due to the learning effect of the employees, which is a genuine issue
observed in the production firm. As employees become skilful with time, the wastage of raw
materials or the other resources necessary for the production decreases gradually. Furthermore,
as they became accustomed to the working environment, they are being capable of doing more
work than the previous in the same period. Due to these reasons, the production cost decreases
over time. Moreover, no study examined the ordering and production decisions in a threeechelon supply chain model considering the refurbishment of the defective products produced
during the production period as well as those returned from the buyer. Furthermore, despite the
importance of the refurbishment work, the role of the refurbishment unit of the manufacturer
is poorly studied. Therefore, this paper aims to address these issues.
In this model, we have developed a three-echelon supply chain model in an imperfect production system comprising single supplier, single manufacturer and a single retailer. The manufacturer has two adjacent production units – the main production unit and a refurbishment unit.
He receives raw materials from the supplier and transforms these into the finished products.
As the manufacturing system is imperfect, it produces a fraction of defective products with the
perfect products. The manufacturer inspects all the products immediately after production and
sells the perfect quality products to the retailer. Due to the erroneous inspection process of the
manufacturer, the retailer receives a fraction of defective products with the perfect products.
The manufacturer offers a return policy to the retailer so that he can return all the defective
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products to the manufacturer. The manufacturer collects all the defective products from the
main production unit as well as from the retailer and sends these to the refurbishment unit.
The refurbishment unit makes all these defective products serviceable by some refurbishment
work, check its functionality and the defects, and then sells these to the customers at a reduced
price. Finally, the cost functions of each of the supply chain players, as well as the cost function
of the whole supply chain system, have been derived. We have solved this proposed model by
the Leader-Follower relationship approach.

2. Notations and assumptions
2.1. Notations
We have used the following notations to develop the model:
• I1m (t) : the inventory level at time t of the manufacturer (in the main production unit),
• I2m (t) : the inventory level at time t of the manufacturer (in the refurbishment unit),
• I1r (t) : the inventory level at time t of the retailer,
• Q : the lot size of the supplier,
• Dm : the demand rate of the manufacturer to the supplier,
• Dc : the demand rate of the customer to the retailer, which is dependent on the selling
price of the retailer, i.e. Dc = a − bSr , where a is the deterministic part of market
demand, a > 0 and b is the price sensitivity parameter b > 0.
• Dc0 : the demand rate of the customers for the refurbished products to the manufacturer,
• Dr : the demand rate of the retailer to the manufacturer,
• pm : the production rate of the manufacturer,
• As : the ordering cost of the supplier,
• Am : the set-up cost of the manufacturer for the main production unit,
• A0m : the set-up cost of the manufacturer for the refurbishment unit,
• Ar : the ordering cost of the retailer,
• hs : the holding cost per unit item per unit time of the supplier,
• hm : the holding cost per unit perfect item per unit time of the manufacturer (in the main
production unit),
• h0m : the holding cost per unit imperfect item per unit time of the manufacturer (in the
refurbishment unit),
• hr : the holding cost per unit item per unit time of the retailer,
• Ps : the purchasing cost per unit of the raw materials of the supplier,
• Ps0 : the salvage value per unit of the defective raw materials of the supplier,
• Cs : inspection cost per unit raw material of the supplier,
• Cm : inspection cost per unit item of the manufacturer,
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• Cr : inspection cost per unit item of the retailer,
• y : the percentage of non-conforming raw materials received by the supplier,
• z : the percentage of defective products produced by the manufacturer in the main production unit,
• x : the percentage of defective products received by the retailer,
• Cp : production cost per unit item of the manufacturer,
• fc : refurbishment cost per unit defective items of the manufacturer,
• Sm : selling price per unit item of the manufacturer, i.e. purchasing cost per unit item of
the retailer
• Sr : selling price per unit item of the retailer.

2.2. Assumptions
We have assumed the following to develop the model:
1. The manufacturer’s demand rate for raw material to the supplier is higher than the
production rate of the items, to get rid of the shortage of raw materials in the production
period, i.e., Dm ≥ pm .
2. Due to the learning effect of the employees, the production cost of the manufacturer
decreases gradually with time. Here we have assumed the production cost as
Cp = (α + e−βt ),
where α, β > 0 are constants and β id the learning parameter.

3. Mathematical model
In this section, we have formulated the models for the supplier, manufacturer, and the retailer.
A pictorial representation of this supply chain system has been depicted in the Figure 1.

3.1. Supplier’s model
The supplier procures raw materials from an outside supplier in a lot size Q. He screens all the
raw materials immediately after receiving these and supplies the good quality raw materials
to the manufacturer. Let the fraction of defective items observed by the supplier is y. The
amount of perfect quality raw materials is (1 − y)Q. The supplier sells all the raw materials to
the manufacturer at a rate Dm during (0, t1 ). Therefore,
t1 =

(1 − y)Q
.
Dm

(1)

Holding cost of the raw materials is
n1
o h {(1 − y)Q}2
s
.
hs (1 − y)Qt1 =
2
2Dm
Therefore, total cost of the supplier = (Ordering cost + Purchasing cost + Inspection cost +
The salvage value of the non-conforming raw materials + Holding cost), i.e.
T Cs = As + (Ps + Cs − Ps0 y)Q +

hs {(1 − y)Q}2
.
2Dm

(2)
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3.2. Manufacturer’s model
Mathematical model for the main production unit
The manufacturer starts producing the items at a rate pm at time t = 0 and continues up to
time t = t1 . The inventory level depletes due to retailer’s demand and reaches to the zero level
at time t = t3 . The following differential equations describe the rate of change of inventory
level for the perfect quality items of the manufacturer

dI1m (t)
(1 − z)pm − Dr , 0 ≤ t ≤ t1
=
(3)
−Dr ,
t 1 ≤ t ≤ t3
dt
with
I1m (0) = 0, I1m(t3 )=0.
Solving (3) we get

I1m (t) =

{(1 − z)pm − Dr }t, 0 ≤ t ≤ t1
−Dr (t − t3 ),
t 1 ≤ t ≤ t3

(4)

From the continuity condition of I1m (t) at t = t1 1 we have
{(1 − z)pm − Dr }t1 = −Dr (t1 − t3 ),
i.e.,
(1 − y)(1 − z)pm Q
(1 − z)pm t1
=
.
Dr
Dm Dr
Now, set up cost of the manufacturer:
Am .

(5)

t3 =

Z

t1

Z

t1

o
n
1
(α + e−βt )dt = pm αt1 − (e−βt1 − 1)
β
o
o
n α(1 − y)Q
1  − β(1−y)Q
Dm
−1 .
= pm
−
e
Dm
β

pm Cp dt = pm
0

Inspection cost:
Cm pm (1 − y)Q
.
Dm
Holding cost for perfect quality items:
Z t3
h Z t1
i
hZ
hm
I1m (t)dt +
I1m (t)dt = hm
0

t1

0

t1

Z

t3

{(1 − z)pm − Dr }tdt −

i
Dr (t − t3 )dt

t1

o
hm n
{(1 − z)pm − Dr }t21 + Dr (t1 − t3 )2
=
2 (
)
2 2
hm
{(1
−
z)p
−
D
}
t
m
r
1
=
{(1 − z)pm − Dr }t21 +
2
Dr
=

hm {(1 − z)pm − Dr }(1 − z)(1 − y)2 pm Q2
·
.
2 D
2
Dm
r

Therefore, the total cost of the manufacturer in the main production unit:
(
!)
α(1 − y)Q
1 − β(1−y)Q
D
m
T C1m = Am + pm
−
e
−1
+
Dm
β
+

Cm pm (1 − y)Q hm {(1 − z)pm − Dr }(1 − z)(1 − y)2 pm Q2
+
·
.
2 D
Dm
2
Dm
r

(6)
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Mathematical model for the refurbishment unit
The manufacturer collects all the defective products from the main production unit as well as
from the retailer and sends these to the refurbishment unit. The refurbishment unit makes
all these defective products usable and sells these directly to the customers at a rate Dc0 . The
following differential equations describe the rate of change of the inventory level:

(zpm + xDr ) − Dc0 , 0 ≤ t ≤ t1
dI2m (t) 
t1 ≤ t ≤ t3
= xDr − Dc0 ,

dt
−Dc0 ,
t3 ≤ t ≤ tm

(7)

with boundary conditions I2m (0) = 0, I2m (t1 ) = (zpm + xDr − Dc0 )t1 , I2m (tm ) = 0. Solving (7)
we have:

0 ≤ t ≤ t1
 (zpm + xDr − Dc0 )t,
I2m (t) = (xDr − Dc0 )t + zpm t1 , t1 ≤ t ≤ t3
(8)

−Dc0 (t − tm ),
t 3 ≤ t ≤ tm
From the continuity condition of I2m (t) at t = t3 we have:
(xDr − Dc0 )t + zpm t1 = −Dc0 (t − tm ),
i.e.,
tm =

{x(1 − z) + z}(1 − y)Qpm
xDr t3 + zpm t1
=
.
Dc0
Dm Dr

(9)

Set up cost:
A0m .
Cost of refurbishment:
fc Dc0 (1 − y)(1 − z)pm Q
.
Dm Dr

= fc Dc0 t3 =
Holding cost:
=

h0m

"Z

t1

=

"Z

I2m (t) +

t1

#

tm

Z

I2m (t)dt

t1

(zpm + xDr −
0

=

t3

I2m (t)dt +
0

h0m

Z

t3

Dc0 )tdt

Z

t3

{(xDr −

+
t1

Dc0 )t

Z

tm

+ zpm t1 }dt −

#
Dc0 (t

− tm )dt

t3

i
h0m h
(zpm + xDr − Dc0 )t21 + (xDr − Dc0 )(t23 − t21 ) + 2zpm t1 (t3 − t1 ) + Dc0 (t3 − tm )2 .
2

Putting the values of t1 , t3 and tm from the equations (1), (5), and (9) respectively and
simplifying we have the holding cost of the manufacturer in the refurbishment unit as:
"
n 2(1 − z)p
o (1 − y)2 Q2
h0m
(xDr − Dc0 )(1 − y)2 (1 − z)2 p2m Q2
m
+
zpm
−1
2
2 D2
2
Dr
Dm
Dm
r
#
n (1 − z) x(1 − z) + z o2 (1 − y)2 p2 Q2
m
0
+ Dc
−
.
2
Dr
Dc0
Dm
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Therefore, the total cost of the manufacturer in the refurbishment unit:
fc Dc0 (1 − y)(1 − z)pm Q
T C2m = A0m +
+
(10)
Dm Dr
(
 2(1 − z)p
 (1 − y)2 Q2
(xDr − Dc0 )(1 − y)2 (1 − z)2 p2m Q2
h0
m
+
−1
+ m zpm
2
2 D2
2
Dr
Dm
Dm
r
)
 (1 − z) x(1 − z) + z 2 (1 − y)2 p2 Q2
m
+ Dc0
−
.
2
Dr
Dc0
Dm
Therefore, total cost of the manufacturer:
(
A0m

T Cm = T C1m + T C2m = Am +

+ pm

!)
α(1 − y)Q
1 − β(1−y)Q
Dm
−1
−
e
Dm
β

Cm pm (1 − y)Q fc Dc0 (1 − y)(1 − z)pm Q
+
Dm
Dm Dr
hm {(1 − z)pm − Dr }(1 − z)(1 − y)2 pm Q2
·
+
2 D
2
Dm
r
(


0
h
(xDr − Dc0 )(1 − y)2 (1 − z)2 p2m Q2
2(1 − z)pm
(1 − y)2 Q2
+ m zpm
+
−1
2
2 D2
2
Dr
Dm
Dm
r
)
 (1 − z) x(1 − z) + z 2 (1 − y)2 p2 Q2
m
−
.
+ Dc0
2
Dr
Dc0
Dm
+

3.3. Retailer’s model
He starts purchasing the items at time t = 0 and continues up to time t = t3 . The level of the
retailer’s inventory depletes due to the customers’ demand and reaches to the zero level at time
t = T . The following differential equations describe the rate of change of the inventory level:
dI1r (t)
=
dt



(1 − x)Dr − Dc , 0 ≤ t ≤ t3
−Dc ,
t3 ≤ t ≤ T

(11)

with
I1r (0) = 0, I1r (T ) = 0.
Solving equation (11) we have:
dI1r (t)
=
dt



{(1 − x)Dr − Dc }t, 0 ≤ t ≤ t3
−Dc (t − T ),
t3 ≤ t ≤ T

(12)

From the continuity condition of I1r (t) at t = t3 we have:
{(1 − x)Dr − Dc }t3 = −Dc (t3 − T ),
i.e.,
T =

(1 − x)Dr
(1 − x)(1 − y)(1 − z)pm Q
t3 =
.
Dc
Dm Dc

Ordering cost of the retailer:
= Ar .

(13)
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Purchasing cost:
= Sm (1 − x)Dr t3 =

sm (1 − x)(1 − y)(1 − z)pm Q
.
Dm

Inspection cost:
cr (1 − y)(1 − z)pm Q
.
Dm

= Cr Dr t3 =
Holding cost:
= hr

hZ

t3

0

= hr

hZ

Z

T

I1r (t)dt +

i
I1r (t)dt

t3
t3

Z

T

{(1 − x)Dr − Dc }tdt −

0

i
Dc (t − T )(t)dt

t3

i
hr h
=
{(1 − x)Dr − Dc }t23 + Dc (t3 − T )2
2
2 2
Q
(1 − x)(1 − y)2 (1 − z)2 {(1 − x)Dr − Dc }Pm
= hr
.
2
2Dm Dr Dc
Therefore, total cost of the retailer per unit time:
Cr (1 − y)(1 − z)pm Q Sm (1 − x)(1 − y)(1 − z)pm Q
+
Dm
Dm
2 2
Q
(1 − x)(1 − y)2 (1 − z)2 {(1 − x)Dr − Dc }Pm
+ hr
.
2 D D
2Dm
r c

T Cr = Ar +

Figure 1: Pictorial representation of the model

(14)
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4. Solution method
Leader-follower relationship
The members of competing supply chains do not always take their decision simultaneously
and in the reality, we confront with the leader-follower relationship in many cases. Under this
theory, the leaders and the followers maintain a relationship through negotiation to decide what
each party is willing to exchange [3]. In this model, the supplier is to invest in inspecting the raw
materials as he supplies only good quality raw materials. Therefore, we consider the supplier
as the manufacturer’s leader. Again, under the return contract offered by the manufacturer,
the retailer can return the defective products to him. For providing such facility, we consider
the manufacturer as the retailer’s leader. First, the supplier decides on his decision variable by
optimizing his own cost. Then the manufacturer determines his decision variable and optimizes
his total cost using the supplier’s optimum decision variable. Finally, the retailer’s total cost
is obtained depending on the optimum values of the supplier and the manufacturer’s decision
variables. Therefore, here the manufacturer follows the supplier and the retailer follows both
the supplier and the manufacturer.
In this model, the supplier provides only the good quality raw materials to the manufacturer
and to do so he is to invest on inspecting the materials. Again, the manufacturer offers a return
policy to the retailer so that he can return the defective products to him. Due to these facts we
consider the supplier and the manufacturer as the leaders and the retailer as the follower. Here,
Q is the supplier’s decision variable. As in this case, the supplier decides on his own decision
variable independently, the total cost of the supplier per unit time is
T Csl =

(Ps + Cs − Ps0 y)Dm
hs (1 − y)Q
As Dm
1
+
+
.
(T Cs ) =
t1
(1 − y)Q
(1 − y)
2

(15)

Now, differentiating the supplier’s cost function T Csl with respect to Q we have:
D m As
hs (1 − y)
∂(T Csl )
=− 2
+
,
∂Q
Q (1 − y)
2
and

(16)

∂ 2 (T Csl )
2Dm As
> 0.
= 3
∂Q2
Q (1 − y)

This proves that the supplier’s cost function is convex. Therefore, we get the optimum value
of Q by equating the right-hand side of equation (16) to zero. Again, the manufacturer’s total
cost per unit time is
1
(Am + A0m )Dm Dc0
(T Cm ) =
tm
{x(1 − z) + z}(1 − y)Qpm
(
!)
Dm Dc0
α(1 − y)Q
1 − β(1−y)Q
Cm Dc0
−1
D
m
+
−
e
+
{x(1 − z) + z}(1 − y)Q
Dm
β
{x(1 − z) + z}

T Cml =

2

fc D0 c (1 − z)
hm Dc0 (1 − y)(1 − z){(1 − z)pm − Dr }Q
+
Dr {x(1 − z) + z}
2
Dm Dr {x(1 − z) + z}
(
!
0
h
2(1 − z)pm
(1 − y)Dc0 Q
D0 (xDr − Dc0 )(1 − y)(1 − z)2 pm Q
+ m z
−1
+ c
2
Dr
Dm {x(1 − z) + z}
Dm Dr2 {x(1 − z) + z}
!2
)
x(1 − z) + z
(1 − y)pm Q
0 2 (1 − z)
+D c
−
.
Dr
Dc0
{x(1 − z) + z}Dm
+
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Differentiating the manufacturer’s cost function T Cml twice with respect to pm we have:
hm Dc0 (1 − y)(1 − z)2 Q
∂(T Cml )
(Am + A0m )Dm Dc0
+
=−
∂pm
{x(1 − z) + z}(1 − y)Qp2m
2 Dm Dr {x(1 − z) + z}
(
h0
2z(1 − z)Dc0
D0 (xDr − Dc0 )(1 − z)2
+ m
+ c 2
2 Dr {x(1 − z) + z}
Dr {x(1 − z) + z}
!2
)
2
(1 − z) x(1 − z) + z
D0 c
(1 − y)Q
+
−
,
Dr
Dc0
x(1 − z) + z
Dm
and

(17)

2(Am + A0m )Dm Dc0
∂ 2 (T Cml )
=
> 0.
∂p2m
{x(1 − z) + z}(1 − y)Qp3m

This proves that the manufacturer’s cost function is convex. We can get the optimum value of
the manufacturer’s decision variable by equating the right-hand side of equation (17) to zero.
Next, the retailer’s total cost per unit time is
T Crl =
=

1
(T Cr )
T
Cr Dc
(1 − y)(1 − z){(1 − x)Dr − Dc }pm Q
Ar Dm Dc
+
+ Sm Dc + hr
.
(1 − x)(1 − y)(1 − z)pm Q
1−x
2Dm Dr

The retailer’s optimum total cost per unit time is obtained using optimum values of Q and pm .
Backward induction
In this method, we start the solution procedure from the follower (i.e. the retailer) and
determine its optimal decisions on the lot size Q of the supplier and the production rate of
the manufacturer. Then, we derive the optimal costs of the supplier and the manufacturer
depending on the decisions taken by the retailer. Differentiating the retailer’s cost function per
unit time with respect to Q we have:
∂T Crl
Ar Dm Dc
(1 − y)(1 − z){(1 − x)Dr − Dc }pm
=−
+ hr
,
∂Q
(1 − x)(1 − y)(1 − z)pm Q2
2Dm Dr
and

(18)

∂ 2 T Crl
2Ar Dm Dc
=
> 0.
∂Q2
(1 − x)(1 − y)(1 − z)pm Q3

Therefore, the retailer’s cost function is convex with respect to Q. Again,
∂T Crl
Ar Dm Dc
(1 − y)(1 − z){(1 − x)Dr − Dc }Q
=−
+ hr
,
2
∂pm
(1 − x)(1 − y)(1 − z)pm Q
2Dm Dr
and

(19)

∂ 2 T Crl
2Ar Dm Dc
=
> 0.
2
∂pm
(1 − x)(1 − y)(1 − z)p3m Q

Therefore, it is proved that the retailer’s cost function is convex with respect to the manufacturer’s production rate.
The optimum values of Q and pm can be obtained by equating the right-hand side of the
equation (18) and (19) to zero and we can determine the optimum total cost of the supplier
and the retailer by using these values.
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5. Numerical example
Example 1. We have proposed the following numerical example to illustrate the applicability
of the proposed model. The values of the variables are taken as: ps = 6, As = 180, p0s = 2, Cs =
0.5, hs = 2, Am = 300, Dm = 60, Dr = 48, Dc0 = 9, x = 0.2, y = 0.06, z = 0.1, α = 20, β =
0.02, Cm = 0.7, hm = 4, h0m = 3, fc = 5, Ar = 150, A0m = 100, Sm = 40, Cr = 0.8, hr =
3, a = 35, b = 0.05, Sr = 60.
Q∗
110.56

p∗m
56.51

T Cs
615.08

T Cm
878.22

T Cr
1397.55

TC
2890.85

Table 1: Optimum results of Example 1
Again, using the above parameter values, we get different results for the backwards induction
method, which are shown in Table 2.
Q∗
85.31

p∗m
144

T Cs
622.10

T Cm
965.84

T Cr
1381.28

TC
2969.22

Table 2: Optimum results for backwards induction method
We observe from Tables 1–2 that when the supplier and the manufacturer takes the decisions,
then the costs of these two partners, as well as the cost of the total supply chain system are
lower than those in the backwards induction method, i.e., this supply chain system performs
better if the supplier and the manufacturer take the decisions.

6. Sensitivity analysis
Here we have discussed the changes in the optimal decision variables with the changes in
different parameters involved in this model. We have used Example 1 for the values of the
different parameters. In this model the retailer just follows the supplier and the manufacturer,
he doesn’t have any decision variable. So, we have studied the effect of changes in the parameters
only on the supplier and the manufacturer’s decision variables.
The effect of the parameters y, Dm , and hs on the optimal lot size Q of the supplier and
the total cost T Cs of the supplier are depicted in Table 3.
Changing parameter
y

Dm

hs

Change in parameter
0.06
0.07
0.08
0.09
55
60
65
70
1.5
2.0
2.5
3.0

Q∗
110.56
111.74
112.96
114.20
105.85
110.56
115.07
119.41
127.66
110.56
98.88
90.27

T Cs∗
615.08
618.17
621.32
624.55
572.30
615.08
657.50
699.61
587.23
615.08
639.61
661.79

Table 3: Effect of parameters on the supplier’s optimal solution
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Here we have studied the effect of the parameters y, Dm , hm and k on the optimal production
rate pm of the manufacturer and the total cost T Cm of the manufacturer. The results are
presented in Table 4.
Changing parameter
y

Dm

hm

h0m

Change in parameter
0.06
0.07
0.08
0.09
55
60
65
70
4
5
6
7
2
3
4
5

∗
Pm
56.51
57.12
57.74
58.37
51.80
56.51
61.22
65.92
56.51
51.54
47.69
44.59
58.40
56.51
54.78
53.21

∗
T Cm
878.22
879.38
880.54
881.71
868.30
878.22
886.62
893.81
878.22
878.50
876.71
873.31
872.4
878.22
883.70
888.94

Table 4: Effect of parameters on the manufacturer’s optimal solution

6.1. Observations
From the tables, it is observed that:
• The order lot-size of the supplier and his total cost both increase with the increase of the
parameters y and the demand rate of the manufacturer to the supplier (Dm ). This result
is quite realistic as if the amount of the defective raw material observed by the supplier
increases, then the supplier tries to increase the order lot-size to get rid of the shortage.
On the other hand, if the demand rate of the manufacturer to the supplier increases, then
the supplier also has to order rawer materials for the smooth and efficient supply of raw
material to the manufacturer. The increases in the total cost of the supplier for both the
cases is obvious.
• If the holding cost of the supplier increases, then the supplier procures a lower quantity
of raw materials and the total cost of the supplier increases in this case.
• With the increase in the parameter y the production rate of the manufacturer increases.
This result is desirable because from the equation (1) it is observed that the manufacturer’s
production time decreases with the increase in y. So, to build an adequate inventory level,
it is wise for the manufacturer to increase his production rate. Therefore, the total cost
of the manufacturer increases.
• As the rate of procurement of raw material of the manufacturer increases, the production
rate of the manufacturer and his total cost both increases.
• The manufacturer decreases his production rate as the holding cost for both the perfect
and defective products (hm and h0m ) increase. With the increase in h0 m, the manufacturer’s total cost increases, but it decreases with the increase in hm.
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7. Conclusion
This article presents a three-echelon supply chain model consisting of a single supplier, single
manufacturer and a single retailer. This research work includes some practical implications like–
inspection error and learning effect of the employees. Besides, the manufacturer maintains an
integration with the retailer by offering him a return contract. Moreover, if the manufacturer
sells the defective products to the customers, it may impact badly on the company’s brand
reputation. Keeping in mind this fact, the manufacturer reworks all the defective products and
sells these directly to the customers as the refurbished products at a reduced price (as these
products may still fail to work properly in their useful life).
We have derived the cost functions of each of the supply chain players and studied the effect
of the different parameters on their optimum decision variables. We have solved this model
using leader-follower relationship approach and compared the results with backwards induction
method. This model can be extended in various ways. Most importantly, we can extend this
model by adding one or more supply chain players. Besides, we can consider the customers’
demand for the product to the retailer as fuzzy, stochastic, stock dependent etc.
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1. Introduction
For the first time, rough set theory was proposed by Pawlak [21, 22, 23, 24]. Lateron, Dubois
and Prade [6, 7] introduced fuzzy–rough set as a fuzzy generalization of rough sets. In this
paper, we present a more general approach to the fuzzification of rough sets. specifically, we
define a broad family of fuzzy-rough sets, each one of which, called an (F, τ )-fuzzy-rough set, is
determined by an implicator F and a triangular norm τ [21]. Furthermore the contribution of
current paper is to suggest a novel devlopment of the rough set theory using merging the classical
Pawlak [21] rough-set theory with the interval-valued fuzzy set theory, i.e. the interval-valued
(I-V) fuzzy informathion system which is defined by a binary interval-valued fuzzy relation
R ∈ F (i) (U × U ) on the universe U . [9, 25, 28]
The presented method is applied to find the optimal subsets in the fuzzy-rough data reduction process. [3, 11, 28, 27]
Moreover, in many real world problems, some information in the data will be lost according
to the tolerance relation [2, 3, 8, 13, 27, 28, 35] or in many cases information is accessible in the
form of data table known as information system (IS). Considering this, in this paper we suggest
a fuzzy relation and construct a fuzzy rough set model for set-valued information system.
In recent years some researchers have tried to developed novel methods to deals with situations in which incomplete information are in form of fuzzy, rough or their combinations.
Huang et al. [10] developed a new multigranulation rough set model through a combination
of multigranulation rough sets with intuitionistic fuzzy rough sets called an intuitionistic fuzzy
multigranulation rough set. Liang et al. [16] at first introduced incremental mechanisms for
three representative information entropies when a group of objects are added to a decision table
and then develop a group incremental rough feature selection algorithm based on information
∗ Corresponding

author.
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entropy. An et al. [1] have proposed a data-distribution-aware FRS model that considers distribution information and incorporates it in computing lower and upper fuzzy approximations.
The proposed model considers not only the similarity between samples, but also the probability
density of classes. Sun et al. [29] defined the rough fuzzy set on a probabilistic approximation space over two universes and then defined the fuzzy probabilistic approximation over two
universes by introducing a probability measure to the approximation space over two universes
and, finally, established the fuzzy rough set model on the probabilistic approximation space
over two universes. Zhao et al. [36] were the first researchers who proposed a nested structural
classifier, called nested classifier. There are two main contributions in their work as: The first
and the most important result is that a series nested structure on the basic concepts of rough
classifiers, such as lower approximation, discenribility vector and covering vector, is discovered.
Another key result is that several algorithms to find nested discernibility vector, nested rule
and nested covering vector are designed. Wang et al. [32] defined the fuzzy decision of a sample
using the concept of fuzzy neighborhood. Then, a parameterized fuzzy relation is introduced
to characterize the fuzzy information granules, using which the fuzzy lower and upper approximations of a decision are reconstructed and a new fuzzy rough set model is introduced. Yang
et al. [34] have studied incremental attribute reduction with fuzzy rough sets and applying the
incremental process, two incremental algorithms for attribute reduction with fuzzy rough sets
are presented for one incoming sample and multiple incoming samples, respectively. Sun et al.
[30] considered rough approximation of a fuzzy concept under the framework of multigranulation over two different universes of discourse, i.e. multigranulation fuzzy rough set models over
two universes and presented three types of multigranulation fuzzy rough set over two universes
by the constructive approach, respectively. Lin et al. [17] introduced fuzzy mutual information
to evaluate the quality of features in multi-label learning, and have designed efficient algorithms
to conduct multi-label feature selection when the feature space is completely known or partially
known in advance. Lin et al. [19] proposed a novel fuzzy rough set model for attribute reduction
in multi-label learning. The authors at first defined the score vector of each sample to evaluate
the probability of being different class’s sample with respect to the target sample, and then,
local sampling is leveraged to construct a robust distance between samples. Wang et al. [31]
introduced distance measures into fuzzy rough sets and proposed a novel method for attribute
reduction. Wang et al. [31] at first constructed a fuzzy rough set model based on distance
measure with a fixed parameter. Then, the fixed distance parameter is replaced by a variable
one to better characterize attribute reduction with fuzzy rough sets. To select more effective
feature genes, Xu et al. [33] proposed a new rough uncertainty metric model. To do this, Xu
et al. [33] constructed the fuzzy neighborhood granule of the sample by combining the fuzzy
similarity relation with the neighborhood radius in the rough set, and the rough decision has
defined by using the fuzzy similarity relation and the decision equivalence class. Then, the fuzzy
neighborhood granule and the rough decision have introduced into the conditional entropy, and
the rough uncertainty metric model has proposed.
This paper is organized as follows. We first will review the basic of the fuzzy rough sets
in Section 2. In Section 3, the interval-valued fuzzy information system is reviewed. Section
4 compares the interval-valued fuzzy rough set model with the other rough set models. In
Section 5, data reduction of the interval-valued fuzzy information system is presented. Section
6 presents a Fuzzy rough set model for the data reduction of set-valued data. In Section 7 a
numerical example is presented to illustrate the contribution of the current paper. Finally, the
conclusion remarks of the paper are given in Section 8.
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2. Fundementals of the fuzzy rough sets
In this section we introduce the definitions of fuzzy rough approximations and fuzzy rough
sets. Assume X be a nonempty universe and assume that R̃ be an equivalence relation on X.
The following notation will be used. Given a nonempty universe X, by P (X) we will denote a
power-set on X. The following notation will be used. Given a nonempty universe X, by P (X)
we will denote a power-set on X. If R is an equivalence relation on X then for every x ∈ X, [x]R
stands for the equivalence class of R with the representant x, i.e. [x]R = {y ∈ X : (x, y) ∈ R}.
Finally, for any Z ⊆ X, we write Z to denote the complementation of Z in X, that is the set
X \ Z.
Definition 1. A pair ZS = (X, R), where X 6= ∅ and R is an equivalence relation on X is
called an approximation space.
Definition 2. For an approximation space ZS = (X, R), by a rough approximation in ZS we
mean a mapping
AP rZs : P(X) → P(X) × P(X),
defined by for every Z ∈ P(X), AP rZs (Z) = (ZS(Z), ZS(Z)) where
ZS(Z) = {x ∈ X; [x]R ⊆ Z},
ZS(Z) = {x ∈ X; [x]R ∩ Z 6= ∅}.
ZS(Z) is called a lower rough approximation of Z in ZS. where as ZS(Z) is called an upper
rough approximation of Z in Zs.
Definition 3. Given an approximation space ZS = (X, R), a pair (L, U ) ∈ P(X) × P(X) is
called a rough set in Zs iff (L, U ) = AP rZs (Z) for some Z ∈ P(X).
For any approximation space Zs = (X, R), a subset Z ⊆ X is called definable in Zs iff
Zs(Z) = Zs(Z).

3. A review on the I–V fuzzy information system
Assume that I = [0, 1]. Also, assume that [I] = {[α, β] : α ≤ β, α, β ∈ I}. for any α ∈ I, define
α = [α, α]. obviously, α ∈ [I].
Definition 4. If ∀αi ∈ I, i ∈ J, we define
maxi∈J αi = sup{αi : i ∈ J},
mini∈J αi = inf{αi : i ∈ J},
maxi∈J [αi , βi ] = [maxi∈J αi , maxi∈J βi ],
mini∈J [αi , βi ] = [mini∈J αi , mini∈J βi ].
Particular for [αi , βi ] ∈ [I] , i = 1, 2, we define
[αi βi ] = [α2 , β2 ] iff α1 = α2 , β1 = β2 ;
[α1 , β1 ] ≤ [α2 , β2 ] iff α1 ≤ α2 , β1 ≤ β2
[α1 , β1 ] < [α2 , β2 ] iff [α1 , β1 ] ≤ [α2 , β2 ]but[α1 , β1 ] 6= [α2 , β2 ]
Definition 5. Assume that X be an ordinary non-empty set. Then the mapping Z : X → [I]
is called an I-V fuzzy set in X. All I-V fuzzy set on X are denoted as F (i) (X).
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Definition 6. If Z ∈ F (i) (X) Assume that Z(x) = [Z − (x), Z + (x)]. where x ∈ X, then two
fuzzy sets Z − : X → I, and Z + : X → I are called the lower fuzzy set and the upper fuzzy set
about Z, respectively.
Definition 7. Assume that Z ∈ F (i) (X), [λ1 , λ2 ] ∈ [I], we call Z[λ1 ,λ2 ] = {x ∈ X; Z − (x) ≥
λ1 , Z + (x) ≥ λ2 }, and Z(λ1 ,λ2 ) = {x ∈ X; Z − (x) > λ1 , Z + (x) > λ2 }, the [λ1 , λ2 ]-level set of Z
and (λ1 , λ2 )-level set of Z, respectively. Where (λ1 , λ2 ) in Z(λ1 ,λ2 ) is not an interval, it is only
a sign, and we may admit λ1 = λ2 , clearly, x ∈ Z[λ1 ,λ2 ] iff Z[λ1 ,λ2 ] ≥ [λ1 , λ2 ].
Definition 8. Assume that Z ∈ F (i) (X), [λ1 , λ2 ] ∈ [I], we define
([λ1 , λ2 ]Z)(x) = [λ1 , λ2 ]min[Z − (x), Z + (x)].

3.1. The rough approximation of a crisp set on the I–V fuzzy information system
Assume that U be a non-empty finite universe. A binary I-V fuzzy subset R̃ of U × U is called
an intertval-valued fuzzy relation in U .
Definition 9. Assume that U be a non-empty finite universe. for the I-V fuzzy relation R̃
(R̃ ∈ F (i) (U × U )) of the universe U :
1. R̃ is reflexive, if R̃(x, y) = 1, ∀ x, y ∈ U ,
2. R̃ is symetric, if R̃(x, y) = R̃(y, x), ∀ x, y ∈ U ,
3. R̃ is transitive, if R̃(x, z) ≥ R̃(x, y)minR̃(y, z) ∀ x, y, z ∈ U .
If the fuzzy relation R̃ is reflexive, symmetric and transitive, then R̃ is an I-V fuzzy equivalence relation.
Definition 10. Assume that (U, R̃) be an I-V fuzzy information system for any x ∈ U , call
[x](i) : U → [x], y → R̃(x, y) the I-V fuzzy neighborhood of x. Assume that U be a non-empty
finite universe for any crisp set X (X ⊆ U ) of U , define
R̃(X)(y) = min(1 − R̃(x, y)),
x∈X

R̃(X)(y) = max R̃(x, y)for anyy ∈ U.
x∈X

Obviously we can obtain following relationships:


+
−
R̃(X)(y) = min(1 − R̃ (x, y), min(1 − R̃ (x, y)) ,
x∈X
/
x∈X
/


−
+
R̃(X)(y) = max R̃ (x, y), max R̃ (x, y) .
x∈X

x∈X

Definition 11. Assume that (U, R̃) be an I-V fuzzy information system and Z be the I-V fuzzy
set of universe U . Define the I-V fuzzy upper approximation R̃(Z) and the I-V fuzzy upper
approximation R̃(Z) of Z in the I-V fuzzy information system (U, R̃) as follows, respectively
for any x ∈ U .
R̃(Z)(x) = min{Z(y)max(1 − R̃(x, y)) : y ∈ U },
˜ y) : y ∈ U }.
R̃(Z)(x) = max{Z(y)minR̃(x,
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Clearly, the above definition implies equivalence of the following form:
R̃(Z)(x) = miny∈U (Z(y)max(i − R̃(x, y))
= [miny∈U (Z − (y)max(1 − R̃+ (x, y)), min(Z + (y)max(1 − R̃− (x, y)))]
∀x ∈ U,
R̃(Z)(x) = maxy∈U (Z(y)minR̃(x, y))
h
i
= maxy∈U (Z − (y)minR̃− (x, y)), maxy∈U (Z + (y)minR̃+ (x, y)) , ∀x ∈ U.

4. Comparision of the I–V fuzzy rough set model with other models
In this section, we will review the relationships between the I-V fuzzy rough set with the other
classical pawlak [21] rought set model by changing the relations and the subsets of the universe
U . It is trivial to show that the I-V fuzzy rough set model is an development of the classical
pawlak [21] R̃S model.
Case 1. If Z ∈ F (U ), R̃ ∈ F (i) (U × U ). For any a ∈ [0, 1] write a = [a, a] ∈ [I] then
R̃(Z)(x) = miny∈U (Z(y)max(1− − R̃(x, y)))
miny∈U [Z(y), Z(y)]max(1 − R̃(x, y))
= [miny∈U (Z(y)max(1 − R̃+ (x, y))), miny∈U (Z(y), max(1 − R̃− (x, y))]
R̃(Z)(x) = maxy∈U Z(y)minR̃(x, y)
= maxy∈U (Z(y)min[R̃− (x, y), R̃+ (x, y)])
= maxy∈U ([Z(y), Z(y)]min[R̃− (x, y), R̃+ (x, y)])
h
i
= maxy∈U (Z(y)minR̃− (x, y)), maxy∈U (Z(y)minR̃+ (x, y))
for any x ∈ U .
Case 2. If Z ∈ F (i) (U ), R̃ ∈ F (U × U ), for any x ∈ U :
R̃(Z)(x) = [miny∈U (Z − (y)max(1 − R̃(x, y))), miny∈U (Z + (y)max(1 − R̃(x, y)))]
R̃(Z)(x) = [maxy∈U (Z − (y)min(1 − R̃(x, y))), maxy∈U (Z + (y)min(1 − R̃(x, y)))]
Case 3. If Z ∈ F (i) (U ), R̃ ⊆ U × U , for any y ∈ U , we have y ∈ [x]R̃ , then R̃(x, y) = 1.
Therefor, for any x ∈ U :
R̃(Z)(x) = [miny∈U (Z − (y)max(1 − 1), miny∈U (Z + (y)max(1 − 1)]
= miny∈U [Z − (y), Z + (y)]
= [miny∈U Z − (y), miny∈U Z + (y)]
R̃(Z)(x) = [maxy∈U (Z − (y)min1), maxy∈U (Z + (y)min1)]
= [maxy∈U Z − (y), maxy∈U Z + (y)]
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Case 4. If Z ⊆ U , R̃ ∈ F (i) (U × U ) Then for any x ∈ U
R̃(Z)(x) = min{Z(y)max(1 − R̃(x, y)) : y ∈ U }
= min(1 − R̃(x, y))
y ∈Z
/

[min(1 − R̃+ (x, y)), min(1 − R̃− (x, y))]
y ∈Z
/

y ∈Z
/

R̃(Z)(x) = max{Z(y)minR̃(x, y) : y ∈ U }
= max R̃(x, y)
y∈Z

= [max R̃− (x, y), max R̃+ (x, y)]
y∈Z

y∈Z

Case 5. If Z ∈ F (U ), R̃ ∈ F (U × U ) Then for any x ∈ U we have:
R̃(Z)(x) = min{Z(y)max(1 − R̃(x, y)) : y ∈ U }
= min{Z(y)max(1 − R̃(x, y) : y ∈ U }
R̃(Z)(x) = max{Z(y)minR̃(x, y) : y ∈ U }
Case 6. If Z ⊆ U , R̃ ∈ F (U × U ) Then for any x ∈ U we have:
R̃(Z)(x) = min{Z(y)max(1 − R̃(x, y)) : y ∈ U }
= min{Z(y)max(1 − R̃(x, y) : y ∈ U }
= min(1 − R̃(x, y))
y ∈Z
/

R̃(Z)(x) = max{Z(y)minR̃(x, y) : y ∈ U }
max R̃(x, y)
y∈Z

Case 7. If Z ⊆ U , R̃ ⊆ U × U then for any x ∈ U we have:
R̃(Z)(x) = 1 ⇔ ∀y ∈ U,
then there is
Z(y)max(1 − R̃(x, y) = Z(y)max(1 − R̃(x, y)) = 1
˜
⇔ ∀y ∈ U, y ∈
/ Z implicates the (x, y) ∈
/ R̃
⇔ ∀y ∈
/ Z implicates the y ∈
/ [x]R̃
⇔ [x]R̃⊆Z
R̃(Z)(x) = 1 ⇔ ∃y ∈ U, so Z(y) = 1 and R̃(x, y) = 1 is holding
⇔ Z ∩ [x]R̃ 6= ∅
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Case 8. If Z ∈ F (i) (U ), R̃ ⊆ P (U × U ). That is, R̃(x, y) = R̃s (x) = {y ∈ U : (x, y) ∈ R̃}.
Then for any y ∈ U . if y ∈ R̃s (x), then R̃(x, y) = 1. Therefor, for any x ∈ U
R̃(Z)(x) = min{Z(y)max(1 − R̃(x, y)) : y ∈ R̃s (x)}
= min{Z(y)max(1 − 1) : y ∈ R̃s (x)}
= [miny∈U (Z − (y)max(1 − 1), miny∈U (Z + (y)max(1 − 1))}
= miny∈U [Z − (y), Z + (y)]
= [miny∈U Z − (y), Zy∈U Z + (y)]
= [min{Z − (y) : y ∈ R̃s (x)}, min{Z + (y) : y ∈ R̃s (x)}]
apr(Z)(x)
R̃(Z)(x) = max{Z(y)minR̃(x, y) : y ∈ U }
= max{Z(y)minR̃(x, y) : y ∈ R̃s (x)}
= max{Z(y)min1 : y ∈ R̃s (x)}
= [maxy∈U (Z − (y)min1), maxy∈U (Z + (y)min1)]
= maxy∈U [Z − (y), Z + (y)]
= [maxy∈U Z − (y), maxy∈U Z + (y)]
= [max{Z − (y) : y ∈ R̃S (x)}, max{Z + (y) : y ∈ R̃s (x)}]
= apr(Z)(x).

5. Data reduction of the I–V fuzzy information system
Assume that (U, Z, F ) be an inbformation or database system. Here U is the set of objects, i.e.
U = {x1 , x2 , . . . , xn }.
Every element xi (i ≤ n) in U is called an object, and Z is the attribute set, i.e. Z =
{a1 , a2 , . . . , am }. every element aj (j ≤ m) in Z is an attribute, F is the relation set of U and
Z, i.e. F = {fj : j ≤ m}, (fj : U → vj , (j ≤ m)) and vj is the domain of the attribute aj .
Definition 12. Assume that (U, Z, F ) be a classical information system, for any subset B(B ⊆
Z). B is called the I-V fuzzy reduction of the classical information system (U, Z, F ), if B is the
minimum set in the inclusion set which satisfies the following relations:
R̃Z (X)(x) = R̃B (X)(x),
R̃Z (X)(x) = R̃B (X)(x),
for any X ∈ F (i) (U ) and ∀x ∈ U where R̃Z (X)(x), R̃B (X)(x), R̃Z (X)(x), R̃B (X)(x) are
defined as the I-V rough fuzzy set.
B is called the I-V fuzzy lower and upper approximation reduction of the classical information system (U, Z, F ) if B be the minimum set that satisfies the following relations, respectively:
R̃Z (X)(x) = R̃B (X)(x) for any X ∈ F (i) (U ), x ∈ U,
and
R̃Z (X)(x) = R̃B (X)(x) for any X ∈ F (i) (U ), x ∈ U.
We call (U, Z, F, D, G) an information system or decision table, where (U, Z, F ) information
system the classical information system, Z is the condition attribute set and D the decision
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attribute set, i.e., D = {d1 , d2 , . . . , dp }. G is the relation set of the U and D, G = {gj : j ≤ p}
(where gj : U → vj0 , (j ≤ p)), vj0 is the domain of the decision attribute dj .
The information system (U, Z, F, D, G) is called a consistent information system or called
an inconsistent information system if R̃Z ⊆ R̃D i.e., U/R̃Z ≤ U/R̃D , (or ∀x ∈ U , for any [x]Z ,
there exists [x]D such that the [x]Z ⊆ [x]D .)
(U, Z, F, D, G) is called an I-V fuzzy information system, where (U, Z, F ) is the classical
information system D̃ = {D̃k : k = 1, 2, . . . , n}, D̃k is the I-V fuzzy sets of U , and G the
relation set of U and D̃.
Definition 13. Assume that (U, Z, F, D̃) be the I-V fuzzy information system, for any B ⊆ Z,
if we have:
R̃B (D̃i )(x) > R̃B (D̃j )(x) ⇔ R̃Z (D̃i )(x) > R̃Z (D̃j )(x)

(i 6= j)

B is called the reduction of the I-V fuzzy information system (U, Z, F, D̃) If B be the
minimum consistent set of Z in the inclusion set.
In the next section, by introducing the discernibility matrix we present the knowledge reduction of the I-V fuzzy information system.
Assume that (U, Z, F, D̃) be the I-V fuzzy information system, R̃Z be the equivalence classes
which induced by the condition attribute set Z, and universe is divided by R̃Z as following:
U/R̃Z = {X1 , X2 , . . . , Xk }, denoted as:
R̃Z (D̃)(Xi ) = (R̃Z (D̃1 )(Xi ), R̃Z (D̃2 )(Xi ), . . . , R̃Z (D̃r )(Xi )).
Definition 14. Assume that (U, Z, F, D̃) be I-V fuzzy information system.
(
{ak ∈ Z : fl (Xi ) 6= fl (Xj )} gXi (D̃k ) 6= gXj (D̃k )
Dij =
Z
gXi (D̃k ) = gXj (D̃k )
is called the discernibility matrix of (U, Z, F, D̃) (where gXi (D̃k ) denotes the maximum value of
R̃Z (D̃)(Xi ) at the line of k, i.e., the rows i and j of Eq. (*)).
Theorem 1. Assume that (U, Z, F, D̃) be the I-V fuzzy information system. If there exists a
subset B ⊆ Z such that B ∩ Dij 6= ∅ (i, j ≤ k) then B is the consistent set of Z.
Proof. See [2]

6. A Fuzzy R̃S model for the data reduction of (s-v) data
In this section using the theory of Fuzzy sets and Rough sets we proposed a method to data
reduction and information.
Definition 15. For a (s-v) information system (U, Z, V, f ) ∀b ∈ Z, a tolerance relation is
defined as:
Tb = {(x, y)|b(x) ∩ b(y) 6= ∅}
For B ⊆ Z, a tolerance relation is defined as:
TB = {(x, y)|∀b ∈ B, b(x) ∩ b(y) 6= ∅} = ∩b∈B Tb
when (x, y) ∈ TB , x and y are called indiscernible with respect to B, or we say that x is tolerant
with y with respect to B.

Fuzzy–rough set models and fuzzy–rough data reduction

75

Example 1. Assume that (U, Z, V, f ) be a (s-v) information system. Assume that b ∈ Z be
an attribute and Assume that x, y, z ∈ U be three objects. Assume that b(x) = {e1 , e2 , . . . , e8 },
b(y) = {e8 , e9 , e15 } and b(z) = {e1 , e2 , . . . , e7 }. Then by Definition, we know that both (x, y)
and (x, z) belong to Tb .
Definition 16. For the (s-v) information system (U, Z, V, f ), ∀b ∈ Z, a fuzzy relation R̃b can
be defined as
µR̃b (x, y) =

|b(x) ∩ b(y)|
|b(x) ∪ b(y)|

For a set of attribute B ⊆ Z, a fuzzy relation R̃B is defined as
µR̃B (x, y) = inf µR̃b (x, y)
b∈B

Two important features of the fuzzy relation are as follows:
1. since µR̃b (x, y) = |b(x) ∩ b(y)|/|b(x) ∪ b(y)| = 1.
2. From µR̃b (x, y) = µR̃b (y, x) = |b(x) ∩ b(y)|/|b(x) ∪ b(y)|.
As we know R̃b is reflective and symmetric.
Hence, R̃b is a fuzzy tolerance relation.
Example 2. Assume that (U, Z, V, f ) be a (s-v) information system Assume that b ∈ Z be an
attribute and Assume that x, y, z ∈ U be three objects
Assume that b(x) = {e1 , e2 , . . . , e8 }, b(y) = {e8 , e9 , . . . , e15 }, b(z) = {e1 , e2 , . . . , e7 } thus, we
have
|b(x) ∩ b(y)|
1
=
|b(x) ∪ b(y)|
15
|b(x) ∩ b(z)|
7
µR̃b (x, z) =
= .
|b(x) ∪ b(z)|
8

µR̃b (x, y) =

This example shows that the fuzzy tolerance relation retains more information than the crisp
tolerance relation.

6.1. Reduct, core and discernibility matrix of (s-v) information system
Definition 17. For a (s-v) information system S = (U, C, V, f ), P ⊆ C is a rduct of c iff
1. ∀x, y ∈ U , R̃c (x, y) = R̃p (x, y)
2. For any P 0 ⊂ P , ∃x, y ∈ U , R̃c (x, y) 6= R̃P 0 (x, y)
where R̃C , R̃P , and R̃P 0 are defined by the method in Definition 22.
By definition, a reduct is an attribute set that induces the same fuzzy relation R̃ as the
whole attribute set c. The set of all reducts of c is denoted by Red(C).
Definition 18. For a (s-v) information system S = (U, C, V, f ), P ⊆ C is a reduct of C in the
framework of rough set model iff
1. ∀x ∈ U , Tc (x, y) = Tp (x, y)
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2. For any P 0 ⊂ P , ∃x, y ∈ U , Tc (x, y) 6= TP (x, y)
Definition 19. Assume that inf ormationsystem = (U, Z, V, f ) be a (s-v) information system
for a set of relations {R̃a |a ∈ C} for attribute set C and universe set U , the discernibility matrix
M is defined as


M11 M12 . . . M1n
 M21 M22 . . . M2n 


Mn×n = (Mij )n×n =  .

..
 ..

.
Mn1 Mn2 . . . Mnn
where n = |U | and Mij is a set of attributes ∀a ∈ Z, a ∈ Mij iff R̃a (ui , uj ) = R̃c (ui , uj )(ui , uj ∈
U)
From the definition 19, Mij consist of all the attributes that lead to a minimal degree of
indiscernibility between elements ui ∈ U and uj ∈ U . In other words, b ∈ Mij iff R̃b (ui , uj ) =
mina∈C R̃a (ui , uj ) using the definition of discernibility matrix we can calculate a discernibility
function.
Definition 20. Assume that inf ormationsystem = (U, Z, V, f ) be a (s-v) information system.
A discernibility function f for inf ormationsystem is a Boolean function of m Boolean variables
c∗1 , c∗2 , . . . , c∗m corresponding to the attributes c1 , c2 , . . ., cm , respectively, and defined as
f (c∗1 , c∗2 , . . . , c∗m ) = min{maxMij : Mij ∈ Mn×n }
where maxMij is the disjunction of all variables c∗ such that a ∈ Mij and min denotes conjunction.

6.2. Relative reduct, relative core and discernibility matrix of (s-v)
decision tables
In the following, we consider (s-v) information system with decisions, that is, (s-v) DS or (s-v)
decision tabled.
Definition 21. For a (s-v) information system S = (U, C, V, f ) P ⊆ C is a reduct of C in the
framework of rough set model iff.
1. ∀x, y ∈ U if d(x) 6= d(y) then TC (x, y) = TP (x, y)
2. For any P 0 ⊂ P , ∃x, y ∈ U , d(x) 6= d(y) and TC (x, y) 6= TP 0 (x, y)
where TC , TP and TP 0 are defined by the method in Definition 1 The set of all reducts of C is
denoted by Red0d (C).
Definition 22. The intersection of all relative reducts is called the care of C and denoted by
cored (C):
cored (C) = ∩Redd (C)
Definition 23. Assume that S = (U, C ∪ {d}, V, f ) be a (s-v) DS. For a set of relations
{R̃a |a ∈ C} for attributes set C and univerough sete set U , the discernibility matrix M D is
defined as


M D11 M D12 . . . M D1n
 M D21 M D22 . . . M D2n 


M Dn×n = (M Dij )n×n =  .
..
.. 
..
 ..
.
.
. 
M Dn1 M Dn2 . . . M Dnn
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where n = |U |. For ui , uj ∈ U , if d(ui ) = d(uj ), then Mij = ∅ otherwise, if d(ui ) 6= d(uj ),
then Mij is a set of attributes and c ∈ M Dij iff R̃c (ui , uj ) = R̃C (ui , uj ), M Dij can be formally
defined as
(
{c|c ∈ C, R̃c (ui , uj ) = R̃C (ui , uj ) d(ui ) 6= d(uj )
M Dij =
∅
d(ui ) = d(uj )

7. Application
For the (s-v) DS shown in Table 1. We can obtain three fuzzy relations generated according to
the three conditional attributes products, importes, and exports.
Company
Company 1 (c1 )
Company 2 (c2 )
Company 3 (c3 )
Company 4 (c4 )
Company 5 (c5 )

Products (j1 )
{ mp4 , phone}
{video,mp4}
{ mp4}
{ mp4 , phone }
{ video }

Imports
{ IMer1
{ IMer2
{ IMer1
{ IMer1
{ IMer3

(j2 )
, IMer2 }
, IMer3 }
, IMer2}
, IMer 2 }
}

Exportes (j3 )
{ EM1 }
{ EM2 , EM3 }
{ EM2 }
{ EM1 , EM2 }
{ EM3 }

Prospects (D)
Good
Bad
Bad
Good
Bad

Table 1: A (s-v) DS comprising five compaines.
For example,
R̃j1 (c1 , c2 ) = |{mp4, phone} ∩ {video, mp4}|/|{mp4, phone} ∪ {video, mp4}| =
Thus, the relation matrix as follows:


R̃{e1 }

R̃j1 c1
 c1 1

 c2 0.33
=
 c3 0.5

 c4 1
c5 0


˜ }
R{j
2

R̃j2 c1
 c1 1

 c2 0.33
=
 c3 1

 c4 1
c5 0


R̃{j3 }

R̃j3
 c1

 c2
=
 u3

 c4
c5

c1
1
0.5
0
0.5
0

c2
0.33
1
0.5
0.33
0.5

c3
0.5
0.5
1
0.5
0

c2
0.33
1
0.3
0.3
0.5

c3
1
0.33
1
1
0

c2
0.5
1
0
0.33
0.65

c3
0
0
1
0.5
0

c4
1
0.33
0.5
1
0


c5
0

0.5
,
0

0
1

c4
1
0.33
1
1
0

c4
0.5
0.33
0.5
1
0


c5
0

0.5
,
0

0
1


c5
0

0.5
.
0

0
1

1
= 0.33.
3
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As one can see in Table 1 for the (s-v) information system we can calculate the discernibility
matrix:

c1



c1

c2

c3

c4

c5

{j1 , j2 , j3 }

{j1 , j2 }

{j3 }

{j3 }

{j1 , j2 , j3 }

{j1 , j2 , j3 }

{j3 }

{j1 , j2 , j3 }

{j1 , j2 , j3 }


{j1 , j2 , j3 } 

{j1 , j2 , j3 }
{j1 , j3 }
{j1 , j2 , j3 } 


{j1 , j3 }
{j1 , j2 , j3 } {j1 , j2 , j3 } 

{j1 , j2 , j3 }

{j1 , j2 , j3 }

{j1 , j2 , j3 }


c2  {j1 , j2 }

M = c3 
 {j3 }

c4  {j3 }

{j3 }

{j1 , j2 , j3 }

c5



{j1 , j2 , j3 }

from wich we obtain the discernibility function:
f (j1∗ , j2∗ , j3∗ ) = (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ) ∧ (j3∗ ) ∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ , j3∗ )
∧ (j1∗ ∨ j2∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ )
∧ (j3∗ ) ∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ )
∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ )
∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ).
Where ∨ and ∧ indicates max and min,respectively. Thus,
f (j1∗ , j2∗ , j3∗ ) = (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ) ∧ (j1∗ ∨ j3∗ )
= (j1∗ ∧ j3∗ ) ∨ (j2∗ ∧ j3∗ ).
Then the reduct of C are {j1 , j3 } and {j2 , j3 }. As we know that core(j) = {j3 } by visual
inspection. Therefore,

c1



c1

c2

c3

c4

c5

∅

{j1 , j2 }

{j3 }

∅

{j1 , j2 , j3 }

∅

∅

{j1 , j2 , j3 }

∅

∅

∅

{j1 , j3 }

{j1 , j2 , j3 }

{j1 , j3 }

∅

∅

∅

{j1 , j2 , j3 }


c2  {j1 , j2 }

M D = c3 
 {j3 }

c4 
∅
c5

{j1 , j2 , j3 }







∅


{j1 , j2 , j3 } 
∅

where the discernibility function is as follows:
fd (j1∗ , j2∗ , j3∗ ) = (j1∗ ∨ j2∗ ) ∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j3∗ )
∧ (j1∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ )
∧ (j1∗ ∨ j2∗ ∨ j3∗ ).
Thus,
fd (j1∗ , j2∗ , j3∗ ) = (j1∗ ∨ j2∗ ) ∧ (j3∗ ) ∧ (j1∗ ∨ j2∗ ∨ j3∗ ) ∧ (j1∗ ∨ j3∗ )
= (j1∗ ∧ j3∗ ) ∨ (j2∗ ∧ j3∗ ).
Then have the relative reducts of C, {j1 , j3 } and {j2 , j3 }. We can also identify cored (j) = {j3 }
by visual inspection.
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8. Conclusion
In this paper we explores the ways for data reduction by using of rough and fuzzy sets theory.
we reviewed the most important methods and then investigate the problems of these methods.
Also, in current study we present a method to data reduction based on rough and fuzzy sets
theory. A numerical example is examined using the proposed method.
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1. Introduction
Success in business surroundings subjected to constant changes relies greatly on well made
decisions, which results in the fact that business decisions today are made in conditions of risk,
insecurity and conflict, while the final result can cause certain gain or loss. Decision making
process is always focused on maximization, in making the best possible decision in a specific
situation, which consequently makes the consideration of all characteristics in a given situation
while making a decision necessary. The mathematical–economical discipline called game theory
was developed from monitoring different situations of conflict among people and organizations.
Game theory is appropriate for application in various business and life situations, especially
for analysis or making complex decisions in organization with purpose of reaching the outcome
favorable for the person making the decision or the entire organization.
The structure of this paper is divided in two main parts, theoretical and practical. Following
the introduction, theoretical part in the Section 2 presents review of relevant studies in game
theory with application of matrix games while solving different types of business–like problems,
but also situations in life. The Section 3 outlines basic theoretical propositions of linear programming, as well as simplex algorithm, with emphasis on applying linear programming and
simplex algorithm in game theory. An example of a specific problem from the real system is
described in the Section 4 which explains the procedure of determing the mathematical model
of a real problem and its solving via simplex algorithm. Paper ends with the Section 5 which
brings critical review and authors’ discussion of presented research problem.
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2. Game theory
Game theory finds its application in various contexts, starting with everyday quarrels, making
more or less important personal decisions and finishing with business decisions such as increase
in production, product quality, etc. It refers to observing situations with two or more opposing parties where each party has certain understanding of the way their own but also the
others move making influences the situation’s final outcome. Game theory leads each player
into choosing the best possible strategy in situations of competition or conflict [24]. The application of game theory itself is much wider owing to the capability of modeling conflicts and
collaboration problems in fields of politics, economy, warfare to biology. Proportionately to
this, as quoted in [15], Kelly divides game theory into three categories: games of skills, fortune
games and strategic games. While using game theory in many scientific disciplines, many definitions of game theory appear. Each definition assumes the existence of a group of players,
players activity intrapersonal interactions, players rationality, strategic ways of contemplating
and making decisions and series of linked and conditioned moves made by the players, which
makes developing one’s own game strategy for the realization of set goals necessary [19].

2.1. Types of games
Types of games in game theory generally differ regarding the total number of players [22], which
actually makes games with one player to be skill games and fortune games and not subject
matter of game theory as such. Two or multiple players’ games, with their main characteristic
being strategic games and are as such the most common types of games studied by the game
theory. Kopal and Korkut [15] differentiate strategic, extensive and coalitional forms of game.
Strategic of normal form is characterized by the payoff matrix which presents the players,
their strategies and payments for each strategy combination the players are awarded with after
applying certain strategy. Extensive or sequential form of game is presented in form of a tree
consisting of knots, lines and groups of outcomes. The coalitional game form is characterized
by players or certain subgroup of players (coalition) reaching an agreement prior to the game
on what they will do or want to achieve.
One of the most significant divisions of strategic games is division into cooperative and
non–cooperative games. Strategic games, with the interests of two or more players coinciding,
are called cooperative strategic games. Games without the collaboration among the players, i.e.
each player autonomously chooses the strategy without coordinating it with other players, are
called non–cooperative games. Game theory also considers games with existing conflicts, such
games are called strategic games with zero total since one player’s gain is another player’s loss
[15]. Great number of games relates to games with alterable total which are, unlike games with
zero total, not strictly competitive due to the fact that they contain elements of collaboration
since the outcome can be bad unless an agreement is not reached.
A significant game type represents games of mixed motives where players’ interests do
not correspond completely and simultaneously comprise elements of collaboration and non–
collaboration. Such games are most commonly in the context of strategic games because they
vividly present situations where one needs to make the best moves with regard to dependence
on other players and restriction terms of the interest one wishes for [13]. According to Barković
Bojanić and Ereš [2], games can be static and dynamic. In static games a player chooses strategy simultaneously with their opponents, which results in players not having information on
strategies chosen by other players. On the other hand, dynamic games enable opponents to
choose their strategies while already knowing the moves of the first player. Kapor [13] differentiates games with perfect and non–perfect information. In games with perfect information each
player gets complete information on all moves played during the game. Otherwise, if complete
information does not exist, one is talking about a game with non-perfect information.
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2.2. Application of game theory
Game theory has a rich and long history through its application in economics, political and
social sciences, philosophy, biology, warfares and recently in area of computer science. Game
theory registers its greatest usage in economical sciences. Brkić [4] analyses more examples of
game theory application in international economics, starting with customs policies and customs
unions, international cartels, extracting resources of common assets and finishing with international negotiations among individual countries. Lemaire [18] studies games usage with regards
to dividing operative costs. This paper mentions a couple of efficient applications of solution
concepts of games theory: tax division among subsidiaries in a corporation, costs division of
property lease, financing big projects, subsidizing public transport etc. A specific example of
game theory usage can be found in the paper ”Support System Marketing to Making Decisions–
Based on Game Theory” by authors Dukić, Turkalj and Sesar [8], which studies the choice of
optimal strategy for product marketing. This is a common problem for the marketing area,
especially in terms of competition and conflict situations. The paper presents a model of two
opposing parties sharing the market of specific products. Both competitors’ intention is to
start a marketing campaign with goal of taking over their direct opponent’s consumers. Each
company has a certain number of strategies at their disposal, i.e. media to advertise their products. The paying matrix was formed based on estimated effects of all possible combinations of
strategies on the percentage change of one player’s market share. The effects of market changes
were given by computer simulation of percentage changes which become elements of the below presented payment matrix with strategies of each company. After forming the payment
matrix with simulated values of percentage changes in the market, the problem transformed
itself into the model of linear programming, which resulted in providing results of probability
of playing out certain strategies which ensure the achievement of the best possible outcome. A
similar example of game theory usage usefulness while managing city transport can be seen in
the paper ”Role of Game Theory in Planning City Transport” by authors Pašagić, Škrinjar,
Abramović and Brnjac [21]. To reach optimal decisions while organizing traffic, this research
used, apart from simulation methods, methods of game theory for strategic decision making,
too. Application of matrix games was presented with purpose of solving problems while choosing a site to build the city bus station. On the other side Ghani et. al. [11] introduce in the
paper ”Compositional Game Theory” how methods of game theory and theoretical computer
science can be applied to large-scale economic models for which standard economic tools are
not practical.
Besides economy, the most frequent use of game theory is visible in political and legal
science. Politics uses game theory as analytical tool. In such theoretical game models players
are countries, political parties, voters and other interest groups. Great attention is given to
modeling collaboration and conflicts among politicians in times of election, but also while
making important decisions in democracy [24]. Rationality of the players themselves has a
great role in political sciences. Austen–Smith and Banks [1] consider relationships between
collective preferences and non–cooperative approach while playing the games, where two basic
models of rational players in politics are differentiated: players with direct choice preferences
and players with indirect choice preferences. Collective decision is the consequence of firm
decisions made by each player in a game based on their preferences. While modeling collective
decisions, there is a need for good defining of possible events, complex surroundings and criteria
of minimal democracy of each player. Furthermore, legal sciences also use game theory with
purpose of understanding legal rules and institutions’ procedures. In legal branches the most
known and used game model is the prisoner’s dilemma, which serves for illustrating various
situations connected to human behavior. Barković Bojanić and Ereš [2] outline that precisely
such game concept is often used in family law practice, i.e. in divorce problem area, while
assigning alimony or dividing possessions during divorce. Furthermore, such game concept
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is also useful in constitutional law while voting in election and forming coalitions. Criminal
law also uses such game concept with purpose of releasing or reducing sentence to drug cartel
participants in an effort to extrude valuable information from the players. One can conclude that
prisoner’s dilemma concept paints numerous law situations and thus enables all participants to
develop their own strategies and accomplish wanted results by using game theory.
Regarding the fact that game theory enables explaining, anticipating and estimating human
behavior in different situations, it is significantly applied in philosophy, more precisely in ethics
and political philosophy. Likewise, biology also uses games in order to explain the evolution of
animals’ social behavior and thus provide the answer to the question why not only animals, but
people, too, collaborate. Human civilization rests on mutual collaboration and understanding
without which it would not develop into what it represents today. Finding laws of nature which
describe human behavior is enabled precisely by game theory [20].
Game theory models are becoming more common and used in the area of warring, in fighting
against terrorism, as quoted by Fricker [10] in his paper ”Game Theory in an Age of Terrorism: How Can Statisticians Contribute?” Using game theory can enable a different outlook on
terrorism analysis based on strategic analyses. This paper quotes the way theoretical game
methods provide a structured means of questioning the manner of country’s response under
different scenarios in conflicts with terrorists. Matrix games for studying terrorism include the
use for: estimating strategies on the way countries assign money for terrorism and consequences
in case of attack, measures that stimulate different war politics and strategies against terrorism, defining whether negotiating with terrorists while taking hostages is a better choice or not
and under which circumstances. In such cases, matrix games most commonly consist of antiterrorist strategies (anticipation and diversion) and policies in case of stubborn and tenacious
terrorists. The resulting interaction between terrorists and governments makes game theory a
worthy tool for discovering all facts and possible anti-terrorist strategies. Synthesis of previously presented application leads to conclusion that game theory analyzes strategic interactions
by using mathematical framework with purpose of providing optimal solution for individual
player or all players (balance). Therefore, game theory places optimal strategies at disposal in
order to materialize profit, but also to minimize loss.
Nowadays, there are many research studies in area of computer science which apply game
theory. Liang and Xiao [19] discuss using game theory in network security in their paper
”Game Theory for Network Security”. As networks become omnipresent in people’s lives, users
daily continue to depend on them due to access to information and communication to others.
However, computer networks daily receive security threats, especially attacks that cause great
losses to users (privacy disruptions, personal data, finances, etc.). This paper studies in detail
the application of matrix games via two categories, the one for general analysis of defending
attacks and the other for specialized attack-defense analysis. Likewise, the payment matrix of
defenders is presented regarding the malevolent attack by using Nash balance.
Roy et al. [25] conducted a research which is related to understanding game theory solutions
to a variety of cyber security problems and proposes a taxonomy for classifying existing game
theory which are designed to enhance network security. Concerning cyber security, Wang et al.
[27] in his research paper describes a focused literature survey of game theoretic methods for
cyber security applications. Charilas and Panagopoulos [6] investigate the existing game theory
application results in the field of wireless network engineering. In the field of computer science
game theory has been widely used also on the issue of distributed denial of service attacks
[3, 23, 28], as well as in area of cloud computing [5, 9, 17, 26, 29].
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3. Matrix game
Strategic form is the most common game illustration which enables its mathematical representation via matrix. Adequately, such game adopts the name matrix game. The main feature
of matrix games is payoff matrix, where strategies of one player are presented in matrix rows,
while strategies of another player are in matrix columns. Likewise, it is characteristic for such
form of presentation that all outcomes, i.e. payoff ways for any player strategy are known in
advance [22].

3.1. Reducing the game to a linear problem
Linear programming represents a group of methods and actions whose main characteristic is
universal application in various areas of science and social activities. Kreko [16] defines linear
programming as a special case of programming when the objective function and its constraints
can be expressed in linear mathematical relations. The problem of linear programming is based
on linear objective function, and its constraints are expressed in form of linear equations or
inequalities. As solution to linear programming problem, Kalpić and Mornar [12] say one needs
to find extreme (minimum or maximum) for the given objective function consisting of structured
variables with condition of satisfying all constraints on structured variables. Adequately, the
objective function optimum is always found in the area defined by the system of linear equations
and inequalities. Prior to one’s beginning to reducing the game to its linear problem, one needs
to define the payoff matrix.
Player A
x1
x2
..
.

y1
a11
a21
..
.

Player B
y2
a12
a22
..
.

···
···
···
..
.

yn
a1n
a2n
..
.

xm

am1

am2

···

amn

Figure 1: Payoff matrix
According to Figure 1, let us assume the existence of player A with strategies i = 1, 2, . . . , m
and player B with strategies j = 1, 2, 3, . . . , n, both with defined payment methods of each
player aij . Probability that player A will use strategy i is given by xi , while yj represents
probability of player B using the strategy j. Regarding the probability of playing off individual
strategy, each player determines their plan of playing the game. Players A and B determine
their game plans by associating values to their strategies for which the terms are obligatory as
follows:
xi ≥ 0,

i = 1, 2, . . . , m,

yj ≥ 0, j = 1, 2, . . . , n,
m
X
xi = 1,
i=1
n
X

(1)

yj = 1.

j=1

By obtaining game plan (x1 , x2 , . . . , xm ) for player A and game plan (y1 , y2 , . . . , yn ) for player
B, one has gotten the so-called mixed strategies of mentioned players.
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During the game, each player randomly chooses a strategy out of the group of mixed strategies, i.e. based on probability distribution’s movements. For the games with mixed strategies
the players’ expected gain is equal to:
E(x, y) =

m X
n
X

xi aij yj ,

(2)

i=1 j=1

where aij is the win of individual player if player A plays the strategy i and player B strategy
j. Relation (2) is bilinear since it presents an average expected win for both players if the
game is played multiple times. Player A chooses the optimal mix of strategies which ensures
the greatest win (maximizes minimal expected win), regardless of which strategy player B uses.
Value of expected win of such strategies for player A is called lower game value and is marked
with VA . On the other hand, player B will choose optimal strategy mix to ensure the least
possible expected loss (minimizes maximal expected loss), regardless of which strategy player
A uses. Such value is called upper game value and is marked with VB [20]. In this manner
starting characteristics and constraints of matrix game are defined and need to be met from
the linear programming perspective. In a mixed game of two players with total amount zero,
the mixed strategy (x1 , x2 , . . . , xm ) of player A is optimal only if the expected players win,
provided by relation (2), is greater or equal to its minimal expected win VA [20]. This is given
in mathematical notation:
m X
n
X

xi aij yj ≥ VA ,

(3)

i=1 j=1

for all mixed strategies y1 , y2 , . . . , ym by player B. Relation (3) needs to have value for all
strategies by player B. For example, for (y1 , y2 , . . . , yn ) = (1, 0, . . . , 0), one gets the following:
m X
n
X
i=1

j=1

m

X
aij yj xi =
ai1 xi = a11 x1 + a21 x2 + · · · + am1 xm ≥ VA

(4)

i=1

By announcing all strategies by player B via relation (4), one gets the non–equation system as
follows:
a11 x1 + a21 x2 + · · · + am1 xm ≥ VA
a12 x1 + a22 x2 + · · · + am2 xm ≥ VA
..
..
..
..
.
.
.
.

(5)

a1n x1 + a2n x2 + · · · + amn xm ≥ VA
However, system (5), representing constraints of linear programming problem, needs to have
additional constraints to ensure that values x1 , x2 , . . . , xm are probabilities. On account of this,
constraints need to be added as relation (1) states. Adequately, any solution (x1 , x2 , . . . , xm )
satisfying set of constraints (1) and (5) becomes optimal mixed strategy for player A. While
defining objective function, one starts with assumption that player A’s objective is to maximize
1
about equally via each available strategy along with
minimal win VA , i.e. minimize value
VA
set of constraints [7]. In that manner, in order to obtain optimal mixed strategies by player A,
it is necessary to solve the following linear programming problem with objective function;
Z = 1x1 + 1x2 + · · · + 1xm → min → 1,

(6)
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with constraints conditions:
a11 x1 + a21 x2 + · · · + am1 xm ≥ VA
a12 x1 + a22 x2 + · · · + am2 xm ≥ VA
..
..
..
..
.
.
.
.
a1n x1 + a2n x2 + · · · + amn xm ≥ VA

(7)

xi ≥ 0, i = 1, 2, . . . , m,
m
X
xi = 1,
i=1

Analogue to previous manner, matrix game is reduced to linear problem for player B. The
continuation of this paper will present a specific example of a conflict situation from everyday
life. Throughout the problem description, the game theory with strategies and playoff outcomes
will be presented in form of a table. Furthermore, previously defined outcomes will be quantified
via specific evaluation elements in order to see how much win or loss individual strategy brings
to each player. In said manner a payoff matrix will be constructed as outline for reducing the
game to its linear problem form. Simplex algorithm will be applied for problem solving. Finally,
as result, one will determine optimal strategy mixes for each player that player A will use to
maximize their win, i.e. player B will use to minimize possible loss.

4. Solving situation of conflict on local government level
4.1. Research problem description
Ministry of Environment Protection and Energetics in Croatia opened a public consultation on
laws on water management area, but main changes are expected in extremely dispersed local
water supply systems. Their number should reduce from current 180 to 40 at most. According
to the new law, company Varkom in Varaždin County should take over all local water supply
systems without public water supply system status.
An example of local supply system can also be studied in the area of town of Lepoglava
with approximately 20 local water supply systems resulting in agreements and labor by the local
population. According to the new law, company Varkom imposes its right to claim the already
existing miles of pipeline. The strongest resistance to it is registered with the inhabitants of
Lepoglava where the entire town area is covered by local water supply system. The inhabitants
already pay the monthly price of approximately 13 EUR for the water costs.
On the other hand, the price of monthly charges should double after conducting integration
of local water supply systems with the company Varkom. Reasons for this are added services
of drainage and purification of waste water with different prices over Varaždin County agglomerations. Discontent of local population does not lie only in monthly utility charges’ increase,
but also in quality of local water which definitely exists, if compared to water distributed by
Varkom. Company Varkom has always been open to collaboration while taking over local water
supply systems, especially considering the costs ocurring alongside. Namely, company Varkom
is allowed to release water from their pumping sites into small local water supply systems,
especially if they are technically in working order. This is not the case in area of Lepoglava,
which conditions building a new one, partially financed by town of Lepoglava.
Town of Lepoglava has no intentions of delivering communal goods to private capital’s
management.
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For the communal goods, like water in this case, it would be the most rightful thing to be
managed by local community in the widest base, but it would also be according to some of the
rules of profession and with full responsibility. One wishes to avoid privatization and monopoly
of public companies that one wishes to quietly impose.
Among others, there are other solutions connected to this question, like founding one’s own
communal company by the town of Lepoglava and the attempt of suppressing possibilities of the
town of Lepoglava’s paying for the water supply system to company Varkom. In the previous
description of conflict situation two players are visible, town of Lepoglava and company Varkom.
Likewise, one can discern some possible strategies of each player. Player town of Lepoglava
wishes to completely or partially keep the ownership over water supply systems, create a new
company in charge of communal business (create new jobs, increase inhabitants’ satisfaction),
and leave an approximate amount of payments that citizens currently have. On the other
hand, company Varkom wants to claim ownership over local water supply systems, their new
users and expand the market, which enables creation of a monopolistic situation in this region
(possibility of increasing costs of services). Figure 2 in continuation describes and quantifies
gains and losses for each player placed in interacting relationship.
Town of Lepoglava Gains:
Maintaining ownership over citizens’
water supply system (+1)
Maintaining number of water supply
systems (+1)
Maintaining citizens’ number in current
water supply system (+1)
New communal company (new jobs
for citizens) (+1)
Maintaining approximate current prices
(+1)

Varkom Inc. Losses:
=
=
=
=
=

Impossibility of business expansion over
Lepoglava’s water supply systems (-1)
Impossibility of manipulating other people’s
water supply systems (-1)
Lack of new number of users
(attachments) (-1)
Manifestation of new competition in the
market - lack of monopoly creation (-1)
Without monopoly, one loses the possibility
of increase in prices (-1)

Figure 2: Possible gains and losses of each player

Game problem presented in Figure 2 makes this game zero amount game where one player’s
win is equal to another player’s loss. Nine outcomes, as consequences of each player’s possible choice of individual strategies, are presented and described in the Figure 3. As possible
strategies, town of Lepoglava has developed a possibility of founding communal company called
Lepkom, completely independent of company Varkom, and be its competition. Also, Lepoglava
will lean on its citizens to stand in the way of Varkom’s takeover of water supply system. There
is also an option of doing absolutely nothing, i.e. surrendering the entire situation to citizens.
On the other hand, player company Varkom has a strategy of hostile takeover of water supply
system at its disposal, since it can be done according to the new law. Specific quality of this
game lies partially in possible distributive negotiation, which will create a win-lose situation,
where one party will win while another one will lose. Varkom can negotiate with town of
Lepoglava since it is not the owner of the existing infrastructure where it plans to distribute
the water and, with these negotiations, it wishes to avoid additional necessary expansion of
existing infrastructure, which would result in great costs. This would make town of Lepoglava
a loser and company Varkom a winner. The third possible strategy is escaping the law, i.e.
fulfilling law formalities without interest in any significant investments in Lepoglava’s water
supply systems.
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Figure 3: Description of consequences for strategies chosen for Lepoglava and company Varkom
The previous figure provides the context of possible events and represents the first step in
determining the payment matrix of a game. The results described above need to be viewed
from the perspective of all five gains and losses in Figure 2 in order to accurately determine the
gains and losses of each player. Therefore, in the case of aggressive takeover of water supply,
the town of Lepoglava, with the strategy of establishing its own company, would make a loss in
the amount of –5. The same loss would occur if Lepoglava does not take any action. Varkom
would not benefit from an aggressive strategy if there were riots of citizens. In that situation,
Lepoglava would preserve the ownership of the water supply system, the number of water supply
systems and its users, but without the new company and current prices. So, the price would
increase because the new law prescribes new measures for the maintenance of the water supply
system, which are not currently being implemented, but which entails the necessary additional
funds. Consequently, Lepoglava would make a profit in the amount of 3.
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Furthermore, by using the negotiation strategy, Varkom incurs a loss if the City of Lepoglava
establishes its own company. Such situation would give the City of Lepoglava new jobs and
the preservation of ownership over water supply systems would be achieved. Working together
with Varkom would require certain compromises, such as increasing the price, but also shutting
down unprofitable water supply systems and neglecting a certain number of citizens on those
water supply systems. The town of Lepoglava makes a profit of 2, while a profit of 1 would
be made if no action is taken. The main goal in Varkom’s negotiations is to secure at least a
minimum amount of money from the self government to realize the project. Without support,
Varkom would give up the project and the ownership of the water supply system would remain
intact, which brings minimal profit to Lepoglava. The reason for the minimal gain of this
situation is due to citizens turning their backs on the town of Lepoglava and their cessation of
water payments, i.e. the privatization of water supply and the determination of the number of
citizens on certain water supply. The negotiation strategy would bring Varkom a profit only in
case if Lepoglava accepts the opening of a communal branch with the hope of employing the
citizens themselves. Such a situation would allow Varkom to expand its business, manipulate
water utilities, increase the number of new users and ultimately increase service prices. In that
case, Varkom would make a profit in the amount of 4.
In the remaining situations, Varkom with the strategy of escaping from the law would turn
out as a loser if Lepoglava chose the strategy of defense or rebellion. By founding a new company
as a strategy of defense, Lepoglava would achieve all the gains listed in Figure 2, which is equal to
5. Escape from the law would bring Varkom a loss in the amount of 4 if the new laws explicitly
require his ownership over the water supplies. Due to the revolt of the citizens, Varkom would
not have any interest and desire for these waterworks, while Lepoglava should establish its own
company and dispose of all benefits through the concession. Using a strategy of not taking
any action, the town of Lepoglava would, according to the new law and the competent high
authorities, ensure a loss of 3. The reason for this lies in Varkom’s ownership of waterworks
and its possible manipulation with prices and the creation of a monopoly.
Previously described game now can be easily transformed into payoff matrix considering
the outcomes emerging from choosing individual strategies. The next payoff matrix consists of
evaluated numeric value (players’ payoff) joined to every possible outcome of this game.

Town of Lepoglava
Defense
Rebellions
No action

Hostile takeover

Varkom Inc.
Negotiation

Escaping the law

-5
3
-5

2
-4
1

5
4
-3

Figure 4: Payoff matrix
Based on the created payoff matrix, an optimal mixed strategy of this game’s players will
be determined by using linear programming and simplex algorithm. In the continuation of this
paper, it will be determined which strategies each player will have to lean on in order to acquire
maximum win, i.e. minimum loss, considering the defined strategies and their possible gains
and losses.

4.2. Development of linear programming model
Solving a previously set matrix game via linear programming with help of simplex algorithm
starts by first reducing the matrix game to a linear problem. In this case, game will be reduced
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to a problem of maximum which corresponds to player B, i.e. company Varkom. This is due
to easier tracking of defined mathematical relations in the subchapter that deals with reducing
the game to a linear problem. In the beginning, matrix game (4) is reduced to its standard
form as follows:
Z = 1y1 + 1y2 + 1y3 → max → 1

(8)

with constraints conditions:
−5y1 + 2y2 + 5y3 ≤ VB
3y1 − 4y2 + 4y3 ≤ VB
−5y1 + 1y2 − 3y3 ≤ VB
yi ≥ 0,

(9)

i = 1, 2, 3.

In the previous note of standard problem, it is visible that, while creating limitation, player
B takes values from payoff matrix rows. Since payoff matrix contains negative elements or
players’ payoffs, difference needs to be added. In this problem, difference (d) is 6 in order for
the lowest value of payoff matrix elements (-5) to become positive. Difference is also added to
other payoff matrix elements, which results in other negatives becoming positive. After adding
difference, marking yi changes into yi0 and marking VB into VB0 . This results in problem with
difference as follows:
Z = 1y10 + 1y20 + 1y30 → max → 1

(10)

with constraints conditions:
1y10 + 8y20 + 11y30 ≤ VB0
9y10 + 2y20 + 10y30 ≤ VB0
1y10 + 7y20 + 3y30 ≤ VB0
yi0 ≥ 0,

(11)

i = 1, 2, 3.

In order for the presented problem to be suitable for appropriate simplex algorithm, it
needs to contain certain value after the marking ”≤”. This is accomplished by multiplying all
1
inequalities with 0 , which results in obtaining final note of difference problem form for the
VB
second player (company Varkom) as follows:
Z=

y10
y20
y30
1
+
+
→ max → 0
0
0
0
VB
VB
VB
VB

(12)

y10
y20
y30
+
8
+
11
≤1
VB0
VB0
VB0
y0
y0
y0
9 10 + 2 20 + 10 30 ≤ 1
VB
VB
VB
0
0
y
y
y0
1 10 + 7 20 + 3 30 ≤ 1
VB
VB
VB
0
yi
≥ 0, i = 1, 2, 3.
VB0

(13)

with constraints conditions:
1
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yi0
with ȳi is performed
VB0
in previously written difference problem form, which results in substituted problem form as
follows:
For later easier orientation and calculation, substitution of all values

Z = ȳ1 + ȳ2 + ȳ3 → max →

1
VB0

(14)

with constraints conditions:
1ȳ1 + 8ȳ2 + 11ȳ3 ≤ 1
9ȳ1 + 2ȳ2 + 10ȳ3 ≤ 1

(15)

1ȳ1 + 7ȳ2 + 3ȳ3 ≤ 1
ȳi ≥ 0,

i = 1, 2, 3.

Finally, all that remains is converting substituted form into extended (canon) problem form.
Simultaneously, this is a condition which enables simplex algorithm application. Slack variables
ui , i = 1, 2, . . . , m, are added to substituted form in order to transform non–equations into
equations. The addition results in extended (canon) problem form as follows:
Z = ȳ1 + ȳ2 + ȳ3 + 0(u1 + u2 + u3 ) → max →

1
VB0

(16)

with constraints conditions:
1ȳ1 + 8ȳ2 + 11ȳ3 + u1 = 1
9ȳ1 + 2ȳ2 + 10ȳ3 + u2 = 1
1ȳ1 + 7ȳ2 + 3ȳ3 + u1 = 1
ȳi ≥ 0,

(17)

i = 1, 2, 3.

uj ≥ 0, j = 1, 2, 3.
By obtaining extended (canon) problem form, reducing the game to a more acceptable form
of linear programming for further use of simplex algorithm is finished.

4.3. Results
After conducting simplex procedure, results were acquired as follows: optimal game value
determines the winner of the game. In this problem its amount is -1, meaning the winner
of the game is the player Varkom. To realize this game at its advantage, player company
Varkom, based on results acquired, needs to use the first strategy (y1 ) in the percentage of
42.86 %. Likewise, the second strategy (y2 ) needs to be used with probability of 57.14 %,
while the third strategy (y3 ) should not be played at all. On the other hand, player Lepoglava
should combine playing off the first (x1 ) and the second (x2 ) strategy with equal amount of
probability of 50 % to minimize its loss. Simultaneously, Lepoglava should not use the third
strategy (x3 ). Based on previously acquired results, one can ask the question on what do given
amounts specifically mean for each player in reality. According to previously acquired results,
company Varkom should mostly use negotiation strategies which would help outplay Lepoglava
and realize benefits. Likewise, along with negotiation strategy, it is often quite necessary to
use the aggressive strategy of taking over water supply system, which the new law will allow
to do. With goal of resisting Varkom’s strategies, town of Lepoglava needs to equally consider
using the strategy of opening one’s own communal company, Lepkom, as well as strategies that
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will, alongside with citizens’ help, create rebellion, complaints and pressure. Nevertheless, the
final value of the game says that, with such set game settings, the winner would be company
Varkom. This is a realistic result considering the fact that the new law will favor company
Varkom more than town of Lepoglava. According to this game, company Varkom will, in case
Lepoglava equally plays the above mentioned strategies, realize minimal gain - most probably
only in form of ownership over water supply systems without any further rights.
Namely, by issuing the law on local water supply systems, Lepoglava and its citizens will
find themselves in a losing only position. Game theory helps Lepoglava lose with the smallest
possible difference, i.e. lose as little as possible. Precisely this is registered in the game value
-1, which could have been -5 in Varkom’s advantage. This problem presents great possibilities
of applying, as well as usefulness of game theory in solving real life problems.

5. Conclusion
Regardless of type of conflict or number of conflicted parties, game theory presents mathematical
model for calculating possible outcomes of strategies in decision making process. In this manner,
game theory as a method, especially via matrix game, provides formal base in the process
of deciding on evaluating individual strategies, as well as evaluating final possible outcome.
Special importance of possibilities of formalizing conflict models is reflected on strategic level
of deciding which, by making productive decisions, crucially affects the processes in business
surroundings. The described example of game theory application presents competition among
business subjects that choose a strategy at the same time and do not know the information
about the chosen strategy of another business entity, i.e. player. So, that game is described as
a static type of game where players choose their strategies based on expectations of what will
play other players. It is, therefore, most important for each player to identify all elements of
games, consider how to act when information about the strategies of the other player would
be known and at the end to determine their most dominant strategy. By defining influential
elements and estimating their importance within law and market frameworks, one defines the
conflict the solution of which demands making strategic decisions in business subjects. Final
outcome presents possible strategies and their values as patterns of conduct for all participants
of conflict situation. According to these available strategies, the win of conflicted business
subjects is maximized, i.e. the loss is minimized.

References
[1] Austen–Smith, D. and Banks, J. S. (1998). Social choice theory, game theory and positive political
theory. Annual Review of Political Science, 1(1), 259–287. doi: 10.1146/annurev.polisci.1.1.259
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teoriji igara. Ekonomski vjesnik: Review of Contemporary Entrepreneurship, Business and Economic Issues, 21(1–2), 75–81. https://hrcak.srce.hr/42718
[9] Ficco, M., Esposito, C., Palmieri, F. and Castiglione, A. (2018). A coral–reefs and game theory–
based approach for optimizing elastic cloud resource allocation. Future Generation Computer Systems, 78(1), 343–352. doi: 10.1016/j.future.2016.05.025
[10] Fricker, R. D. (2006). Game theory in an age of terrorism: How can statisticians contribute? In
Wilson, A. G., Wilson, G. D. and Olwell, D. H. (Eds.), Statistical Methods in Counterterrorism
(pp. 3–7). New York: Springer. doi: 10.1007/0-387-35209-0 1
[11] Ghani, N., Hedges, J., Winschel, V. and Zahn, P. (2018). Compositional game theory. Proceedings of the 33rd Annual ACM/IEEE Symposium on Logic in Computer Science, 472-481. doi:
10.1145/3209108.3209165
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1. Stable AR(1) process
The heavy–tailed auto–regressive models have various practical applications [7, 12, 18]. Stable
distributions are often used to specify the innovations process of auto–regressive processes
with infinite variance because of their interesting mathematical properties (heavy tails and
asymmetry).
A random variable X has a stable distribution if and only if for every k and any family of
independent and identically distributed variables X1 , . . . , Xk , there exists ak > 0 and bk , two
reals, such as:
D
X1 + . . . + Xk = ak X + bk ,
D

where = denotes equality in distribution. When bk = 0, we speak of strictly stable distribution.
It is shown in [5] that there exists a constant α, 0 < α ≤ 2, such that ak = k 1/α for k ∈ N.
If X has a stable distribution, then we denoted by X ∼ S(α, µ, β, σ) and its characteristic
function is written as:



t
α α
ϕX (t) = exp iµt − σ |t| 1 + iβ w(t, α)
,
(1)
|t|
where
w(t, α) =

∗ Corresponding


απ


 tg( 2 ) if α 6= 1


 2 ln |t| if α = 1.
π

(2)

author.
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A stable law is defined by four parameters:
• index of stability 0 < α ≤ 2 is the main parameter. It characterizes the distribution
tails. If α decreases, the tails are heavy. The case of α = 2 corresponds to the normal
distribution.
• position parameter µ ∈ R. It characterizes the law mean when α > 1.
• asymmetry parameter −1 ≤ β ≤ 1. If β = 0, the law is symmetrical about the parameter
µ. Moreover, when µ = 0 the law is called symmetric α–stable law.
• scale parameter σ > 0.
According to [19], the stable laws have the following properties:
1. Let X1 , X2 , . . . i.i.d. ∼ S(α, µ, β, σ) and cj a sequence of real values with
∞
X
cj Xj ∼ S(α∗ , µ∗ , β ∗ , σ ∗ ) with
then

P

j

|cj |α < ∞,

j=0


α∗ = α



∞

X


∗

µ
=
µ
cj




j=0



−1


∞
∞
X
X
β∗ = β
|cj |α sign(cj ) 
|cj |α 



j=0
j=0




1/α


∞

X


∗


σ
=
σ
|cj |α 




(3)

j=0

2. If 0 < α < 2, the variance of a stable law is infinite and for 0 < α < 1, the mean becomes
infinite.
3. Let X ∼ S(α, µ, β, σ), so as x → ∞, we have
xα P(X > x) −→ Cα

1+β α
σ
2

(4)

1−β α
σ ,
2

(5)

and
xα P(X < −x) −→ Cα
where Cα =

2
πα
π Γ(α)sin 2 .

If we denote by G(x) := P(|X| ≤ x) = FX (x) − FX (−x), x > 0, the d.f. of Z = |X|, then
we have both following conditions:
• The regular variation condition
lim

t→∞

1 − G(tx)
= x−α , x > 0
1 − G(t)

(6)
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• The tails balance condition for 0 ≤ a ≤ 1
lim

x→∞

where a =

1 − F (x)
=a ,
1 − G(x)

lim

x→∞

F (−x)
= 1 − a,
1 − G(x)

(7)

1+β
.
2

The problem of estimating the parameters of a stable distribution is in general hampered by
the lack of known closed–form density functions. However, there are numerical methods that
have been found useful in practice like the quantile method proposed by [14], the method based
on linear regression [11] and the maximum likelihood approach [16].
Let the AR(1) process:

Xt = λXt−1 + εt , t = 1, . . . , n
−1 < λ < 1

(8)

{εt } i.i.d. ∼ S(α, µ, β, σ)
1 < α < 2.
The AR(1) process defined in (8) is strictly stationary and it can be written as:

Xt =

∞
X

λj εt−j , t = 1, . . . , n.

(9)

j=0

Using (3) and (9) we have X ∼ S(α∗ , µ∗ , β ∗ , σ ∗ ) with

α∗ = α



µ


µ∗ =



1−λ








β
, 0≤λ<1




β∗ =

1 − |λ|α





β , −1 < λ < 0



1 + |λ|α






σ

∗


σ =
1/α
[1 − |λ|α ]

(10)

The estimator for the auto-regressive coefficient λ is given by the following expression:
n−1
X

(Xi+1 − X̄n )(Xi − X̄n )

bn =
λ

i=1
n−1
X

,
2

(Xi − X̄n )

i=1

where X̄n =

1
n

n
X
i=1

Xi . It has been proven in [2] that this estimator is consistent.

(11)
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2. Tail conditional expectation
Distortion risk measure Πg is a mapping from the set of losses random variables to R+ defined
by
Z ∞
Πg (X) =
g(1 − FX (x))dx,
(12)
0

where g : [0, 1] −→ [0, 1] is a non–decreasing and concave function with g(0) = 0 and g(1) = 1.
Πg (X) was introduced by [3] in terms of Choquet integral and have been extensively been used
in finance and insurance [21]. This class of risk measure fulfils all four axioms of a coherent risk
measure [1].
The conception of tail distortion risk measure was introduced by [23] as:
Z ∞
Πg (X|X > V aRp (X)) =
gp (1 − FX (x))dx,
(13)
0

with
−1
V aRp (X) = FX
(p) = inf{x ∈ R : FX (x) ≥ p}, 0 < p < 1

and gp is a distortion function defined by
 

s


if 0 ≤ s ≤ 1 − p
g
1−p
gp (s) =



1
if 1 − p ≤ s ≤ 1.

(14)

(15)

If g = 1, then we find the tail conditional expectation TCE
1
Πg (X|X > V aRp (X)) = T CEp (X) =
1−p

Z

1

V aRs (X)ds.

(16)

p

Let the order statistic X1,n ≤ X2,n ≤ . . . ≤ Xn,n associated to the sample (X1 , X2 , . . . , Xn )
of X. The empirical estimate of T CEp (X) is:




n
X
emp
[np]
1 1
\
Xk,n +
(17)
− p X[np],n  ,
T CE
=
p (X)
1−p n
n
k=[np]+1

where [x] is the integer part of x [17].
If X v S(α, 0, β, 1), 1 < α < 2, [20] have represented TCE as follows:
T CEp (X) =

α
|V aRp |
(1 − α) π(1 − p)

where
g(θ) =

Z

π/2

g(θ) exp(−|V aRp |α/(α−1) v(θ))dθ,

−θ̄0

sin(α(θ̄0 + θ) − 2θ)
α cos2 (θ)
−
2
sin(α(θ̄0 + θ))
sin (α(θ̄0 + θ))

and
v(θ) = (cos(αθ̄0 ))
with
θ̄0 =

1/(α−1)



cos(θ)
sin(α(θ̄0 + θ))

α/(α−1)

cos(α(θ̄0 + θ) − θ)
,
cos(θ)


 πα 
1
arctan β̄ tan
, β̄ = −sign(V aRp )β.
α
2

(18)
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For Y v S(α, µ, β, σ), we have σX + µ v Y , then
T CEp (Y ) = σT CEp (X) + µ.
Limit (4) means that FX is in Fréchet maximum domain of attraction [4]. More precisely,
for a sample X1 , . . . , Xn from the random variable X ∼ S(α, µ, β, σ), we have
max(X1 . . . , Xn ) D
→ Φα ,
−1
FX
(1 − n−1 )

(19)

D

where → denotes convergence in distribution and

Φα (x) =

exp(−x−α ) , x > 0
0
, x ≤ 0.

(20)

The tail index α can be estimated by the Hill estimator [10] defined by
"

α
b

H

k
1X
log Xn−i,n − log Xn−k+1,n
=
k i=1

#−1
,

(21)

where k = kn is an intermediate sequence such that k → ∞, k/n → 0, n → ∞.
The semi–parametric estimator of a high quantile (p → 1) proposed in [22] has the following
form
1/b

αH
H
k
[
V aRp = Xn−k,n
.
(22)
n(1 − p)
It is known (e.g., [23]) that, for p → 1 and α > 1 we have

T CEp =

α
V aRp .
α−1

(23)

Then we obtain the following estimator
H

T[
CE p =

α
bH
Xn−k,n
H
α
b −1



k
n(1 − p)

1/b
αH
.

(24)

3. Application
Our study is carried out on the natural logarithms of the volumes of Walmart stock traded daily
on the New York Stock Exchange (time–series Xt ) during the period from November 19, 2003
to January 4, 2005. The observations are shown on the Figure 1 and their empirical density
is plotted on the Figure 2. The data, were taken from the public source https://finance.
yahoo.com.
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Figure 1: Daily logarithms of the volumes of Walmart stock
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Figure 2: Empirical density of time–series Xt
To verify the stationarity of the data, we perform a Phillips-Perron test, we get a p − value
of 0.01, so the data are stationary. The data exhibit a high excess kurtosis 4.593 > 3, indicating
that the observations are not normally distributed. The p − value of the Kolmogorov-Smirnov
normality test is 4.7×10−6 , thus confirming the rejection of the assumption that the data would
normally be distributed.
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On the Figure 3, since the ACF decreases gradually and the partial ACF cut off after the
first lag, it seems that the data follow an AR(1) process.
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Figure 3: ACF and PACF of time–series Xt
Moreover, we use the AICC (Akaike’s Information Criteria Corrected) and BIC (Bayesian
Information Criterion) for all ARM A(p, q) models with p + q ≤ 2 as given in the Table 1.
ARM A(p, q)
AR(1)
AR(2)
MA(1)
MA(2)
ARMA(1,1)

AICC
96.67423
97.68286
110.6942
101.2229
97.82286

BIC
100.3054
104.9309
114.3254
108.4709
105.0709

Table 1: AICC and BIC criteria’s for different ARMA(p,q) models
From this, it is obvious that the best model for Xt with respect to both criteria was an AR(1)
defined by
Xt = λXt−1 + εt , t = 1, . . . , 283
(25)
with X0 = 0 and {εt } i.i.d. whose distribution we will specify later.
b = 0.4437255. Statistical analysis of
The estimator provided by (11) of the coefficient λ is λ
b t−1 , 2 ≤ t ≤ 283, leads to the following results:
the residuals εbt = Xt − λX
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1. The empirical ACF and PACF of the residuals on the Figure 4 shows the non–significance
of auto–correlation coefficients.
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Figure 4: The empirical ACF and PACF of the residuals εbt
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2. Empirical density function of residuals on the left of the Figure 5 shows some asymmetry
and the kurtosis of 6.941248 > 3 indicates a heavy tail of distribution, which is confirmed
by the deviation at the extremes of the normal Q-Q plot (Figure 5 on the right).
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Figure 5: Empirical density of εbt (left) and the normal Q-Q plot (right)
The phenomena of heavy tails and excess kurtosis of the residues εbt suggest that a stable
distribution S(α, µ, β, σ) would be an appropriate model for εbt . To estimate the parameters
α, µ, β and σ we use the method of McCulloch [14]. The results are summarized in Table 2.
α
b

µ
b

βb

σ
b

1.834

8.9203869

0.95

0.1701674

Table 2: Stable parameters of residuals
To estimate the parameters of the AR(1) process defined in (25) we use the equations (10).
The results are given in Table 3.
c∗
α

c∗
µ

c∗
β

c∗
σ

1.834

16.03594

0.95

0.1955845

.

Table 3: Stable parameters of AR(1)
In the Figure 6 the plots of the empirical density of the data and the estimated stable density
c∗ , σ
c∗ , µ
c∗ , β
c∗ ) show a good fit.
S(α

0.0

0.5

Density

1.0

1.5

Empirical density
Stable density

15.0

15.5

16.0

16.5

17.0

Data

Figure 6: The goodness of fit
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0.4
0.0

0.2

Theoretical probabilities

0.8

1.0

To confirm this, the p − value = 0.6161 of the Kolmogorov–Smirnov test implies that for
our data there a better fit of the stable model around the center of the distribution while
the p − value = 0.3176 of the Anderson–Darling test implies a better fit in the tails at the
significance level 5%. The P -P plot on the Figure 7 is linear, also confirming the quality of fit
for the stable distribution.

0.0

0.2

0.4

0.6

0.8

1.0

Empirical probabilities

Figure 7: The P-P plot
1

c∗ and σ
c∗ , µ
c∗ , β
c∗ .
From (18) we calculate the estimator T[
CE Xt using the parameters α
We adjust a stable law to the data Xt without passing by the residuals using the McCulloch
estimators (Table 4).
α
bXt

µ
bXt

βbXt

σ
bXt

1.678

16.0172717

0.821

0.1788372

Table 4: Stable parameters obtained by McCulloch estimators
2

Then, using stable parameters from Table 4, we calculate T[
CE Xt from (18). For comparison,
emp
we calculate the empirical T[
CE
of the real data using (17) which are presented in Table 5.
p
T[
CE

emp

1
T[
CE Xt
2
T[
CE Xt

0.90

0.95

16.70186

16.83251

16.66029

16.81588

16.75967

17.00363

Table 5: Estimation of TCE at 90% and 95% confidence levels
To apply the Hill estimator for data coming from stable distribution, [6] proposed to center
the data by subtracting the median. In the Figure 8 we have plotted (k, α
bH ) for the data
Yt = Xt − median(Xt ).
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Threshold

4
3
0

1

2

alpha (CI, p =0.95)

5

6

0.58800 0.49400 0.42700 0.37000 0.30700 0.27500 0.23200 0.20400 0.17600 0.13400 0.11700 0.09140 0.07390 0.05780 0.04470 0.02510

15

19

23

27

31

35

39

43

47

51

55

59

63

67

71

75

79

83

87

91

95

99 103

108

113

118

123

128

133

138

Order Statistics

Figure 8: Hill estimator for Yt
We see that there is a region of stability between k = 52 and k = 58, so we compute α
bH
H
H
for each value of this region and calculate T[
CE Yt using (24), then we deduce T[
CE Xt from the
following equation:
H

H

T[
CE Xt = T[
CE Yt + median(Xt )

(26)

and obtain results in the Table 6.
H

T[
CE Xt
k
52
53
54
55
56
57
58

α
bH
1.844519
1.801733
1.832314
1.799902
1.829332
1.832247
1.845455

p = 0.90
16.91662
16.93763
16.92239
16.93892
16.92386
16.92248
16.91603

p = 0.95
17.31423
17.35649
17.32583
17.35889
17.32878
17.32599
17.31314

H

Table 6: T[
CE Xt for 52 ≤ k ≤ 58.
From the Tables 5-6 we remark following:
1. The estimators of a stable AR(1) via the residuals estimators give better results of T[
CE
than the estimators applied directly to the data. [13] have shown by simulations on
synthetic samples that the estimates of the distribution parameters of the α–stable AR(1)
process are better via the residuals.
H

emp

2. The values of T[
CE are farther from the values of T[
CE
because [15] shows that the
Hill estimator performs poorly on stable data when 1 < α < 2 leads to overestimates of
α and thus overestimates the T CE H .

Estimating the tail conditional expectation of Walmart stock data

105

4. Conclusion
In this paper, we adjusted a stable AR(1) model to the logarithms of the volumes of Walmart
stock data and estimated the coherent risk measure TCE taking into account the dependence
structure that exists in the model by estimating the parameters of the stable AR(1) via the
residuals. Results are similar to [9] assuming the hypothesis of independence of the data involved
in the modeling. The continuous evolution of risks in insurance and finance leads to reflections
aimed at relaxing this hypothesis.
There are many possibilities for defining dependency, e.g. [8] estimated the TCE risk measure using the extremal index and the POT method.
Among the many possible mathematical tools to take into account such dependencies, we
find the copulas which allow the introduction and characterization of a very flexible form of
dependence between different random variables. It would be interesting to mix the concept
of copula with the auto–regressive processes to describe another form of dependence in the
multivariate case. These are topics for future research.
Acknowledgements
This work was partially supported by the Ministry of Higher Education and Scientific Research
MESRS – Director General for Scientific Research and Technological Development DGRSDT,
PRFU: C00L03UN220120190001.
The authors would like to thank the reviewers for their valuable comments and suggestions that
greatly improved the presentation of this research.

References
[1] Artzner, P., Delbaen, F., Eber, J-M. and Heath, D. (1999). Coherent measures of risk. Mathematical Finance, 9(3), 203–228. doi: 10.1111/1467-9965.00068
[2] Davis, R. and Resnick, S. (1986). Limit theory for the sample covariance and correlation functions
of moving averages. The Annals of Statistics, 14(2), 533–558. doi: 10.1214/aos/1176349937
[3] Denneberg, D. (1994). Non–additive measure and integral. Dordrecht: Springer doi: 10.1007/97894-017-2434-0
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Abstract. The research objective is to find a balance between premature convergence and population
diversity with respect to genetic algorithms (GAs). We propose a new selection scheme, namely, split–
based selection (SBS) for GAs that ensures a fine balance between two extremes, i.e. exploration and
exploitation. The proposed selection operator is further compared with five commonly used existing
selection operators. A rigorous simulation–based investigation is conducted to explore the statistical
characteristics of the proposed procedure. Furthermore, performance evaluation of the proposed scheme
with respect to competing methodologies is carried out by considering 14 diverse benchmarks from the
library of the traveling salesman problem (TSPLIB). Based on t-test statistic and performance index
(PI), this study demonstrates a superior performance of the proposed scheme while maintaining the
desirable statistical characteristics.
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1. Introduction
Development of GAs stems from the seminal work of Holland [20], which exploited the philosophical basis of Darwin’s understanding of the evolution process [1, 46]. Since then, GAs have
attracted a great attention and, as a result, GAs maintain its key role in optimization literature.
For example, [39] highlight the applicability of GAs in the field of behavioral ecology to explore
the vigilance behavior in animals. Further, [44] used GAs in modelling of membership behavior
in stock market and to increase the scalability in credit risk assessment. More recently, [43]
employed GAs to achieve optimal satellite selection for global positioning system (GPS). Other
than these, a stream of applications of GAs can be witnessed in multidisciplinary fields, interlocking medicine [14], artificial intelligence [37], etc. The popularity of GAs is most commonly
coined with its ability of solving complex multidimensional and multi–models optimization
problems with minimum information required about objective function, see for example [6].
Furthermore, [2] recommended GAs to process multi objective optimization. A comperhensive
and detailed overview of GAs features are presented by [35, 47].
Unfortunately, GAs suffer from the premature convergence in pursuit of finding optimal solutions [13], regardless of the their utility in all aspects. The problem of premature convergence
∗ Corresponding

author.
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is in fact rooted in the philosophical orientation of GAs as summarized by [24], who noted
that ”GAs are characterized by selection algorithms that favor the more fit chromosomes in
their populations and by crossover and mutation operators that combine and modify existing
chromosomes to generate novel offspring”. The fondness of more fit chromosome is more likely
to result in compromising the population diversity. Optimization literature acknowledges the
diversity of population as a vital component in search of an optimal solution. This is evident
by the discussion on the relevance of premature convergence and population diversity by [9, 25]
and a more recent by [1, 11, 35]. Based on these studies, it is clear that the performance of
GA is most affected by the choice of selection operators. Therefore developing better selection
scheme remains the most important issue in the body of contributions associated with GAs.
Acknowledging the importance of selection phase of GAs, this research contributes to the
literature by introducing a novel selection operator, namely the split–based selection (SBS). Our
proposition mainly focuses on facilitating the convergence process by maintaining desirable level
of population diversity. The objective is achieved by attaining a balance between the key concepts of exploration and exploitation. We used fitness rank of participants in concordance with
normality of generations to aid the selection process. The use of underling mathematics of the
operator, enables the opportunity to all fitness classifications members be selected, from worst
to best. The encouraging results of this delicate selection scheme are documented throughout
the article.
This article is divided into six main sections. Section 2 briefly introduces existing selection operators. In Section 3 we propose new selection operator and give its theoretical and
mathematical foundations. Further, Section 4 investigates stochastic properties of the newly
proposed operator. Inspired by the stochastic features, Section 5 delineates the applicability of
proposed methodology in solving practical problems. New proposed operator is employed to
the 14 famous benchmarks instances from the library of traveling salesman problem. Lastly,
Section 6 concludes the study along with a brief discussion of future research.

2. Tradational selection procedures: theory and methods
In this section, we provide a brief review of the most commonly employed selection operators
in the GAs literature.
The first one, noted as the most popular by [1], is known as fitness proportional selection
(FPS). The methodological orientation of this scheme is based on the understanding that fitter
individuals should have a higher chance of selection as a member of parent population. For this
purpose, first we calculate the fitness of all individuals using the following rule:
fi = β(1 − β)i ,

i ∈ {1, 2, ..., K},

(1)

where fi is the i − th individual of ascending order population and β ∈ (0, 1) and generally
suitable within the range of 0.01 to 0.3 [51]. The selection probability of i − th individual pi is
directly proportional to it’s fit:
pi =

fi
K
X

,

i ∈ {1, 2, ..., K},

(2)

fi

i=1

where K represents the size of the population. In statistical literature, one may recognize
that the operational mandate of FPS is equivalent to that of the probability proportional to
size (pps) sampling scheme. The straightforward nature of FPS procedure make it a feasible
candidate in various GA applications, see for example [34, 45].
The next procedure is the linear rank selection (LRS), which was first introduced by [5] to
cater for the issue of premature convergence attributed with FPS. In his seminal work Baker
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[5] emphasized the use of rank–based selection criteria to provide better opportunity to select
weaker individuals and thus offered a smoother selection function. Based on LRS procedure,
the selection probability of the i − th individual is assigned according to the following rule:


1
−
+
− i−1
η + (η − η )
,
pi =
K
K −1

i ∈ {1, 2, ..., K},

(3)

where i is the rank of the individual based on fitness status and K is the population size,
while η − and η + are the parameters depicting the selection probabilities of worst and best
individuals based on their ranks, respectively. For the estimation purpose of the function (3),
Baker imposed a constraints η + = 2 − η − and η − ≥ 0. A well documented weakness of LRS
is slower convergence of the algorithm [1, 35]. This drawback is rooted in its methodology
based on ranks instead of fitness values directly for selection. As a result, even if individuals
differ notably in fitness status, the ranks remain the same unable to reflect the difference with
desirable intensity and therefore naturally compromise relevant information. This issue becomes
more obvious in the case of a larger population where ranks can be considered as a realization
from the uniform distribution.
To resolve the issue of LRS slower convergence, [31] proposed another rank–based selection
scheme named exponential rank selection (ERS). To distinguish from LRS, [31] suggested that
the selection probabilities increase exponentially from worst individual to best:
pi =

rK−i (1 − r)
,
1 − rK

i ∈ {1, 2, ..., K}

(4)

where r is a constant ratio defining the inclusion weights of individuals based on their fitted
ranks. The constant ratio, r, is capable of taking values over the range 0 < r < 1, but for
maximum gain values of r closer to 1 is recommended by [28, 31, 40]. The acceptability of ERS
as a popular selection method is evidenced by various applications, for example see [28, 40].
Another selection procedure BTS (binary tournament selection) was introduced by [3], who
argued that instead of relying on probabilities, selection of individuals should be based on direct
competition. Recognizing the importance of population diversity, [3] urged lower tournament
size. Thereby, pair–wise comparison becomes the most common theme in tournament selection
schemes [4, 27]. The selection probability of i − th ordered individual is given as:


1
t
t
pi = t (i) − (i − 1) ,
K

i ∈ {1, 2, ..., K}

(5)

where t represents the array of tournament size. Many have appreciated the logical orientation of binary tournament selection (BTS) in persuasion of the population comprises of fitter
individuals [27].
The selection oriented literature was further enriched by [24] employing a probability based
threshold level to select the winner of the tournament called probabilistic 2–tournament selection (PTS). Julstrom showed that the competition winner will survive with a probability
0.5 < q < 1, where the loser will get another chance of competing, with probability 1 − q. The
mathematical expression providing the selection probability of the i − th ordered individual is
calculated as:
pi =

2(K − i)
2(i − 1)
q+
(1 − q)
K(K − 1)
K(K − 1)

i ∈ {1, 2, ..., K}.

This selection procedure has been used in various applications [28, 40].

(6)
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3. Proposed selection procedure
3.1. Motivation
From the aforementioned studies, one may recognize the urge of adaption of selection pressure
while maintaining population diversity in the selection process to facilitate the achievement of
optimal conditions. Figure 1(a) presents four hypothetical and most likely scenarios depicting
the initial fitness status of individuals in a population. The fitness of individuals is represented
through (i) moving along curvature, (ii) uniform distribution, (iii) increasing trend and
(iv) decreasing trend. Figure 1(b) highlights the resultant fitness behavior after few generations.
It is noticeable that regardless of initial population trends, fitness of generations ultimately
approaches to a normal distribution. The essence of our proposed approach lies in achieving
the expected individuals fitness behavior in more cohesive manner. To formally proceed, let
us consider two highly employed extremes of selection in the GA literature; LRS and FPS.
The LRS emphasizes on maintaining higher levels of population diversity (in more technical
language also known as exploration) at the cost of selection pressure and results in slowest
convergence of GAs. On the other hand, FPS emphasizes high selection pressure (also known
as exploitation) while scarifying the diversity and as a result remains the prime candidate
suffering from premature convergence. Given the delicate nature of the matter, in the next
subsection, we propose a new operator capable of achieving more balance between exploration
and exploitation. This new scheme not only eliminates the fitness scaling problem but also
provides an adequate selection pressure throughout the selection process.

(a) Initial behavior of population
(b) Behavior after few generations
Figure 1: Expected behavior of population

3.2. Proposed scheme: split-based selection (SBS) procedure
Let us consider that a population of size K (usually it is even) is ranked on the basis of fitness
status of individuals from worst to best. In our proposition, to ensure the population diversity
each individual gets a unique rank based on fitness status. Keeping Figure 1(b) in view, one
may agree that rank–based populations usually remain classified into three categories; lower fit,
average fit and best fit. In order to maintain selection pressure, our proposed scheme pursues
the assigning of probabilities of selection within the fitness categories, in systematic way. In our
scheme, the bottom 40% ranked individuals are labeled as lower fit. The resultant proportion
of this category in a population of size K is:


K 2K
+1 .
(7)
5
5
Further, the average fit category contains individuals covering the middle 20% ranks such as:
K
(K + 1).
10

(8)
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The remaining 40% individuals comprise the best fit category. The proportion of the highest
ordered category is calculated as:
K
(8K + 5).
25

(9)

The general expression of selection probability associated with every individual to be a
participant of parent population is:
 

2K
25i


,
i≤
α



K(2K
+
5)
5

 5
2K
3K
pi =
β
,
<i≤
(10)

K
5
5





25i
3K


,
i>
,
 γ
K(8K + 5)
5
where α, β and γ are selection parameters and remain subject to the constraints such as,
0 ≤ α, β, γ ≤ 1 and α + β + γ = 1.
One may appreciate the generality and flexibility of proposed scheme as the different values
of α, β and γ parameters, permit the investigator to adjust the selection pressure at a desired
level. For demonstration purposes, in this article, we considered α = β = 0.2 and γ = 0.6.
This setting indicates that the bottom 40% individuals are assigned the weights equals to 0.2,
whereas the middle 20% individuals are assigned a weight of 0.2 and the weight of most fit 40%
individuals is set as 0.6. This gives:

2K
5i


,
i≤


K(2K
+
5)
5


1
2K
3K
pi =
(11)
,
<i≤

K
5
5


15i
3K


,
i>
.

K(8K + 5)
5
In the next section, we explore the statistical characteristics of this new operator with other
competing selection schemes.

4. Empirical analysis
The selection process in genetic algorithms can be divided into two steps. The first step is to
assign the selection probability to each individual with respect to its fitness level. The expected
number of offspring rate ei of individual i for the next generation is calculated as ei = K × pi
where K is the population size and pi denotes the selection probability of individual i. The
second step entails the selection of K individuals from the current population using various
sampling algorithms (roulette wheel or universal sampling, etc.). The sampling algorithms
then proceed by providing the observed number of offspring of individual i, let us say oi , such
that E[oi ] = ei .
Next, we explore the statistical characteristics of our proposed operator (11) while comparing
with aforementioned four rank–based operators (LRS, ERS, BTS and PTS). The first operator,
that is FPS is not considered in this section because it is a purely population dependent operator
and not rank–based, see also [28, 40]. Moreover, for a fair comparison, we consider optimal
parametric values for the above mentioned operators to ensure their maximal performance. For
example, in the case of LRS, Backer [5] recommended the value of η + = 1.1 in equation (3) to
achieve optimal performance of the operator. For ERS, the value of r closer to one is advised
in the literature to gain better performance [28, 31]; we use r = 0.99 in this study. Finally, for
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PTS, the recommended range of the parameter q in (6), ensuring higher performance of the
operator, is (0.5 − 1) [28]; we use q = 0.8.
To resolve the issue of approximation and to achieve higher accuracy, we follow the recommendations of [28, 40] suggesting the population size K ≥ 250 with at least 10 categories.
Thus, we generate a population of 300 individuals and ordered them according to their fitness
status. In the next phase, through each operator, we assigned the selection probability pi to
each individual and distributed them into 10 categories to attain the expected number ei . To
estimate the observed frequencies oi of each category, we repeat this process 300 times, where
sampling is conducted through the roulette wheel (RW) sampling mechanism, see also [20]. The
discrepancies between expected and observed numbers of offspring are then quantified using a
χ2 goodness–of–fit measure. Let us consider, there are c disjoint classes,X
such as {C1 , C2 , ..., Cc },
c
ei denote the overall
where Cj ⊂ {1, 2, ..., K} and ∪j=1 Cj = {1, 2, ..., K}. Also let ξj =
i∈Cj

expectation, where Oj =

X

oi represents the observed copies of individuals in the mating

i∈Cj

pool after the sampling procedure. Ideally, ξj should be of the order K/c for 1 ≤ j ≤ c, so that
each class contains the same number of individuals on average. [40] defined the χ2 test as a
measure to determine the accuracy of the sampling process as:
X=

c
X
(ξj − Oj )2
.
ξj
j=i

(12)

Table 1 presents the expected counts associated with each category with respect to all selection
procedures. As noted by [28, 40], under the assumptions of Cj ≥ 10, ξj ≥ 10 and K ≥ 100, the
sampling distribution of X in (12) will follow a χ2 distribution with c − 1 degrees of freedom,
such that E[X] = c − 1 and V ar[X] = 2(c − 1). Table 2 confirms this anticipated distributional
behavior of the sampling operators.

LRS
j
1
2
3
4
5
6
7
8
9
10

Cj
1–33
34–65
66–96
97–127
128–157
158–187
188–216
217–245
246–273
274–300

ERS
ξj
30.05
29.84
29.56
30.20
29.84
30.44
30.00
30.56
30.04
29.47

Cj
1–107
108–158
159–191
192–216
217–236
237–253
254–267
268–279
280–290
291–300

BTS
ξj
29.88
30.36
29.78
30.13
30.19
30.89
29.72
29.02
29.86
30.16

Cj
1–95
96–134
135–164
165–190
191–213
214–233
234–252
253–269
270–285
286–300

PTS
ξj
30.08
29.77
29.80
30.68
30.90
29.73
30.72
29.52
29.55
29.25

Cj
1–75
76–117
118–150
151–178
179–203
204–225
226–246
247–265
266–283
284–300

SBS
ξj
29.85
29.86
30.09
30.09
30.42
29.53
30.61
29.73
29.94
29.87

Cj
1–85
86–120
121–150
151–180
181–205
206–227
228–247
248–266
267–283
284–300

Table 1: The overall expected counts ξj with respect to their classes Cj (j = 1, 2, ..., 10)

µ̂
σ̂

2

LRS

ERS

BTS

PTS

SBS

8.70

9.32

9.40

9.08

9.31

17.53

19.96

19.96

19.05

17.90

2

Table 2: Simulated means and variances of the χ test statistics

ξj
30.21
29.79
30.00
30.00
30.09
29.71
29.63
30.46
29.16
30.96
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5. Performance evaluation
5.1. Traveling salesman problem and state–of–the–art settings
In this section, we evaluate the performance of the proposed scheme in comparison with the
aforementioned competing schemes. The test problem is one of the most famous and popular
benchmarks available in the optimization literature. We considered the traveling salesman
problem (TSP), first documented by Euler in 1759 to resolve the knight’s tour problem. The
applicability of this classical problem is extensive in multidisciplinary research. For example in
the fields of bioinformatics [12], transportation [17, 19], and genetics [14]. The unified nature
of the TSP enables its prominence at the core of GA literature. Many researchers, such as,
[8, 22, 23, 33, 38] have used the TSP to test the performance of new search algorithms.
To ensure the generality of performance comparison, we considered 14 diverse problems
from the library of the traveling salesman problem (TSPLIB). Our choice of problems include
Euclidean and two–dimensional problems incorporating symmetric as well as asymmetric in
nature, where the number of cities varies from 52 to 442. In addition, we considered two
most widely used crossover schemes, namely the partially–mapped crossover (PMX) and order
crossover (OX) along with two common mutation operators, which are the exchange mutation
(EM) and inversion mutation (INV). Table 3 details these state–of–the–art settings, for further
information one may consult to Larranaga et. al [26]. In our simulation experiments, all
GA programs were implemented in MATLAB. Moreover, we used two stopping criteria for
our simulation experiments, i.e. attaining the maximum number of generations and if the tour,
shorter than the current optimal tour is not being found during last 300 consecutive generations.
Parameter
Representation
Population size
Crossover criteria
Crossover rate
Mutation method
Mutation rate
Maximum generation
Number of trails
Replacement in GA

Setting
Path
300
PMX and OX
80%
EM and INV
5%
10000
30
Steady-state GA

Table 3: Parameters configuration for GA

5.2. Results and discussion
Since GAs belong to the class of stochastic search algorithms [49], therefore, for comparative purposes, we recored average values, standard deviations (S.D.) and relative errors (R.E)
based on 30 runs and for all 14 problems while considering six contemporary selection schemes.
Moreover, to evaluate the relative performance of existing approaches with respect to proposed
scheme, we used two criteria: (i) t-test statistics [49, 23] and (ii) performance index (PI)
[10, 46].
Criterion (i): The t-test statistic under the null hypothesis of ”SBS is at least as good (at
least as small) as the solution obtained with the competing operator” is employed for pairwise
comparisons of proposed scheme with existing techniques. The expression given in equation
(13) provides the test–statistic:
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t=

x̄ − x̄2
r1
,
1
1
Sp
+
n1
n2

(13)

where Sp is pooled standard deviation from both samples, x̄1 represents the average of
proposed operator and x̄2 belongs to the contemporary approach. If the null hypothesis is true,
the test–statistic will follow a t–distribution with 58 degrees of freedom.
For 14 problems across four combinations of crossover and mutation operators for studying
six procedures, we obtain 336 average optimal distance values. We observe that, out of 336
instances, our proposed procedure (SBS) outperforms competing schemes 318 times. Moreover,
t–test statistics indicate that in 162 cases, our selection strategy provides statistically significantly better performance when compared with contemporary operators. We observe no case
where significantly lower performance can be attributed to our proposition. These results are
not presented here to preserve the space, but they are available upon request.
Criterion (ii): The performance index (PI) is aslo used – a comprehensive and widely
used criterion comparing the performance of population–based heuristic algorithms [10, 46].
The overall relative performances of competing schemes using PI is calculated by considering
average values, S.D and R.E. The expression of PI with respect to aforementioned statistics is
given as:
Np

PI =

1 X
(k1 α1i + k2 α2i + k3 α3i ),
N p i=1

(14)

where
Ai
M Ai
Si
α2i =
M Si
Ri
,
α3i =
M Ri

α1i =

(15)
i = 1, 2, ..., Np

and
Np : total number of problems analyzed
Ai : least average values of objective function of ith problem for all competing selection operators and for nominated state-of-art settings
M Ai : minimum of average values of the array of Ai
S i : least standard deviations of objective function of ith problem for all competing selection
operators and for nominated state-of-art settings
M S i : minimum of Standard deviations of the array of S i
Ri : least relative errors of objective function of ith problem for all competing selection operators and for nominated state-of-art settings
M Ri : minimum of relative errors of the array of Ri .
The weights of aforementioned criteria are k1 , k2 and k3 , such that k1 + k2 + k3 = 1 for
all 0 ≤ k1 , k2 , k3 ≤ 1. From the above definition, it is clear that PI is a function of k1 , k2 and
k3 . Since k1 + k2 + k3 = 1, one of the ki , i = 1, 2, 3 can be wipe out to lessen the quantity
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depended variables from the expression of PI. We adopt the strategy of [32] of assigning equal
weights to two terms at a time to aid the visualization of PI. Along these lines, the resultant
cases are as follows:

case(a) :

k1 = w, k2 = k3 = (1 − w)/2, 0 ≤ w ≤ 1

case(b) :

k2 = w, k1 = k3 = (1 − w)/2, 0 ≤ w ≤ 1

case(c) :

k3 = w, k2 = k3 = (1 − w)/2, 0 ≤ w ≤ 1.

The graphs corresponding to each of the cases (a), (b) and (c) are shown in Figures 2–4
respectively, where the horizontal axis represents the weights and the vertical axis present the
PI with respect to considered attribute. The case (a) evaluates the PI with respect to average
values while considering S.D. and R.E. with equal weights. In case (b), we consider average
values and R.E. of the same weights where the PI is calculated for S.D. Lastly, case (c) denotes
the situation where the PI is quantified for R.E. while taking average values and S.D. of equal
weights. For all cases, a superior overall performance of the proposed scheme is evident. From
Figures 2–4, it is clear that over the permissible range of PI, i.e. (0 1), the proposed operator
shows higher performance while comparing with existing schemes. Moreover, the consistent
and least fluctuated behavior of the PI associated with proposed operator also highlights its
robustness with respect to the assigned weights to average values, S.D. and R.E.

Performance Index (PI)

1
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ERS
BTS
PTS
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0.4
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0.6
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Figure 2: The performance index when S.D. and R.E. are assigned equal weights
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Figure 3: The performance index when averages and R.E. are assigned equal weights

116

Abid Hussain and Salman A. Cheema

Performance Index (PI)

1
0.8
0.6
FPS
LRS
ERS
BTS
PTS
SBS

0.4
0.2
0
0

0.2

0.4

0.6

0.8

1

Weight (w)

Figure 4: The performance index when averages and S.D. are assigned equal weights

6. Conclusion
Throughout the optimization literature, a major concern of experts lies in the trade–off between
population diversity and selection pressure, see for example [1, 9, 23, 35]. This article presents
a novel selection operator–split–based selection (SBS). Our proposed technique facilitates the
optimization problem by ensuring a balance between diversity and selection pressure and thus
avoids premature convergence. In its essence, our SBS technique is rank–based, where individuals are prioritized according to their fitness status. The ranked individuals are then assigned
selection weights by classifying them into three fitness categories; lowest–fit, average–fit and
best–fit. The selection weights are further employed within each class to ensure population
diversity. At the same time, higher weights are offered to the most fit individuals and thus
selection pressure is maintained. Throughout this article, we demonstrated a superior performance of the newly proposed operator in comparison to the existing operators. Based on
a rigorous performance evaluation study, considering 14 highly regarded benchmarks in optimization literature, the proposed strategy is shown to not only cope with the fitness selection
but also maintain the selection pressure and thus facilitates the optimization processes. In
future, it will be interesting to explore the performance of selection operator when there exists
a group-structure at the population level. Moreover, the use of auxiliary information to aid the
selection operator is also a plausible avenue for future research.
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Abstract. Glucose tolerance test (GTT) is standard diagnostic procedure that tests the efficiency of
blood glucose-lowering hormones (insulin, incretins, leptin). Contrary, insulin tolerance test (ITT) is
probing efficiency of blood glucose–rising hormones (glucagon, thyroxine, growth hormone, glucocorticoids, adrenalin, noradrenalin). These two hormone systems together maintain blood glucose levels in a
narrow range. Various pathophysiological mechanisms give rise to a reversible condition – prediabetes
which then progresses to an irreversible chronic disease – diabetes, both marked with deviation of blood
glucose levels outside the set range. In diagnostic purpose, the patient is given glucose load, and blood
glucose is measured right before and 2 hours after load. Measurements are more frequent after insulin
injection (ITT) or if both tests are performed on experimental animals. In this paper we analyse the
mathematical model for GTT and ITT. The obtained model function is an useful tool in describing
the dynamics of blood glucose changes.
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1. Introduction
Glucose and fatty acids are the main energy sources for various organs of a multicellular organism [6]. While fatty acids are used during fasting periods, sugar intake leads to glucose
burning [21]. Because some organs have no substantial energy store and preferentially use glucose (brain, kidney), even during periods of fasting, blood glucose levels are maintained in a
narrow range [35]. The liver is responsible for normoglycemia (a blood glucose concentration
between 4.4 and 6.1 mm/L in fasting) [3] due to its ability to shift its metabolism in direction of
storing or producing glucose which is regulated by two hormones with opposite effect – insulin
and glucagon [28]. Generally, the body tolerates hyperglycemia (a blood glucose levels above
6.1 mm/L in fasting or above 11.1 mm/L 2 hours after meal) better than hypoglycemia (a
blood glucose concentration below 4.4 mm/L). Therefore, hyperglycemia is physiological after
meal and in stress conditions [34, 47], while hypoglycemia causes intense symptoms that can
progress to impairment of cognition and seizures [36]. The difference in tolerance of high and
low plasma glucose levels explains salient development of diabetes, which has led to epidemic
numbers of patients in developed countries. Estimated global number of diabetic patients in
2017 was more than 425 million people while further 352 million suffered from impaired glucose
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tolerance (prediabetes) and had high risk of developing diabetes [10]. In the USA alone, as high
as 1:3 adults suffer from prediabetes and only 10% is aware of its condition [11] while 70% of
them will develop diabetes over lifetime [45]. Global risk of prediabetes and diabetes is rising
due to epidemic of obesity [15, 29] and worldwide socioeconomic changes [44]. Early diagnosis
and treatment of prediabetes could reduce the incidence of diabetes.
Diagnosis of prediabetes and diabetes relies on fasting blood glucose (a blood glucose concentration measured after overnight fasting), plasma glucose concentration 2 hours (2hPG)
after load in oral glucose tolerance test (OGTT), and hemoglobin glycation (glucose bound
to hemoglobin) [4] – all three are static criteria that do not indicate the origin of the disease,
rather they reflect the general rise of glucose in blood. A fully developed clinical presentation of
the disease includes insulin resistance (unresponsiveness to insulin) of the liver, adipose tissue,
kidney and muscle along with a failure of β cells function (insulin secreting cells of pancreatic
islets) [17]. Pathophysiological explanation is built on gradual increase of insulin resistance
compensated by enhanced insulin secretion by β cells. Due to glucose toxicity, compensation
works till fasting glucose is around 5.5 mM [32, 33]. Further increase lead to net loss of pancreatic islets. Work on genetically modified animals fueled discovery of additional mechanisms
that contribute to development of hyperglycemia; increased secretion of insulin opposing hormone glucagon, accelerated breakdown of lipids in fat cells, deficiency or resistance to incretins
(gastrointestinal tract hormones with augmenting effect on insulin secretion after meal), increased renal glucose reabsorption, and development of central nervous system resistance to
leptin (gastrointestinal hormone which promotes satiety) and/or insulin [16]. Recently, altered
metabolic state, described as metabolic syndrome, was associated with hyperactive stress response what was adding more on already long list of mechanisms contributing to hyperglycemia
[25]. It is very likely that prediabetes is a reversible condition that can be corrected with shortterm targeted therapy directed toward one or few mechanisms. In the absence of unambiguous
biomarkers to characterize metabolic disorder, OGTT may serve as an useful orientation. In
clinical practice, test is performed in only 2 steps – blood glucose is measured before loading and
2 hours after 75 g of glucose load [4]. Increased values at either or both steps are considered as a
sign of disease. In scientific research conducted on humans or animals, more measurements are
made after glucose load, and the blood glucose drop is monitored through 3 or even 4 hours [5].
The number of measurements and the number of experimental animals included in each group
made it possible to determine a mathematical model that describes the biological phenomenon
at the group level. In the medical literature (see e.g. [2, 13, 30]) one can usually find examples
of the use of the area under the curve (AUC) and the standard deviation of this surface.
A similar problem exists in performing an insulin tolerance test (ITT) – common test for
the stress response. The insulin bolus puts the body in a state of metabolic stress (potentially life–threatening) due to hypoglycemia. Animals with elevated stress response have lower
glucose excursions due to opposing effect of stress hormones (glucocorticoids, adrenalin and
noradrenalin) [31]. Using AUC as a measure of imbalance can hinter early changes in stress
response.
Existing mathematical models that explain progression of diabetes are developed on some
of the following assumptions: glycemic excursions as a measure of metabolic instability [24, 42],
observation that hyperinsulinemia precedes hyperglycemia [23, 46], opposing effects of insulinglucagon on plasma glucose levels [1], glucose toxicity [18], gradual development of insulin
resistance [20], and threshold of glucose–insulin regulatory system [43].
We have chosen to use both tests, GTT and ITT, in order to model mechanisms involved in
the maintenance of plasma glucose levels. GTT test is probing mechanisms involved in lowering
glucose levels which involve hormones such as insulin, leptin and incretins. On the other hand,
ITT is probing mechanisms involved in increasing glucose levels and rely on hormones such as
glucagon, glucocorticoids, thyroid hormone, adrenaline and noradrenaline. We assume that a
precise description of blood glucose changes provoked by GTT and ITT is a good indicator of the
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development of prediabetes and we propose additional parameters that describe mathematical
model in detail. Usefulness of generated parameters should be further experimentally tested.
This paper is organized as follows. In the Section 2, a simple mathematical model of GTT
and ITT is introduced. In the Section 3, a corresponding parameter identification problem
is considered and in the Section 4 solutions of the corresponding differential equations are
analysed. Blood glucose levels in GTT are considered in the Section 5, where basic properties
and indicators and typical examples are given. In the Section 6 blood glucose levels in ITT are
considered with basic indicators and typical examples. Finally, some conclusions are given in
the Section 7.

2. A simple mathematical model of glucose and insulin tolerance test
Let us consider the concentration of glucose G in blood and the net normal hormonal concentration H as a cumulative effect of all relevant hormones (for example, insulin decreases G,
while glucagon and cortisol increases G). A basic model can be written according to [9] as
∂G
= F1 (G, H) + J(t)
∂t
∂H
= F2 (G, H).
∂t

(1)
(2)

The function J is the external rate at which the blood glucose concentration is increased due
to adsorption rate. We assume that the quantities G i H attain optimal values G0 i H0 at a
point when the patient arrives to hospital on an empty stomach. Then
F1 (G0 , H0 ) = 0

and

F2 (G0 , H0 ) = 0.

(3)

Since we are interested in the deviation of G and H from their optimal values, let us introduce
the substitution
g = G − G0 and h = H − H0 .
(4)
Then
∂g
= F1 (G0 + g, H0 + h) + J(t)
∂t
∂h
= F2 (G0 + g, H0 + h).
∂t

(5)
(6)

By using Taylor’s theorem and (3) we obtain
∂F1 (G0 , H0 )
∂F1 (G0 , H0 )
∂g
=
g+
h + J(t)
∂t
∂G
∂H
∂h
∂F2 (G0 , H0 )
∂F2 (G0 , H0 )
=
g+
h.
∂t
∂G
∂H

(7)
(8)

This system allows for signs of constants to be determined a priori, which brings us to the
following [9]:
∂g
= −m1 g − m2 h + J(t)
∂t
∂h
= −m3 h + m4 g,
∂t
where m1 , m2 , m3 and m4 are positive constants.

(9)
(10)
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Since we normally have data about either G or H, the system (9)–(10) can be written for
that value. Let us show how the same can apply to quantity H. We will derive the equation
(10) by t and insert (9) into the obtained expression
∂h
∂g
∂2h
= −m3
+ m4
∂t2
∂t
∂t
∂h
= −m3
+ m4 (−m1 g − m2 h + J(t)).
∂t
After we replace m4 g from (10), we obtain
∂h
∂2h
+ (m1 + m3 )
+ (m2 m4 + m1 m3 )h = m4 J(t).
2
∂t
∂t

(11)

1
(m1 + m3 ) > 0, and since m2 m4 + m1 m3 > 0, we mark
2
2
ω0 := m2 m4 + m1 m3 > 0 and the equation (11) can be written as
Since m1 + m3 > 0, we mark α :=

∂h
∂2h
+ 2α
+ ω02 h = m4 J(t).
∂t2
∂t

(12)

The function J is identical to zero except for the very short time interval in which the glucose
load is ingested and can be written by using Dirac δ–function.
Similarly, from (9)–(10) we can obtain
∂2g
∂g
∂J
+ 2α
+ ω02 g = m3 J(t) +
.
2
∂t
∂t
∂t

(13)

For simplicity, let us suppose that the t = 0 is the moment in which the glucose load has
been completely ingested. Then, for t ≥ 0, the functions g and h satisfy homogenous linear
differential equation of the second order
y 00 + 2αy 0 + ω02 y = 0,

α, ω02 > 0.

(14)

Because of the substitution (4), functions G and H satisfy linear differential equations of the
second order
G00 + 2αG0 + ω02 G = ω02 G0 ,
00

0

H + 2αH +

ω02 H

=

ω02 H0 ,

α, ω02 > 0,

(15)

ω02

(16)

α,

> 0.

3. Parameter identification
If experimental data (ti , Gi ), i = 1, . . . , m are known, where ti are time moments of measuring
the concentration of glucose Gi , we can solve the parameter identification problem
argmin
α>0,ω02 >0,G0 ,µ,ν∈R

Φ(α, ω02 , G0 , µ, ν),

Φ(α, ω02 , µ, ν) =

m
X
(Gi − Ĝ(ti ; α, ω02 , G0 , µ, ν))2 , (17)
i=1

where Ĝ(ti ; α, ω02 , G0 , µ, ν) are the values of the function Ĝ obtained by solving the Cauchy’s
problem
G00 + 2αG0 + ω02 G = ω02 G0 , G(0) = µ, G0 (0) = ν.
(18)
There are several methods for solving this problem. Let us mention smoothing the data
method [41], genetic algorithm [37], etc. In our paper we use Mathematica–module [48]
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NonlinearModelFit[]. This way we obtain a good approximation of parameters α, ω02 and
G0 in the differential equation (15) and optimal initial condition G(0) and G0 (0) in the corresponding Cauchy problem.
Similarly, by knowing experimental data (ti , Hi ), i = 1, . . . , m, we can also estimate parameters α, ω02 and H0 in the differential equation (16) and optimal initial condition H(0) and
H 0 (0) in the corresponding Cauchy problem.

4. The solution of differential equations
By knowing parameters α, ω02 and G0 in the differential equation (15) and optimal initial condition G(0) and G0 (0), we are able to write the required function G as the solution to the
corresponding Cauchy problem, whereby the crucial role belongs to the corresponding characteristic equation
r2 + 2αr + ω02 = 0, r ∈ C.
(19)
We should make difference between the following cases:
D1: If α2 > ω02 , then the roots r1 , r2 of the characteristic equation are negative and mutually
different real numbers denoted in a numerically stable form
q
−ω 2
p 0
,
(20)
r1 = −α − α2 − ω02 , r2 =
α + α2 − ω02
and the solution of the Cauchy problem for the differential equation (15) is obtained in
the form
G(t) = G0 + C1 er1 t + C2 er2 t , C1 , C2 ∈ R.
(21)
D2: If α2 = ω02 , the characteristic equation has a double negative root r = −α < 0, and the
solution of the Cauchy problem for the differential equation (15) is obtained in the form
G(t) = G0 + C1 e−αt + C2 te−αt ,

C1 , C2 ∈ R.

(22)

D3: If α2 < ω02 , the roots r1 , r2 of the p
characteristic equation are conjugate complex numbers
r1 = −α − iω, r2 = −α + iω, ω = ω02 − α2 > 0, and the solution of the Cauchy problem
for the differential equation (15) is obtaied in the form
G(t) = G0 + e−αt (C1 cos ωt + C2 sin ωt),

C1 , C2 ∈ R.

C2
C1
instead of C1 i C2 , the solution of the Cauchy problem for the differential equation can
be written in the form
By introducing the corresponding integration constants A =

p

C12 + C22 , δ = arctan

G(t; A, α, ω, δ) = G0 + Ae−αt cos(ωt − δ).

(23)

Remark 1. Since in case [D1] for roots (20) of the characteristic equation there holds
q
r1 + r2 = −2α, r2 − r1 = 2 α2 − ω02 ,
the corresponding Wronsky’s determinant
W [er1 t , er2 t ] = e(r1 +r2 )t (r2 − r1 ) = 2e−2αt

q

α2 − ω02

can be a very small number, which can lead to a numerically unstable solution (21). Note also
that, in practical investigations, the case [D2] almost never arises. Therefore, this case is not
considered in the rest of the paper.
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The function G of the form (21) or (23), obtained by solving the corresponding Cauchy
problem, can be corrected by solving the corresponding nonlinear least squares problem [19, 26]
for the function F1 given by (24) (in case α2 > ω02 ), i.e. for the function F3 given by (25) (in
case α2 < ω02 ):
F1 (G0 , C1 , C2 , r1 , r2 ) =

m
X

(G0 + C1 er1 ti + C2 er2 ti − Gi )2 ;

(24)

i=1

F3 (G0 , α, ω, δ) =

m
X
(G0 + Ae−αti cos(ωti − δ) − Gi )2 .

(25)

i=1

5. Blood glucose levels in the glucose tolerance test
In the time t = 0 a certain amount of glucose is either injected into the patient’s blood or it
was administered orally and blood glucose is monitored for the next 4 hours.

5.1. The characteristics of the solution
Since α, ω02 > 0, for the obtained function G in both previously mentioned cases there holds
lim G(t) = G0 .

t→+∞

(26)

The number G0 represents glucose concentration after a longer time interval upon glucose load
– conveniently, the time interval could be set to 120 minutes – a time point that is interesting
for the diagnosis of diabetes.
Also, in order to study the behavior of glucose concentration with certain patients, we will
use the following characteristics of the obtained function G:
1. Parameter α determines the rate of oscillation amplitude decline and ensures a gradual
decrease in blood glucose to G0 level;
2. In the case of conjugate complex roots of the characteristic equation (α2 < ω02 ) we can
also determine the basic period [T = 2π
ω ] of function G;
3. Glucose concentration at the beginning of the experiment G(0) in clinical or laboratory
setting equal to fasting glucose;
4. The initial speed of glucose increase after the initialization G0 (0) – the reaction speed of
glucose lowering mechanisms.
5. Maximal glucose concentration Gmax or maximal hyperglycaemia achieved in individual
testing reflecting the sensitivity of glucose lowering mechanisms to recognize glucose rise.
Also, the moment tmax (in minutes) in which the maximum glucose concentration is
obtained is important – the reaction time of glucose lowering mechanisms. On the graph
of the function G, this is the point M = (tmax , Gmax ).
6. Maximal speed of glucose concentration decrease G0 (tI ) is attained at the moment tI (in
minutes), where I = (tI , G(tI )) is the inflection point of the function G. Note also that
G0 (tI ) is a negative number because it represents the decrease of concentration. G(tI ) and
tI are potential values describing the incretin effect and indicating the difference between
impairment of glucose tolerance and impairment of fasting glucose.
R4
7. The area under the curve AUC = 0 G(t)dt represents the cumulative glucose load in a
tested period of time.
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p
Example 1. (Normoglycemia) For α = 4.5 and ω02 = 25, the parameter ω = ω02 − α2 =
2.179 > 0 is determined. Because α2 < ω02 , with G0 = 100 and initial conditions: G(0) = 70,
G0 (0) = 4000, the mathematical model (15) determines the model-function of the form (23)
GN (t) = 100 + 1773.64 e−4.5 t cos(2.179 t − 1.554).
The graph of this model–function is shown on Figure 1 and their properties are presented in
Table 1.
p
ω02 − α2 =
Example 2. (Prediabetes) For α = 2.5 and ω02 = 8, the parameter ω =
2
2
1.323 > 0 is determined. Because α < ω0 , with G0 = 150 and initial conditions: G(0) = 100,
G0 (0) = 2500, the mathematical model (15) determines the model-function of the form (23)
GP (t) = 150 + 1796.03 e−2.5 t cos(1.323 t − 1.554).
The graph of this model–function is shown on Figure 2 and their properties are presented in
Table 2.
p
Example 3. (Diabetes) For α = 1.5 and ω02 = 3.3, the parameter ω = ω02 − α2 = 1.0247 is
determined. Because α2 < ω02 , with G0 = 250 and initial conditions: G(0) = 100, G0 (0) = 1800,
the mathematical model (15) determines the model–function of the form (23)
GD (t) = 250 + 1544.34 e−1.5 t cos(1.025 t − 1.473).
The graph of this model–function is shown on Figure 1 and their properties are presented in
Table 1.
Properties
Normoglycemia
Prediabetes
Diabetes

α

T

G(0)

G0

G0 (0)

Gmax

tmax

G0 (tI )

tI

AUC

4.5
2.5
1.5

2.9
4.7
6.1

70
100
100

100
150
250

4000
2500
1800

394.2
467.7
564.2

12.9
23.3
40.8

-579.7
-358.2
-237.4

24
48
78

549.2
881.3
1411.2

Table 1: Properties of GTT model–functions. Progression toward diabetes is accompanied by
increase in T , Gmax , tmax and tI (T measured in hours, tmax and tI in minutes) as well as
lowering of α, G0 (0) and G0 (tI )
The mathematical model reveals that progression toward diabetes is accompanied by rise
in T , Gmax , tmax and tI as well as lowering of α, G0 (0) and G0 (tI ). Note that the glucose
concentration in normoglycemia decreases the fastest and the decrease happens in shorter time.
In diabetes, the glucose concentration decreases the slowest and the decrease happens in longer
time. Progression from prediabetes to diabetes is characterized by previously described rise in
parameters G(0) and G0 , both relevant for clinical practice. Also, the accompanying rise in
AUC is well described in human and animal studies of diabetes. What is not yet described are
parameters α, T , Gmax , tmax , tI , G0 (0) and G0 (tI ). Further experimental studies are needed to
determine whether any of the newly identified parameters is a more sensitive predictor of the
onset of diabetes than existing biomarkers.

6. Blood glucose levels in the insulin tolerance test
At the time point t = 0, 0.1 − 0.15 U/kg of insulin is injected into the patient’s blood and the
level of glucose in blood is observed within the next 4 hours.
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Figure 1: GTT model–functions in the case of normoglycemia MN = (13, 394), IN = (24, 321);
prediabetes MP = (23, 468), IP = (48, 358) and diabetes MD = (41, 564), ID = (78, 457) –
abscissa of each point is in minutes.
Similarly, by knowing experimental data (ti , Gi ), i = 1, . . . , m, we can solve the corresponding parameter identification problem (17), obtain the parameter values α, ω02 and G0 and
estimate the initial conditions G(0) and G0 (0).
The solution of the Cauchy problem for differential equation (15) with obtained initial
conditions depends on the roots of the corresponding characteristic equation (19) and we should
also differentiate between the three cases previously mentioned.

6.1. The characteristics of the solution
Since α, ω02 > 0, for solving the equation (15) in all the previously mentioned cases there holds
lim G(t) = G0 .

t→+∞

(27)

The number G0 represents glucose concentration after a longer time interval upon insulin
injection – in experimental protocol glucose concentration is conventionally taken up to 60, 90
or 120 minutes, but in clinical setting, the last measurement is done after 120 minutes – same
as in the case of GTT.
Also, in order to study the behavior of glucose concentration, we will use the following
characteristics of the obtained function G:
1. Parameter α determines the speed of oscillation amplitude decrease and provides a trend
of glucose increase till the level G0 ;
2. In the case of conjugate complex roots of the characteristic equation, we can also determine
2π
the basic period T =
of function G (in hours);
ω
3. Glucose concentration G(0) at the beginning of the experiment;
4. The initial speed of glucose decrease G0 (0) after the initialization of testing (negative
number);
5. The minimal glucose concentration G(tmin ) and the moment tmin (in minutes) in which
the minimal glucose concentration is achieved;
6. The maximal speed of glucose concentration increase G0 (tI ) and the moment tI (in minutes) in which the maximal speed of glucose concentration is achieved;
R4
7. The area under curve AUC= 0 G(t)dt shows cumulative glucose load in the tested period
of time.
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Example 4. (Normal stress response) For α = 0.5 and ω02 = 1.5, the parameter ω =
p
ω02 − α2 = 1.12 > 0 is determined. Because α2 < ω02 , with G0 = 80 and initial conditions:
G(0) = 100, G0 (0) = −100, the mathematical model (15) determines the model–function of the
form (23)
GN (t) = 80 + 82.95e−0.5 t cos(1.12 t − 1.33).
The graph of this model–function is shown on Figure 2 and their properties are presented in
Table 2.
Example 5. (Enhanced stress response) For α = 0.8 and ω02 = 1.5, the parameter ω =
p
ω02 − α2 = 0.93 > 0 is determined. Because α2 < ω02 , with G0 = 120 and initial conditions:
G(0) = 100, G0 (0) = −100, the mathematical model (15) determines the model-function of the
form (23)
GE (t) = 120 + 126.68e−0.8 t cos(0.927 t + 1.412).
The graph of this model–function is shown on Figure 2 and their properties are presented in
Table 2.
α

T

G(0)

G0

G0 (0)

Gmin

tmin

G0 (tI )

tI

AUC

0.5

5.6

10.

80

-100

39.4

74.8

29.7

138

586.2

0.8

6.8

100

120

-100

67.6

45.3

30.6

102

872.1

Properties
Normal stress
response
Enhanced stress
response

Table 2: Properties of ITT model–functions. Newly identified parameters α, T , Gmin , tmin
and tI are potential markers of the enhanced stress response
(T measured in hours, tmin and tI in minutes)

140

GE

120
100

GN

IE

80

ME

60

Normal stress response
Enhanced stress response

IN

40

MN
20

0

2

4

6

8

Figure 2: ITT model–functions in the case of normal MN = (75, 39), IN = (138, 61) and
enhanced stress response ME = (45, 68), IE = (102, 88) – abscissa of each point is in minutes
Note that the speed of glucose level increase in both cases is around 30, but, with normal
stress response, the moment of maximal increase is slightly prolonged. On the other hand,
parameters α, T , G0 and Gmin are increased in the enhanced stress response, while tmin ,
G0 (tI ) and tI are decreased. Experimental studies will show whether some of them are good
biomarkers of changes in a stress response.

7. Conclusions
Using hypothetical data and real–life examples of GTT and ITT curves from the literature
[8, 14, 22, 40], we have developed a mathematical model that describes changes in blood glucose
concentrations challenged by glucose load or insulin bolus. The following indicators describe

130

Marija Heffer, Vedrana Ivić and Rudolf Scitovski

characteristics of the mathematical model based on the set of data: parameter α, basic period
T , glucose concentration at the beginning of the experiment G(0), glucose concentration after
a longer time interval upon glucose load G0 , the initial speed of glucose increase/decrease
after the initialization G0 (0), maximum/minimum glucose concentration Gmax /Gmin and the
corresponding time-moment, maximal speed of glucose concentration decrease/increase G0 (tI )
and the corresponding time-moment and the area under curve AUC. The indicators G(0), G0
and AUC correspond to commonly used measures of risk for prediabetes and diabetes in humans
or experimental animals (fasting glucose, 2hPG and AUC under the GTT or ITT curve), but
plotted or extracted from the model. The indicators Gmax /Gmin and the corresponding timemoment describe glucose excursion in one cycle. The glucose excursion is recognized as a
cardiovascular risk [38] which should be attenuated by pharmacological intervention [27, 39].
There are two additional parameters: G0 (0), which describes the rate of increase/decrease to
Gmax /Gmin , and G0 (tI ), which describes the rate of decrease/increase towards G0 at the point
(tI , G(tI )). We hypothesize that the pharmacological intervention can be better described by
the previously mentioned four parameters instead just by AUC, to which the fifth parameter
tI can be added.
The basic period T and parameter α have not been used so far to describe changes in
blood glucose concentration. Given that glucose-regulating hormones are secreted in cycles,
we think it is correct to present changes in blood glucose concentration by a function that
stabilizes around its asymptote. The parameter α determines the ”quenching rate” around the
asymptote. In practical terms, T and α can be seen as indicators of metabolic flexibility. Given
that rapidly extinguished functions have higher values of α, it is assumed that α is smaller in
state with pathological changes especially in the case of GTT test. Let’s say that α is higher for
healthy young people than for old people. It is to be expected that after a metabolic challenge
a healthy young individual quickly returns to baseline, i.e. all fluctuations are within a smaller
range. The opposite is true for indicator T – an increase in its value is associated with a greater
likelihood of pathological change.
This model was built thanks to a standardized clinical protocol for testing glucose metabolism.
Glucose load is an idealized meal without the admixture of other categories of foods – fats, proteins and fibers – and it is not common outside the diagnostic frame. If mixed meals were
used in the test, the glucose excursions would be much less [12]. Also, both tests, GTT and
ITT, are performed after overnight fasting which further contributes to their standardization
– i.e. glucose is readily absorbed in digestive tract after oral glucose administration and gluconeogenesis (production of glucose by liver) is undisturbed by digestion after insulin bolus.
Mathematical models that seek to monitor changes in blood glucose concentrations after mixed
meal tolerance test [7] have to take into account interference from fat and protein metabolism
and rather chaotic circumstances of digestion rate. We assume that the basic mathematical
model for monitoring glucose metabolism in the future will be upgraded with models for at
least these two additional metabolisms.
A potential weakness of our mathematical model is that we did not recognize which parameter would describe the variability among the experimentally obtained real data which could
be a substitute for statistical significance. Nevertheless, we hypothesize that this model could
facilitate the comparison of the results from different studies, especially those concerning drug
efficacy.
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[26] Hendrix, E. M. T. and Tóth, B. G. (2010). Introduciton to nonlinear and global Optimization.
New York: Springer. doi: 10.1007/978-0-387-88670-1
[27] Hezarkhani, S., Bonakdaran, S., Rajabian, R., Shahini, N. and Marjani, A. (2013).Comparison of
glycemic excursion in patients with new onset type 2 diabetes mellitus before and after treatment
with repaglinide. The Open Biochemistry Journal, 7, 19–23. doi: 10.2174/1874091x01307010019
[28] Hinson, J., Raven, P. and Chew, S. (2010). Insulin and the regulation of plasma glucose. In
Hinson, J., Raven, P. and Chew, S. (Eds.), The Endocrine System (pp. 129–145). Elsevier. doi:
10.1016/b978-0-7020-3372-8.00011-2
[29] Hostalek, U. (2019). Global epidemiology of prediabetes – present and future perspectives. Clinical
Diabetes and Endocrinology, 5(1), 1–5. doi: 10.1186/s40842-019-0080-0
[30] Kuo, S. C., Li, Y. and Cheng, J. T. (2018). Glucose tolerance test applied in screening of anti–
diabetic agent(s). qemphCurrent Research in Diabetes and Obesty Journal, 7(4), ID–555716. doi:
10.19080/crdoj.2018.07.555716
[31] Li. L., Li, X., Zhou, W. and Messina, J. L. (2013). Acute psychological stress results in the rapid
development of insulin resistance. Journal of Endocrinology, 217(2), 175–184. doi: 10.1530/joe12-0559
[32] Ling. Z. and Pipeleers, D. G. (1996). Prolonged exposure of human beta cells to elevated glucose
levels results in sustained cellular activation leading to a loss of glucose regulation. Journal of
Clinical Investigation, 98(12), 2805–2812. doi: 10.1172/jci119108
[33] Maedler, K., Spinas, G. A., Lehman, R., Sergev, P., Weber, M., Fontana, A., Kaiser, N. and
Donath, M. Y. (2001). Glucose induces–cell apoptosis via upregulation of the fas receptor in
human islets. Diabetes, 50(8), 1683–1690. doi: 10.2337/diabetes.50.8.1683
[34] Marik, P. E. and Bellomo, R. (2013). Stress hyperglycemia: An essential survival response! Critical
Care, 17(2), 305(1–7). doi: 10.1186/cc12514
[35] Melzer, k. (2011). Carbohydrate and fat utilization during rest and physical activity. The European
e-Journal of Clinical Nutrition and Metabolism, 6(2), e45–52. doi: 10.1016/j.eclnm.2011.01.005
[36] Neil, W. P. and Hemmen, T. M. (2011). Neurologic manifestations of hypoglycemia. In Rigobelo,
E. (Ed.), Diabetes – Damages and Treatments (pp. 259–274). InTech. doi: 10.5772/22204
[37] Nyarko, K. E. and Scitovski, R. (2004). Solving the parameter identification problem of mathematical model using genetic algorithms. Applied Mathematics and Computation, 153(3), 651 –
658. doi: 10.1016/s0096-3003(03)00661-1
[38] O’Keefe, J. H. and Bell, D. S. H. (2007). Postprandial hyperglycemia/hyperlipidemia (postprandial
dysmetabolism) is a cardiovascular risk factor. The American Journal of Cardiology, 100(5), 899–
904. doi: 10.1016/j.amjcard.2007.03.107
[39] Paolisso, G., Rizzo, M. R., Barbieri, M., Manzella, D., Ragno, E. and Maugeri, D. (2003). Cardiovascular risk in type 2 diabetics and pharmacological regulation of mealtime glucose excursions.
Diabetes and Metabolism, 29(4), 335–340. doi: 10.1016/s1262-3636(07)70044-7

Mathematical model of glucose and insulin tolerance test

133

[40] Roepke, T. A., Yasrebi, A., Villalobos, A., Krumm, E. A., Yang, J. A. and Mamounis, K. J.
(2017). Loss of ERα partially reverses the effects of maternal high–fat diet on energy homeostasis
in female mice. Scientific Reports, 7, 6381(1–15). doi: 10.1038/s41598-017-06560-x
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1. Introduction
Queue contains of at least one queues or one or more overhauled offices under a set of guidelines.
The parameters landing rate (λ) and administration rate (µ) are required to pursue dissemination in queuing hypothesis. Kanufmann [12] in 1975 depicted introduction to the theory of
fuzzy subsets. Gross et al. [21] in 1985 proposed a few basics of queuing hypothesis. Yager
[29] in 1986 displayed a portrayal of the augmentation standard. Fuzzy queuing model was
introduced by Lie et al. [15] in 1989. Negi et al. [17] in 1992 presented analysis of queuing
systems. As of late, George et al. [10] in 1995 portrayed the fuzzy sets and logic. Chen [4, 5]
in 2005 proposed a parametric nonlinear programming approach to fuzzy queues with mass
administration and in 2006 presented an arithmetic programming way to deal with the machine obstruction issue with fuzzy parameters. He developed FM/FM/1/∞/FCFS, where FM
means fuzzified exponential time dependent on queuing hypothesis. K. Gupta et al. [7] in 2007
discussed various queuing model in his book. Timothy J. Rose [24] in 2010 proposed a fuzzy
logic with engineering applications. S. Barak et al. [3] in 2012 discussed the cost analysis of
fuzzy queuing systems. Srinivasan [22] in 2014 presented a fuzzy queuing model utilizing DSW
algorithm. Shanmugasundaram et al. [20] in 2015 proposed a miniature on fuzzy multi server
queuing model through DSW calculation. The fuzzy set can be part into lighten patent points
along α–cut technique, additionally DSW algorithm is utilized to characterize an enrolment
capacity of the execution measure in queuing models. With regards to customary lining model,
both the parameters, that is, the inter landing times and administration times are required
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to pursue certain appropriations. In common practice the landing rate, administration rate
is much of the time portrayed by etymological terms, for example, high, low, extremely low
and moderate can be best depicted by the fuzzy sets. A FM/FD/1 queue, the simplest queue
with deterministic service time, has a variety of applications in the performance evaluation of
production management, telecommunications networks, and other areas. The primary thought
of this paper is to acquire the exact crisp values from the fuzzy values and then applying within
the queuing performance formulas to 3 sorts of participation capacities, i.e. triangular, trapezoidal and pentagonal enrolment capacities. Fuzzy Queuing models are also studied by Mueen
[16], Julia Rose Mary [11], Rakesh Kumar [19], Vasanth Kumar [9, 27], Usha Prameela and
Pavan [25, 26], Aria [1, 2], Wagner [28] Hajipour [8], Fazzolari [6], Kobayashi [13], Kumar [14],
Sushil [23] and Novak [18]. In Section 2, some basic ideas and definitions are presented. In
Section 3, the presumptions and notations are described. In Section 4 the proposed queuing
miniature is given. In Section 5, the result approach to the present model is described. In
Section 6, three numerical precedents are solved. In Section 7 the results and discussions are
presented. In Section 8 the model is concluded.

2. Basic definitions
2.1. Fuzzy number
A fuzzy set Ã is characterized on the set of real numbers R is said to be fuzzy number if it
has the accompanying qualities such as Ã is normal, convex and the support of it is closed and
bounded [12]

2.2. α–cut
An α–cut of a fuzzy set [12] is a crisp set A that contains all the elements of the universal set
X that have a participation grade in Ã greater than or equal to determined estimation of α,
thus
α = {x ∈ X : µÃ (x) ≥ α, 0 ≤ α ≤ 1}.

(1)

2.3. Arithmetic for interval analysis
Let the two interval numbers designated by ordered pairs of real numbers with lower and upper
limits be G = [a1 , a2 ], a1 ≤ a2 and H = [b1 , b2 ], b1 ≤ b2 , with following properties:
[ a1 , a2 ] + [ b1 , b2 ] = [ a1 + b1 , a2 + b2 ]
[ a1 , a2 ] − [ b1 , b2 ] = [ a1 − b1 , a2 − b2 ]
[ a1 , a2 ] × [ b1 , b2 ] = [ min(a1 b1 , a1 b2 , a2 b1 , a2 b2 ), max(a1 b1 , a1 b2 , a2 b1 , a2 b2 )]
[ a1 , a2 ] ÷ [ b1 , b2 ] = [ a1 , a2 ] × [ 1/b1 , 1/b2 ] provided that 0 does not belong to [ b1 , b2 ]
α × [ a1 , a2 ] = [ αa1 , αa2 ] for α > 0 and [ αa2 , αa1 ] for α < 0.

3. Presumptions and notations
In the present model, accompanying presumptions are utilized similar as in [13]:
i) Unbounded limit of FM/FD/1/∞/FCFS queuing model with one server
ii) Exponentially disseminated arrival times
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iii) Deterministic service appropriation, i.e. fixed
iv) Landing rate, administration rate are fuzzy numbers.
Notations are given as:
µ = average number of clients being overhauled per unit of time
λ = average number of clients arriving per unit of time
Ls = average number of clients in the framework
Lq = average number of clients holding up in the line
Ws = average holding up time of a client in the framework
Wq = average holding up time of a client in the line
X = set of the inter entry time
Y = set of the administration time
A = inter entry time
S = administration times

4. Proposed queuing model
We propose a single server queuing model, with first come first served (FCFS) regulation [13, 18].
It is indicated in Kendall’s notation as (FM/FD/1):(∞/FCFS). Here FM denotes fuzzified exponential dispersion with landing rate λ and FD denotes fuzzified steady (constant) dispersion with
administration rate µ. This process is stochastic whose state space is the set {0, 1, 2, 3, . . . }
where the value indicates the number of customers present in the system, incorporating any
entity at present in administration. It is of infinite size, so there is no restriction on the number
of customers it can contain. The execution proportions of the proposed model are given as
similar to [23]. Namely, expected range of consumers within the system is:
Ls = ρ +

ρ2
,
2(1 − ρ)

ρ=

λ
.
µ

(2)

The expected range of consumers within the queue is:
Lq =

ρ2
.
2(1 − ρ)

(3)

The expected time a client spends within the queue is:
Wq =

ρ
.
2(1 − ρ)µ

(4)

The expected time a client spends within the system is:
Ws =

1
ρ
+
.
µ 2(1 − ρ)µ

(5)

138

Usha Prameela Karupothu and Pavan Kumar

5. Solution procedure
DSW (Dong, Shah and Wong) is a rough technique utilizes intervals at various α–cut dimensions
in characterizing execution proportions [15]. It avoids variation from the output membership
function because of use of the segregation reaching on the fuzzy variable area. Any persistent
participation capacity can be spoken to by ceaseless scope of α–cut in term from α = 0 to α = 1.
Let µÃ (a) and µŜ (s) be membership functions of the inter entry time and the overhauled time,
separately. The inter arrival time and service times are fuzzy sets, depicted as:
Ã = {(a, µÃ (a)), a ∈ X} and Ŝ = {(s, µŜ (s)), s ∈ Y }.

(6)

The α–cuts of inter entry time, overhauled time are represented as:
Ã(α) = {µÃ (a) ≥ 0, a ∈ X} and Ŝ(α) = {µŜ (s) ≥ a, s ∈ Y }.

(7)

The DSW calculation contains the accompanying steps:
Step 1. Stipulate α–cut esteem where 0 ≤ α ≤ 1
Step 2. Discover the intervals in the input membership functions that compare to this α
Step 3. Utilizing standard binary interval operations, process the interval for the output
membership function for the chosen α–cut dimension
Step 4. Iterate stages 1–3 for various estimations of α to finish α–cut portrayal of the
arrangement

6. Numerical precedents
We explain the accompanying numerical models, thinking about different fuzzy numbers.

6.1. Precedent 1
Consider an FM/FD/1/∞/FIFO model where both the entry rate and overhauled rate are
triangular fuzzy numbers represented by λ = [ 1, 2, 3] and µ = [ 11, 12, 13] . The interval of
certainty at probability level α as [ 1 + α, 3 − α] and [ 11 + α, 13 − α] . By taking α values
from 0, 0.1, . . . , 1 the execution measures are shown in the Table 1.
α
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Lq
[0.0032, 0.0511]
[0.0039, 0.0461]
[0.0048, 0.0416]
[0.0058, 0.0375]
[0.0069, 0.0336]
[0.0081, 0.0301]
[0.0095, 0.0269]
[0.0110, 0.0240]
[0.0127, 0.0213]
[0.0146, 0.0189]
[0.0166, 0.0166]

Ls
[0.0801, 0.3238]
[0.0892, 0.3074]
[0.0985, 0.2916]
[0.1082, 0.2764]
[0.1180, 0.2617]
[0.1281, 0.2475]
[0.1385, 0.2338]
[0.1492, 0.2202]
[0.1603, 0.2078]
[0.1716, 0.1953]
[0.1833, 0.1833]

Ws
[0.0801, 0.1079]
[0.0811, 0.1060]
[0.0821, 0.1041]
[0.0832, 0.1023]
[0.0843, 0.1006]
[0.0854, 0.0990]
[0.0866, 0.0974]
[0.0878, 0.0959]
[0.0890, 0.0944]
[0.0903, 0.0930]
[0.0916, 0.0916]

Wq
[0.0032, 0.0170]
[0.0036, 0.0159]
[0.0040, 0.0148]
[0.0044, 0.0138]
[0.0049, 0.0129]
[0.0054, 0.0120]
[0.0059, 0.0112]
[0.0065, 0.0104]
[0.0070, 0.0097]
[0.0076, 0.0090]
[0.0083, 0.0083]

Table 1: The α–cuts of Ls , Lq , Ws and Wq at α values (precedent 1)
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Figure 1: Graphs of the Lq , Ls , Ws and Wq (precedent 1)

6.2. Precedent 2
Acknowledge that both landing rate and administration rate are trapezoidal fuzzy numbers
represented by λ = [ 1, 2, 3, 4] and µ = [ 11, 12, 13, 14] . The interval of certainty at
probability level α as [ 1 + α, 4 − α] and [ 11 + α, 14 − α] , where x = [ 1 + α, 4 − α] and
y = [ 11 + α, 14 − α] . By taking α values from 0, 0.1, . . . , 1 the execution measures are shown
in the Table 2.
α
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Lq
[0.0027, 0.1039]
[0.0034, 0.0951]
[0.0041, 0.0871]
[0.0049, 0.0797]
[0.0059, 0.0728]
[0.0069, 0.0665]
[0.0080, 0.0607]
[0.0093, 0.0554]
[0.0107, 0.0504]
[0.0123, 0.0458]
[0.0139, 0.0416]

Ls
[0.0741, 0.4675]
[0.0825, 0.4465]
[0.0910, 0.4264]
[0.0998, 0.4071]
[0.1088, 0.3886]
[0.1180, 0.3709]
[0.1275, 0.3538]
[0.1371, 0.3374]
[0.1471, 0.3216]
[0.1573, 0.3063]
[0.1678, 0.2916]

Ws
[0.0741, 0.1168]
[0.0750, 0.1144]
[0.0759, 0.1122]
[0.0768, 0.1100]
[0.0777, 0.1079]
[0.0787, 0.1059]
[0.0796, 0.1040]
[0.0806, 0.1022]
[0.0817, 0.1005]
[0.0828, 0.0988]
[0.0839, 0.0972]

Wq
[0.0027, 0.0259]
[0.0030, 0.0243]
[0.0034, 0.0229]
[0.0038, 0.0215]
[0.0042, 0.0202]
[0.0046, 0.0190]
[0.0050, 0.0178]
[0.0055, 0.0167]
[0.0059, 0.0157]
[0.0064, 0.0148]
[0.0069, 0.0138]

Table 2: The α–cuts of Ls , Lq , Ws and Wq at α values (precedent 2)
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Figure 2: Graphs of the Lq , Ls , Ws and Wq (precedent 2)

6.3. Precedent 3
Recognize both the entry and overhauled rate are pentagonal fuzzy numbers represented by
λ = [ 1, 2, 3, 4, 5] and µ = [ 11, 12, 13, 14, 15] . The interval of certainty at probability level
α as [ 1 + α, 5 − α] and [ 11 + α, 15 − α] , where x = [ 1 + α, 5 − α] and y = [ 11 + α, 15 − α] .
By taking α values from 0, 0.1, . . . , 1 the execution measures are shown in the Table 3.
α
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

Lq
[0.0023, 0.1893]
[0.0035, 0.1607]
[0.0050, 0.1364]
[0.0069, 0.1159]
[0.0092, 0.0983]
[0.0119, 0.0833]
[0.0151 ,0.0704]
[0.0189, 0.0593]
[0.0233, 0.0498]
[0.0285 ,0.0416]
[0.0346, 0.0346]

Ls
[0.0690,0.6439]
[0.0846,0.5892]
[0.1009,0.5399]
[0.1180,0.4952]
[0.1359,0.4542]
[0.1547,0.4166]
[0.1745,0.3819]
[0.1953,0.3497]
[0.2173,0.3197]
[0.2406,0.2916]
[0.2653,0.2653]

Ws
[0.0690, 0.1287]
[0.0705, 0.1227]
[0.0721, 0.1173]
[0.0737, 0.1125]
[0.0755, 0.1081]
[0.0773, 0.1041]
[0.0793, 0.1005]
[0.0814, 0.0971]
[0.0836, 0.0940]
[0.0859, 0.0911]
[0.0884, 0.0884]

Wq
[0.0023, 0.0378]
[0.0029, 0.0334]
[0.0036, 0.0296]
[0.0043, 0.0263]
[0.0051, 0.0234]
[0.0059, 0.0208]
[0.0068, 0.0185]
[0.0078, 0.0164]
[0.0089, 0.0146]
[0.0101, 0.0130]
[0.0115, 0.0115]

Table 3: The α–cuts of Ls , Lq , Ws and Wq at α values (precedent 3)
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Figure 3: Graphs of the Lq , Ls , Ws and Wq (precedent 3)

7. Results and discussions
Utilizing MATLAB, we achieve α–cuts of entry rate, administration rate and fuzzy anticipated
number of occupations in queue just as system at eleven patent dimensions: 0, 0.1, 0.2, 0.3,
0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1. Crisp intervals for fuzzy anticipated number of employments
in queue and system at various probability α levels are exhibited in Tables 1–3. The execution
proportions for example anticipated number of clients in the system La , anticipated length of
the line Lq , the average holding up time of a client in the system Ws and the average holding
up time of a client in the queue Wq likewise inferred in Tables 1–3.
From the Table 1 we can extract following information:
i) Anticipated number of clients in the line is 0.0166 and inconceivable falls outside [0.0032,
0.0511]
ii) Anticipated number of clients in the system is 0.1833 and inconceivable falls outside
[0.0801, 0.3238]
iii) Average holding up time of a client in the line is 0.0083 and inconceivable falls outside
[0.0032, 0.0170]
iv) Average holding up time of a client in the system is 0.0916 and inconceivable falls outside
[0.0801, 0.1079]
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From the Table 2 we can extract following information:
v) Expected number of clients in the line is 0.0416 and inconceivable falls outside [0.0027,
0.1039]
vi) Anticipated number of clients in the framework is 0.2916 and inconceivable falls outside
[0.0741, 0.4675]
vii) Average holding up time of a client in the queue is 0.0138 and inconceivable falls outside
[0.0027, 0.0259]
viii) Average holding up time of a client in the system is 0.0972and inconceivable falls outside
[0.0741, 0.1168]
From the Table 3 we can extract following information:
ix) Anticipated number of clients in the line is 0.0346 and inconceivable falls outside [0.0023,
0.1893]
x) Anticipated number of clients in the framework is 0.2653and inconceivable falls outside
[0.0690, 0.6439]
xi) Average holding up time of a client in the line is 0.0115 and inconceivable falls outside
[0.0023, 0.0378]
xii) Average holding up time of a customer in the system is 0.0884 and inconceivable falls
outside [0.0690, 0.1287]
Finaly, comparison of FM/FD/1 queuing model without fuzzy number and the FM/FD/1
queuing model with various fuzzy numbers is given in Table 4.

Lq
Ls
Ws
Wq

FM/FD/1
without
fuzzy number
λ = 2, µ = 12
0.0166
0.1832
0.0916
0.0083

Triangular fuzzy
number λ=[1, 2, 3]
µ=[11, 12, 13]
[0.0032, 0.0511]
[0.0801, 0.3238]
[0.0801, 0.1079]
[0.0032, 0.0170]

FM/FD/1 with fuzzy number
Trapezoidal fuzzy
Pentagonal fuzzy
number λ=[1, 2, 3, 4] number λ=[1, 2, 3, 4, 5]
µ=[11, 12, 13, 14]
µ=[11, 12, 13, 14, 15]
[0.0027, 0.1039]
[0.0023, 0.1893]
[0.0741, 0.4675]
[0.0690, 0.6439]
[0.0741, 0.1168]
[0.0690, 0.1287]
[0.0027, 0.0259]
[0.0023, 0.0378]

Table 4: Comparison of FM/FD/1 queuing model without and with fuzzy number

In this investigation, the outcome shows that the exhibition measures Lq , Ls , Ws and Wq
for both queuing theory model and fuzzy queuing model were processed and analysed. In
view of the outcome, the fuzzy queuing model is substantially more successful and proficient
to measure the exhibition of FM/FD/1 lining framework since the fuzzy set hypothesis is more
effectively versatile. Applying the fuzzy lining model gives more extensive data, which will be
exceptionally valuable in characterizing a lining framework. Hence, this investigation infers
that fuzzy lining is one of the elective approaches to register the exhibition measures since the
data acquired from the application is a lot clearer to understand and interpret.
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8. Conclusion
Here, we surmise that fuzzy set hypothesis has been connected to lining hypothesis more over
the inter landing time and administration time are fuzzy identity. The execution proportions
for example entity length, line length, entity time, line time and so forth are likewise fuzzy
in nature. Numerical precedents demonstrate the proficiency of DSW calculation. Here it is
noticed that the achievement of queuing model can be upgraded by expanding the number of
variables. The proposed model can help the businesses, wholesalers and retailers in precisely
deciding the ideal execution of the queuing system. There are different viewpoints that the
paper can be extended. One of them is to think about random variable, or fuzzy random
variable to landing rate and administration rate. Another conceivable dimensional to stretch
out this paper is to consider intuitionistic fuzzy numbers
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1

Faculty of Organization and Informatics
University of Zagreb, 42000 Varaždin, Croatia
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Abstract. Human potentials make a unique foundation to every organization. Due to individuals’
differences which enable a business surroundings and create competitive advantage, it is necessary to
coordinate them to the mission, vision and goals set by the organization in order to satisfy the needs for
specific knowledge and skills, and effectively realize the defined business goals. Application of Markov
chains enables prediction of random variables’ movements. This study shows, via a practical example,
predicting the necessity for human potentials in an ICT company throughout a period of three years.
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1. Introduction
Key goal of every organization, whether profit or non–profit one, is to synchronize all resources
with set goals, vision and mission, current economic and market situation, different technological, demographic and legislative changes, business strategy and workers’ knowledge and skills.
By taking action on internal factors and quick adaptation to the external ones, the company
is able to make right and cost-approved decisions. Organization’s leadership’s care on applying
and keeping efficient employees is essential because they represent the critical point of company’s long-term success in surroundings of quick changes in technology and business trends.
Keeping talented individuals depends on good stimulation and compensation, better motivation
and earned promotion [15].
Dessler [10] quotes that strategic management of human potentials represents creating and
executing policies and practices of people management that stimulate development of their
competences and behavior, and serve to realize company’s strategic goals. Human capital today
becomes more important to all employers, physical workers get less work, and the market focus is
precisely on intellectual labor. Human resources represent potential for realizing competitors’
advantage if managed efficiently, since this is the resource that cannot be imitated by the
competitors. One can say that companies are as effective and efficient as the people working in
them [5].
Managing human potentials comprises two different terms which relate to human resources
and human potentials. Term human resources considers physical and intellectual force, employees’ competences and skills used by the company to reach its goals, while human potentials
∗ Corresponding
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mark employers’ potential which needs to be recognized and developed by the company in order
to increase organization’s competitiveness [18]. According to [2], managing human potentials
implicitly includes a cluster of managers’ activities and exercises linked with development and
maintaining human potentials in terms which help organization’s success by using people’s
talent efficiently and effectively in order to accomplish organization’s goals as successfully as
possible. The way one manages human potentials in an organization effects employees’ everyday
lives, which can be explained via employees’ life cycle, i.e. phases every employee goes through
within an individual organization [10].
Connected to employees’ life cycle, the role of managing human potentials is reflected in
the processes of employment, selection and familiarizing employees with demands of their work
place, relevant people are found and chosen for unoccupied places and are given according support. Furthermore, in the processes connected to education and development, managing human
resources implicates employees’ adequate training and further development and perfecting of
employees’ skills necessary for carrying out work assignments. Likewise, implementation of
discipline and control of employees’ behavior is integrated by human potential management.
As mentioned before, it supports planning employees’ careers, changes in their status and carries out the termination of employment. Regarding development and implementation of work
efficiency and rewarding, human potential management has the central role here. Human potential management is significant to employees as well as to the organization itself; with its
help educated employees are created and implementation of set goals is ensured, while the
same employees are enabled with support throughout their entire working active life within
organization and said organization and its employees are connected by ensuring healthy mutual
communication [18].
Regarding the fast development of technology, organizations will be expected to enable their
employees work from home, i.e. their “virtual offices“ and those in charge of managing human
potentials will have to take into account that employees not physically present will have to
be motivated to feel part of said organization [16, 24]. Human relationships and interactions
still remain most important in terms of work relationship, and the team work efficiency greatly
depends on the team’s members’ mutual confidence in each other. Successful teams need to
pay great attention to building foundation of team work, it is necessary to organize chores for
all members to know their duties in any given moment. Following up on newer technological
trends is one of necessary assumptions in order to attract new talents who will contribute to innovativeness in said organization. Contemporary information and communication technologies
(ICT), including first and foremost online portals and social networks, become new sources of
employees to leaders of human potentials [20]. Concerning demographic structure of population,
researches show that all types of future organizations will have to face the lack of man power.
Employees’ education will be one of basic challenges in managing human potentials. Managers
will face numerous and new challenges comprising areas of rewarding, compensation, motivation
and employees’ disciplining. The last challenge concerns external factors which imply changes
in surroundings related to globalization, organization’s flexibility, market insecurity and others
[11, 14, 22].

2. Importance of planning human potential
Planning human potential enables for future businesses and their demands to link themselves
with key employees, but also to prevent problems which could eventually endanger the organization’s competitive position. With planning human potential becoming increasingly important and present activity of each organization’s leadership during the process of strengthening
organization’s competitive abilities, there are many reasons which provide importance to said
activity. Among other things, Bahtijarević [1] emphasizes: inadequate supply on the market for
work (man) power, human potentials becoming critical resource, time necessary for education
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and development, employment related costs, development and maintenance, costs comprising
ineffective use of human potentials, technological changes, demographic changes, emphasis on
career management, emphasis on productivity, service quality, increased use of computers.
Companies that execute human potential planning are much more flexible and enterprising.
Human potential planning leads to more efficient use, as well as to human potential development,
which results in considerable influence on other programs and functions within the company’s
organizational structure. Analyses of human potential activities show that their efficiency
primarily depends on answers to the questions on the number of people, their profiles and
types of skills that are considered necessary. Adequate planning of human potentials has been
manifested as leading to greater pleasure and development of more successful relations among
employees due to the fact that said employees can individually take part in planning their own
career and development. By planning human potentials, one keeps the best workers in the
company, maintains management’s continuity, provides information on needs and eventually
avoids costs of losing employees [14].
Human potential function is responsible for employment and development of work force
necessary in all organizational units. As such, it can affect successfulness of each individual
organizational unit by having the correct employment strategy, choice and improvement of
adequate employees for specific jobs in each individual organizational unit. Human potential
department is responsible for health and safety of all employees in an organization. Besides
being in contact with legislation such as employment and equality, leaders of human potential
function should be acquainted with all changes regarding health and safety rules and regulations
in order to avoid possible inconveniences which could be caused by employees or executives,
and could eventually lead to disturbances and decrease in productivity. Organization’s activity
performance can, among other things, be affected by laws, regulations and agreements of various
organizations, such as unions; non–fulfilling their needs can in some cases lead to industrial
disputes and strikes, which can in return affect employees’ productivity and organization’s
profitability [23]. Also, associated with human potential planning, some research show that
human potential planning must be closely linked to the business strategy in order to achieve
positive results from the financial aspect [4, 8, 9, 17].
Regarding the impossibility of predicting future events to completely eliminate all risks
within an organization and with purpose of reducing business failures to minimum, theoreticians
have developed various mathematical and statistical modules with purpose of partial prediction
of certain events and risks happening. Markov chains is one in a number of methods with wide
specter of application which is used in predicting the movements and needs for human potential.
Foundation of this method’s application is in analyzing current movements of random variables
with goal of predicting its future movement.

3. Modelling management of human potential via Markov chains
Predictions via Markov chains are represented in different branches or areas, but this section
will provide examples of their application in predicting human potential.
Modelling management of human potentials relates mostly to predicting future behavior of
employees. Belhaj and Tkiouat [3] presented the module of predicting employees in hierarchical
system of human resources dependent on time which divides employees in homogeny subgroups,
and elements in each subgroup belong to the same group of marks. Due to this hierarchical
system, said module supposes that promotion is executed only for the next higher mark, which
is the reason why the suggested matrix is of super diagonal crossing. The suggested module is
inspired by real development of human potential, i.e. limitation of employees’ progress, hence
the authors consider it appropriate that each individual is assigned to a subgroup where they will
develop their abilities. Likewise, a numeric module is also presented which presents differences
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between management’s expectations and results of predictions, which opens the possibility of
managers reducing the gap between expectations and real–life results [3].
Markov chain is also used in planning armed forces in the United States of America. Basic
challenge in the military case is understanding what motivates soldiers to stay or leave the army.
In conducted research, Markov chain of military personnel was constructed and appraised via
three–year–long data of the US Ministry of Defense. The advantage of applying Markov chain
in this case is enabling description of military personnel dynamics through time and answering
business relevant questions. Also, Markov chain enables simple calculation of different statistics
on individual or total level. On individual level, it can be used to describe probable progress
made by military personnel in certain career phase, while on total level it can gain information on
total progress rates and behavior of separation, which simultaneously presents key contribution
in development of maintenance programme. Markov chain was used to build stochastic dynamic
programming module of final level to research whether decision on staying or leaving depends on
financial stipulation. By implementing Markov module, it is possible to choose one stipulation
option in order to keep the soldiers. Since the Ministry of Defense’s budget is limited and divided
on military personnel through payment grades dependent on soldiers’ skills, one possibility is to
determine optimal maintaining policy directed on individuals with high skills marks motivated
by high financial stipulations, and said financial stipulations would increase according to time in
service. Contrarily, by removing budget limitations, one can determine minimal cost necessary
to accomplish optimal maintaining goals [26].
Continuation of this study describes Markov chains methodology via practical example of
an ICT company from Čakovec, Med̄imurje County (Croatia). Based on employees’ movement
(income and outgo) within three main company’s departments in one year, along with application of described methodology, prediction on number of employees in individual departments for
the period of next three years has been made. Markov chains methodology, which assumes that
in the analyzed period there will be no changes, has been applied to the short–term, three–year
prediction of the number of employees in each department given that human resources subject
to change.

4. Markov chains methodology
This study monitors discrete–time stochastic processes with the Markovian property which
says that behavior of processes in near future, with condition to present and past, is equal
to behavior of the processes in near future, with condition to present only. Such processes are
called Markov chains [6, 12, 25]. Continuation provides basic mathematical notations of Markov
chains applied in this study for the prediction of human potentials of a service company.
A sequence of random variables (Xt , t ∈ N0 ) is called Markov chain with a state space
S = {i, j, i0 , i1 , . . . , it−1 } if it has Markovian property
P (Xt+1 = j|Xt = i, Xt−1 = it−1 , . . . , X0 = i0 ) = P (Xt+1 = j|Xt = i), t ∈ N0 , 1 i, j ∈ S. (1)
The temporal moment t + 1 here represents future and t current, while 0, . . . , t − 1 represent
past moments. Consequently, Markovian property says that future state depends only on
current state, not on the way the process came to be to what it is currently. Markov chain is
supposed to be time homogeneous, meaning the probability of Markov chain passing from state
i to state j depends on states i and j alone, not on the moment of the passing, i.e.
P (Xt+1 = j|Xt = i) = P (X1 = j|X0 = i), t ∈ N0 , 1 i, j ∈ S.
Transition probabilities (2) are pij and usually presented in a transition probability matrix

(2)
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P = [pij ]i,j∈S ,

(3)

for which holds:
(i) pij ≥ 0 ∀ i, j ∈ S, i.e. elements of transition probability matrix are non–negative and
X
(ii)
pij = 1 ∀ ∈ S, i.e. elements in each row must sum to 1.
j∈S

Transition probability matrix P shows transition probabilities from one state to another in one
step of Markov chain. Transition probabilities from state i to state j in n steps is noted as
(n)

pij = P (Xt+n = j|Xt = i), i, j ∈ S, t, n ∈ N0 .

(4)

Transition probability matrix in n steps is P (n) .
In order for Markov chain to be described completely, besides knowing the transition probability
matrix, one also needs to know the distribution of random variable X0 . Distribution of random
variable X0
(0)

(0)

p(0) = (p1 , p2 , . . .)

(5)

is also called the initial state vector, where
(0)

pi

= P (X0 = i), i ∈ S

(6)

represents the probability that the process in its initial state is in state i.
The state vector after n steps becomes vector
(n)

(n)

p(n) = (p1 , p2 , . . .),

(7)

(n)

(8)

where
pi

= P (Xn = i), i ∈ S

denotes probability that the process will achieve the state i in n steps.
As follows, for every j ∈ S is
X
X
X (0) (n)
(n)
pj =
P (Xn = j, X0 = i) =
P (Xn = j|X0 = i) · P (X0 = i) =
pi pij
i∈S

i∈S

(9)

i∈S

Equation system (9) in its matrix notation has the form
p(n) = p(0) · P (n) .

(10)

Therefore, along with familiar transition probability matrix and initial state vector, considering
(10), the state vector can be determined at any step n [7, 21].
More valuable information is a long–run behavior of a Markov chain. Namely, a common
question arising in Markov chain is what is the long–run probability that the process will be
in each state after a large number of transitions, independent of the initial state. As it is not
possible to predict long–run probabilities for all Markov chains, but for irreducible and ergodic
Markov chain [13], in the continuation states of a Markov chain are classified. If state j is
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accessible from state i and state i is accessible from state j, then states i and j are said to
communicate. Markov chain is said to be irreducible if all states communicate. A state is said
to be a recurrent state if, upon entering this state, the process will return to this state again. If
there are two consecutive numbers s and s + 1 such that the process can be in state i at times
s and s + 1, the state is said to have period 1 and is called an aperiodic state. If all states are
recurrent and aperiodic, Markov chain is said to be ergodic.
To understand long–run behaviour of Markov chain, the following result is essential. For
any irreducible and ergodic Markov chain
(n)
lim p
n→∞ ij

= πj > 0,

(11)

where πj are called the steady–state probabilities of the Markov chain and for every j ∈ S
satisfy following equations
X
X
πj =
πi pij and
πj = 1.
(12)
i∈S

j∈S

Therefore, after a large number of transitions, the probability that process is in state j tends
to the value πj , independent of the probability distribution of the initial state. [13, 19, 25]

5. Predicting human potentials in service activities
According to methodology described in previous section, the continuation provides examples
of Markov chains application in predicting human potentials in an ICT service company from
Med̄imurje County, Croatia. The said company has three departments: Programming, Executive Department and Manager and General Business. Programming hires employees in charge
of programming and designers. Executive Department hires engineers and managers subordinate to executive director. Manager and General Business hires a manager, their assistant
and consultant, several individual employees in certain functions, accountant, human potential
manager, secretary and a cleaner.
Table 1 presents inflow and outgo of workers within the ICT company’s three departments
throughout a year. On July 31, 2018 Programming had 25 employees, Executive Department
16 employees, and Manager and General Business had one manager and 20 employees. At the
beginning of period surveyed, the company had 62 employees. Throughout the year surveyed,
employees were restructured due to working on a new project, which resulted in 12 employees
switching their place of work due to maximization of work effect. Furthermore, 50 employees
remained in same positions. On July 31, 2019 Programming had 26 employees, Executive Department 18 employees, and Manager and General Business had one manager and 17 employees.
At the end of period surveyed, the company had 62 employees.
Movement of
workers’ numbers
State (July 2018)
Outgo of workers
Remained in same positions
Inflow of new workers
State (July 2019)

Programming
25
3
22
4
26

Executive
16
3
13
5
18

Manager and
General Business
21
6
15
3
18

Total
62
12
50
12
62

Table 1: Inflow and outgo of workers within the ICT company’s three departments
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Table 2 presents the structure of workers’ inflow and outgo within the said company throughout period surveyed, starting July 31, 2018 to July 31, 2019. Columns show the inflow of workers
due to transition to other departments, and rows present outgo of workers due to transition to
other departments.
While predicting the number of workers in individual departments after the period of three
years and based on data from Tables 1–2, Markov chain application begins with finding an initial
state vector which elements are equal to the ratio of number of employees in every department
surveyed at the end of period surveyed (July 31, 2019) and total number of employees in the
company. Initial state vector for the company surveyed is:

p(0) = 0.4

0.3

0.3



i.e. Programming employs 40 %, Executive Department 30 %, and Manager and General
Business 30 % of ICT company’s workers.
Departments
Programming
Executive
Manager and General Business
Total

Programming

Executive

Manager and
General Business

Total

–
2
2
4

1
–
4
5

2
1
–
3

3
3
6
12

Table 2: Employees’ inflow and outgo structure in ICT company
Transition probability matrix is formed in the next step. Elements of the main diagonal in
transition probability matrix are obtained by dividing the number of employees remaining
working the same job with the number of employees from the starting state, while the other
elements of transition probability matrix are obtained via combination of data from Table 2
and the initial state. Transition probability matrix is


0.880 0.040 0.080
P =  0.125 0.813 0.063  .
0.095 0.190 0.714
According to equation (10), the state vector is

p(3) = 0.44

0.33


0.23 ,

the elements of which indicate, on one hand, the increase in employees’ number in ICT company’s Programming Department from 40% to 44%, in Executive Department from 30% to 33%
while, on the other hand, department Manager and General Business will decrease in number
from 30% to 23%. Expressed in an absolute numbers, Programming will need 28 employees,
Executive Department 20 of them, while Manager and General Business will hold 14 employees
necessary. Results obtained are not surprising since the present is marked with fast development
of technology which could make programmers considered as one of the most wanted professions
in business surroundings.
According to calculated prediction of human potentials for the period of three–years, the ICT
company’s management can plan employees’ payment costs in advance, which will be closely
connected to employees’ profession. Furthermore, since 44% of employees are programmers, the
said ICT company can get connected to trade schools and/or universities in order to contribute
to the greater interest among the young for ICT professions, while by enabling scholarships,
following up on the best students or providing them with work experience they can in advance
provide human potentials of the highest quality. Likewise, ICT company can also plan its future
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projects according to the number of specific professions necessary for starting a project team.
As Markov chain in this case study is irreducible and ergodic, steady–state probabilities were
calculated according to equations (12)–(13). Along with a non–changing number of employees
in departments, Programming would have the highest number of employees, no less than 49%,
while 31% would be in Executive Department and 20% in Manager and General Business.

6. Conclusion
Throughout their lifecycle, organizations are gradually directed to product quality and buyers,
while human potentials obtain a role growing in power in acquiring a defined mission, vision
and goals. The choice of employees, their education and motivation alone contribute to the
increase in work efficiency. The present is subjected to fast changes, people are required to use
their own intellectual potentials at their maximum and be responsible for their own work. This
role is taken over by the human potential manager with their assignments and activities and
contributes to development and maintaining human potentials with goal of using them efficiently
and effectively in achieving organizational goals. In order to make adequate decisions linked
to planning and managing human potentials, managers of departments ie. organizational units
have numerous statistically-mathematical methods at their disposal. One of them is Markov
chain which considers random variables and predicting future movement of variables based on
data from previous periods. Markov chain is suitable to use in different disciplines, while in
this study it has been applied in predicting the internal offer of human potentials.
Predicting human potential in a practical example was presented via Markov chain for an
ICT company for the period of three years. Based on results acquired, one comes to conclusion
about the existence of probability of the greatest need for human potentials arising in Programming with programmers as their major employees, following up by the Executive Department
and the least need in Manager and General Business. Results acquired by prediction can be
used in multiple ways. Some with the purpose of acquiring new employees by making decisions on establishing collaboration with trade schools and/or universities in order to provide
potential employees. Furthermore, based on results, ICT company can plan the costs of future
employees according to payment assigned to professions required. Likewise, it is possible to
plan on working on new projects according to number of specific professions necessary for team
formation. One can conclude that Markov chain application is possible in various business
areas, depending on types of problems and requirement of not too high investments, while its
application can contribute to a better planning and, finally, reaching better business decisions
with long-term higher profit and company’s growth.
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Assistant Prof. Anita Čeh Časni, PhD, University of Zagreb

Treasurer :
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