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Anita Čeh Časni, Faculty of Economics & Business, University of Zagreb, Croatia, e-mail:
aceh@efzg.hr
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mization with tax, transaction cost and investment amount: a developing country
case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

Kheirfam, B., A new full-NT step interior-point method for circular cone optimiza-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

Rahal, M., Ziadi, A., Ellaia, R., Generating α-dense curves in non-convex sets
to solve a class of non-smooth constrained global optimization . . . . . . . . . . . 289

Singh, V. P., Chakraborty, D., Bi-level optimization based on fuzzy if-then rule 315

Gadhi, N. A., Lafhim, L., Optimality conditions for a bilevel optimization problem
in terms of KKT multipliers and convexificators . . . . . . . . . . . . . . . . . . . 329

Khalifa, H. A., Utilizing a new approach for solving fully fuzzy linear programming
problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337



 



Croatian Operational Research Review 187
CRORR 10(2019), 187-199

An inventory planning problem for time-varying linear demand and
parabolic holding cost with salvage value
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Abstract. In this manuscript, a model is proposed for the inventory planning problem with items
which deteriorate linearly with respect to time. The concept of salvage value for deteriorated items
is considered and incorporated in this model. The solution procedure of proposed optimization model
is illustrated by a couple of numerical examples. A convexity check of the average total cost function
is performed by plotting a two dimensional graph. The sensitivity test of the proposed model is
performed to study the effect of changing the least as well as the most sensitive parameters in the
proposed optimization model. Some graphical representations are constructed to discuss the outcomes
and results so obtained for a choice of various parameters.
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1. Introduction

In today’s competitive and highly growing world, Inventory planning (IP) is crucial in the
present competitive environment and is steadily gaining a lot of research attention. Firms
and Companies are facing some challenges in determining the methods to fulfill the ever-rising
customer’s demand and to remain competitive in the market while keeping the total costs
manageable. The demand depends on various factors like inventory level or stock, selling price,
time, etc. For a particular season, there are some items like ice-cream, woolen cloths, dairy-
products, green vegetables, etc., which deteriorates over time. These items are said to be as
deteriorating items. As a result of this deterioration, a fraction of items becomes obstacle.
Finally, it causes the shortages in the inventory control system, which affects the total cost
as for the inventory system as well as total profit also. So, the deterioration is justified to be
considered as an affecting factor for the inventory control system. A model for exponentially
decaying inventory system is presented in [12]. Moreover, the holding cost is also an important
factor affecting the total cost of the inventory planning, and hence the total profit. The nature
of the holding cost may be linear or nonlinear depending on time parameter. Various researchers
have considered extending the work on inventory planning for time dependent variable holding
cost. For instance, [20] proposed a variable holding cost rate EOQ model. An economic order
quantity models with non-linear holding cost was studied in [29]. In real life cases, we observe
that some industry or firm offer the permissible delay in payments to their clients. A retailer’s
pricing and lot-sizing policy for exponentially deteriorating items was suggested in [13], where
they implemented the condition of permissible delay in payments.

∗Corresponding author.
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188 Pavan Kumar

An inventory control model for economic order quantity of deteriorating items under per-
missible delay in payments was developed in [5]. As an economic order quantity model, an
inventory control system for deteriorating items with time varying demand was formulated in
[7], where the partial backlogging is considered. For a single period inventory problem with
quadratic demand distribution, an expression for the total cost function was modeled in [3]
under the influence of market policies. The concept of trade credit financing is also a crucial
factor affecting the total profit of the inventory optimization problem.

A mathematical model for the inventory optimization problem was presented in [8] to de-
termine the optimal cycle time for exponentially deteriorating products under trade credit
financing. A model for an inventory problem with deteriorating items under the condition of
permissible delay in payments was proposed in [7]. The other notable contributions are in
[2, 4, 6, 8, 7]. In literature, many researchers considered time dependent quadratic demand
with or without shortages. A note on order level inventory mathematical model for a deterio-
rating item with time dependent quadratic demand was studied in [14]. An inventory model for
deteriorating items with exponential declining demand and partial backlogging was suggested
in [23]. A mathematical model for the inventory problem with stock-level dependent demand
rate and variable holding cost was studied in [1]. Due to vagueness, some researchers considered
the deterioration as a random variable following some known probabilistic distribution.

An EOQ model for deteriorating items with Weibull distribution deterioration, unit produc-
tion cost with quadratic demand and shortages was formulated in [2]. Later, an EOQ model
for a deteriorating item with time dependent quadratic demand under permissible delay in pay-
ments was modeled in [15]. Among the various patterns of demand function, the power pattern
demand has wide applications n modeling an inventory problem. An inventory model with
weibull distribution deteriorating item power pattern demand with shortage and time depen-
dent holding cost was presented in [26]. Afterwards, some researchers introduced the concept
of salvage value. Some inventory models by incorporating the concept of salvage value were
studied in [22, 25]. An economic lot-size model with non-linear holding cost was proposed in
[24], where the holding cost was dependent on both the time and quantity.

In real-world scenario, the exact predictions of most of the uncertain variables and pa-
rameters are not easily available. The fuzzy goal programming was studied in [9], where an
application to the field of multi-objective linear fractional inventory model was presented. A
partial backlogging inventory model for deteriorating items with time-varying demand and
holding cost was suggested in [10] by using an interval number approach. A partial backlog-
ging inventory model for deteriorating items with time-varying demand and holding cost was
developed in [11]. A multi-objective linear fractional inventory model of multi-products with
price-dependant demand rate is formulated in fuzzy environment in [16]. An investigation of
two-warehouse inventory problems in interval environment was presented under inflation via
particle swarm optimization in [4]. The unavailability of correct data in real-world scenario re-
sults the uncertainty in demand rate. This challenges significantly for modeling an appropriate
inventory control model. Over the last few decades, a huge number of research articles have
published the multi criteria decision making (MCDM) methods in inventory planning problems.
The fuzzy approaches for some MCDM methods in inventory control models were suggested
in [17]. For two parameters Weibull deterioration and declining demand under shortages, an
inventory model was developed in [22].

An inventory optimization model with variable holding cost and partial backlogging was
formulated under interval uncertainty by applying the global criteria method in [18]. There are
different trade credits, which a firm or industry can offer to its clients. Some inventory models
for stock-dependent demand and time varying holding cost under different trade credits was
modeled in [27].

An EOQ model with quadratic time-sensitive demand and parabolic-time linked holding
cost was formulated in [28]. A model for inventory optimization model for quadratic increasing
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holding cost and linearly increasing deterministic demand was presented in [19]. In this arti-
cle, we study a deterministic inventory planning problem for time-varying linear demand and
parabolic time dependent holding cost with salvage value. Our aim is to determine the optimal
total inventory cost. In short, the remainder of this manuscript is designed to organize as cited
bellow. In the section 2, we discuss a list of notations used and assumption undertaken. Fol-
lowing the section 3, we develop a mathematical optimization model of the proposed inventory
control problem. In the section 4, we give an algorithm for the proposed model. In section
5, some numerical experimentation is carried out. Following the section 6, we discuss some
particular cases. The sensitivity test and graphical representations are recorded in section 7.
The observations and discussions are presented in section 8. In the last, we conclude and give
some future research scope in the section 9.

2. Notations, assumptions and holding cost justification

The proposed model is presented under the following assumptions and notations:

2.1. Notations

Symbol Meaning Symbol Meaning

C1(t)
holding cost

for per unit per time unit
Q order quantity

C2
purchasing

cost per unit
CH

holding cost
for a cycle

C3
order cost per

order
CD

cost of
deterioration for a cycle

θ deterioration ATC
average total

cost per unit time per cycle

T duration of a cycle I(t)
level of

inventory during interval [0, T]

η
salvage

coefficient
R(t) Demand rate

Table 1: List of notations

2.2. Assumptions

1. A deterministic inventory system with single type of item only is considered.

2. No shortages are permitted.

3. Infinite planning horizon, and hence zero lead time is considered.

4. All replenishment cycles are identical. Therefore, only a typical planning cycle of time-
length T is discussed. Thereby, the planning horizon is the interval [0, T ].

5. Demand rate R(t) is deterministic as well as linearly increasing function of time, and
defined by the expression (for some constants a > 0, and b > 0 ):

R(t) = a+ bt.
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6. Deteriorating rate θ, 0 < θ < 1, is assumed to be a constant, starts as soon as the items
are received in the inventory. Also, the deteriorated items are not allowed to repair or
replace during the entire cycle time.

7. For salvage value, we apply the concept as adopted by [21, 25]. Salvage value per unit, is
equal to ηC2, 0 ≤ η < 1, and is associated with the deteriorated items.

8. As assumed by [28, 19], the holding cost is parabolic function of time, and defined by the
following expression (for some constants h > 0, g > 0):

C1(t) = h+ gt2.

2.3. Justification for taking parabolic holding cost

Holding cost is related to various costs, for example, space of the ware house, insurance, pro-
tection, cost of capital tied up, etc. Also, it can be considered as function of multiple causes.
Holding cost depends on various causes. All these causes may occur at a time. Linear time-
dependence of holding cost implies a uniform change in the holding cost of the item per unit
time. This is rarely observed to happen in the real market system. Moreover, an exponentially
time-varying holding cost also appears to be unrealistic, since an exponential rate of change is
very high and it is doubtful whether the holding cost of any item may undergo such a high rate
of change as exponential. An alternative as well as more realistic idea is to take the parabolic
time-dependent holding cost which may express all types of time-dependence depending on the
signs of the parameters of the time-parabolic holding cost. Thus, it is justified to consider the
time-dependent parabolic holding cost.

3. Mathematical model formulation

The level of inventory depletes as a result of the market demand as well as the deterioration.
The shortages are not permitted. The governing differential equation is as follows:

dI(t)

dt
+ θI(t) = −(a+ bt), 0 ≤ t ≤ T (1)

with boundary condition I(t) = 0 at t = T. Solving equation (1) and then applying the
boundary condition, we obtain

I(t) =

(
a− b

θ

)(
eθ(T−t) − 1

θ

)
+

(
bT

θ

)
eθ(T−t) − bt

θ
, (2)

and, the order quantity:

Q = I(0) =

(
a− b

θ

)(
eθT − 1

θ

)
+

(
bT

θ

)
eθT . (3)
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Holding cost per cycle:

CH =

∫ T

0

C1(t)I(t)dt

=

∫ T

0

(
h+ gt2

){(
a− b

θ

)(
eθ(T−t) − 1

θ

)
+

(
bT

θ

)
eθ(T−t) − bt

θ

}

=

(
aθ − b

θ2
+
bT

θ

){
h+ gT 2

θ
− 2gT

θ2
− 2g

θ3
+

(
h

θ
+

2g

θ3

)
eθT

}

−

(
aθ − b

θ2
+
bT

θ

)(
hT +

gT 3

3

)
. (4)

Deterioration cost per cycle:

CD = C2

(
Q−

∫ T

0

R(t)dt

)
= C2

{(
a− b

θ

)(
eθT − 1

θ

)
+

(
bTeθT

θ

)
−

(
aT − bT 2

2

)}
. (5)

Salvage value of deteriorated items:

SV = η · Deterioration cost per cycle

SV = ηC2

{(
a− b

θ

)(
eθT − 1

θ

)
+

(
bTeθT

θ

)
−

(
aT − bT 2

2

)}
. (6)

Average of total cost per unit time per cycle:

ATC =
1

T
[Ordering Cost + Holding Cost + Deteriorating Cost - Salvage Value]

=
1

T
[C3 + CD + CH − SV ]

=
1

T

[
C3 + C2

{(
a− b

θ

)(
eθT − 1

θ

)
+

(
bTeθT

θ

)
−

(
aT − bT 2

2

)}
+

+

(
aθ − b

θ2
+
bT

θ

){
h+ gT 2

θ
− 2gT

θ2
− 2g

θ3
+

(
h

θ
+

2g

θ3

)
eθT

}

−

(
aθ − b

θ2
+
bT

θ

)(
hT +

gT 3

3

)
− ηC2

{(
a− b

θ

)(
eθT − 1

θ

)
+

(
bTeθT

θ

)

−

(
aT − bT 2

2

)}]

=
1

T

[
C3 +

(
aθ − b

θ2
+
bT

θ

){
h+ gT 2

θ
− 2gT

θ2
− 2g

θ3
+

(
h

θ
+

2g

θ3

)
eθT

}

−

(
aθ − b

θ2
+
bT

θ

)(
hT +

gT 3

3

)

+C2(1 − η)

{(
a− b

θ

)(
eθT − 1

θ

)
+

(
bTeθT

θ

)
−

(
aT − bT 2

2

)}]
.
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Now, we expand the exponential term, and ignoring second and higher power of θ for small
value of θ, i.e., eθT = 1 + θT, we obtain the approximate expression for ATC as:

ATC =
1

T

[
C3 +

(
aθ − b

θ2
+
bT

θ

){
h+ gT 2

θ
− 2gT

θ2
− 2g

θ3
+

(
h

θ
+

2g

θ3

)
(1 + θT )

}

−

(
aθ − b

θ2
+
bT

θ

)(
hT +

gT 3

3

)

+C2(1 − η)

{(
a− b

θ

)
T +

(
bT (1 + θT )

θ

)
−

(
aT − bT 2

2

)}]
.

The following expression is resulted by some algebraic simplifications:

ATC =
1

T

[
C3 +

(
aθ − b

θ2
+
bT

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2(q − η)

(
3bT 2

2

)]
. (7)

Also

Q =

(
a− b

θ

)(
eθT − 1

θ

)
+

(
bT

θ

)
eθT = aT − bT

θ
+
bT

θ
+ bT 2 = aT + bT 2, (8)

d(ATC)

dt
=

=
1

T

[(
aθ − b

θ2
+
bT

θ

)(
2gT

θ
− gT 2

)
+

(
b

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2(1 − η)(3bT )

]

− 1

T 2

[
C3 +

(
aθ − b

θ2
+
bT

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2(1 − η)

(
3bT 2

2

)]
, (9)

d2(ATC)

dT 2
=

=
1

T

[(
aθ − b

θ2
+
bT

θ

)(
2g

θ
− 2gT

)
+

(
b

θ

)(
2gT

θ
− gT 2

)

+

(
b

θ

)(
2gT

θ
− gT 2

)
+ 3bC2(1 − η)

]

− 1

T 2

[(
aθ − b

θ2
+
bT

θ

)(
2gT

θ
− gT 2

)
+

(
b

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2(1 − η)(3bT )

]

− 1

T 2

[
b

θ

(
2h

θ
+
gT 2

θ
− gT 3

3

)
+

(
aθ − b

θ2
+
bT

θ

)(
2gT

θ
− gT 2

)
+ C2(1 − η)3bT

]

+
2

T 3

[
C3 +

(
aθ − b

θ2
+
bT

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2(1 − η)

(
3bT 2

2

)]
. (10)

The objective is to compute the optimum value of T so that the cost function ATC attains its
minimum value. That value of T , for which the total cost ATC is minimized, is the solution of
the equation:

d(ATC)

dT
= 0, (11)
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satisfying the sufficient condition:

d2(ATC)

dT 2
> 0. (12)

The optimum solution of equation (7) is determined by applying software MATHEMATICA.

4. Algorithm

To determine the solution, the following algorithm is adopted:

Step 1. Initialize the problem and parameters.
Input: the numerical values of input parameters;

Step 2. Determine the value of T , by using equation (11)

Step 4. Check the convexity for optimality of T by equation (12);

Step 5. Determine the optimal value of Q, and minimum value of ATC.

Step 6. Output: minimum total cost.

5. Numerical experimentation

Example 1. (Small Data) Consider the input parameter values, in proper units, as: C1(t) =
h+ gt2 for h = 3, g = 0.6, C2 = 12, C3 = 120, θ = 0.06, η = 0.05, R(t) = a+ bt for a = 20, and
b = 0.5 . Applying the above algorithm, we obtain the optimal solution for (7) as:

ATC =
1

T

[
120 +

(
20 · 0.06 − 0.5

0.062
+

0.5T

0.06

)
·

(
2 · 3

0.06
+

0.06T 2

0.06
− 0.6 · T 3

3

)

+12 · (1 − 0.05) ·

(
3 · 0.5 · T 2

2

)]
,

T = 2.9955; Q = 64.3965; ATC = 13568.8 . And, d2(ATC)
dT 2 > 0 which implies the convexity of

the function ATC.
Example 2. (Medium Data) Consider the input parameter values, in proper units, as:
C1(t) = h + gt2 for h = 4, g = 0.9, C2 = 30, C3 = 140, θ = 0.08, η = 0.1, R(t) = a + bt for
a = 30, and b = 0.7 . Applying the above algorithm, we obtain the optimal solution for (7) as:

ATC =
1

T

[
140 +

(
30 · 0.08 − 0.7

0.082
+

0.7 · T
0.08

)
·

(
2 · 4

0.08
+

0.9T 2

0.08
− 0.9 · T 3

3

)

+30 · (1 − 0.1) ·

(
3 · 0.7 · T 2

2

)]
,

T = 2.9547; Q = 94.7522; ATC = 18921.50 . And d2(ATC)
dT 2 > 0 which implies the convexity of

the function ATC.
Example 3. (Large Data) Consider the input parameter values, in proper units, as: C1(t) =
h+ gt2 for h = 6, g = 1.4, C2 = 60, C3 = 180, θ = 0.09, η = 0.7, R(t) = a+ bt for a = 40, and
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b = 1.2 . Applying the above algorithm, we obtain the optimal solution for (7) as:

ATC =
1

T

[
180 +

(
40 · 0.09 − 1.2

0.092
+

1.2 · T
0.09

)
·

(
2 · 6

0.09
+

1.4 · T 2

0.09
− 1.4 · T 3

3

)

+60 · (1 − 0.7) ·

(
3 · 1.2 · T 2

2

)]
,

T = 2.8506; Q = 123.7750; ATC = 29348.40 . And d2(ATC)
dT 2 > 0 which implies the convexity of

the function ATC.

6. Particular cases

Case 1: Constant demand rate. We take b = 0 in the demand rate R(t) = a+ bt, and we
obtain constant demand rate R(t) = a. Thereby

ATC =
1

T

[
C3 +

(
a

θ

)(
2h

θ
+

gT 2

θ − gT 3

3

)]
.

Case 2: Constant holding cost

ATC =
1

T

[
C3 +

(
aθ − b

θ2
+
bT

θ

)(
2h

θ
− gT 3

3

)
+ C2(1 − η)

(
3bT 2

2

)]
.

Case 3: No salvage

ATC =
1

T

[
C3 +

(
aθ − b

θ2
+
bT

θ

)(
2h

θ
+
gT 2

θ
− gT 3

3

)
+ C2

(
3bT 2

2

)]
.

7. Sensitivity test and graphical representations

To test the flexibility of the model, we observe the impact of changes in different parameters
against average total cost. The values of each parameter are changed by 40%, 20%, -20%
and -40%, treating only one parameter at a time, while maintaining the remaining parameters
unaltered. The obtained results are depicted in Table 2 below:

Additionally, we verify the convexity of average total cost function by plotting the graphs
(Figure 1, Figure 2 and Figure 3).

8. Observations and discussion

Carefully analyzing the sensitivity test Table 2, we observing the following points:

(1) Effect due to change in holding cost parameter (h): The cycle time T , optimal
order quantity Q, and the average total cost ATC increase as the holding cost parameter
h increases (Figure 4).

(2) Effect due to change in holding cost parameter (g): The cycle time T , and optimal
order quantity Q decrease as the holding cost parameter g increases. While the average
total cost ATC increases as the holding cost parameter g increases.
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INPUT DATA OUTPUT DATA
Parameter Change in parameter (%) Parameter value T Q ATC

–40 1.80 2.3500 47.7613 10329.0
h = 3 –20 2.40 2.6962 57.5587 12036.70

+20 3.60 3.2722 70.7976 14975.50
+40 4.20 3.5221 76.6446 16286.90
–40 0.36 3.8276 83.8773 10777.60

g = 0.6 –20 0.48 3.3370 72.3078 122262.0
+20 0.72 2.7486 58.7494 14749.60
+40 0.84 2.5525 54.3076 15835.0
–40 7.2 3.0017 64.5391 13558.0

C2 = 12 –20 9.6 3.0006 64.5138 13563.70
+20 14.4 2.9983 64.4609 13573.90
+40 16.8 2.9972 64.4356 13579.10
–40 72 2.9959 64.4057 13552.80

C3 = 120 –20 96 2.9977 64.4471 13560.80
+20 144 3.0012 64.5276 13576.80
+40 168 3.0030 64.5690 13584.80
–40 0.036 2.7167 58.0242 21884.70

θ = 0.06 –20 0.048 2.9030 62.2737 17919.80
+20 0.072 3.0728 66.1770 10368.40
+40 0.084 3.1386 67.6974 8097.84
–40 12 2.5598 54.4723 5291.77

a = 20 –20 16 2.8608 61.3081 9455.55
+20 24 3.0807 66.3594 17664.90
+40 28 3.1344 67.6002 21753.10
–40 0.3 3.1860 68.7953 16333.50

b = 0.5 –20 0.4 3.0977 66.7519 14957.80
+20 0.6 2.8885 61.9417 12163.40
+40 0.7 2.7605 59.0202 10736.80
–40 0.03 2.9993 64.4819 13569.30

η = 0.05 -20 0.04 2.9994 64.4862 13569.10
+20 0.06 2.9995 64.4885 13568.50
+40 0.07 2.9996 64.4908 13568.30

Table 2: Sensitivity test (Example 1)

(3) Effect due to change in purchasing cost (C2): The cycle time T , and optimal order
quantity Q slightly decrease as the purchasing cost C2 increases. While the average total
cost ATC slightly increases as the purchasing cost C2 increases.

(4) Effect due to change in ordering cost (C3): The cycle time T , optimal order quantity
Q, and the average total cost ATC increase slightly as the ordering cost parameter C3

increases.

(5) Effect due to change in deterioration (θ): The cycle time T and optimal order
quantity Q increase as the deterioration θ increases. While the average total cost ATC
decreases as the deterioration θ increases.

(6) Effect due to change in demand constant (a): The cycle time T , order quantity
Q, and total cost ATC increase as demand constant a increases.
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Figure 1: Convexity of average cost function ATC (Example 1)

Figure 2: Convexity of average cost function ATC (Example 2)

(7) Effect due to change in demand constant (b): The cycle time T , optimal order
quantity Q, and the average total cost ATC decrease as the demand constant b increases.

(8) Effect due to change in salvage coefficient (η): The cycle time T and optimal order
quantity Q increase as the salvage coefficient η increases. While the average total cost
ATC slightly decreases as the salvage coefficient η increases. Additionally, the deteriora-
tion is the most sensitive parameter, while the salvage coefficient η is the least sensitive
parameter.

9. Conclusions and future research scope

In this study, a deterministic inventory model for time-dependant linear demand and parabolic
holding cost with no shortages is presented. Salvage value is also incorporated in the model. An
expression for average total cost function is derived. Additionally, for its practical applications,
we illustrated three numerical examples conducting a test for sensitivity. All calculation works in
all the three numerical examples are performed by applying the computer packages LINGO. The



An inventory planning problem for time-varying linear demand and parabolic holding cost with salvage value197

Figure 3: Convexity of average cost function ATC (Example 3)

Figure 4: Effect of variation of h to T, Q, and ATC

obtained results are discussed, and demonstrates that the effect of variation of rate of changes of
the demand constants (a and b), and ordering cost on the inventory system behavior is the most
significant. Additionally, the salvage coefficient η possess the least impact on the parameters of
the system. The model is suggested to the industries and retailers to determine accurately the
optimal value of average total cost. The proposed model might be useful in dealing with the
problems of seasonal products, because of the tendency of demand rate and salvage value. This
manuscript may be further extended for permitting shortages, freight charges and advertisement
costs. Stochastic nature of demand may also be another direction for future research.
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Abstract. Interval programming provides one of the modern approaches to modeling optimization
problems under uncertainty. Traditionally, the best and the worst optimal values determining the
optimal value range are considered as the main solution concept for interval programs. In this paper,
we present the concept of semi-strong values as a generalization of the best and the worst optimal
values. Semi-strong values extend the recently introduced notion of semi-strong optimal solutions,
allowing the model to cover a wider range of applications. We propose conditions for testing values
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1. Introduction

Throughout the last years, several different approaches for incorporating uncertainty and in-
exactness of real-world data into mathematical models have emerged. Interval programming
[6, 19] provides a tool for representing problems, in which the input data can perturb indepen-
dently within the given lower and upper bounds. The interval approach has been utilized in
various applications, such as portfolio selection [11], transportation problems [1] or input-output
models [10].

One of the main questions posed in interval linear programming is the problem of computing
or approximating the optimal value range, i.e. finding the best and the worst optimal value over
all possible scenarios. Methods for exact calculation of these bounds are available [5, 15, 19],
however, it is a computationally challenging problem, in general.

Other questions include properties of classical linear programming studied in the weak or
strong sense. In other words, we are interested whether a given property holds for some or
for all scenarios of the interval program, e.g. whether a given solution is feasible or optimal
for some realization of the input data. However, besides the traditional solution concept of
weak feasibility used in interval linear systems, other concepts that were more suited towards
particular applications have been proposed. These concepts include tolerance solutions, control
solutions [20] or AE solutions [8], which were later unified and extended under the notion
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of generalized feasibility [12, 22]. Recently, a similar concept was also introduced to interval
optimization in the form of semi-strong optimality [9, 13, 14], which serves as a generalization
of weak and strong optimality.

In this paper, we present a notion of generalized optimal values in the context of semi-strong
optimality. This approach allows to represent two different types of uncertain input data and
consider optimal values that are strong with respect to only some of the coefficients, thus
providing a natural extension of the best and the worst optimal values. The paper is organized
as follows: In Section 2, we review the necessary concepts of interval linear programming.
Section 3 addresses the problem of computing the optimal value range and introduces the
related notions of weak and strong values. Section 4 presents a generalization to semi-strong
values and discusses the corresponding testing conditions. In Section 5, we summarize the
results and propose some ideas for further research.

2. Interval linear programming

Let us first introduce the essential definitions and notation used in interval linear programming.
For a vector p ∈ Rn, we denote by Tp the corresponding diagonal matrix with the vector p on
the diagonal. Given two real matrices A,A ∈ Rm×n with A ≤ A, we define an interval matrix
as the set

A = [A,A] = {A ∈ Rm×n : A ≤ A ≤ A}.
The center and the radius of an interval matrix A are defined as Ac = 1

2 (A + A) and A∆ =
1
2 (A−A), respectively. Hereinafter, we denote interval objects by bold letters. The symbol IR
stands for the set of all real intervals.

Given interval matrices A ∈ IRk×m, B ∈ IRk×n, C ∈ IRl×m, D ∈ IRl×n, right-hand-side
vectors b ∈ IRk,d ∈ IRl and objective vectors a ∈ IRm, c ∈ IRn, we define the corresponding
interval linear program (ILP) in the general form as a family of linear programs

minimize aTx + cT y
subject to Ax + By = b,

Cx + Dy ≤ d,
x≥ 0,

(1)

with A ∈ A, B ∈ B, C ∈ C, D ∈ D and a ∈ a, b ∈ b, c ∈ c, d ∈ d. A particular linear program
in the family is called a scenario. For the sake of brevity, we also write an interval linear
program as a linear program with interval coefficients, i.e.

minimize aTx + cT y
subject to Ax + By = b,

Cx + Dy ≤ d,
x≥ 0.

(2)

While the distinction between equations and inequalities or free and non-negative variables
in program (1) may seem unnecessary, note that the standard equivalent transformations known
from classical linear programming are not applicable in the interval case due to the so-called
dependency problem (see also [3]). By transforming an interval constraint aTx = b into two
inequalities aTx ≤ b and aTx ≥ b, we introduce new scenarios into the system that were
not present in the original constraint. This is caused by the loss of dependency between the
two occurrences of the interval coefficient a in the transformed system: while the original
constraint represents the set {aTx = b : a ∈ a}, the latter system represents the larger set
{aT1 x ≤ b, aT2 x ≥ b : a1, a2 ∈ a}.

A natural way of defining an interval counterpart to various properties of linear programs is
to study whether the property holds for some scenario (we say it is a weak property) or for each
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scenario (a strong property) of the interval program. For example, a vector x ∈ Rn is a weakly
feasible solution to the interval linear program (2), if it is feasible for some scenario (1) of the
program. Furthermore, we say that an ILP itself is weakly feasible, if there exists a feasible
scenario. A solution or a program is strongly feasible, if the feasibility property holds for each
scenario. For notational simplicity, throughout the text we refer to the data of the constraints
of ILP (2) shortly by S = (A,B,C,D, b,d) and denote the set of all weakly feasible solutions
by M(S).

A condition for testing weak feasibility of an interval linear system of equations (and a
description of the weakly feasible set) was given by Oettli and Prager [16], and was later
extended to inequality systems by Gerlach [4]. Building on these results, a characterization of
weak feasibility for interval linear systems in general form was derived by Hlad́ık [7].

Theorem 1 (see [4, 7, 16]). The set of weakly feasible solutions to an interval linear system

Ax + By = b, Cx + Dy ≤ d, x ≥ 0

is described by the non-linear system

Ax + Bcy ≤ B∆|y|+ b,

−Ax−Bcy ≤ B∆|y| − b,

Cx + Dcy ≤ D∆|y|+ d, x ≥ 0.

If all variables of the system are restricted to a single orthant, the characterization given in
Theorem 1 reduces to a linear system. Therefore, weak feasibility of a general interval linear
system can also be tested by using an orthant decomposition and solving an exponential number
of linear systems.

Corollary 1 (see [4, 7, 16]). An interval linear system

Ax + By = b, Cx + Dy ≤ d, x ≥ 0

is weakly feasible if and only if the linear system

Ax + (Bc −B∆Tp)y ≤ b,

−Ax− (Bc + B∆Tp)y ≤ −b,
Cx + (Dc −D∆Tp)y ≤ d, x ≥ 0

if feasible for some p ∈ {±1}n.

A similar characterization was also derived for testing strong feasibility of an interval system
based on the results of Rohn and Kreslová [18, 21].

Theorem 2 (see [7, 18, 21]). An interval linear system

Ax + By = b, Cx + Dy ≤ d, x ≥ 0

is strongly feasible if and only if the linear system

(Ac + TpA∆)x + (Bc + TpB∆)y1 − (Bc − TpB∆)y2 = bc − Tpb∆,

Cx + Dy1 −Dy2 ≤ d,

x, y1, y2 ≥ 0

is feasible for each p ∈ {±1}k.
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For the case of strong feasibility, the testing system for inequality constraints is linear.
However, for equation-constrained interval systems, the characterization requires an exponential
number of linear systems even with non-negative variables.

Note that even if a strongly feasible solution is not likely to exist for a system of interval
equations, in general, the system itself can still be strongly feasible. For inequality-constrained
systems, the two notions coincide and the strongly feasible solutions can be characterized by
Corollary 2.

Corollary 2 (see [20]). A solution y ∈ Rn is strongly feasible for the system Dy ≤ d if and
only if y = y1 − y2 for some y1, y2 ∈ Rn satisfying

Dy1 −Dy2 ≤ d, y1 ≥ 0, y2 ≥ 0.

3. Optimal value range

One of the basic questions studied in interval optimization is the problem of computing the best
and the worst optimal value over all scenarios, often referred to as the optimal value range. For
a classical minimization linear program (1) given by constraint data S = (A,B,C,D, b, d) and
an objective vector (a, c), we define the optimal value of the program as

f(S, a, c) = inf{aTx + cT y : (x, y) ∈M(S)}.

For the optimal value of a linear program, one of the three cases occurs:

• f(S, a, c) = −∞ if the program is unbounded,

• f(S, a, c) =∞ if the program is infeasible,

• f(S, a, c) = aTx∗ + cT y∗ if there is an optimal solution (x∗, y∗).

Analogously, for an interval linear program (2), the bounds of the optimal value range [f, f ]
enclosing all optimal values (also known as the best and the worst optimal value, respectively)
are defined as

f = inf {f(S, a, c) : S ∈ S, a ∈ a, c ∈ c},
f = sup {f(S, a, c) : S ∈ S, a ∈ a, c ∈ c}.

Algorithms for computing the exact bounds f, f were proposed for different forms of interval
linear programs [15, 19], as well as a unified approach for programs in the general form [2, 5].

Let us now reformulate the problem of computing the optimal value range in the context of
weak and strong properties of an ILP. We can say that a value r is a weak value, if there is a
scenario of the program with f(S, a, c) ≤ r. In other words, the value r (or a better one) can
be achieved by at least one scenario. Analogously, we can define r as a strong value, if we have
f(S, a, c) ≤ r for each scenario. Then, the best and the worst optimal values f, f can be viewed
as the best of all weak or strong values, respectively.

Consider an interval linear program in the form (2) and let a value r ∈ R be given. Theorems
3 and 4 restate the problem of testing whether the value r is a weak or a strong value in terms
of weak and strong feasibility of an interval linear system.

Theorem 3. There exists a scenario S ∈ S, a ∈ a, c ∈ c with f(S, a, c) ≤ r if and only if the
interval linear system

aTx + cT y ≤ r,Ax + By = b,Cx + Dy ≤ d, x ≥ 0

is weakly feasible.
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Theorem 4. We have f(S, a, c) ≤ r for each S ∈ S, a ∈ a, c ∈ c if and only if the interval
linear system

aTx + cT y ≤ r,Ax + By = b,Cx + Dy ≤ d, x ≥ 0

is strongly feasible.

4. Semi-strong values

The definition of weak and strong values introduced in Section 3 leads to a natural generaliza-
tion of the extremal (best and worst) optimal values, inspired by the concepts of generalized
feasibility [22] and semi-strong optimality [13]. Alternative quantifier-based solution concepts
for interval programs have been proposed as special cases of generalized feasibility, such as tol-
erance solutions, control solutions or algebraic solutions (see [20] and references therein), to be
used for various practical applications, such as input–output planning [17] and control system
design [22].

The concept of weak or strong solutions assumes that the coefficients can only be affected
by the same type of uncertainty or inexactness. However, in many applications, some of the
coefficients can be controlled by the decision-maker (within a prescribed tolerance), while other
suffer from external uncertainty and cannot be influenced. To reflect such distinction in the
model, it may be beneficial to consider optimal values that are “strong” with respect to some
of the coefficients, but can still be “weak” with respect to others.

Let U ⊆ {A,B,C,D,a, b, c,d} be a set of interval matrices and vectors in the program.
Further, define the interval matrices A∀, . . . ,D∀,A∃, . . . ,D∃ and interval vectors a∀, . . . ,d∀,
a∃, . . . ,d∃ as follows:

I∀ =

{
I if I ∈ U ,
0 if I /∈ U ,

I∃ =

{
0 if I ∈ U ,
I if I /∈ U ,

for each I ∈ {A,B,C,D,a, b, c,d}. We say that a given value r is U-strong, if

∀A∀ ∈ A∀, . . . , D∀ ∈D∀, a∀ ∈ a∀, . . . , d∀ ∈ d∀,

∃A∃ ∈ A∃, . . . , D∃ ∈D∃, a∃ ∈ a∃, . . . , d∃ ∈ d∃ : f(S, a, c) ≤ r,

where S = (A∀+A∃, B∀+B∃, C∀+C∃, D∀+D∃, b∀+ b∃, d∀+d∃), a = a∀+a∃ and c = c∀+ c∃.
We also refer to such values collectively as semi-strong values.

For example, we say that a given value r is {A,B,C,D}-strong, if for each A ∈ A, B ∈ B,
C ∈ C, D ∈ D there exist a ∈ a, b ∈ b, c ∈ c, d ∈ d such that f(S, a, c) ≤ r for S =
(A,B,C,D, b, d). Similarly, a strong value (as defined in Section 3) is an {A,B,C,D,a, b, c,d}-
strong value in this sense and a weak value is an ∅-strong value. In this section, we examine
values that are strong with respect to the objective vector, right-hand side or the constraint
matrix.

Theorem 5. A value r ∈ R is {a, c}-strong if and only if the interval system

aTx + cT y ≤ r, (x, y) ∈M(S) (3)

is strongly feasible.

Proof. Assume that for each a ∈ a, c ∈ c there exists a scenario S ∈ S satisfying f(S, a, c) ≤ r.
Then S has a feasible solution (x∗, y∗) with aTx∗ + cT y∗ ≤ r, and thus ILP (3) is strongly
feasible. On the other hand, strong feasibility of the interval system ensures that for each
objective vector a ∈ a, c ∈ c we have a weakly feasible solution (x∗, y∗) and a corresponding
scenario S, which satisfy r ≥ aTx∗ + cT y∗ ≥ f(S, a, c).
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Recall that we can describe the weakly feasible solution set M(S) of an interval linear
system by the non-linear system presented in Theorem 1. Furthermore, we can also apply the
conditions for testing strong feasibility stated in Theorem 2.

Corollary 3. A value r ∈ R is {a, c}-strong if and only if the system

aTx + cT y1 − cT y2 ≤ r, y = y1 − y2,

Ax + (Bc −B∆Tp)y ≤ b,

−Ax− (Bc + B∆Tp)y ≤ −b,
Cx + (Dc −D∆Tp)y ≤ d, x, y1, y2 ≥ 0, Tpy ≥ 0

(4)

is feasible for some p ∈ {±1}n.
Proof. First, we can write out the weakly feasible set M(S) to obtain the system

aTx + cT y ≤ r,

Ax + Bcy −B∆|y| ≤ b,

−Ax−Bcy −B∆|y| ≤ −b,
Cx + Dcy −D∆|y| ≤ d, x ≥ 0.

(5)

Assume now that the non-linear system (5) is strongly feasible and consider all quadruples
(a, c, x, y) satisfying the constraints. Let (a∗, c∗, x∗, y∗) be a feasible solution maximizing the
value aTx + cT y. Then (x∗, y∗) is feasible for system (5) for each a ∈ a, c ∈ c, since we have

aTx∗ + cT y∗ ≤ (a∗)Tx∗ + (c∗)T y∗ ≤ r

and the pair satisfies the absolute-value constraints. Therefore, (x∗, y∗) is also a strongly feasible
solution of aTx+ cT y ≤ r and by the characterization of strong solutions (see Corollary 2) and
orthant decomposition, it satisfies system (4).

Conversely, if system (4) is feasible for some p ∈ {±1}n, then there exists a strongly feasible
solution of aTx + cT y ≤ r satisfying the additional constraints. Thus, system (5) is strongly
feasible.

We can formulate a similar condition for testing semi-strong values with respect to right-
hand sides or constraint matrices, as shown in Theorems 6 and 7.

Theorem 6. A value r ∈ R is {b,d}-strong if and only if the system

aTx + cTc y − cT∆|y| ≤ r,

Ax + Bcy −B∆|y| ≤ z,

−Ax−Bcy −B∆|y| ≤ −z,
Cx + Dcy −D∆|y| ≤ d, x ≥ 0, z = b

is strongly feasible.

Proof. For fixed b ∈ b, d ∈ d, there exist the corresponding constraint matrices and objective
vectors if and only if the weakly feasible set

aTx + cTc y − cT∆|y| ≤ r,

Ax + Bcy −B∆|y| ≤ b,

−Ax−Bcy −B∆|y| ≤ −b,
Cx + Dcy −D∆|y| ≤ d, x ≥ 0

is non-empty. Since the condition should hold for each b and d in their respective intervals, we
can set d = d as the worst-case scenario and require strong feasibility with respect to b.
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Theorem 7. A value r ∈ R is {A,B,C,D}-strong if and only if the system

aTx + cTc y − cT∆|y| ≤ r,

Ax + By = z, b ≤ z ≤ b,

Cx + Dy ≤ d, x ≥ 0

is strongly feasible.

Proof. Again, we can replace the existentially quantified vectors by using the characterization
of weak feasibility. Namely, we can describe the weakly feasible set of aTx + cT y ≤ r by the
constraint aTx+cTc y−cT∆|y| ≤ r, substitute the interval vector b by a vector of variables bound
to the interval, and the interval d by the best value d. Strong feasibility of the system ensures
that the condition holds for each of the constraint matrices.

Let us now formulate conditions for testing values that are strong with respect to two of
the three considered parts of an interval linear program. The proofs of the following theorems
are analogous to the previous results.

Theorem 8. A value r ∈ R is {A,B,C,D,a, c}-strong if and only if the interval linear system

aTx + cT y ≤ r,

b ≤ Ax + By ≤ b, Cx + Dy ≤ d, x ≥ 0

is strongly feasible.

Theorem 9. A value r ∈ R is {A,B,C,D, b,d}-strong if and only if the system

aTx + cTc y − cT∆|y| ≤ r,

Ax + By = b, Cx + Dy ≤ d, x ≥ 0

is strongly feasible.

Theorem 10. A value r ∈ R is {a, b, c,d}-strong if and only if the system

aTx + cT y ≤ r,

Ax + Bcy −B∆|y| ≤ z,

−Ax−Bcy −B∆|y| ≤ −z,
Cx + Dcy −D∆|y| ≤ d, x ≥ 0, z = b

is strongly feasible.

The resulting conditions for testing semi-strong values can also be described by means of
so-called AE feasibility of an interval system [8]. Note that the concept of semi-strong values
can be generalized even further by considering a finer partition of the coefficients or choosing a
different order of the quantifiers.

5. Conclusion

We introduced the concept of semi-strong values as a generalization of the optimal value range
in interval linear programming. Semi-strong values provide a natural extension of the best and
the worst optimal values and form a complement to the notions of generalized feasibility and
semi-strong optimal solutions. By weakening the definition of optimal values and considering
values that are strong only with respect to some of the uncertain input data, we allow the
model to reflect different controllability over various parts of the program. We derived testing
conditions for several types of semi-strong values related to AE feasibility of interval systems.
Since the best semi-strong values may be of interest, these conditions can also serve as a basis
for designing a method to compute such generalized optimal values.
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Abstract. This paper concerns the cost optimisation analysis of a discrete-time finite-capacity mul-
tiserver queueing system with Bernoulli feedback, synchronous multiple and single working vacations,
balking, and reneging during both busy and working vacation periods. A reneged customer can be
retained in the system by employing certain persuasive mechanism for completion of service. Using
recursive method, the explicit expressions for the stationary state probabilities are obtained. Various
system performance measures are presented. Further, a cost model is formulated. Then, the opti-
mization of the model is carried out using quadratic fit search method (QFSM). Finally, the impact of
various system parameters on the performance measures of the queueing system is shown numerically.
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1. Introduction

Discrete-time queueing systems attainted a significant importance because of their wide appli-
cability in the performance analysis of telecommunication systems. They are very appropriate
for modeling and analyzing digital communication systems. Typical examples are synchronous
communication systems (slotted ALOHA), packet switching systems with time slots and broad
integrated services digital networks (B-ISDN) based on asynchronous transfer mode (ATM)
technology, as the information contained in the B-ISDN is routed through discrete units. More
details on discrete-time queues are given in the survey paper of [10] and the monographs of
[9, 21, 8].

Most of the literature on customers’ impatience in vacation queues focus on the continuous-
time queueing models. Compared to the continuous-time case, the discrete-time vacation/wor-
king vacation queues received less attention in literature. In fact, discrete-time queueing systems
with impatient customers are better suited for the design and analysis of slotted time communi-
cation systems. Analysis and modeling of the discrete-time multiserver queueing systems with
impatient customers is more absorbed and different than the equivalent continuous time coun-
terpart. In diverse companies, revenue losses due to balking and reneging are enormous and
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must therefore be examined in an appropriate context. The study on the discrete-time vacation
queues with customers’ impatience seems to be limited. The readers can refer to [16, 6, 7].

Many practical working vacation queueing systems with impatient customers have been well
applied to many real-life problems including situations involving impatient telephone switch-
board customers, telecommunication systems, manufacturing and production systems. [30] pre-
sented the analysis of customers’ impatience in an infinite-buffer single server Markovian queue
with working vacation. [26] considered a M/M/1/N working vacation queue with balking and
reneging. [18] dealt with impatient customers in an M/M/1 queue with single and multiple
working vacations. [27] studied working vacation queueing model with Bernoulli schedule va-
cation interruption and impatient customers. Later, [28] provided an analysis on a queueing
model with variant working vacations and customers’ impatience. The transience analysis of
an infinte-buffer single server queue with working vacation, heterogeneous service and impa-
tient customers has been done in [19]. Then, [3] provided a study of a queueing system with
Bernoulli feedback, reneging and retention of reneged customers, multiple working vacations
and Bernoulli schedule vacation interruption.

Over the last decade, multiserver vacation queues have been studied by several researchers.
The servers in these systems may either take the same vacation together (synchronous vaca-
tion) or individual vacations (asynchronous vacations) independently. Most multiserver vaca-
tion models are based on synchronous vacations. Under such policy, the servers go on vacation
all together, once the system is empty, and return to the busy period as one after the vaca-
tion period is ended. It is worth noting that multiserver vacation queueing systems are more
complex compared to single-server vacation queues. Hence, a limited literature is available for
these models. [15] presented the early work on the multiserver vacation model. [31, 32] consid-
ered Markovian multiserver queueing systems with single and multiple synchronous vacations.
Further, [23] dealt with a more general GI/M/c queueing system with phase-type vacations
where all servers take multiple vacations together until waiting customers exist at a vacation
completion instant. Then, [29] provided the analysis of a M/M/c/N queueing model with im-
patient customers and synchronous vacations of some partial servers. A multi-server queueing
model with Markovian arrival and synchronous phase type vacations was investigated by [4],
using probabilistic rule and controlled thresholds. Later, [5] treated a finite-source multi-server
queueing models with single and multiple vacations, the authors developed some algorithms
for computing performance measures of the models. Recently, [17] studied a M/M/c queue-
ing system with single and multiple synchronous working vacations. Then, [1] presented the
cost optimization analysis for an MX/M/c vacation queueing system with waiting servers and
customers’ impatience.

In this investigation, we consider a finite-capacity discrete-time multiserver queueing sys-
tem with synchronous single and multiple working vacations, balking, reneging, and retention
of reneged customers. Customers may rejoin the tail of the queue as feedback customers if
the service is incomplete or unsatisfactory. It is worth noting that [20] is a pioneering work
on feedback queues. Since then, queueing models with feedback have attracted a significant
attention of many researchers, see for instance [22, 11, 24] and references therein. In addition,
in most literature, it was supposed that customer’s impatience occurs because of the absence of
the server(s). While in the current work, we assume that customers may lose their impatience
and leave the system during both busy and working vacation periods. This situation takes place
when the status of the server(s) is not observable or when the customers are unhappy with the
service time. This is a very realistic supposition and we often encounter such queueing situa-
tions in real world phenomena, such as call center, where a call can be abandoned if waiting
customers run out of patience. Further, as customer’s impatience has became a challenging
task, we incorporate in this paper the concept of customer retention which assumes a substan-
tial importance for the business management. Firms can use certain mechanisms in order to
convince impatient customers to stay in system in order to maintain their businesses, this can
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be either by increasing the service rates or providing more service channels in the system. This
interesting idea was the subject of interest of some researchers including [12, 14, 13, 3, 2]. For
the queueing system under consideration, we use a recursive method in order to obtain the
steady state solution of the model. Then, we derive useful performance measures of the queue-
ing system and formulate a cost model. After that, we perform a sensitivity numerical analysis.
To the best of our knowledge, no similar work has been investigated in the literature, despite
the fact that some of the aspects presented above have been discussed separately earlier.

The rest of the paper is arranged as follows: In Section 2, we describe the model. In Section
3, we carry out the stationary-state probabilities of the queueing system under consideration.
Then, in Section 4, various performance measures of the queueing system are derived. In Section
5, we develop a cost model and perform a suitable optimization using a quadratic fit search
method (QFSM). Then, in Section 6, we present numerical study to show the applicability of
the theoretical analysis. Finally, Section 7 concludes the paper.

2. Model’s description

Consider a finite-buffer discrete-time multiserver queueing system with Bernoulli feedback, sin-
gle and multiple working vacation policies, balking, reneging during both normal busy and
working vacation periods, and retention of reneged customers under late arrival system with
delayed access (LASDA).
The time axis time is divided into fixed equal length intervals or slots with the length of a
slot being unity, and it is indicated as 0, 1, 2,..,t,.... A potential arrival occurs in (t−, t) and a
potential departure takes place in (t, t+). Let x = 1 − x.
We suppose that the inter-arrival times A of customers are independent and geometrically
distributed with probability mass function (p.m.f.):

an = P (A = n) = λλ
n−1

, n ≥ 1, 0 < λ < 1.

The system is composed of c servers. The customers are served on a First-Come First-Served
discipline. The capacity of the system is taken as finite (say, N). A queue gets developed when
the number of customers surpasses the number of servers, that is, when n > c.

If on arrival, a customer finds some servers busy and some others idle, he joins the system
and will be served immediately. Otherwise, if all the servers are busy either during normal busy
period or working vacation period, the arriving customer may join the queue with probability
ϑn or balk with a complementary probability ϑn = 1 − ϑn, with c ≤ n ≤ N. In addition, we
suppose that

0 ≤ ϑn+1 ≤ ϑn ≤ 1, c ≤ n ≤ N − 1, ϑ0 = 1, ..., ϑc−1 = 1, and ϑN = 0.

The service times in normal busy period Sµ are independent and geometrically distributed
with probability mass function (p.m.f.):

P (S = n) = µ µn−1, n ≥ 1, 0 < µ < 1.

The service times Sη in a working vacation period are independent and geometrically distributed
with probability mass function (p.m.f.):

P (Sη = n) = η ηn−1, n ≥ 1, 0 < η < 1.

A synchronous vacation is considered, that is, the servers go on working vacation all together
at the same time once the system becomes empty, and they also return to the system as one at
the same time.
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Under multiple working vacation policy (MWV), the servers begin working vacation all
together when the system becomes empty. If they return from the working vacation period and
find the system empty they begin another vacation period. Otherwise, a normal busy period
begins.

Under single working vacation policy (SWV), the servers take a working vacation once the
system becomes empty. When this period is ended, they come back to the system as one and
wait for customers to arrive rather than taking another work working vacation. Otherwise, they
begin a new normal busy period.

The vacation times V are independent and geometrically distributed with probability mass
function (p.m.f.):

P (V = n) = θ θ
n−1

, n ≥ 1, 0 < θ < 1.

After joining the queue each customer will wait a certain length of time T for service to begin. If
it has not begun by then, he will get impatient and leave the queue without getting service with
some probability σ. Using certain convincing mechanism, the reneged customer can be retained
in the queueing system with probability σ = 1−σ. The impatience timer T is independent and
geometrically distributed with probability mass function (p.m.f.):

P (T = n) = ξ ξ
n−1

, n ≥ 1, 0 < ξ < 1.

After completion of each service, a customer can either join the end of the queue for another
regular service with probability β or leave the system with probability β, where β = 1 − β.

It is worth noting that at each slot, only one arrival and/or one departure from service may
occur. Which neglect any hypothesis stipulating that at one slot, we can have i services com-
pleted given j servers busy, j = 0, ..., c and i = 0, ..., j. The same for the reneging phenomenon,
we cannot have at the same time k reneged customers given that n customers are waiting in
the queue, n = 1, ..., N − c and k = 1, ..., n.
Further, note that at one slot we may have, one arrival, a departure from a service, and a
departure from the queue as reneged customer.

3. Steady-state analysis

In this section, we establish the analysis of the considered queueing system under both single
and multiple working vacations. Let δ be the indicator function, so

δ =

{
1, for the single working vacation model,
0, for the multiple working vacation model.

At steady-state, πi,0, 0 ≤ i ≤ N denotes the probability that there are i customers in the system
when the servers are in working vacation period and πi,1, 1− δ ≤ i ≤ N is the probability that
there are i customers in the system when the servers are in normal busy period.
Based on the one-step transition analysis, the steady-state equations can be given as

π0,0 = λ(1 − θδ)π0,0 + λϑ1d1(η)π1,0 + λϑ2d2(η)r2π2,0 + λϑ1d1(µ)π1,1

+λϑ2d2(µ)r2π2,1,
(1)

πi,0 = θ
[(
λϑi+1(di+1(η) ri+1 + di+1(η)ri+1) + λϑi+1di+1(η)ri+1

)
πi+1,0

+
(
λϑi−1 di−1(η) ri−1

)
πi−1,0 + λϑi+2di+2(η)ri+2πi+2,0(

λϑi di(η) ri + λϑi(di(η) ri + di(η)ri)
)
πi,0
]
, 1 ≤ i ≤ N − 2,

(2)
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πN−1,0 = θ
[(
λϑN−1 dN−1(η) rN−1 + λϑN−1(dN−1(η) rN−1 + dN−1(η)

rN−1))πN−1,0 + λϑN−2 dN−2(η) rN−2πN−2,0 (dN (η)rN

+dN (η)rN
)
πN,0

]
,

(3)

πN,0 = θ dN (η)rNπN,0 + θλϑN−1 dN−1(η)rN−2πN−1,0, (4)

π0,1 = λπ0,1 + θλδπ0,0, (5)

π1,1 =
(
λϑ1 d1(µ) + λϑ1d1(µ)

)
π1,1 +

(
λϑ2(d2(µ) r2 + d2(µ)r2) + λϑ2d2(µ)

r2)π2,1 + λϑ3d3(µ)r3π3,1 + λδπ0,1 + θ
(
λϑ1 d1(η) + λϑ1d1(η)

)
π1,0

+θλπ0,0 + θ
(
λϑ2(d2(η) r2 + d2(η)r2) + λϑ2d2(η)r2

)
π2,0 + θλϑ3

d3(η)r2π3,0,

(6)

πi,1 =
(
λϑi di(µ) ri + λϑi(di(µ) ri + di(µ)ri)

)
πi,1 + λϑi−1 di−1(µ)ri−1

× πi−1,1 +
(
λϑi+1(di+1(µ) ri+1 + di+1(µ)ri+1) + λϑi+1di+1(µ)ri+1

)
×πi+1,1 + λϑi+2di+2(µ)ri+2πi+2,1 + θ

(
λϑi di(η) ri + λϑi(di(η) ri

+ di(η)ri)
)
πi,0 + θλϑi−1 di−1(η) ri−1πi−1,0 + θ

(
λϑi+1(di+1(η)ri+1

+ di+1(η)ri+1) + λϑi+1di+1(η)ri+1

)
πi+1,0 + λϑi+2di+2(η)ri+2πi+2,0θ,

(7)

πN−1,1 =
(
λϑN−1 dN−1(µ) rN−1 + λϑN−1

(
dN−1(µ) rN−1 + dN−1(µ)

×rN−1))πN−1,1 + λϑN−2 dN−2(µ) rN−2πN−2,1 + (dN (µ) rN

− dN (µ)rN
)
πN,1 + θ( λϑN−1dN (η) rN−1) + λϑN−1(dN−1(η) rN−1

+ dN−1(η)rN−1))πN−1,0 + θλϑN−2 dN−2(η) rN−2πN−2,0

+θ
(
dN (η) rN − dN (η)rN

)
πN,0,

(8)

πN,1 = dN (µ) rNπN,1 + λϑN−1 dN−1(µ) rN−1πN−1,1 + θ dN (η) rNπN,0

+θλϑN−1 dN−1(η) rN−1πN−1,0,
(9)

where

dn(x) =

{
1 − xβ

n
, if 1 ≤ n ≤ c− 1,

1 − xβ
c
, if c ≤ n ≤ N,

and

rn =

{
0, if 1 ≤ n ≤ c,

1 − ξσ
n−c

, if c+ 1 ≤ n ≤ N.

This can be explicable by the fact that a service occurs for one of n customers in the service
system with probability 1 − xβ

n
, when n customers are being served by c servers such that

1 ≤ n ≤ c − 1. In the case where the number of customers in the whole system exceeds the
number of present servers, the probability that a service will take place is given by 1 − xβ

c
.
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In the same manner, when the number of customers in the system is less than the number
of servers, the probability that an impatience phenomenon occurs is equal to 0, contrariwise
to the case where the number of customers in the system is bigger that the number of servers

present in the system, the probability that a customer leaves the system is equal to 1 − ξσ
n−c

.

We obtain the steady-state probabilities πi,0, 0 ≤ i ≤ N and πi,1, 1 − δ ≤ i ≤ N, using a
recursive method. Solving Equations (2)-(4) recursively, we find

πi,0 = %iπN,0, 0 ≤ i ≤ N, (10)

with

%0 =
((

1 − θ
(
λϑ1 d1(η)

))
%1 − θ λϑ3d3(η)r3%3 − θ

(
λϑ2 (d2(η) r2

+ d2(η)r2
))
%2
)
/( θλ),

(11)

%i =
((

1 − θ
[
λϑi+1 di+1(η) ri+1 + λϑi+1

(
di+1(η)ri+1 + di+1(η)

×ri+1)]) %i+1 − θ λϑi+2

(
di+2(η) ri+2 + di+2(η) ri+2

)
%i+2

− θ λϑi+3di+3(η)ri+3%i+3

)
/
(
θλϑi di(η) ri

)
, i = N − 3, ..., 1,

(12)

%N−2 =
(((

1 − θ[ λϑN−1 dN−1(η) rN−1 + λϑN−1 (dN−1(η)rN−1 + rN−1

dN−1(η)
)]))

%N−1 − θ dN (η) rN%N
) (
θλϑN−2 dN−2(η)rN−2

)−1
,

(13)

%N−1 =
(
1 − θ dN (η) rN

)
/
(
θλϑN−1 dN−1(η) rN−1

)
, (14)

and

%N = 1. (15)

Now, substituting Equation (10) in Equations (5) and (7)-(9), we get

πi,1 = ρiπN,1 + ϕiπN,0, 1 − δ ≤ i ≤ N, (16)

where

ρ0 = 0 ϕ0 =

(
θλδ%0
λ

)
, (17)

ρi−1 =

(
λϑi+1

(
di+1(µ) ri+1 + di+1(µ) ri+1

)
+ λϑi+1di+1(µ)ri+1

)
ρi+1

λϑi−1 di−1(µ) ri−1

+

(
1 −

[
λϑi di(µ) ri + λϑi

(
di(µ)ri + di(µ)ri

)])
ρi

λϑi−1 di−1(µ) ri−1

− λϑi+2di+2(µ)ri+2ρi+2

λϑi−1 di−1(µ) ri−1

, i = N − 3, ..., 2,

(18)
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ϕi−1 =

(
1 −

[
λϑi di(µ) ri + λϑi

(
di(µ)ri + di(µ)ri

)])
ϕi

λϑi−1 di−1(µ) ri−1

−
λϑi+1

(
di+1(µ) ri+1 + di+1(µ) ri+1

)
ϕi+1

λϑi−1 di−1(µ) ri−1

−θ
[
λϑi di(η) ri + λϑi

(
di(η)ri + di(η)ri

)]
%i

(λϑi−1 di−1(µ) ri−1)

−θλϑi−1 di−1(η) ri−1%i−1 − λϑi+2di+2(µ)ri+2ϕi+2

(λϑi−1 di−1(µ) ri−1)

+
θ λϑi+2di+2(η)ri+2%i+2 + λϑi+1di+1(µ)ri+1ϕi+1

(λϑi−1 di−1(µ) ri−1)

+
θ λϑi+1

(
di+1(η) ri+1 + di+1(η) ri+1

)
%i+1

(λϑi−1 di−1(µ) ri−1)

+
θλϑi+1di+1(η)ri+1%i+1

(λϑi−1 di−1(µ) ri−1)
, i = N − 3, ..., 2,

(19)

ρN−2 =
[
1 −

[
λϑN−1 dN−1(µ) rN−1 + λϑN−1

(
dN−1(µ)rN−1

+ dN−1(µ)rN−1

)]
ρN−1 − (dN (µ) rN + dN (µ)rN )ρN

]
×
(
λϑN−2 dN−2(µ) rN−2

)−1
,

(20)

ϕN−2 =
[(

1 −
(
λϑN−1 dN−1(µ) rN−1 + λϑN−1

(
dN−1(µ)rN−1 + dN−1(µ)

rN−1)))ϕN−1 − θ
(
λϑN−2 dN−2(η) rN−2%N−2 +

(
λϑN−1 dN−1(η)

rN−1 + λϑN−1

(
dN−1(η)rN−1 + dN−1(η)rN−1

))
%N−1 + dN (η) rN

+ dN (η)rN
)]

× (λϑN−2 dN−2(µ) rN−2)−1,

(21)

ρN−1 =
1 − dN (µ) rN

λϑN−1 dN−1(µ) rN−1

, (22)

ϕN−1 = −θ
(
dN (η) rN%N+λϑN−1 dN−1(η) rN−1%N−1

λϑN−1 dN−1(µ) rN−1

)
, (23)

ρN = 1, and ϕN = 0. (24)

Next, substituting Equations (10) and (16) in Equation (6), we obtain

πN,1 = ψπN,0, (25)
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where

ψ = θ
( λϑ1 d1(η) + λϑ1d1(η))%1 + λϑ3d3(η)r3%3 + λ%0 + λϑ2(d2(η) r2%2

ψ̀

+
θd2(η)r2%2 + ( λϑ2(d2(µ) r2 + d2(µ)r2))ϕ2 + λϑ3d3(µ)r3ϕ3 + δλϕ0

ψ̀

−
((

1 − λϑ1 d1(µ) + λϑ1d1(µ)
))
ϕ1

ψ̀
,

(26)

and

ψ̀ = −
(
λϑ2(d2(µ) r2 + d2(µ)r2)

)
ρ2 − λϑ3d3(µ)r3ρ3 + (1 − ( λϑ1 d1(µ) + λϑ1d1(µ)))ρ1.

Finally, πN,0 is obtained using the normalization condition

N∑
i=0

πi,0 +

N∑
i=1−δ

πi,1 = 1.

Therefore,

πN,0 =

(
N∑
i=0

%i +

N∑
i=1−σ

(ϕi + ψρi)

)−1

. (27)

4. Performance measures

− The average system size (E(L)).

E(L) = E(L0) + E(L1), (28)

where (E(L0)) (resp. (E(L1))) denotes the average system size when the servers are on working
vacation period (resp. on normal busy period).

E(L0) =

N∑
i=1

iπi,0 and E(L1) =

N∑
i=1

iπi,1. (29)

− The average queue length (E(Lq)).

E(Lq) =

N∑
i=c+1

(i− c)πi,0 +

N∑
i=c+1

(i− c)πi,1. (30)

− The average number of customers served per unit time (Sr).

Sr = β

N∑
i=1

i (ηπi,0 + µπi,1)

= β

c−1∑
i=1

i (ηπi,0 + µπi,1) + cβ

N∑
i=c

(νπi,0 + µπi,1) . (31)
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− The probabilities that the servers are on normal busy period (Pb), on working vacation period
(Pwv), and idle during busy period. (Pid), respectively.

Pb =

N∑
i=1

πi,1, Pwv =

N∑
i=0

πi,0, and Pid = δπ0,1. (32)

− The average balking rate (Br).

Br = λ

N∑
i=1

(1 − ϑi)(πi,0 + πi,1). (33)

− The average reneging rate (Rren).

Rren = σξ

N∑
i=c+1

(i− c)(πi,0 + πi,1). (34)

− The average retention rate (Rret).

Rret = (1 − σ)ξ

N∑
i=c+1

(i− c)(πi,0 + πi,1). (35)

− The average rate of customer loss (Rloss).

Rloss = Br +Rren. (36)

5. Cost model

To develop a cost model, we introduce the following cost elements

− Cb : Cost per unit time when the servers are in normal busy period.

− Cwv : Cost per unit time when the servers are on working vacation period.

− Cid : Cost per unit time when the servers are idle during busy period.

− Cq : Cost per unit time when a customer joins the queue and waits for service.

− CRb : Cost per unit time when a customer balks.

− Cs1 : Cost per service per unit time when the servers are in normal busy period.

− Cs2 : Cost per service per unit time when the servers are in working vacation period.

− Cren : Cost per unit time when a customer reneges.

− Cret : Cost per unit time when a customer is retained.

− Cs−f : Cost per unit time when a customer returns to the system as a feedback customer.

− Ca : Fixed server purchase cost per unit.

Using the above cost parameters, the total expected cost per unit time of the system, Γ, is
given as

Γ = CbPb + CwvPwv + CqE(Lq) + CRbBr + CrRren + CidPid + CretRret + c(µCs1 + νCs2)

+c(µ+ ν)(1 − β)Cs−f + cCa.
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5.1. Quadratic fit search method

This part concerns the cost optimization problem under a given cost structure using quadratic
fit search method (QFSM). The objective is to determine the optimal service rate during normal
busy period, µ∗, in different cases, in order to minimize the expected cost function Γ. Suppose
that all system parameters have fixed values, and the only controlled parameter is the service
rate during normal busy period µ.

The cost minimization problem can be given as

min
µ

Γ(µ).

As it has been discussed in Laxmi et al. [25], given a 3-point pattern, we can fit a quadratic
function by using corresponding functional values that has a unique minimum, xq, for the given
objective function Γ(x). The unique optimum xq of the quadratic function agreeing with Γ(x)
at 3-point operation (xl, xm, xu) is given by

xq ∼=
1

2

[
Γ(xl)((xm)2 − (xu)2) + Γ(xm)((xu)2 − (xl)2) + Γ(xu)((xl)2 − (xm)2)

Γ(xl)(xm − xu) + Γ(xm)(xu − xl) + Γ(xu)(xl − xm)

]
.

6. Numerical results

In this section, we carry out the optimization of the considered queueing system, using QFSM
to minimize the expected cost function Γ with respect to the service rate during normal busy
period, µ, based on the changes of others system parameters. In addition, we study the influence
of the system parameters on various performance measures of the queueing model under multiple
and single working vacation policies.

6.1. Optimisation study

In order to perform an economic study of the queueing model, we consider ϑn = 1 − n

N
, and

fixe Cb = 1, Cwv = 0.5, Cq = 1.5, CRb = 1, Cren = 1, Cid = 0.5, Cret = 1, Cs1 = 2.5, Cs2 =
2, Cs−f = 1, and Ca = 0.5.

We display Tables 1-4 and Figures 1-4 to illustrate the optimal service values of µ, the
optimum expected cost Γ(µ∗), as well as to show the convexity of the curves Γ(µ) for different
values of ν, θ, ξ, and c. To this end, we consider the following cases

- Table 1 and Figure 1: λ = 0.8, β = 0.7, c = 3, θ = 0.4, ξ = 0.5, α = 0.5, and N = 20.

- Table 2 and Figure 2: λ = 0.8, β = 0.7, c = 2, ν = 0.2, ξ = 0.8, α = 0.5, and N = 20.

- Table 3 and Figure 3: λ = 0.8, β = 0.7, c = 3, θ = 0.4, ν = 0.3, α = 0.5, and N = 20.

- Table 4 and Figure 4: λ = 0.8, β = 0.7, ν = 0.3, θ = 0.4, ξ = 0.5, α = 0.5, and N = 20.

ν = 0.05 ν = 0.1 ν = 0.15
SWV MWV SWV MWV SWV MWV

µ∗ 0.3530611 0.3529851 0.3532569 0.3531987 0.3534304 0.3533881
Γ∗ 7.602 7.602198 7.946371 7.94651 8.29081 8.290895

Table 1: The optimal values µ∗ and Γ∗, for different values of ν, under SWV and MWV policies.

− Using QFSM, the optimal values of µ and the minimum expected cost F (µ∗) are shown
in Tables 1-4, for different values of ν, θ, ξ, and c respectively. From Figures 1-4, it is well
observed the convexity of the curves for different values of ν, θ, ξ, and c. This proves that there



Optimum cost analysis for an Geo/Geo/c/N/WV queue with impatient customers 221

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

8
9

10
11

µ

Γ

ν = 0.05
ν = 0.1
ν = 0.15
ν = 0.2

Figure 1: The optimum service rate µ∗,
for different values of ν, under SWV pol-
icy.
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Figure 2: The optimum service rate µ∗,
for different values of θ, under SWV pol-
icy.

θ = 0.1 θ = 0.3 θ = 0.9
SWV MWV SWV MWV SWV MWV

µ∗ 0.4082898 0.4075521 0.4418178 0.4411087 0.4526102 0.4525709
Γ∗ 7.342124 7.343256 7.293472 7.294413 7.279612 7.279648

Table 2: The optimal values µ∗ and Γ∗, for different values of θ, under SWV and MWV policies.

exists a certain value of the service rate µ that minimizes the total expected cost function for
the chosen set of system parameters.

− From Tables 1-3, we observe that for different values of ν, θ, and ξ, the minimum expected
cost Γ(µ∗) in SWV model is lower than that in MWV model, as intuitively expected. While
from Table 4, Γ(µ∗) in SWV model is larger than that in MWV model. This can be explained
by the fact that for c = 2, 4, the optimum service rate µ∗ under SWV policy is smaller than µ∗

under MWV policy. In addition, this can be because of the choice of the system parameters.

6.2. Performance study

In this subsection, different performance measures of interest computed under different scenarios
are presented. These measures are obtained by developing a program in R software. To illustrate

the system numerically, we take ϑn = 1 − n

N
, and consider the following cases

- Tables 5-6: λ = 0.7, β = 0.6, θ = 0.2, ν = 0.4, µ = 0.8, ξ = 0.8, α = 0.8, c = 2, N = 20,
unless they are considered as variables.

- Table 7: λ = 0.7, β = 0.6, θ = 0.2, ν = 0.4, µ = 0.5, ξ = 0.8, α = 0.8, c = 2 : 2 : 4, and
N = 20.

1. According to Tables 5 and 6, for both MWV and SWV models, we have

− Along the increasing of λ (resp. µ, ν, and β), the characteristics (Pb), (E(L)), (Br),
(Rren), and (Rret) increase (resp. decrease). While (Pwv) decrease (resp. increase) with
λ (resp. with µ). This is quite reasonable, when the arrival rate increases, the average
system size increases. This increases the probability that the servers are in normal busy
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Figure 3: The optimum service rate µ∗,
for different values of ξ under MWV pol-
icy.
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Figure 4: The optimum service rate µ∗,
for different values of c, under MWV pol-
icy.

ξ = 0.1 ξ = 0.2 ξ = 0.4
SWV MWV SWV MWV SWV MWV

µ∗ 0.4777952 0.4777702 0.4325604 0.4325421 0.3733920 0.3733847
Γ∗ 9.842556 9.842644 9.644805 9.644819 9.400941 9.400905

Table 3: The optimal values µ∗ and Γ∗, for different values of ξ, under SWV and MWV policies.

period, which increases the average balking rate and the average reneging rate. Therefore,
in order to keep the system size under control and to avoid more reneging of customers,
the firm uses some strategies in order to maintain the impatient customer in the system.
Thus, the average retention rate increases. Further, it is quite obvious that with increase
in the service rates, the expected system size decreases which decreases the probability
that the servers are in normal busy period and increases the probability the servers are
on working vacation. Consequently, average balking and reneging rates decrease. In
addition, along the increasing of the service rates, customers have to spend less time
in the system, and there will be less possibility that customers get impatient and leave
the system without getting service, which is a desirable condition for any firm. Then,
the retention rate is decreased. Further, as intuitively expected, the average number of
customers served (Sr) increases with λ, µ, ν, and β.

− With the increasing of θ, the probability that the servers are in normal busy period
(Pb) increases, while the probability the servers are on working vacation (Pwv) decreases,
this decreases the mean system size (E(L)), which decreases the average rates of balking
(Br), reneging (Rren), and retention (Rret). Consequently, the average rate of customers
served (Sr) increases with θ, as it should be.

− When the impatience rate increases ξ, both (Pb), (E(L)), and (Br) decrease, while
(π0,0), (Pwv), (Rren), and (Rret) increase, as intuitively expected. Further, (Sr) decreases
with the parameter ξ. This is because the impatience rate increases the average rate of
reneging, which decreases the mean system size (E(L)). This results in the decreasing of
the mean number of customers served.

− With the increasing values of N, the average system size increases which increases the
probability that the servers are in normal busy period and decreases the probability that
the servers are on working vacation period. Consequently, (Sr) increases with N. This
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c=2 c=3 c=4
SWV MWV SWV MWV SWV MWV

µ∗ 0.527004 0.527511 0.353839 0.353835 0.267373 0.267376
Γ∗ 7.969997 7.969291 9.324464 9.324418 10.56634 10.56633

Table 4: The optimal values µ∗ and Γ∗, for different values of c, under SWV and MWV policies.

µ π0,0 Pb Pwv E(L) Br Rren Rret Sr
λ =0.1 0.675301 0.172145 0.827855 0.374858 0.000488 0.003533 0.000883 0.101480

0.5 λ =0.5 0.103486 0.732620 0.267380 1.596121 0.030830 0.202896 0.050724 0.414755
λ =0.9 0.003651 0.983596 0.016404 2.431647 0.104459 0.642058 0.160515 0.563425

λ =0.1 0.726536 0.109334 0.890666 0.307101 0.000329 0.001970 0.000492 0.103017
0.8 λ =0.5 0.170674 0.559027 0.440973 1.315834 0.022156 0.107264 0.026816 0.495736

λ =0.9 0.010580 0.952457 0.047543 2.036343 0.082444 0.319146 0.079786 0.836878

θ =0.1 0.028374 0.822989 0.177011 2.056236 0.063919 0.409947 0.102487 0.498933
0.5 θ =0.5 0.030080 0.949851 0.050149 2.033224 0.062878 0.395296 0.098824 0.509357

θ =0.9 0.030502 0.967143 0.032857 2.030222 0.062739 0.393914 0.098479 0.510245

θ =0.1 0.055921 0.651138 0.348862 1.777336 0.051089 0.250669 0.062667 0.635222
0.8 θ =0.5 0.071795 0.880304 0.119696 1.625750 0.044114 0.166481 0.041620 0.700563

θ =0.9 0.076388 0.917715 0.082285 1.600515 0.042924 0.157635 0.039409 0.705597

ξ =0.1 0.011725 0.958726 0.041274 3.299279 0.112203 0.166914 0.041729 0.562062
0.5 ξ =0.5 0.024704 0.913387 0.086613 2.245779 0.071701 0.347937 0.086984 0.520107

ξ =0.9 0.030446 0.893580 0.106420 1.997149 0.061387 0.411887 0.102972 0.501576

ξ =0.1 0.047891 0.831409 0.168591 2.133873 0.065723 0.064708 0.016177 0.744343
0.8 ξ =0.5 0.059718 0.790623 0.209377 1.786042 0.051285 0.167099 0.041775 0.691493

ξ =0.9 0.064751 0.773669 0.226331 1.672464 0.046321 0.210168 0.052542 0.669196

N=10 0.034244 0.880647 0.119353 1.918922 0.115157 0.317459 0.079365 0.489337
0.5 N=15 0.031005 0.891683 0.108317 1.998649 0.081709 0.371070 0.092767 0.499775

N=20 0.029280 0.897583 0.102417 2.042622 0.063306 0.401005 0.100251 0.505335

N=10 0.070539 0.754147 0.245853 1.608134 0.085869 0.161442 0.040360 0.643540
0.8 N=15 0.066151 0.768898 0.231102 1.663640 0.060988 0.187629 0.046907 0.662967

N=20 0.063745 0.777031 0.222969 1.694181 0.047280 0.202141 0.050535 0.673639

ν=0.1 0.026306 0.901597 0.098403 2.086260 0.065251 0.429493 0.107373 0.488228
0.5 ν=0.2 0.027146 0.900390 0.099610 2.070667 0.064567 0.418720 0.104680 0.494284

ν=0.4 0.029280 0.897583 0.102417 2.042622 0.063306 0.401005 0.100251 0.505335

ν=0.1 0.057003 0.786771 0.213229 1.783940 0.051301 0.259074 0.064768 0.641041
0.8 ν=0.2 0.058933 0.783751 0.216249 1.751799 0.049883 0.237399 0.059350 0.652646

ν=0.4 0.063745 0.777031 0.222969 1.694181 0.047280 0.202141 0.050535 0.673639

β=0.1 0.000689 0.997406 0.002594 2.925449 0.101261 1.060973 0.265243 0.098284
0.5 β=0.5 0.020320 0.927691 0.072309 2.184470 0.069676 0.495448 0.123862 0.437229

β=0.9 0.063359 0.790780 0.209220 1.692740 0.047236 0.199913 0.049978 0.668883

β=0.1 0.001839 0.993082 0.006918 2.794082 0.095890 0.954641 0.238660 0.155009
0.8 β=0.5 0.046732 0.833701 0.166299 1.839203 0.054008 0.277827 0.069457 0.605747

β=0.9 0.118720 0.607971 0.392028 1.376739 0.032325 0.083418 0.020854 0.795246

Table 5: Effect of µ, λ, θ, ξ, N, ν, and β on performance measures for MWV models.

results in the decreasing of (Br). Further, (Rren) and (Rret) monotonically increase with
N. Obviously, the larger the system capacity, the greater the number of customers present
in the system and the higher the average rates of reneging and retention.

2. The probability (π0,0) increases with the vacation rate θ under multiple vacation policy.
While under single vacation policy, it decreases with θ when µ = 0.5, when µ = 0.8, its
behaviour is not monotonic. This can be because of the choice of the choice of the system
parameters.

3. It is worth noting that the probability that the servers are idle during busy period (Pidle)
is null for MWV. This is quite clear; at the end of working vacation period, if the system
is still empty, the servers return to the working vacation period. While for SWV, once
the working vacation time is ended, the servers come back to the normal busy period and
stay there waiting for a new arriving customers. In this case, it is well seen that (Pidle)
increases with µ, θ, ξ, ν, and β, and decreases with the increasing of λ and N, as it should
be.

4. From Table 7, it well observed that along the increasing the number of servers c, the
mean queue length (E(Lq)), the average balking rate (Br), the average rates of reneging
(Rren) and retention (Rret) decrease. Whereas, when c augments, the average number
of customers served (Sr) monotonically increases. Obviously, when the number servers
increases in the system, the customers are served significantly, this results in decreasing
in the mean number of customers in the queue. Therefore, the average rates of balking,
reneging and retention decrease.
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µ π0,0 Pid Pb Pwv E(L) Br Rren Rret Sr
λ=0.1 0.246909 0.444437 0.252875 0.302688 0.353707 0.000439 0.003051 0.000763 0.101683

0.5 λ=0.5 0.087238 0.017448 0.757154 0.225398 1.591095 0.030675 0.201160 0.050290 0.415924
λ=0.9 0.003572 0.000079 0.983869 0.016052 2.431603 0.104457 0.642024 0.160506 0.563448

λ=0.1 0.275784 0.496412 0.165502 0.338086 0.249914 0.000217 0.001068 0.000267 0.102987
0.8 λ=0.5 0.147906 0.029581 0.588272 0.382146 1.292856 0.021474 0.101134 0.025284 0.499691

λ=0.9 0.010364 0.000230 0.953198 0.046572 2.035911 0.082419 0.318847 0.079712 0.837101

θ=0.1 0.027289 0.001170 0.828590 0.170240 2.055226 0.063873 0.409329 0.102332 0.499368
0.5 θ=0.5 0.024843 0.005323 0.953258 0.041418 2.032634 0.062851 0.395034 0.098759 0.509523

θ=0.9 0.022027 0.008496 0.967777 0.023727 2.030115 0.062734 0.393880 0.098470 0.510263

θ=0.1 0.054238 0.002324 0.659315 0.338361 1.771908 0.050839 0.247847 0.061962 0.637343
0.8 θ=0.5 0.059867 0.012829 0.887360 0.099811 1.620977 0.043888 0.164894 0.041223 0.701415

θ=0.9 0.055291 0.021327 0.919114 0.059560 1.599550 0.042878 0.157440 0.039360 0.705622

ξ=0.1 0.010839 0.000929 0.960914 0.038157 3.298105 0.112156 0.166814 0.041704 0.562202
0.5 ξ=0.5 0.022831 0.001957 0.917994 0.080049 2.244717 0.071654 0.347526 0.086882 0.520421

ξ=0.9 0.028136 0.002412 0.899242 0.098346 1.996206 0.061343 0.411308 0.102827 0.501969

ξ=0.1 0.044842 0.003844 0.838299 0.157858 2.122984 0.065259 0.063865 0.015966 0.745414
0.8 ξ=0.5 0.055802 0.004783 0.799571 0.195646 1.778659 0.050949 0.164696 0.041174 0.693349

ξ=0.9 0.060464 0.005183 0.783470 0.211348 1.666280 0.046032 0.207048 0.051762 0.671379

N=10 0.031650 0.002713 0.886978 0.110309 1.917891 0.115060 0.316934 0.079234 0.489764
0.5 N=15 0.028654 0.002456 0.897440 0.100104 1.997655 0.081648 0.370527 0.092632 0.500171

N=20 0.027059 0.002319 0.903033 0.094648 2.041652 0.063262 0.400458 0.100115 0.505713

N=10 0.065881 0.005647 0.764735 0.229618 1.601668 0.085258 0.158758 0.039690 0.645840
0.8 N=15 0.061781 0.005295 0.778870 0.215835 1.657188 0.060585 0.184735 0.046184 0.665150

N=20 0.059533 0.005103 0.786662 0.208235 1.687761 0.046982 0.199153 0.049788 0.675757

ν=0.1 0.024500 0.002100 0.906255 0.091645 2.082385 0.065077 0.427041 0.106760 0.489745
0.5 ν=0.2 0.025226 0.002162 0.905272 0.092566 2.067780 0.064436 0.416957 0.104239 0.495418

ν=0.4 0.027059 0.002319 0.903033 0.094648 2.041652 0.063262 0.400458 0.100115 0.505713

ν=0.1 0.053611 0.004595 0.794865 0.200540 1.772817 0.050793 0.252996 0.063249 0.644888
0.8 ν=0.2 0.055315 0.004741 0.792287 0.202972 1.742296 0.049446 0.232458 0.058114 0.655902

ν=0.4 0.059533 0.005103 0.786662 0.208235 1.687761 0.046982 0.199153 0.049788 0.675757

β=0.1 0.000635 0.000054 0.997556 0.002390 2.925442 0.101261 1.060969 0.265242 0.098287
0.5 β=0.5 0.018764 0.001608 0.931617 0.066774 2.183851 0.069648 0.495073 0.123768 0.437477

β=0.9 0.058691 0.005031 0.801166 0.193804 1.690370 0.047125 0.198898 0.049725 0.669647

β=0.1 0.001696 0.000145 0.993475 0.006380 2.794019 0.095887 0.954594 0.238648 0.155034
0.8 β=0.5 0.043524 0.003731 0.841387 0.154882 1.834685 0.053800 0.275448 0.068862 0.607394

β=0.9 0.111738 0.009578 0.621452 0.368970 1.364368 0.031739 0.079988 0.019997 0.797028

Table 6: Effect of µ, λ, θ, ξ, N, ν, and β on performance measures for SWV models.

MWV SWV MWV SWV
c=2 c=2 c=4 c=4

E(Lq) 0.335060 0.334586 0.053407 0.053365
Br 0.063306 0.063262 0.044173 0.044150
Rren 0.401005 0.400458 0.131456 0.131353
Rret 0.100251 0.100115 0.032864 0.032838
Sr 0.505335 0.505713 0.870924 0.870973

Table 7: Effect of c on performance measures for SWV and MWV models.

5. Following Tables 5-7, we observe that

π0,0(single working vacation) < π0,0(multiple working vacation),
E(Lq)(single working vacation) < E(Lq)(multiple working vacation),
E(L)(single working vacation) < E(L)(multiple working vacation),
Pwv(single working vacation) < Pwv(multiple working vacation),
Br(single working vacation) < Br(multiple working vacation),
Rren(single working vacation) < Rren(multiple working vacation).

While
Pb(single working vacation) > Pb(multiple working vacation),
Rret(single working vacation) > Rret(multiple working vacation),
Sr(single working vacation) > Sr(multiple working vacation).

Then, we conclude that single working vacation model has better performance measures than
multiple working vacations model. The obtained results match with our expected intuition.

7. Conclusion

In this research work, we considered a finite-buffer discrete-time multiserver queueing system
with Bernoulli feedback, single and multiple working vacation policies, balking, reneging in busy
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and working vacation periods, and retention of reneged customers, under late arrival system
with delayed access (LASDA). The practical application of the proposed queueing system can be
found in many real world situations, such as call centers, manufacturing and production systems,
post offices, etc. The closed-form expressions for the steady-state probabilities of the system size
were derived using the recursive method. Useful performance measures were obtained. Then,
we developed cost model and performed a convenient optimization using a quadratic fit search
method (QFSM) in order to get the optimum values of the service rate during busy period
for different values of service rate during working vacation period, vacation rate, impatience
rate and number of servers. Further, important numerical results were illustrated showing the
applicability of the theoretical study.
For further work, it seems to be interesting to extend the considered model to more complex
queues such as discrete-time GeoX/GeoX/c feedback queueing model with single and multiple
working vacations, impatient customers, service breakdowns and repairs.
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Abstract. This paper presents a linear programming model used for decision making in the mining
process of copper concentration from sulphide minerals. The developed model enables the decision
maker to select the types of ore to be used in the mix to maximize the metallurgical recovery and
the copper grade at the end of the process. The model is of the mixture model of minerals with
added economic variables such as processing costs, electric power and others. The process has four
sub-processes that are crushing the ore, crushing the crushed ore, flotation of the ground ore to obtain
copper concentrate and drying, in which the water is extracted. The model uses a set of variables whose
size varies according to the number of lots of minerals and the number of planning days considered.
The model may be considered a considerable problem when a long period of time is planned, but
has only been implemented with 3.000 variables and 2.000 constraints. The developed model is being
implemented in the National mining company, which buys ore from small producers to produce copper
concentrate and then melt and refine it to obtain high grade copper. The generated model produces
savings of the order of thousand dollars per day, when compared to the current methods of allocating
minerals, which represents millions of dollars per year. It also produces a benefit due to the fact that
lower operating costs are obtained, with estimate savings of the order of 5% of the current cost.
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1. Introduction

The aim of this paper is to use mathematical methods for the management of the processes
of a mining company, improving the productivity by optimizing the production of copper con-
centrate. We present an application of the optimal mineral mixture and explain how the
development of the model allowed those responsible for the process to realize that the way of
managing the process was erroneous. This is because they sought to optimize only by managing
the metallurgical recovery parameters and did not consider the option of mixing the minerals.
In addition, they simultaneously sought to optimize two variables of final copper concentrate
ore and metallurgical recovery. Several runs of models showed that optimize metallurgical re-
covery produces minimum final copper law and vice versa. In the second chapter, a brief review
of the importance of mining in the country is presented, while in the third chapter, the type
of company is explained, in which the application was made, which is a state company, with a
notable role of promotion for the small mining businessman.

In chapter three, a bibliographic review is carried out searching the main applications of
operations research of the crushing, grinding and flotation processes. Chapter four shows the
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model of mineral mixture initially used following the logic of the process managers and then
another model that maximizes the copper law. Finally, the final model that was implemented
in the company was developed, consisting of maximizing the product of the final copper law
multiplied by metallurgical recovery, which gives the final tons of copper. Chapter five presents
the final conclusions of the work, including the benefit of using this type of models, and the
figure of annual savings that is of the order of one million dollars.

2. Importance of mining

2.1. Mining in Chile

Mining is one of the priority sectors in Chile representing 9% of the GDP in 2015 according to
sources from the Central Bank of Chile, the 55% of total exports and 49% represents copper
mining. Chile is known to be a mining country, because the institutional framework allows for
mining investment due to macroeconomic and political stability, among other factors, and also
because it has great geological potential as it is part of the main copper reserves in the world.
In 2015, Chile represented 30% of world copper production, leading the list with the production
of 5,764 metric tons. Currently copper leaves a series of positive milestones for the sector, since
in 2017 it closed with a value of US $ 2.79 per pound, higher than forecast price (US $ 2.40 per
pound), where the highest demand was from China, the main consumer of the “red mineral”
in the world. The metal price is projected to be US $ 3.06 per pound for 2018 and US $ 3.11
per pound for 2019 thus it will continue to be the country’s main commodity.

2.2. National mining company (ENAMI)

ENAMI is a Chilean State-run company founded in 1960, created with the purpose of promoting
the development of the mining sector at small and medium scale, providing the services required
to access the market of refined metals. Its objectives are the recognition of mining resources,
technical and credit assistance, purchase, processing and marketing, in conditions of compet-
itiveness. It is present in eight regions of the country, with five production plants. ENAMI,
concentrates its task in the management of three areas that are production, commercialization
and support to the mining sector with financing of tools that promote sustainable development
of this sector. Regarding production, it starts with the benefit of minerals, which aims to add
value to the production of small and medium-sized mining, with profit and smelting plants. On
the other hand, commercialization enables closing the cycle of development and exploitation,
which includes the purchase of minerals and mining products under market conditions and the
sale of products in globalized markets. On the other hand, with regard to promotion, it includes
the financing of tools that contribute to the sustainable development of the sector, supporting
the implementation of viable projects.

2.2.1. Production processes of copper concentrate

The production process of copper concentrate is shown in the Figure 1.

3. Review of the literature

3.1. The use of OR in crushing processes

Due to the importance of crushing plants for mining companies, Svedensten and Magnus [17],
presented a method for the modeling and optimization of crushing plants, where the modeling
is represented with the different production units, rock materials and economy of the plant. A
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Figure 1: The process of the production the copper concentrate

model that considers customer demand is included, thus an optimization problem and a genetic
evolutionary algorithm are formulated. In the crushing process Itävou et al. [9] present an
effective way to produce models of dynamic processes based on established models of steady
state in order to make a simulator that allows for developing control methods to make the
most of the capacity of the crushers. The modeling for this control design is related to the
dependence between the input and output of a crusher. On the other hand, Asbjörnsson et al.
[1] created a wear function for an existing model that is related to the size of the particle, with
the purpose of obtaining the transitory consequences of wear of a crusher. Here the modeling is
carried out according to the function of Swebrec and the Correlation model is implemented in
a simulation software with simulated events. According to Gang et al. [5] the geometry of the
chamber of a crusher is a key factor for its performance, since its design integrates the quality
of the product, as well as the crushing efficiency. Then, a population balance model is made
combining the empirical model to predict the shape of the particle with the size distribution
model, having a size reduction model and a scale prediction model as restrictions.

3.2. The use of OR in grinding processes

In the milling circuit, Mendez et al. [11] and [12] propose a linear model from a classification of
the mill allowing for the rapid increase in the buoyancy index, where the particles are defined
by size and chemical composition, introducing a parameter that represents a class of particles
that delivers material to another one. Regarding the particle size distribution of industrial
discharges from ball mills, Gharehgheshlagh et al. [6] propose a perfect mixing model for the
investigation of their level of precision and thus simulate the particle size distribution.

3.3. The use of the OR in the flotation process

In the flotation process there is uncertainty in the design of the circuit, which is why Jamett et
al., [10] analyze the effect of stochastic uncertainty in circuit design and analyze various strate-
gies to improve the flotation circuit using variables such as the price of copper and the ore grade,
resulting in the problem of nonlinear optimization with two-stage mixed stochastic integers (TS
- MINLP). The first stage refers to the design and the second, to the operational stage. On the
other hand, Montenegro et al. [13] propose a methodology to analyze and/or design processes
in which it is necessary to have several stages to achieve the separation objectives and where
it is not possible to define the operating conditions with exactitude. Another method for the
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design of flotation circuits is presented by Cisternas et al. [3] based on a mixed-integer linear
programming model (MILP), using the development of two superstructures hierarchized by the
procedure and the tasks to be developed and then modeling said superstructures in order to
maximize the benefits. Subsequently, Cisternas et al. [4] propose the optimal selection of the
circuit through an objective function where the values of the structural and operative variables
can be determined.

The separation of minerals by foam that are carried out in the flotation circuit is done
through modeling and experience, so Hu et al., [8] expose an optimization methodology using
a genetic algorithm with the modeling of pulp and foam in each flotation cell to determine the
optimal design. The separation efficiency and the selectivity index are important for flotation,
which is why Salmani Nuri et al. [17] propose an optimization of both factors (separation
efficiency and selectivity index), through the artificial hybrid neural network (ANN) and a
genetic algorithm (GA), selecting as input variables the dose of the reagent, pH, feed rate,
among others, that must be optimized to achieve the desired values, using the MLP structure
for ANN modeling. On the other hand, Pirouzan et al. [16] pose a problem of optimization of
the configuration of the flotation circuit using metallurgical parameters such as the yield and
the content of the mineral in addition to the genetic algorithm. According to Nakhaei et al. [15]
flotation is a multivariate process, so its optimization guarantees the metallurgical performance
of the process through the ore grade and recovery of the concentrate.

Due to the dynamics of the flotation circuits Bouchard et al. [2] present a framework for
the simulation of these circuits, emphasizing water, solid and gas flows and the effect they
have on the level of the pulp and the outflow rates. This is done aiming to use a dynamic
simulator in a non-linear control strategy that is based on models to maintain critical process
variables. Currently, there are new economic and environmental challenges, where Gruzdeva
et al. [7] emphasize thatthey propose a deterministic framework of bio-objective mathematical
programming, combined with experimental design and regression analysis, in order to optimize
the performance of the flotation and determine the optimum conditions of operation satisfying
the needs of the process, maximizing the degree of concentration and recovery. Although the
study of the sulfide mining processes is very time consuming, only five publications cover more
than one process, either crushing and grinding or milling and flotation, or covering the three
processes (crushing, grinding and flotation). The drying process is not contemplated in the
bibliographic analysis, as it has not yielded results, but it does mention the process carried out
in this stage, where copper concentrate with a permitted humidity of 12 to 14% is obtained.
On the other hand, the vast majority of publications refer to improving the flotation process,
35 studies of which are found, while the rest of the publications are related to the crushing and
/ or grinding process.

Taking into account that the studies have objectives which may be economic, social or
technological, among others, the vast majority of publications aim to improve the process
with respect to the economic and technological axis. Regarding the economic objective, there
are 7 publications, while the technological axis has an impact of 40% of the total of studies.
Publications that contemplate two axes make up 35% of a total of 52 publications. Therefore,
with this information the vast majority of the research seeks to improve some process (crushing,
grinding or flotation) in the technological field related to the production of copper concentrate
to increase the copper law and in turn increase the recovery of the concentrate coppermade.

4. Mix of minerals

The problem studied in this work is to improve the productivity of the copper concentrate
production process. Specifically, it seeks to improve the way in which the company decides to
process the different lots of ore and this is improving the selection of minerals. The lots come
from small producers of copper ore in the form of rocks and are stored after obtaining samples to
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study the ore grade of each of them. Subsequently, the company processes the batches by order
of arrival. In an initiative of the company to improve productivity, the process and production
obtained was studied and it was concluded that it may be improved by using other ways of
deciding which lots to process, for example mixing lots from different mines in the same litter.

It is evident that at the end of a long period of time all the minerals from different copper
mines must be processed, but the way in which the lots are combined affects improving the value
of the variables that are considered critical in the process. These variables are the law of final
copper concentrate and metallurgical recovery. The law of final copper concentrate depends
on the copper law upon entry and metallurgical recovery. The production process consists of
three stages: crushing, grinding and flotation. Only the flotation process has the possibility of
improving productivity through the control of process parameters such as the amount of foam,
the amount of reagents, the amount of air consumed and other parameters. These parameters
affect metallurgical recovery and are the only variable that is ”managed” during the process, in
order to maximize recovery. Minerals can only yield the amount of copper they carry and this
amount is given by the ore grade on entry. Therefore it is key to be able to control the mixture
of input minerals. For this reason, Model 1 is proposed, which maximizes copper recovery.

Model 1: Maximizing copper recovery

max

n∑
i=1

Rixi

Copper concentrate grade constraint∑n
i=1 Lixi∑n
i=1 xi

≥ α. (1)

Batch mineral availability

xi ≤ di, i = 1, . . . , n. (2)

Mineral processing capacity of the plant in a day:

n∑
i=1

xi ≤ Cap. (3)

Restrictions of non-negativity

xi ≥, i = 1, . . . , n. (4)

Parameters:

Li : concentrate grade of the batch i,

Ri : metallurgical recovery of the batch i,

α : minimum concentrate grade of the final production,

Cap : capacity of the plant in a day,

di : availability of the batch i.

Decision variables:

xi : quantity of batch i to produce.
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lot Available Copper % Recovery % lot Available Copper % Recovery %
1 715 0.97 85.0 12 703 1.11 79.8
2 713 0.97 81.0 13 719 1.10 86.0
3 712 1.01 84.6 14 709 0.95 73.5
4 711 0.97 83.1 15 697 1.06 72.4
5 707 0.97 83.9 16 622 1.33 85.7
6 724 0.98 88.1 17 703 1.06 72.6
7 722 1.05 85.3 18 705 1.01 77.9
8 707 1.14 80.5 19 684 0.98 81.3
9 712 1.13 80.4 20 697 0.89 78.2
10 705 1.13 83.7 21 704 0.91 86.2
11 495 1.05 78.9 Total 14568

Table 1: Characteristics of copper law and metallurgical recovery of different minerals for one
day, from 21 different mining suppliers

The following table shows mineral availability data for the different lots with different ore
grades and metallurgical recovery. The law is known from the study of the mineral at the
purchase and the recovery is known from the characteristics of the mine from which the ore
comes.

First, we solve model 1 with the data of Table 1, but without considering restriction (1).
The results are recovery R = 83.83 and concentrate grade α = 26.883.
Copper concentrate grade constraint∑n

i=1 Lixi∑n
i=1 xi

≥ αk, αk = α+ k · step; k = 1, . . . , 6, step = 0.125.

k Recovery Concentrate grade
0 83.83 26.883
1 83.76 27.008
2 83.54 27.133
3 83.28 27.258
4 82.52 27.383
5 81.77 27.508
6 80.62 27.633

Table 2: Results of Model 1

Figure 2 shows the recovery values for different values of copper grade, which are modified
in 0.125% intervals in each section. The recovery value decreases, which reflects the thesis
that both variables are opposed. The idea of the model is to represent the way of managing
the current production process, which consists of maximizing the metallurgical recovery given a
level of copper grade of the mineral. These points were obtained by solving several optimization
models, and represent the Pareto possibilities frontier, that is, the different combinations of
recovery points and copper law that deliver the optimum of both variables. It was found that
the company does not operate regularly on this border, losing optimality, which results in the
loss of tons of fine copper. For example, point A corresponds to any production shift with copper
grade values of 27.20% and metallurgical recovery of 82.0%. It is observed that this point is far
from the efficient border, because for a given value of copper grade it can be improved up to
point B, with a metallurgical recovery of 83.25, increasing the total fine copper tons. By way
of contrast we tested the model that could be considered opposite to Model 1, called Model 2.
That is, to maximize the copper grade subject to a given value of metallurgical recovery and
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Figure 2: Max concentrate grade vs metallurgical recovery Model 1

also complying with the mineral availability restriction of each lot and a restriction of daily
plant capacity.

Model 2: Maximizing the copper concentrate grade

max

n∑
i=1

Lixi.

Metallurgical recovery ∑n
i=1Rxi∑n
i=1 xi

≥ R. (5)

Batch mineral availability
xi ≤ di, i1, . . . , n. (6)

Mineral processing capacity of the plant in a day

n∑
i=1

xi ≤ Cap . (7)

Restrictions of non-negativity
xi ≥ 0 i = 1, . . . , n. (8)

Parameters:

R : minimum recovery,

Rk : metallurgical recovery in iteration k.

Metallurgical recovery∑n
i=1Rxi∑n
i=1 xi

≥ Rk, Rk = R+ k · step; k = 1, . . . , 7, step = 0.5; R = 80.62.

Model 2 shows the same inverse relationship between copper law and recovery as Model 1
and a similar Pareto type border, which confirms the inverse relationship already explained.
Finally, a model that maximizes the product of the final copper law by metallurgical recovery
is proposed, which multiplied by the amount of processed ore delivers the tons of fine copper
obtained. This will be named Model 3.
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Concentrate
grade

Recovery

27.633 80.62
27.590 81.12
27.528 81.62
27.448 82.12
27.368 82.62
27.285 83.12
27.090 83.62

Table 3: Results of Model 2

Figure 3: Max concentrate grade vs metallurgical recovery Model 2

Model 3: Maximizing the final tons

maxTons =

n∑
i=1

RiLixi.

Metallurgical recovery ∑n
i=1Rxi∑n
i=1 xi

≥ Rk. (9)

Batch mineral availability
xi ≤ di, i = 1, . . . , n.

Mineral processing capacity of the plant in a day:

n∑
i=1

xi ≤ Cap.

Restrictions of non-negativity
xi ≥ 0, i = 1, . . . , n.

Solving this problem

Rk = R+ k · step, k = 1, . . . , 7, step = 0.5; R = 80.62.
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Concentrate grade Recovery Ton copper
27.633 80.62 89.10
27.590 81.12 89.52
27.528 81.62 89.87
27.448 82.12 90.15
27.368 82.62 90.44
27.285 83.12 90.71
27.090 83.62 90.61

Table 4: Results of Model 3

Figure 4: Max concentrate grade vs metallurgical recovery Model 3

Finally, the model that will be used in the process will be Model 3 with restrictions (2) and (3).
This expression results in the maximization of the tons of copper at the end of the process. To
this model of mineral mixture, economic variables and restrictions will be added. That is to say,
revenues and costs, in order to represent the economic decision for the company, incorporating
all the other concepts, such operational expenses, maintenance costs, cost of electrical energy,
costs of the processes of crushing, grinding, flotation and drying, inventory costs in the different
stages of the process will be added. It also incorporates the capacities of the processes that
are a limitation to the desirable production quotas. This process and its variables are shown in
Figure 5.

Model 4: Integral model considering inventory and sales price of the grade concentrate Sub-
script

• Daily shifts for the sulphide process, t = 1, 2, . . . , T

• Batch of mineral, j = 1, 2, . . . , J

Decision variables
For t = 1, . . . , T and for j = 1, 2, . . . , J :

xCjt = Flow of tons of ore obtained in the crushing process of lot j at time t.

xCI
jt = Flow of tons of ore obtained in the crushing process that passes to inventory of lot
j at time t.

xCM
jt = Flow of tons of ore that enters the grinding process from the crushing process of

lot j at time t.
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Figure 5: Diagram of the process with its material flows and variable names

xIMjt = Flow of tons of ore that enters the grinding process from the inventory of lot j at
time t.

xMjt = Flow of tons of ore obtained in the milling process of lot j at time t.

xMI
jt = Flow of tons of ore obtained in the grinding process that passes to inventory of

lot j at time t.

xMF
jt = Flow of tons of ore entering the flotation process from the milling process of lot
j at time t.

xIFjt = Flow of tons of ore that enter the flotation process from inventory of lot j at time
t.

xFjt = Flow of tons of ore obtained in the flotation process of lot j at time t.

Zjt =Flow of tons of ore obtained in the drying process of lot j at time t.

ICjt =Inventory by tons of ore obtained in the crushing process of lot j at time t.

IMjt = Inventory for tons of ore obtained in the milling process of lot j at time t.

Parameters
For t = 1, . . . , T and for j = 1, 2, . . . , J :

Pjt : price of a ton of copper concentrate on day j on shift t.

CC
j : cost of the crushing process that depends on the ore (per ton) of day j.

CM
j : cost of the milling process that depends on the mineral (per ton) of the day j.

CF
j : cost of the flotation process that depends on the mineral (per ton) of day j.

CS
j : cost of the drying process that depends on the mineral (per ton) of day j.

CIC : unit inventory cost per ton after the crushing process.

CIM : unit inventory cost per ton after the grinding process.
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Ej : energy cost of mining sulfide processes.

M j : maintenance cost of mining sulfide processes.

CAP jt : processing capacity of incoming minerals (in tons) to the crushing process on
day j, in turn t.

CAPmjt : processing capacity of incoming minerals (in tons) to the grinding process on
day j, on shift t.

CAPf jt : processing capacity of incoming minerals (in tons) to the flotation process on
day j, in turn t.

β : humidity rate of the drying process.

dispchjt : availability of incoming minerals (in tons) to the crushing process on day j, in
turn t.

dispcmjt : availability of incoming minerals (in tons) to the grinding process on day j, on
shift t.

dispmfjt : availability of incoming minerals (in tons) to the flotation process on day j,
on shift t.

Constraints
xCjt ≤ CAPjt (10)

T∑
t=1

xCjt ≤
T∑

t=1

CAPjt, ∀j (11)

T∑
t=1

xCM
jt +

T∑
t=1

xIMjt ≤
T∑

t=1

CAPmjt, ∀j (12)

T∑
t=1

xMF
jt +

T∑
t=1

xIFjt ≤
T∑

t=1

CAPfjt, ∀j (13)

xCjt ≤ dispchjt (14)

xCM
jt ≤ dispcmjt (15)

xMF
jt ≤ dispmfjt (16)

xIMjt ≤ ICj,t−1 (17)

xIFjt ≤ IMj,t−1 (18)

Constraints (10) to (18) correspond to capacity restrictions of the flow variables. The law of
conservation of mass is applied to the constraints that follow, analyzing the physical systems.
Constraints (19) and (20) equalize the amounts entered into the drying process with the quan-
tities withdrawn from the same process by applying the loss factor by evaporation of moisture
alpha at the aggregate and individual level, respectively. Restrictions (21) and (22) correspond
to typical inventory conservation restrictions for the crushing and milling process respectively.
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Restrictions (23), (24), (25) and (26) correspond to the equations of flow inflows to the crushing,
milling, flotation and drying processes, respectively.

T∑
t=1

Zjt = β ·
T∑

t=1

xFjt ∀j (19)

Zjt = β · xjt (20)

ICjt = xCI
j,t − xIMj,t + ICj,t−1 (21)

IMjt = xMI
j,t − xIFj,t + IMj,t−1 (22)

xCjt = xCM
j,t + xCI

j,t (23)

xMjt = xMF
j,t + xMI

j,t (24)

xMjt = xCM
j,t + xIMj,t (25)

xFjt = xMF
j,t + xIFj,t (26)

Objective function

maxB =

T∑
t=1

J∑
j=1

(
T∑

t=1

J∑
j=1

Pjt · Zjt − Cost

)
(27)

Cost =

T∑
t=1

J∑
j=1

(
T∑

t=1

(
CC

t + Et +Mt

)
xCjtLjRj +

T∑
t=1

(
CM

t + Et +Mt

)
xMjt

+

T∑
t=1

(
CF

t + Et +Mt

)
xFjt +

T∑
t=1

(
CS

t + Et +Mt

)
Zjt + CIC · ICjt + CIM · IMjt

)
(28)

The cost function is given by six terms. The first corresponds to the cost of crushing, the
second, to the cost of grinding, the third, to the cost of flotation and the fourth, to the cost of
drying. The fifth term corresponds to the cost of inventory after crushing and the sixth, to the
cost of inventory after flotation. The results obtained using Model 4 are shown in Table 5.

Inst. Days #variables #constraints
Optimal solution

(Profit USD)
Income (USD) Costs (USD)

1 10 360 430 700575 918958 218383
2 20 860 860 1342572 1761014 418442
3 40 1720 1720 2639313 3461898 822585
4 60 2580 2580 3970266 5207721 1237455
5 70 3010 3010 4608494 6044835 1436341
6 90 3870 3870 6011311 7884958 1873647

X 48 1740 2078 3212089 4213231 1001142

Table 5: Results obtained



Improving the productivity of the copper mining process in the Chilean copper industry 239

Six instances corresponding to different time periods were solved, as shown in Table 5.
Comparing the method of administration using the mineral mixture model, with the previous
method, called “random solution”, there are savings of the order of 66.457 dollars per day,
which in an annual projection delivers a total saving of around 25 million dollars.

5. Conclusions

The productivity of the flotation process to produce copper concentrate was studied and the
managers were convinced to use a mix of minerals to obtain more tons of fine copper at the
end of the process. In addition, the relationship between the metallurgical recovery and the
copper law of the final concentrate was studied, finding an inverse relationship, which shows
that when a combination of minerals that maximizes metallurgical recovery is chosen, this
mixture of minerals minimizes the obtained copper grade. The dilemma raised is to choose a
mixture of minerals that maximizes the amount of final copper obtained. It was found that
this term corresponds to the product of the copper law of the incoming ore multiplied by the
metallurgical recovery, which enabled building an objective function. Additionally, the mineral
mixture model was developed adding economic variables of income and costs, which produces
a total saving of around 25 million dollars per year.
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Abstract. This paper is concerned with the statistical modeling of the latent dependence and co-
movement structures of multivariate financial data using a new approach based on mixed factorial hid-
den Markov models, and their applications in Value-at-Risk (VaR) valuation. This approach combines
hidden Markov Models (HMM) with mixed latent factor models. The HMM generates a piece-wise con-
stant state evolution process and the observations are produced from the state vectors by a mixture of
factor analyzers observation process. This new switching specification provides an alternative, compact,
model to handle intra-frame correlation and unobserved heterogeneity in financial data. For maximum
likelihood estimation we have proposed an iterative approach based on the Expectation-Maximisation
(EM) algorithm. Using a set of historical data, from the Tunisian foreign exchange market, the model
parameters are estimated. Then, the fitted model combined with a modified Monte-Carlo simulation
algorithm was used to predict the VaR of the Tunisian public debt portfolio. Through a backtesting
procedure, we found that this new specification exhibits a good fit to the data, improves the accuracy
of VaR predictions and can avoid serious violations when a financial crisis occurs.
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1. Introduction

The Value-at-Risk (VaR) is one of the main risk indicators for management of financial portfolios
(see [5]). It is defined as the money-loss in a portfolio that is expected to occur over a pre-
determined horizon and with a pre-determined degree of confidence. More precisely, it is the
threshold above which a loss over a chosen time horizon occurs with at most a given level of
confidence.

Calculation of portfolio VaR is often based on some assumptions, such as returns follow a
conditional normal distribution and a diffusion process. Vast academic literatures indicate that
the unconditional return distribution of financial assets is non-normal and tends to have fat
tails and high peaks. Besides, the returns are often characterized by a number of stylized facts,
and the risk profile of an asset does not remain constant overtime. A variety of systematic and
unsystematic events may change financial risk of the asset significantly. In particular, when
financial markets are subjected to a major regime shift, many volatilities and correlations can
be expected to shift as well, perhaps substantially. These shifts in risk are not predictable;
they should be regarded as random events. Also, the effect of these shifts should be taken

∗Corresponding author.

http://www.hdoi.hr/crorr-journal c©2019 Croatian Operational Research Society



242 Mohamed Saidane

into account by risk managers in the assessment of market risk and capital allocation and by
regulators in the definition of capital requirements.

The purpose of this paper is to resolve the puzzle by considering a new multivariate regime
switching approach for portfolio VaR estimation. This approach combines hidden Markov
Models (HMM) with mixed latent factor models, MFA (see [8]). Thus, a natural generalization
of the standard MFA to a multi-state model is achieved by allowing for model transitions that
are governed by a hidden Markov chain on a set of possible models that describe the different
states of volatility.

This paper is organized as follows. In the next section, the proposed model is presented,
followed by a description of a maximum likelihood estimation procedure, based on the EM algo-
rithm. Section 3 develops a modified Monte-Carlo simulation algorithm for calculating portfolio
VaR within a mixed factorial HMM framework, which constitutes the major contribution of
this paper. To see the advantage of this method, we compare in section 4 our results with VaR
results obtained from other benchmark methods. In this work the assessment of the exchange
rate risk, associated with the Tunisian public debt portfolio, through the VaR methodology is
considered as the basis for an application to our model. Section 5 concludes this article.

2. The mixed factorial hidden Markov model

It is well known that the return series of different assets are correlated with each other, i.e. the
assets follow common influences on their returns. This can be used to reduce the number of
parameters to be estimated. In the financial literature, various forms of factor models such as
the CAPM and the APT are often used. In general, factor models postulate that the return of
an asset is composed as the sum of an expected and an unexpected part. The unexpected part
of the return is assumed to consist of a systematic portion which cannot be diversified and an
unsystematic portion which is specific to the single asset.

Financial theory states that there are common influences such as macroeconomic data which
drive the returns of different assets. These are known factors. The systematic unexpected part
of the return is assumed to follow a factor structure. Furthermore, financial theory also states
that the assumption of normal probability distribution belongs to the biggest imperfections of
estimating VaR. In point of fact, the returns of financial time series are rather distributed lep-
tokurtic than normally. Moreover, the empirical distributions are often skewed. In these cases,
the assumption of normal distribution results in over/or underestimation of VaR especially
when the quantiles are very high/low. Therefore it is necessary to put emphasis on respecting
the leptokurtic and skewed return distribution. To take into account all these assumptions and
the possibility of regime switching in stock market returns, we propose a model that combines:

1. an HMM structure in order to take into account different states of the world that can
affect the evolution of the time series, and

2. a mixture of probabilistic factor analyzers with constant regime parameters to take into
account the unobserved heterogeneity and the assumptions of leptokurtic and skewed
return distributions.

The use of this new specification solves various problems related to the changes of the
internal and unobservable structure of financial data. These are problems of the type:

(i) Can we distinguish different heterogeneous regimes in stock market returns?

(ii) How do the regimes differ?

(iii) How frequent are regime switches and when do they occur?
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(iv) What is the impact of a particular regime on the common and specific variances?

(v) Are regime switches predictable?

2.1. Basic model and factor structure

Our proposed model is a dynamic state space generalization of a multiple component factor
analysis system. The k -dimensional state vectors are generated by a standard diagonal co-
variance Gaussian mixture HMM. The q-dimensional observation vectors are generated by a
multiple noise component factor analysis observation process. A generative model for our mixed
factorial HMM can be described as follows:

yt = Astft + εst (1)

where ∀ t = 1, ..., T and ∀ i, j = 1, ...,m

St ∼ P (St = j|St−1 = i) (2)

is an homogenous hidden Markov chain indicating the state or the regime at the date t. The
common latent factor vector is given by

ft = wst (3)

where

wj ∼
∑
n

c
(f)
jn N

(
θ
(f)
jn ,Σ

(f)
jn

)
(4)

and the vector of specific factors is as follow

εj ∼
∑
m

c
(y)
jmN

(
θ
(y)
jm ,Σ

(y)
jm

)
(5)

The HMM state transition probabilities from state i to state j are represented by pij and the

state and observation space mixture distributions are described by the mixture weights c
(f)
jn ,

c
(y)
jm; the mean vectors θ

(f)
jn , θ

(y)
jm and the diagonal variance-covariance matrices Σ

(f)
jn and Σ

(y)
jm.

2.2. Likelihood Calculation

An important aspect of any generative model is the complexity of the likelihood calculations.
The generative model in equations (1-5) can be expressed by the following two Gaussian dis-
tributions

p(ft|St = j, w
(f)
t = n) = N

(
θ
(f)
jn ,Σ

(f)
jn

)
(6)

p(yt|ft, St = j, w
(y)
t = m) = N

(
Ajft + θ

(y)
jm,Σ

(y)
jm

)
(7)

The likelihood of an observation yt given the state St = j, state space component w
(f)
t = n and

observation noise component w
(y)
t = m can be obtained by integrating the state vector ft out

of the product of the above Gaussians. The resulting likelihood is also a Gaussian and can be
written as
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bjmn(yt) = p(yt|St = j, w
(y)
t = m,w

(f)
t = n) = N (θjmn,Σjmn) (8)

where

θjmn = Ajθ
(f)
jn + θ

(y)
jm (9)

and

Σjmn = AjΣ
(f)
jn A

′
j + Σ

(y)
jm (10)

Hence, the conditional observation density of state j factorial HMM can be viewed as an
M (y)M (f) component full covariance matrix GMM with mean vectors given by equation 9 and
covariance matrices given by equation 10.

2.3. Parameter Optimization

The maximum likelihood criterion may be used to optimize the parameters of the mixed factorial
HMM. In common with standard HMM training described in [11] the EM algorithm is used.‡

The auxiliary function for our proposed model can be written as

Q(Θ,Θ[e]) =
∑
∀S

∫
p(S|Y,Θ[e])p(F|Y, S,Θ[e]) log p(Y,F , S|Θ)dF (11)

where all the possible discrete state and continuous state sequences of length T are included
in the sum and the integral. A sequence of observation vectors is denoted by Y = {y1, ..., yT },
S = {S1, ..., ST } is a sequence of the HMM states, and F = {f1, ..., fT } is a sequence of latent
factors. The set of current model parameters is represented by Θ[e].

Sufficient statistics for the first term, p(S|Y,Θ[e]), in the auxiliary function in equation
11 can be obtained using the standard forward-backward algorithm described in [11] with
likelihoods given by equation 10. For the state transition probability optimization, two sets of
sufficient statistics are needed, the posterior probabilities of being in state j at time t, γj(t) =
p(St = j|Y,Θ[e]), and being in state i at time t− 1 and in state j at time t, ξij(t) = p(St−1 =
i, St = j|Y,Θ[e]). For the state conditional observation density parameter optimization, the

component posteriors, γjmn(t) = p(St = j, w
(y)
t = m,w

(f)
t = n|Y,Θ[e]), have to be estimated.

These can be obtained within the forward-backward algorithm as follows:

γjmn(t) =
1

p(Y|Θ[e])

Ns∑
i=1

pijαi(t− 1)c
(y)
jmc

(f)
jn bjmn(yt)βj(t) (12)

where Ns is the number of HMM states in the model, αi(t − 1) is the standard forward and
βj(t) is the standard backward variable defined for HMMs in [11].

The second term, p(F|Y, S,Θ[e]), in the auxiliary function in equation 11 is the distribution
of the vector of latent factors given the observation sequence and the HMM state sequence.
Only the first and second-order statistics are required since the distributions are conditionally
Gaussian given the state and the mixture components. Using the conditional independence
assumptions made in the model, the posterior can be expressed as

p(ft|yt, St = j, w
(y)
t = m,w

(f)
t = n) =

p(yt, ft|St = j, w
(y)
t = m,w

(f)
t = n)

p(yt|St = j, w
(y)
t = m,w

(f)
t = n)

(13)

‡For further details about the EM algorithm, see [2] or [7].
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which using equations 6, 7 and 8 simplifies to a Gaussian distribution with mean vector, f̂jmnt,

and correlation matrix, R̂jmnt, defined by

f̂jmnt = θ
(f)
jn +Kjmn

(
yt −Ajθ

(f)
jn − θ

(y)
jm

)
(14)

R̂jmnt = Σ
(f)
jn −KjmnAjΣ

(f)
jn + f̂jmntf̂

′
jmnt (15)

where Kjmn = Σ
(f)
jn A

′
j

(
AjΣ

(f)
jn A

′
j + Σ

(y)
jm

)−1
. Given the two sets of sufficient statistics above,

the model parameters can be optimized by solving a standard maximization problem. The
parameter update formulae for the underlying HMM parameters in mixed factorial HMMs are
very similar to those for the standard HMM (see [10]) except the above state vector distribution
statistics replace the observation sample moments. Omitting the state transition probabilities,
the state space parameter update formulae can be written as

ĉ
(f)
jn =

T∑
t=1

M(y)∑
m=1

γjmn(t)

T∑
t=1

γj(t)

(16)

θ̂
(f)
jn =

T∑
t=1

M(y)∑
m=1

γjmn(t)f̂jmnt

T∑
t=1

M(y)∑
m=1

γjmn(t)

(17)

Σ̂
(f)
jn = diag


T∑

t=1

M(y)∑
m=1

γjmn(t)R̂jmnt

T∑
t=1

M(y)∑
m=1

γjmn(t)

− θ̂(f)jn θ̂
(f)′
jn

 (18)

where diag(.) sets all the off-diagonal elements of the matrix argument to zeros. The cross
terms including the new state space mean vectors and the first-order accumulates have been
simplified in equation 18. This can only be done if the mean vectors are updated during the
same iteration, and the covariance matrices and the mean vectors are tied on the same level.

The new observation matrix, Âj , has to be optimized row by row as in [4]. The l -th row
vector âjl of the new observation matrix can be written as

âjl = k′jlG
−1
jl (19)

where the k by k matrix Gjl and the k -dimensional column vector kjl are defined as follows

Gjl =

M(y)∑
m=1

1

σ
(y)2
jml

T∑
t=1

M(f)∑
n=1

γjmn(t)R̂jmnt (20)

kjl =

M(y)∑
m=1

1

σ
(y)2
jml

T∑
t=1

M(f)∑
n=1

γjmn(t)
(
ytl − θ(y)jml

)
f̂jmnt (21)

where σ
(y)2
jml is the l -th diagonal element of the observation covariance matrix Σ

(y)
jm, ytl and

θ
(y)
jml are the l -th elements of the current observation and the observation noise mean vectors,

respectively.
Given the new observation matrix, the observation noise parameters can be optimized using

the following formulae
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ĉ
(y)
jm =

T∑
t=1

M(f)∑
n=1

γjmn(t)

T∑
t=1

γj(t)

(22)

θ̂
(y)
jm =

T∑
t=1

M(f)∑
n=1

γjmn(t)
(
yt − Âj f̂jmnt

)
T∑

t=1

M(f)∑
n=1

γjmn(t)

(23)

Σ̂
(y)
jm =

T∑
t=1

M(f)∑
n=1

γjmn(t)diag
{
yty
′
t −∆jmnt −∆′jmnt + Ωjmnt

}
T∑

t=1

M(f)∑
n=1

γjmn(t)

(24)

where

∆jmnt =
[
Âj θ̂

(y)
jm

] [
f̂jmnty

′
t

y′t

]
and

Ωjmnt =
[
Âj θ̂

(y)
jm

] [ R̂jmnt f̂jmnt

f̂ ′jmnt 1

][
Â′j
θ̂
(y)′
jm

]

3. Value-at-Risk Computation

To estimate the mixed factorial HMM VaR, we will use a Monte-Carlo simulation approach.
This method is an accurate way to calculate the VaR measurement for all financial instruments
linear and nonlinear. Monte-Carlo estimates the VaR by simulating random scenarios based on
the predicted hidden states obtained from the mixed factorial HMM.

3.1. Making Predictions with mixed factorial HMM

In this paper, the prediction process is carried out together with the training at the same time.
In other words, at the end of each trading day, when the market return of that day is known to
the public, we include it in the training system to absorb the most updated information. This
is exactly what human analysts and professional traders do. The mixed factorial HMM is then
trained again with the newest time series and the parameters are updated.

When the training is done and parameters of the mixed factorial HMM are updated, the
optimal forecast of the next state St+1 (based on the information set available at time t), can
be obtained as follows:

Ŝt+1|t = arg max
j

p(St+1 = j|Y1:t; Θ) , 1 ≤ t ≤ n− 1

where
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p(St+1 = j|Y1:t; Θ) =

m∑
i=1

P (St+1 = j, St = i|Y1:t)

=

m∑
i=1

p(Y1:t, St = i)p(St+1 = j|St = i)

p(Y1:t)
=

m∑
i=1

αt(i)pij

m∑
i=1

αt(i)

In this paper, we use the hard competition. In hard competition, it is believed that only one
model is responsible for describing the observation at time t + 1. This is done by considering
only the model j with the highest predicted probability p(St+1 = j|Y1:t; Θ).

3.2. Monte-Carlo simulations

We now come to the core part of the problem: how to compute the VaR of a portfolio using
Monte Carlo simulation. The return of the portfolio at present time t will be denoted by Rp

t .
Let us assume that Rp

t depends on q risk factors (foreign exchange rates in our case), then a
Monte Carlo computation of the VaR would consist of the following steps:

1. Choose the confidence level 1− α to which the VaR refers.

2. Simulate the evolution of the mixed common latent risk factors ft from time t to time
t+1 by generating n-tuples of pseudo random numbers with appropriate joint distribution
that describe the behavior of the common risk factors in the optimal futur hidden state
Ŝt+1|t.

(a) Generate f̃t from the multivariate normal distribution N (0, Ik).

(b) Generate a random number U from the uniform distribution U(0, 1).

(c) Return

fst =

M(f)∑
n=1

(
µ̂
(f)
jn + Σ̂

∗(f)
jn · f̃t

)
I{n−1∑

l=1

ĉfjl≤U<
n∑

l=1

ĉfjl

}

where
0∑

l=1

ĉfjl = 0. I is the indicator function and Σ̂
∗(f)
jn a lower triangular matrix

obtained from the Cholesky decomposition of Σ̂
(f)
jn .

3. Simulate the evolution of the mixed specific risk factors εt from time t to time t + 1 by
generating n-tuples of pseudo random numbers with appropriate joint distribution that
describe the behavior of the specific risk factors in the optimal future hidden state Ŝt+1|t.

(a) Generate ε̃t from the multivariate normal distribution N (0, Iq).

(b) Generate another random number V from the uniform distribution U(0, 1).

(c) Return

εst =

M(y)∑
m=1

(
µ̂
(y)
jm + Σ̂

∗(y)
jm · ε̃t

)
I{m−1∑

o=1
ĉyjo≤V <

m∑
o=1

ĉyjo

}
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where
0∑

l=1

ĉyjl = 0 and Σ̂
∗(y)
jm is a lower triangular matrix obtained from the Cholesky

decomposition of Σ̂
(y)
jm.

Note that the number Ms of these n-tuples is a critical variable when using this procedure.
Obviously, the larger Ms is, the more accurate the VaR will be. However, the simulation
can be time-consuming, especially when conducted in a recursive or rolling forecasting
scheme (see [1]). Fantazzini (2008) suggests a choice of 100.000 simulations, while Bas-
tianin (2009) suggests only 5.000 and Lu et al., (2014) uses 10.000. For the accuracy of
VaR, We use 25.000 simulations, which represents a good compromise between accuracy
and efficiency.

4. Compute the portfolio returns, Rp
t+1,1, R

p
t+1,2, ..., R

p
t+1,Ms

, using the simulated vectors of
the common latent and specific risk factors at time t+ 1:

Rp
t+1,s = δ1y

s
1t+1 + δ2y

s
2t+1 + ...+ δqy

s
qt+1

where δ1, δ2, ..., δq are the weights of the q assets of our portfolio, whose returns are
simulated thanks to the following model:

yst+1 = Ajf
s
t + εst

5. Ignore the fraction of the α worst returns Rp
t+1,s. The minimum of the remaining returns

is the VaR of our portfolio, V aR(α, t, t+ 1).

As soon as the time evolves from t to t+ 1, we can backtest V aR(α, t, t+ 1) by comparing
it with the effective portfolio return at time t+ 1, Rp

t+1.

4. Numerical example

In this section, we report on an analysis of the correlation structure of three representative
Tunisian foreign exchange rates using our new mixed factorial HMM. Second, we calculate
risk measures of the portfolio from the well-fitted latent structure. Lastly, through the VaR
exceedance test based on the best fitted model and alternatives, we evaluate how well the
best-fitted model describes the dependence structure of the foreign exchange rate series.

4.1. Dataset description

All the competitor models presented in this work are applied to the Tunisian external public
debt portfolio composed by the main currencies, namely the American dollar, the European
euro, and the Japanese yen expressed in terms of the Tunisian dinar (TND/USD, TND/EUR
and TND/JPY). Our database contains 2250 daily exchange rates from January 08, 2011 to
December 30, 2018. This period is considered as a transitional stage from fixed to floating
exchange rate regime. This transition period has experienced a succession of severe crises and
was characterized by significant fluctuations and recurrent shocks in volatility, which peaked at
the end of September 2016.

Note here that our approach can be applied to model the switching latent dependence and
co-movement structures of the returns of any kind of risky financial assets, but in this work
we have especially chosen this dataset to test the ability of this new specification to accurately
reproduce observed patterns and to identify the major dimensions of change over the period
from 2011 to 2018, including the impact of the crisis and the changing of the foreign exchange
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rate regimes over time on the common and specific variances and the correlation structure of
the different series. The data were downloaded from the PACIFIC Exchange Rate Service§.
For evaluating our VaR-methodology and the other competing models, we transformed the
exchange rates into log-returns.

Using basic descriptive statistics, we tested the empirical skewness and kurtosis of the log-
returns against the values of normal distributions. We also performed the Shapiro-Wilk test of
normality. All the results are summarized in Table 1. There are also p-values of relevant test
in brackets.

Table 1: Basic descriptive statistics of the daily log-returns

Descriptive statistics USD/TND EUR/TND JPY/TND
Minimum -3.56% -1.93% -4.04%
Maximum 2.71% 2.04% 6.02%
Mean 0.0198% 0.0149% 0.0211%
Median 0.0071% 0.0159% 0.0090%
Standard deviation 0.51% 0.32% 0.78%
Skewness -0.2362 -0.0343 0.3341

(0.0000) (0.158) (0.0001)
Kurtosis 6.5780 5.3086 7.5014

(0.0000) (0.0000) (0.0000)
S-W test (0.0000) (0.158) (0.0001)

It follows from the results above that empirical distribution of the selected time series
are non-normal. All the log-returns are even skewed (JPY/TND positive, USD/TND and
EUR/TND negative); the kurtosis is in all cases higher than it corresponds to the normal
distribution.

The first panel of figure 1 shows the histograms of the daily log-return series. We also su-
perimpose, on each histogram, the normal density function using the same mean and the same
variance. The second panel of this figure shows the normal probability plots for the different
series, which displays departures from the Gaussian shape and can indicate their nature. From
this figure it appears clearly, that all the log-return series are not normally distributed during
this period. In particular, the normal probability plots show that the empirical probability
density functions at the tails of the distributions are heavier than those of the Gaussian distri-
bution: the left tail is above the straight line, and the right tail is below it. Therefore we can
conclude that it is really reasonable assuming a mixture of distributions in our application.

4.2. Identification of the best VaR model

Now, our objective is to identify the most appropriate forecasting methodology to predict the
VaR for the Tunisian public debt portfolio. In a first step, the latent correlation structure
is estimated from the proposed analytical form of the jointly multivariate distribution. To
compute the VaR, the data set was divided into two parts: the estimation period (In Sample)
which begins on 08/01/2011 until 05/01/2012, (250 observations) and the backtesting period
(Out-of-Sample), that begins on 06/01/2012 and ends on 30/12/2018 (2000 observations). To
estimate the VaR for a given confidence level, we used Monte Carlo simulations and the portfolio
weights: δ1 = 75% (for the EUR), δ2 = 15% (for the USD) and δ3 = 10% (for the JPY).

In a second step we back test the VaR, using the method of rolling sample, with the sig-
nificance levels 1%, 2%, 5% and 10%. In each backtesting step 25.000 trials were simulated
and VaR was calculated. In line with the backtesting procedure described in [9], the observed

§The university of British Columbia, Sauder School of Business http://fx.sauder.ubc.ca/.
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Figure 1: Histograms (the top panels) and the Normal probability plots (the bottom panels) of
the daily, log return series from 08-01-2011 to 30-12-2018.

numbers of exceptions were recorded and p-values of LRPoF , LRIND and LRCC tests were cal-
culated.¶ These computations were done in many ways assuming that the data are generated
from: a multivariate Gaussian distribution using the classical Monte-Carlo Method (CMC), a
mixture of multivariate Gaussian distributions (GMM), a mixture of factor analyzers model
(MFA), a mixed hidden Markov model (MHMM), and a mixed factorial hidden Markov model
(MFHMM).

All Backtesting results are presented in tables 2-6. In general, these results show that there
has been an appreciable improvement in the prediction of the VaR through the Monte Carlo
based-MFHMM and MFA models compared to the CMC, and the Monte Carlo based-GMM
and MHMM methodologies. As expected, the CMC methodology has the worst results on all
the period 2011-2018. Indeed, this approach presented poor results through underestimating
the VaR for the different risk levels 1%, 2%, 5% and 10%. The results of the conditional
coverage test for this method was, respectively, 8.5074, 8.8173, 9.3084 and 10.1899.

Table 2: Backtesting results of the CMC method.

Characteristics α = 10% α = 5% α = 2% α = 1% LRcritic

α∗ = 5%
Failure rate 13.22% 7.10% 3.41% 1.65%

First violation 9 9 13 13
LRPoF 7.391 8.073 9.224 10.121 3.841
LRIND 1.1164 0.7443 0.0844 0.0689 3.841
LRCC 8.5074 8.8173 9.3084 10.1899 5.991

From Figure 2, we can easily see that the predicted VaR obtained by the optimal mixed
factorial HMM is highly affected by the significant and recurrent shocks in volatility. Therefore,
we conclude that the poor results obtained by the CMC, GMM and MHMM methods are

¶LRPoF is the Proportion of Failure likelihood ratio; LRind is the likelihood ratio when the exceptions are
distributed equally in time, i.e. without any dependence (autocorrelation); and LRcc is the conditional coverage
joint likelihood ratio, including both conditional coverage and independence between exceptions.
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due to the abnormal fluctuations of the three currencies during this period. Accordingly, we
reject the credibility of these models because of their poor fit and their lack of reactivity. To
accurately capture risks in such portfolios, it is important for risk managers to incorporate
the co-movements and the interactions between the different heterogeneous risk factors. Such
correlation structure of the risk factors can be modeled using a mixture of linear factor models
with a Markov switching structure for the parameters. This permits reflecting two defining
features of the latent volatility: co-movement among financial returns and switching between
different unobservable regimes. Thus, as noted before, the Monte Carlo-MFHMM approach is
the most suitable to construct the joint multivariate loss distribution in this situation.
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Figure 2: Backtesting results of the Tunisian public debt portfolio, using the optimal mixed
factorial HMM (Ns = 2, Nmix = 3) for quantiles α = 1%, 2%, 5% and 10% and 25000 Monte
Carlo steps.

Table 3: Backtesting results of the GMM.

Model Characteristics α = 10% α = 5% α = 2% α = 1% LRcritic

α∗ = 5%
Failure rate 12.55% 6.25% 3.50% 1.55%

Nmix = 2 First violation 9 10 13 13
LRPoF 6.7508 8.1512 9.4058 9.5176 3.841
LRIND 1.2823 0.8549 0.0399 0.0941 3.841
LRCC 8.0331 9.0061 9.4457 9.6117 5.991

Failure rate 12.25% 6.10% 3.35% 1.40%
Nmix = 3 First violation 7 9 13 13

LRPoF 3.459 5.626 6.147 6.084 3.841
LRIND 1.0686 0.7124 0.0285 0.0672 3.841
LRCC 4.5276 6.3384 6.1755 6.1512 5.991

As mentioned earlier, the improvement in the results of the VaR estimates (for the different
confidence levels) are mainly due to the fact that our proposed method is more flexible, than the
other competing models, in capturing the heterogeneous volatility fluctuations and co-movement
between log-returns over time. The failure rates given in tables 2-6 and figure 2, show high
correlation between VaR violations and the volatility fluctuations during the Out-of-Sample
period.

We note here an improvement in the detection of the first violation. For the risk level
10%, the optimal MFHMM and MFA models (Nmix = 3, Ns = 2) detect a first violation on
the 8-th day compared to the CMC approach 9-th day, GMM 7-th day and MHMM 9-th day.
Furthermore, for the 1% and 2% risk levels the first violations occurred at the 18-th and 17-th
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Table 4: Backtesting results of the MFA.

Model Characteristics α = 10% α = 5% α = 2% α = 1% LRcritic

α∗ = 5%
Failure rate 11.88% 6.17% 3.16% 1.83%

Nmix = 1 First violation 11 13 17 17
LRPoF 4.4911 5.3930 6.2578 6.4078 3.841
LRIND 1.4456 0.9638 0.0011 0.0017 3.841
LRCC 5.9367 6.3568 6.2589 6.4095 5.991

Failure rate 11.11% 5.92% 2.74% 1.57%
Nmix = 2 First violation 9 12 17 17

LRPoF 2.4210 3.3368 4.4675 5.6425 3.841
LRIND 1.2391 0.8261 0.0042 0.0036 3.841
LRCC 3.6601 4.1629 4.4717 5.6461 5.991

Failure rate 10.15% 5.25% 2.15% 1.15%
Nmix = 3 First violation 8 12 17 17

LRPoF 1.3508 1.8807 2.0482 3.1732 3.841
LRIND 1.0326 0.6884 0.0000 0.0000 3.841
LRCC 2.3834 2.5691 2.0482 3.1732 5.991

days. We note also that the optimal MHMM and MFA methods give similar results for the
1% coverage rate. More precisely, the results obtained by the LRCC test give the same failure
rate (1.15%) and the same statistic (3.1732). In this paper, both the optimal MFHMM and
MFA methods give too similar VaR sequences in such a way that the backtests cannot easily
discriminate between them.

Backtesting results presented in tables 4 and 6, show the validity of the risk measures at the
1% and 2% levels of the optimal MFHMM and MFA models (Nmix = 3, Ns = 2). Moreover,
in terms of conditional and unconditional coverage tests, it appears that the optimal MFHMM
model gives better results than those obtained by the MFA method.

From table 6 we can see that at the risk level 2%, the failure rate obtained by the optimal
MFHMM for the tunisian external public debt portfolio has been 2.05%. This result imply that
our proposed model is more accurate than the optimal MFA model (table 4). Moreover, it has
approved the ”unconditional coverage” and the ”independence” tests, respectively (0.0923) and
(0.0000), which imply a significant conditional coverage Test (0.0923 < χ2 = 5.991).

Tables 6 and 4, show also the superiority of the optimal MFHMM compared to the best
MFA for the risk levels 5% and 10%. In terms of LRCC tests, it appears that the MFHMM
results (1.4685; 0.6244) are more significant than those of the MFA model (2.5691; 2.3834).

5. Conclusion

This paper introduces a new VaR methodology suitable for trading portfolios that are driven
by correlated financial variables characterized by strong volatility clustering, and skewed and
fat-tailed returns distributions. The use of the mixed factorial HMM in VaR allows the risk
manager to accurately account for these characteristics that occur in real data. We test the
method, with different confidence levels, on the Tunisian external public debt portfolio and show
that MFHMM-VaR compares favorably to VaRs based on the classical Monte Carlo method, the
Gaussian mixture model, the mixture of factor analyzers model and the mixed HMM in terms
of backtesting violations. More precisely, for each confidence level the absolute deviations of the
percentages of the backtesting failures from the quantiles are smaller in the case of the mixed
factorial HMM compared with the other competing models. Hence, our new approach is proven
to provide an objective and more accurate forecasts of returns, and it outperforms particularly
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Table 5: Backtesting results of the MHMM.

Model Characteristics α = 10% α = 5% α = 2% α = 1% LRcritic

α∗ = 5%
Nmix = 1 Failure rate 12.48% 6.61% 3.77% 2.33%
Ns = 2 First violation 11 14 15 15

LRPoF 4.2857 4.3966 5.1369 5.6425 3.841
LRIND 2.8058 2.5372 1.0184 1.0109 3.841
LRCC 7.0915 6.9338 6.1553 6.6534 5.991

Failure rate 12.51% 6.43% 3.56% 2.18%
Ns = 3 First violation 10 13 15 15

LRPoF 4.4603 4.3683 5.1565 5.8771 3.841
LRIND 2.9339 2.3560 1.0110 1.0117 3.841
LRCC 7.3942 6.7243 6.1675 6.8888 5.991

Nmix = 2 Failure rate 12.34% 6.28% 3.35% 2.11%
Ns = 2 First violation 10 12 15 15

LRPoF 3.5666 3.4533 4.1271 4.5252 3.841
LRIND 2.8493 2.6997 1.1214 1.1103 3.841
LRCC 6.4159 6.1530 5.2485 5.6355 5.991

Failure rate 11.93% 5.72% 3.09% 1.93%
Ns = 3 First violation 11 13 14 15

LRPoF 3.5312 3.4249 4.1174 3.4078 3.841
LRIND 2.6776 2.5184 0.1452 0.1785 3.841
LRCC 6.2088 5.9433 4.2626 3.5863 5.991

Nmix = 3 Failure rate 11.89% 5.25% 2.35% 1.15%
Ns = 2 First violation 9 13 14 15

LRPoF 4.3541 4.2833 3.0978 3.1732 3.841
LRIND 2.7184 1.8123 0.0000 0.0000 3.841
LRCC 7.0725 6.0956 3.0978 3.1732 5.991

Failure rate 12.20% 6.32% 2.84% 1.55%
Ns = 3 First violation 9 12 14 15

LRPoF 6.4249 5.3400 4.1467 4.7598 3.841
LRIND 2.2621 2.1748 1.6228 1.2543 3.841
LRCC 8.6870 7.5148 5.7695 6.0141 5.991

during the crisis period. This supports the economic argument for integrating heterogeneity
and Markov switching properties of returns into the risk measurement methodology.

To be able to decide whether or not one should prefer the mixed factorial HMM to the
traditional models, a supplementary investigation of the speed of the proposed algorithm would
be useful. Furthermore, our model can be generalized to one where one allows the common
latent factors and the specific factors to be stochastic functions of time. Secondly, we can
also think of the case where the state transition probabilities are not homogeneous in time,
but depend on the previous state and the previously observed covariates levels. The study of
such models would provide a further step in the extension of hidden Markov models to mixed
conditionally heteroscedastic factor analysis and allow for further flexibility in value-at-risk
applications.
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Table 6: Backtesting results of the MFHMM.

Model Characteristics α = 10% α = 5% α = 2% α = 1% LRcritic

α∗ = 5%
Nmix = 1 Failure rate 11.26% 6.07% 2.81% 1.78%
Ns = 2 First violation 7 10 17 17

LRPoF 0.4778 0.3823 0.1292 1.6425 3.841
LRIND 0.3963 1.6736 0.0017 0.0143 3.841
LRCC 0.8741 2.0559 0.1309 1.6568 5.991

Failure rate 10.91% 5.66% 2.44% 1.55%
Ns = 3 First violation 8 11 17 17

LRPoF 0.4437 0.3550 0.1477 1.8771 3.841
LRIND 1.4680 1.5540 0.0019 0.0163 3.841
LRCC 1.9117 1.909 0.1496 1.8934 5.991

Nmix = 2 Failure rate 10.47% 5.38% 2.21% 1.33%
Ns = 2 First violation 8 11 17 18

LRPoF 1.5461 0.4370 0.1200 1.5252 3.841
LRIND 1.4530 1.9126 0.0016 0.0133 3.841

7 LRCC 2.9991 2.3496 0.1216 1.5385 5.991
Failure rate 10.07% 5.10% 2.14% 1.22%

Ns = 3 First violation 8 12 17 18
LRPoF 1.5120 0.4097 0.1108 1.4078 3.841
LRIND 1.4247 1.7931 0.0014 0.0122 3.841
LRCC 2.9367 2.2028 0.1122 1.4200 5.991

Nmix = 3 Failure rate 10.00% 5.10% 2.05% 1.15%
Ns = 2 First violation 8 12 17 18

LRPoF 0.3413 0.2731 0.0923 1.1732 3.841
LRIND 0.2831 1.1954 0.0000 0.0000 3.841
LRCC 0.6244 1.4685 0.0923 1.1732 5.991

Failure rate 10.00% 5.10% 2.05% 1.15%
Ns = 3 First violation 8 12 17 18

LRPoF 1.4096 0.3277 0.1384 1.7598 3.841
LRIND 1.3397 1.4345 0.0018 0.0153 3.841
LRCC 2.7493 1.7622 0.1402 1.7751 5.991
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Abstract. The socioeconomic or political structures of countries and investment costs play a crucial
role in investor decisions, especially in developing countries where the environment is unstable. In this
regard, fuzzy models that consider the investment amount and cost may enable making more realistic
decisions rather than the deterministic models used in portfolio optimization (PO). Hence, the objective
of this paper is to examine the effects of the environment, investment amount and cost on PO in a
politically, socially and economically unstable environment. Konno-Yamazaki PO model was fuzzified
by adopting fuzzy linear programming (FLP) approaches of Verdegay and Werners for this purpose.
Afterward, extended models were created. To do that, investment amount, tax and transaction costs
were integrated into the return constraint of the fuzzified models. Mean-Variance Model (MVM)
of Markowitz was also used for comparatively interpreting the results of the optimization. Results
show that the fuzzified models based on Verdegay and Werners FLP approaches can be suggested as a
decision-making tool, respectively for risk-averse and risk-taker investors. The extended models provide
much better results compared to the fuzzified models. On the other hand, they are not more successful
than the MVM in an unstable environment but the stable environment. The main contributions are
considering political, social and economic events in the optimization, comparatively analyzing fuzzified
Konno-Yamazaki model with its extended versions and the MVM, investigating the relationship between
optimization models and investor types.
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1. Introduction

Markowitz developed the MVM to determine the weights that minimize the risk while keeping
the return constant at a certain level. Thus, the number of the assets in the portfolio and share
of them can be determined easily for different expected returns. However, uncertainties resulting
from the various socio-economic, social and political situations may prevent the use of MVM
by itself (Please refer to the appendix for MVM of Markowitz). Instead, using fuzzy models
considering uncertainty may be beneficial to use since fuzzy numbers are powerful for describing
impreciseness or vagueness of numeric quantities in the field of decision-making [20], and the
selection of the optimal portfolio belongs to that field [19]. Fuzziness/ fuzzy logic-optimization
has been widely used and successfully applied in real-life problems in social sciences. Setting up
a fuzzy mathematical model, computation and interpretation of it is less complicated and much
understandable, and its outputs much easily applicable than that of many other methodologies.
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Moreover, the classical Markowitz model is formulated under an L2 risk function. There-
fore, computational difficulty related to solving quadratic programming problems with a dense
covariance matrix is another issue regarding MVM of Markowitz [12]. On the contrary, there
is no need to compute the covariance matrix in linear models such as the Konno-Yamazaki
model. Konno-Yamazaki model is formulated under an L1 risk function. Therefore solving it
is much easier than solving a quadratic problem. Also, controlling the number of assets in the
portfolio is an easy task with a control variable in Konno-Yamazaki model comparing to MVM
model. Therefore, Konno-Yamazaki PO model was fuzzified with Verdegay and Werners FLP
approaches [32, 34] in this paper.

Cost and the investment amount is another issue in PO. Many existing studies have shown
that transaction costs can significantly affect investment behavior. There are several kinds of
transaction costs like proportional, fixed, linear or non-linear [20]. Omitting them or deducting
the cost from the portfolio return may result in inefficient portfolios. In other words, costs can
erode the gains from a trading strategy [25]. Hence, fuzzified Konno-Yamazaki models were
extended with the inclusion of tax and transaction costs for different investment amounts in
this study. The data were collected from the capital market Istanbul Stock Exchange (Borsa
Istanbul-BIST) and a state bank in Turkey for the period between 01.01.2013 and 30.03.2014.

The organization of this paper is as follows. The relationship between PO and FLP was
discussed in the preliminaries section. In this scope, the approaches of Konno-Yamazaki [13],
Verdegay [32] and Werners [34] were explained. Then the effects of costs in the PO were
discussed, and the extended models considering costs were explained. It is followed by the
data, application, results, conclusion and appendix section.

2. Preliminaries

The primary objective of portfolio management is to create effective portfolios about the risk
and return balance. The determination of an effective portfolio can be done via quadratic
programming by calculating the expected return and the variance-covariance values of assets.
However, this method does not consider the uncertainty level of decision-makers. That is due
to the financial markets which cause immediate decision changes in investors influenced by
uncontrollable events such as natural disasters, corruption and strikes. This change is entirely
shaped by the perception, experience and insufficient knowledge of investors. Hence using fuzzy
methods may be beneficial as it is a practical approach when there is insufficient information
regarding the event. Indeed, fuzzy PO methods ensure a certain level of satisfaction and may
provide more realistic results than deterministic models [2, 33].

Almost hundreds of studies have been carried out on fuzzy PO in the past 30 years. One
of the most important ones was the study carried out by [26]. In that study, a dynamic
PO model was developed by fuzzifying the uncertainty of the future prices and risks of the
assets. Ramaswamy [28] developed fuzzy multi-criteria linear programming models for several
rates of return levels. Fuzziness was applied to the subjective decisions of investors for an
uncertain period via trapezoidal membership function. The objective was the fuzzified utility
maximization. Tanaka and Guo [30] used possibility distributions instead of average variance
for representing the knowledge of decision-makers. They partially rejected the assumption of
Markowitz regarding the effectiveness of the past data in the future by integrating it with
the knowledge and judgments of decision-makers. They generated an exponential possibility
distribution for each decision-maker and integrated them into one. According to [17], PO
models should have considered the nature of the data, risk and return expectations. In this
regard, they examined several approaches regarding the data uncertainty and re-optimized the
infeasible models by using duality theory and fuzzy programming. Another fuzzy PO model
that was based on MVM was developed by Watada [33]. The satisfaction level for the expected
return and risk was defined by a logistic membership function.
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In PO, the Konno-Yamazaki Linear Programming model provides more effective results at
large scale problems in comparison to the Markowitz model. That is why it is one of the most
frequently used deterministic methods in PO [8, 27]. The objective of the Konno-Yamazaki
model is to determine the assets with the lowest deviation at any return level. In other words,
this is a method that takes average absolute deviation as a reference [8, 27], and focuses on assets
of which the average return is equivalent to the desired return level [12, 13]. The model is solved
repetitively for each expected return since it is deterministic and thus provides instantaneous
results to the investor. The following model is due to Konno and Yamazaki [12].
Model 1(M1):

min
yt

1

T

T∑
t

yt, (1)

subject to:

yt +

n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (2)

yt −
n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (3)

n∑
j=1

(rjxj) ≥ ρM0, (4)

n∑
j=1

xj = M0 = 1, (5)

yt ≥ 0, t = 1, . . . , T. (6)

In the Konno-Yamazaki model, T is the number of periods, j is the number of assets, ρ is
the rate of expected return, rj is the average rate of return of the jth asset, xj is the share of
the jth asset, t is the tth period, yt is the assistant variable, rtj is the real return of the jth asset
at the tth period and M0 is the total investment amount. rtj − rj is the difference (deviation)
between the real rate of return of the jth asset in the tth period and the average rate of return of
the same asset for the total T period. This difference represents a risk. Assets with a minimum
risk of zero are determined for each t period with the Eq. (2). Therefore, assets with negative
deviation are eliminated with it. Assets with the smallest risk are determined with the Eq. (3).
Assets of which average risk (return ratio) is equal to or greater than the total expected return
are determined with the Eq. (4). The sum of the investment amounts is equated with the Eq.
(5). The objective in the model minimizes the deviation from the total expected return ρ. In
other words, it is the determination of the xj ’s of which risk is minimum and average return is
equal to or greater than the expected return by minimizing the yt assistant variable at period
t.

It is known that the optimal solution of a linear programming model only depends on the
constraints, and much of the information present in the data is ignored. The use of probabilistic
distributions allows to account for more information, but it may be impossible to collect enough
data for determining the probability distribution in emerging stock markets without enough
historical data such as in China [20] and similar as in Turkey. With the introduction of the
concept of fuzzy sets in the seminal paper of L. A. Zadeh [38], we have an alternative and
powerful way of modeling data information without using stochastic concepts [29]. Fuzzy logic
can express uncertain knowledge and makes it suitable for representing the inherently uncertain
nature of PO problem [19].
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Figure 1: The fuzzy trapezoidal membership function of (a) expected return and (b) risk

The fundamental difference between a linear programming and an FLP model is the resource
constraints or/and the objective function in an FLP model being in the form of approximate
inequalities. Approximateness can be provided by membership functions. When the demands
of investors and the nature of the problem are considered; trapezoidal and logistic membership
functions can be used [18, 33]. There are several approaches available in FLP. For example,
the objective function and criteria in Zimmermann approach are fuzzified by a tolerance in-
terval, which is initially given [16, 39]. Similarly, an interval is used for the same purpose
also in Werners approach, but it is calculated with specific formulations [16, 34, 11]. On the
other hand, in the Verdegay approach, only the criteria are fuzzified, and the model is solved
repetitively for different satisfaction levels [32, 12]. In this study, only Verdegay and Werners
FLP approaches were adopted as there were no real decision-makers to determine a tolerance
interval for Zimmermann method.

The general model of linear programming with fuzzy constraints is formulated as follows
[16]:
Model 2:

max
x

cx (7)

subject to:

(Ax)i . bi, i = 1, . . . ,m, (8)

x ≥ 0

where . is fuzzy less than or equal to and bi is in [bi, bi + pi] ∀i with a given tolerance pi. The
value of the pi or in other words upper and lower limits of the tolerance, so the right-hand side
of Eq. (8), varies depending on a θ which is in [0, 1]. Therefore, (Ax)i . bi is equivalent to
(Ax)i . bi + θpi. Hence, as in the paper of Kocadağlıand Cinemre [11], if the rate of return
(expected return) ρ in Eq. (4) is assumed to be a fuzzy number since its value is between [0, 1],
the model becomes a fuzzy model. If τ denotes the tolerance variable of the expected return, ρ
denotes the average of the expected returns and ρmax represents the maximum of it, then the
tolerance of the expected return is calculated as τ = ρmax−ρ. The sum of ρ ·M0 +τ is accepted
as the upper limit of the expected return. Therefore, the membership function of the constraint
can be arranged as below in Eq. (9) and Figure 1(a) as it is monotonically increasing.

µ(x) =


0,

∑n
j=1 [(rtj − rj)xj ] < ρM0

[
∑n

j=1[(rtj−rj)xj ]−ρM0]
τ , ρM0 ≤

∑n
j=1 [(rtj − rj)xj ] ≤ ρM0 + τ

1,
∑n
j=1 [(rtj − rj)xj ] > ρM0 + τ

(9)

Note that the membership function µ(x) does not start from zero. The reason for this is
that an investor expects a return equal to or higher than the average return of the portfolio.
Thus, the minimum expected return of the investor does not start from zero but a positive value
on the x-axis. As seen in Eq. (9) and Figure 1(a), functions are continuous and monotonic.
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Therefore, the model, in general, is represented as below [16].
Model 3:

minZ (10)

subject to
x ∈ Xα (11)

where Xα = {x|∀i, µi(x) ≥ α, x ≥ 0}, for eqach α−level cut (satisfaction level) α ∈ [0, 1]. When
Eq. (9) is applied to model 3 and Eq. (4), M1 is rearranged as below.
Model 4 (M4):

min
yt

1

T

T∑
t

yt, (12)

subject to:

yt +

n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (13)

yt −
n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (14)

n∑
j=1

(rjxj) ≥ ρM0 + ατ, α ∈ [0, 1] (15)

n∑
j=1

xj = M0 = 1, (16)

yt ≥ 0, t = 1, . . . , T. (17)

In the Verdegay approach, only the return constraint has been fuzzified, and the objective
function has been bound indirectly to the fuzzy return constraint via a variable, yt. Calculations
should be carried out repeatedly for different satisfaction levels. However, because of the fuzzy
constraint, Eq. (15), in M4, the objective function should be fuzzified as well [16]. Moreover,
the objective in real life is to determine an α, which provides optimum satisfaction for different
risk and return combinations simultaneously. This determination can be made via the Werners
approach [16].

In Werners approach, α is tried to be maximized. Werners stated that the objective function
of Model 2 should be fuzzy because of fuzzy constraints. Let us assume that tolerance pi for the
fuzzy constraints is given again. Then Model 2 is repetitively solved for the lower and upper
limits of Eq (8) as below:

Z0 = max
x

cx subject to (Ax)i . bi, ∀i, x ≥ 0

Z1 = max
x

cx subject to (Ax)i . bi + pi, ∀i, x ≥ 0

Then a membership function for the objective (maximization) is created as in Figure 1(b). As
it is a continuously decreasing linear membership function, it is formulized as below in Eq. (18).

µ(x) =


1, Z < Z0

1− (Z−Z0)
(Z1−Z0) , Z

0 ≤ Z ≤ Z1

0, Z > Z1

(18)

In this respect, M4 is solved repetitively by taking satisfaction level α = 0 and α = 1. Thus
obtaining a risk value Z0 for 0% satisfaction and a risk value Z1 for 100% satisfaction.
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The max-min operator can be used to obtain an optimal decision, and model 2 can be solved
by using maxx≥0 α, where α = min[µ0(x), µ1(x), . . . , µm(x)]. That is

Model 5:
maxα (19)

subject to:

µ0(x) ≥ α (20)

µi(x) ≥ α,∀i (21)

α ∈ [0, 1]x ≥ 0

Therefore Eq.(13), is applied on model 5, and M4 is rearranged as below
Model 6 (M6):

maxα (22)

subject to:

yt +

n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (23)

yt −
n∑
j=1

[(rtj − rj)xj ] ≥ 0, t = 1, 2, . . . , T, (24)

n∑
j=1

(rjxj) ≥ ρM0 + ατ, α ∈ [0, 1], (25)

n∑
j=1

xj = M0 = 1, (26)

1

T

T∑
t=1

(yt) + α(Z1 − Z0) ≤ Z1, (27)

yt ≥ 0, t = 1, . . . , T. (28)

The risk value Z corresponds to the optimized α value and is in the interval of Z1 ≤ Z ≤ Z0.
However, the model does not provide the risk value directly. It should be calculated by using
the graph in Fig. 1(b).

3. Costs in portfolio optimization

The use of fuzzy models by themselves does not sufficiently ensure the convergence of the
optimization results to reality. To explain, investors seek to create portfolios that provide mini-
mum risk or maximum satisfaction by increasing their net incomes. An optimization model that
does not include costs results in the generation of non-effective portfolios [22], and optimization
results and portfolio performance are significantly affected [1].

The most frequently encountered portfolio costs are transaction, commission, management,
performance (liquidity) costs and taxes. Transaction costs may be constant (fixed) or propor-
tional [10, 21]. Fixed transaction costs increase with the diversification as the fixed costs vary
with the number of assets in the portfolio. Hence the number of assets in the portfolio might
decrease with the optimization [22]. On the contrary, proportional transaction costs depend on
the investment amount. Contrary to fixed costs, proportional transaction costs encourage the
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variety of tools included in the portfolio. Moreover, their shares decrease when the investment
amount increases [15, 22, 31].

In the literature, it has been mentioned that transaction costs are significant for portfolio
optimization [7], and such costs are added indirectly only by subtracting the cost from portfolio
return due to the calculation load and the complex structure of the model. As was stated by [22],
transaction costs have been included in the model as a constraint only in several studies, such
as [35, 37]. Whereas in practice, transaction costs may become meaningless concerning large
investment amounts. Therefore, there is no drawback in neglecting these costs [14]. However,
transaction costs are significant for cases when portfolio return is low and also for investors
who make frequent purchases/sales [15]. Moreover, in recent studies like [25], the importance
of transaction cost and investment amount on the portfolio has been comparatively examined
by using different methodologies like robust PO and Bayesian PO. According to the authors,
investment amount and cost interacts with each other. For example, small trades do not impact
the market price, and the transaction cost is assumed to be proportional to the amount traded.
Larger trades impact the market price, and it is assumed that it results in quadratic transaction
cost [24, 25].

The addition of real constraints to such mathematical models makes the already complex
model even more complicated. The cost function may be linear, piecewise linear, constant,
piecewise constant linear or concave/convex nonlinear. For example, in the case of proportional
transaction costs, the linearity of the model may be disrupted because this kinds of cost struc-
tures may require the transformation of the linear model into a piecewise linear structure [9]
and the addition of integer or (0-1) binary variables [22]. As a result, the model becomes a
mixed-integer linear programming model. It is stated that the optimization is much easier when
the transaction costs are linear or constant in comparison with other cases [21, 31]. According
to Konno and Yamamoto [15], the most frequently encountered transaction cost functions are
piecewise linear concave and piecewise constant linear. Therefore, the inclusion of this kind of
cost variables requires the use of binary variables in the optimization.

According to Mansini et al. [22], there are two types of models in portfolio optimization
problems that have real futures, namely relative and absolute. If a model has decision variables
in shares or percentages, the model is called the relative model and the variables relative.
However, a model may have real futures in absolute values as well. In this case, the model is
called the absolute model and the variables absolute.

In this paper, the fixed cost was not considered because no information could be obtained
from the state bank. In such a case, a hypothetic constraint could have been set. However,
we prefer not to set it because all the data and cost information used in the models were real.
Nevertheless, two equations Eq. (35, 36) were proposed for the inclusion of the fixed cost later
in the appendix in order to partially overcome this limitation of the study. The models in
this paper become mixed-integer linear programming models with the inclusion of the proposed
equations, Eq. (35, 36).

For the inclusion of the tax (BITT – Banking and Insurance Transactions Tax) and trans-
action cost, variables of which values were real futures were generated, but it was impossible
to include them into M4 and M6 as they were relative models. Hence, the return constraint
Eq. (15) was transformed into an absolute structure by multiplying the right and left-hand
sides of it by the investment amount MR. After that, the tax CTX and the transaction cost
CTR were subtracted from the left-hand side of it. However, CTR is a function depending on
the investment amount, and can be determined before the optimization. Hence, it should be
transferred to the right side of the constraint. On the other hand, CTX is a function that
depends on the portfolio return so the investment amount and the share of each asset. Since
the shares are indefinite, it is unknown. Hence, it should be on the left side. Finally, new form
of Eq. (15) is as below:
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n∑
j=1

(rjxj) ≥ ρM0 + ατ, α ∈ [0, 1] (29)

MR

n∑
j=1

(rjxj)− CTR − CTX ≥MR(ρM0 + ατ)

MR

n∑
j=1

(rjxj)− CTX ≥MR(ρM0 + ατ) + CTR, α ∈ [0, 1] (30)

As stated previously, the investment amount directly affects the portfolio structure [15,
22, 31]. The number of tools increases, and shares decrease especially when the investment
amount increases. Even though the investment amount was not considered as a variable to
be optimized in this paper, optimizations were done for different given investment amounts to
investigate its effects on the portfolios. Then a set of constraints Eq. (37-43) was proposed
for the purpose of optimizing the investment amount in the appendix. The models in this
paper become mixed-integer quadratic programming models with the inclusion of the proposed
equations, Eq. (37-43).

4. Data

Turkey was among the countries where uncertainty was more considerable than in developed
countries. Some political and social events in Turkey had created anxiety in foreign investors
and IMF [3, 5] in 2013 and 2014. It was also stated in an article by CNN titled ”Is instability
the ’new normal’ for Turkey?” [4]. However, according to some other sources, Turkey was
also on a positive trajectory [36] during that time. Therefore, it may have been difficult for
investors to make decisions in such fuzzy environments where social and political uncertainties
abounded together with different interpretations. Hence, Turkey was considered to be a well-
suited country for examining the effects of the uncertain environment, investment amount and
costs on the optimum portfolio.

The effects of the environment were investigated by dividing the investment period into
sub-periods of which starting and ending dates were either social, political or financial events.
Firstly, critical events in 2013 and 2014 were determined. Then the whole period in question
was divided into five sub-periods. Afterward, continuity of the 30 assets between periods was
checked. It was determined that the number of assets in each period differs because some assets
were delisted and trading for some others was suspended temporarily between the sub-periods.
For example, 32 assets in the first and second periods, 33 assets in the third period, and 31
assets in the fourth and fifth periods were continuous. Then, daily data for the stocks and
closing prices for gold, US Dollar and Euro parities was collected from BIST. Before the appli-
cation, raw data were standardized and graphically visualized, and major breaking points were
determined for examining if heuristically determined periods fit the reality. As seen in Figure
2, the whole period had five sub-periods of which starting and ending dates complied with the
abovementioned dates. The first period (01.01.2013 – 27.05.2013) was the time interval before
the Gezi Park protests and FED declaration regarding the reduction of monetary expansion
(1st FED declaration). Most probably, as a result of these events, international funds exited
Turkey by consuming foreign currency in the country during that period. The second period
(28.05.2013 – 21.08.2013) started with Gezi Park protests and ended with the 2nd FED dec-
laration in which no statement was made regarding when the expansion would be completed.
In experts’ opinion, the Turkish market had been affected negatively by this uncertainty. The
third period (22.08.2013 – 17.09.2013) was the time interval between the 2nd FED declaration
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Figure 2: Graphical visualization of the standardized data

Figure 3: (a) Transaction cost and (b) tax function

and the 3rd FED declaration stating that monetary expansion would not be reduced. It was put
forth that the markets experienced relief with the declaration. The fourth period (18.09.2013
– 16.12.2013) started with the 3rd FED declaration and ended with the December 17 investi-
gations, which was a political crisis in Turkey. The last period (17.12.2013 – 30.03.2014) was
the time interval started with the investigation in Turkey to the local elections. In the end, the
cost data were obtained from a state bank in Turkey.

5. Application

Transaction costs are calculated over the capital invested, whereas BITT is reflected in the
investor over the acquired return. The cost functions should be determined based on the data
obtained from a state bank in Turkey to integrate transaction and tax costs to the Verdegay
and Werners models. BITT rate is 0.05 for any amount of return. Hence its function is
constant. On the contrary, the transaction cost rate differs for different investment amounts
in Turkish Lira (TL): 0.0015 for (0 < MR ≤ 50, 000), 0.0013 for (50, 000 < MR ≤ 100, 000),
0.0011 for (100, 000 < MR ≤ 250, 000), 0.0009 for (250, 000 < MR ≤ 500, 000), 0.0007 for
(500, 000 < MR ≤ 1, 000, 000) and 0.0005 for (100, 000, 000 < MR). Therefore, it is variant,
and its function is piecewise constant linear. After obtaining the rate data, their functions
have been determined, as in Figure 3(a) via the line equation with slope and one point where
f(bn) represents the function of each line segment, and n represents the number of divides.
For example, there are seven divides and six line segments of which functions are f(b1) =
0.0015MR, f(b2) = 0.0013MR, f(b3) = 0.0011MR, f(b4) = 0.0009MR, f(b5) = 0.0007MR and
f(b6) = 0.0005MR respectively.

Afterward, an investment amount on each line segment was determined arbitrarily, and
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their transaction costs were calculated as follows: C(TR(40,000)) = 60TL,C(TR(90,000)) = 127TL,
C(TR(200,000)) = 250TL, C(TR(400,000)) = 440TL, C(TR(900,000)) = 810TL, C(TR(2,000,000)) =
1380TL. As an example, transaction cost for 900.000 TL was C(TR(900,000)) = 530+(0.007(900, 000−
500, 000)) = 810TL.

As was explained previously, BITT is calculated over the portfolio return, and it cannot be
determined at this point since it is not for sure how much return of the portfolio will be. Thus,
symbolic data were used for BITT cost and Figure 3(b) was obtained. The goal here was to
determine the tax function in TL.

As can be seen from Figure 3(b), the cost function of the tax has a linearly increasing
trend hence it can be represented with CTX = 0.05MR

∑n
j=4(rjxj) . The subscript j, which

represents the asset number, starts from four due to a particular instance of the data used in
the study. As was stated previously, the portfolio pool not only contains the stocks in BIST30
but also gold, Euro and US Dollar, and these assets are the first three instruments for which
tax costs have not been reflected upon. Hence, the first value of the j was assigned four, and it
became necessary to rearrange the Eq. (30) as follows.

MR

n=3∑
j=1

(rjxj) + 0.95MR

n∑
j=4

(rjxj) ≥MR(ρM0 + ατ) + CTR, α ∈ [0, 1] (31)

6. Results

Firstly, the optimization was done with M4 and M6 for each investment period and each in-
vestment amount. Then Eq. (15) was replaced by the Eq. (31) in M4 and M6 in order to
obtain the extended M4 (e-M4) and extended M6 (e-M6), and the optimization repeated with
the extended models. Finally, MVM of Markowitz was used for each expected return obtained
from the extended models in order to interpret the results comparatively.

Rate of expected return, ρ for each period were just above zero, 0.000924833, -0.003413221,
0.004737533, 0.000578897 and -0.000414058 respectively. That means there were several assets
of which average rate of return, rj were negative in each period. As a result, there were only
14, 4, 6, 9 and 8 assets in the optimized portfolios for each investment period. Satisfaction for
each period was calculated respectively as 0, 0.2087, 0, 0.0137 and 0.2602 with M4. The risk
levels corresponding to the satisfactions were determined respectively as 0.0021, 0.0335, 0.0004,
0.0023 and 0.0390.

Z1 risk values were determined as infeasible at α = 1 level in the second and fifth period
in M6. Thus, optimization could not be carried out for these periods with that model. The
satisfaction levels obtained for the first, third and fourth periods were 0.6660, 0.6174 and 0.6136,
and there were 9, 2 and 7 assets in their corresponding portfolios. Since M6 cannot provide
satisfaction level and risk simultaneously, risk values of that periods were determined by using
the graph in Figure 1(b). They were 0.0072, 0.0019 and 0.0092.

When all investment periods are examined based on the results mentioned above, M6 pro-
vides a higher satisfaction level in comparison with M4. It gives this by slightly increasing the
risk. Another finding is that the portfolios generated via M4 are more extensive in comparison
with those created via M6. It means that M4 that adopts the Verdegay approach provides a
more varied portfolio. This variety may be because the objective function minimizes the risk
by increasing the number of assets. Another finding is that M6 has prevented the decision-
makers from investing during the second and fifth periods. These periods are the time when
the Gezi Park events and December 17 Investigations drifted the country towards uncertainty.
The average returns of these periods are negative as expected.

When optimization was carried out via e-M4 and e-M6, all results of e-M6 were infeasible.
In other words, e-M6 prevented decision-makers from making investments. On the other hand,



Fuzzy portfolio optimization with cost and investment amount 267

e-M4 provided considerable increases in satisfaction level by making slight increases in the
risk as seen in Table 1. It can also be observed that the portfolios obtained in this model were
smaller in comparison with those obtained via M4, that the tools included in the portfolio varied
about type and proportion, and that the portfolio structure changed with different investment
amounts. Another observation is that the portfolios and optimization results for the second
and the fifth period were the same for both M4 and e-M4. The reason for this is that the
average return of the assets in this period is negative. Also, portfolios comprised of only a
single instrument were generated for some investment amounts during the first, fourth and fifth
periods.

Table 1: Results of the optimization carried out via M4, e-M4 and MVM (*Costs are reflected
after the optimization by deducting them from the portfolio return.)

As explained previously, e-M4 does consider transaction cost and tax for different investment
amounts, whereas M4 does not. Expectedly, e-M4 provided higher PCR values, while the
reflection of the transaction cost and tax upon the optimized M4 models caused lower or negative
PCR, as seen in Table 1.

Finally, MVM of Markowitz was used for the optimization. The optimization was done
for only return values of the portfolios generated with e-M4 since the optimization results of
e-M6 were all infeasible. Portfolios obtained with MVM of Markowitz were more extensive in
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Figure 4: Efficient frontier

comparison with those obtained via e-M4 as in Table 1. This result might be a pitfall if the
fixed cost is considered since it incurs for each asset in the portfolio. Hence if the number of
assets in the portfolio increases, also cost increases and profit decreases.

When transaction cost and tax were reflected upon the portfolios optimized via MVM, it
was clear that such an application provided almost the same PCR values, except in the first
period. In that period, PCR values of e-M4 became higher with the increase of the investment
amount. In other words, it is more favorable to invest in a portfolio of which PCR value is
higher for the same variance (risk) and with the same investment amount.

The first period is the time beginning of which there is not any particular event that may af-
fect the environment. The range of its efficient frontier is the narrowest starts from 0,000008 for
the average expected return (0,000924833) and to 0,000511 for the maximum return (0,003844)
as in Figure 4. It can be assumed that the first period is more stable compared to the other
periods. Therefore, it can be stated that e-M4 may provide better results compared to the
MVM of Markowitz in a stable environment.

7. Conclusion

This paper aims to examine the effects of the environment, investment amounts, and costs on
the portfolios under fuzziness. Verdegay and Werners FLP approaches that were applied to
Konno-Yamazaki PO model were used in this study. The constant linear structure of the tax
cost with a piecewise constant linear structure of the transaction costs was integrated into these
models as linear. The optimization was carried out with the models based on Verdegay and
Werners FLP approaches, with their extended versions and with MVM of Markowitz.

When the optimized portfolios are considered in general, M4 can be suggested as a decision-
making tool for risk-averse investors. Indeed, the objective function of this model is minimizing
the risk. On the contrary, M6 can be suggested for risk taker-lover-investors. As a result, the
Werners approach provides portfolios that include less number of assets by increasing the risk,
whereas the Verdegay approach provides more extensive portfolios regarding the number of
assets by distributing the risk.

The extended models may provide more realistic results compared to M4 and M6. To
explain, even though M6 provides portfolios with a higher satisfaction/return by slightly in-
creasing the risk, it can prevent investors from investing when the risk is high. Moreover,
portfolios of the same period for different investment amounts differ from each other regarding
the type, number and share of the assets. In other words, the investment amount directly affects
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portfolio variance and PCR. The costs also directly affect portfolios. The portfolios obtained
via the extended models were utterly different from the portfolios acquired via M4 and M6
regarding the type, number and share of assets in the portfolio as well as the satisfaction level
and the risks taken. On the other hand, when the extended models are compared with MVM
of Markowitz, unfortunately, the results do not differ in an unstable environment but a stable
environment. e-M4 provided better results compared to the MVM of PO results for the first
investment period. On the other hand, e-M6 prevented investors from making any investment
in an investment period. Therefore, it could not be compared with MVM of Markowitz. Also,
it was clear that different portfolios for different investment amounts were obtained in the same
period. Unfortunately, any particular generalization about the effect of the investment amount
on the portfolio could not be made.

The main contributions of this paper are determining the effects of the investment amount,
tax and transaction cost on portfolios, investigating the relationship between optimization mod-
els and investor types, considering various social, political and financial events, and examining
if fuzziness can be a practical approach in PO in an unstable environment. Furthermore, we
compare the optimization models with and without tax and transaction costs for different in-
vestment amounts. On the other hand, there are also some limitations. For example, lower and
upper investment amounts, holding period, transactions with credit, short selling operations,
and sell-out costs can be considered. The time intervals can be extended; the pool of assets may
include risk-free assets or assets traded at foreign stock exchanges. Also, since none of the fuzzy
models in this paper could provide better results than the MVM of Markowitz in an unstable
environment (but produced better results in a stable environment), robust optimization can be
considered where social, political or financial instability and so uncertainty is high by adopting
different uncertainty set for social, political and financial indicators.

Appendix

Mean-Variance Model of Markowitz. Based on the Markowitz’s approach to portfolio selection,
an investor may have two objectives which are maximizing the portfolio return with mx = ERx
where mx denotes the average return of and ERx denotes the random return of the portfolio
x, and minimizing the portfolio risk which is measured by σ2

x = V arRx or σx where σx denotes
the standard deviation of the random variable Rx. The more “variable” the random return Rx
on the portfolio x, the higher the variance of Rx. If the return Rx is certain then the variance is
equal to zero, and so such a portfolio becomes risk-free. Therefore, an investor puts weights on
these two conflicting objectives and wants to maximize τmx−σ2

x where τ denotes the risk toler-
ance [6]. For more detailed information regarding the MVM of Markowitz, please refer to [6, 23].

Model 7:

max
x∈RN

{
τ

N∑
i=1

ximi −
N∑
i=1

N∑
j=1

σijXiXj

}
(32)

subject to

N∑
i=1

Xi = 1 (33)

Xi ≥ 0 for i = 1, . . . , N

τ > 0 (34)

Fixed cost. It is also one of the most common cost types incurs, especially when a broker
manages a portfolio for an investor. For integrating the fixed cost to the model, a binary
variable ωj can be used as below:
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MR

n∑
j=1

(rjxj)− CTX −
n∑
j=1

fjωj ≥MR(ρM0 + ατ) + CTR, α ∈ [0, 1], ω ∈ 0, 1 (35)

xj ≤ ωj (36)

ωj = 0 or 1

where fj denotes the fixed cost in terms of currency per asset in the optimum portfolio and
ωj is a binary variable. If the share of the jth asset is greater than zero, Eq. (36) forces ωj = 1.
On the contrary, if the share of the jth asset is zero, the desired value of ωj becomes zero, and
Eq. (36) does not guarantee it. In this case, it can be either zero or one. However, it does
not prevent obtaining an optimum portfolio. To explain, assume an ideal solution, which is
xm = 0, ωm = 0, and left-hand side of Eq. (35) has a real value R, which is higher than the
right-hand side of the Eq. (35). On the other hand, the other solution is xm = 0, ωm = 1, and
the left-hand side of Eq. (35) also has a real value G, which is also higher than the right-hand
side of the Eq. (35). When these two values are compared, it is clear that G < R because the
higher fixed cost is subtracted from the return value on the left-hand side of the Eq. (35) due
to ωm = 1. It means that even if ωm = 1 when xm = 1, the solution is still feasible for the
same objective function.

Investment amount variable. If the investment amount is considered as a decision vari-
able, the optimization model is transformed into a structure that requires the use of quadratic
programming approach since Eq. (31) of the extended models become a quadratic constraint.
The concave or convex structure of the cost functions should be examined first to determine
the optimum investment amount. Then the equations of the functions should be generated.
Finally, they are integrated into e-M4 and e-M6. However, the inclusion of the cost functions
requires (0-1) type binary decision variables, and the model becomes a Mixed Integer Linear
Programming model. For example, one of the most common transaction cost function type is
a piecewise linear concave function. In this case, Eq. (37-43) may be considered additionally.

F (MR) = z1f(b1) + z2f(b2) + · · ·+ znf(bn) (37)

bn ≤MR ≤ bn+1 (38)

MR = z1b1 + z2b2 + · · ·+ znbn (39)

z1 ≤ l1, z2 ≤ l1 + l2, · · · zn−1 ≤ ln−2 + ln−1, zn ≤ ln−1 (40)

l1 + l2 + · · ·+ ln−1 = 1, l ∈ {0, 1} (41)

z1 + z2 + · · ·+ zn = 1 (42)

zn ≥ 0, bn ≥ 0 (43)

where MR represents the real investment amount. n represents the number of divides in costs.
The starting and ending points of all line segments are symbolized by bn and it is known as
the breaking point. Each line segment has been represented by ln−1. This is a variable that
ensures that the investment amount is located on the related line and does not take any value
other than 0, 1 which adds the related transaction cost in the model. zn corresponds to the line
segment interval on which MR, the investment amount is located. It has a value which yields
the investment amount MR when the start and endpoint of the line segment are multiplied by
bn and summed up. Thus, zn is a point on the line segment and it is the proportional location
of the point on the line. In light of this information, only a single ln−1 variable can have a
value greater than zero at any instant, and this value can only be 1. Only two zn variables
can take on a value that is greater than zero due to the expressions z1 ≤ l1, z2 ≤ l1 + l2, . . . ,
zn−1 ≤ ln−2 + ln−1, zn ≤ ln−1. Thus, the investment amount MR is expressed in terms of zn
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and bn. This structure may help to determine an optimum investment amount. To check if this
formulation works please go back to Figure 3(a). Each line segment in it can be represented by
ln−1. The first line segment is defined by l1 and l2 is defined as the second line segment, etc. For
the optimization problem in this paper, there are 6 line segments or investment intervals. As an
example, l1 = 1 indicates that the investment amount MR is between the values of (0–50, 000)
TL and that all other ln−1 are zero because l1 + l2 + · · ·+ ln−1 = 1, l ∈ {0, 1}. After making all
necessary calculations, the additional equations are finalized as follows.

f(bn) = {0, 75, 140, 305, 530, 880, and 1380}
F (MR) = z10 + z275 + z3140+z4305 + z5530 + z6880 + z71380

MR = z10 + z250000 + z3100000+z4250000 + z5500000 + z6106 + z72e6

z1 ≤ l1, z2 ≤ l1 + l2, z3 ≤ l2 + l3, z4 ≤ l3 + l4, z5 ≤ l4 + l5, z6 ≤ l5 + l6, z7 ≤ l6
l1 + l2 + · · ·+ l6 = 1, l ∈ {0, 1}
z1 + z2 + · · ·+ z7 = 1

zn ≥ 0, bn ≥ 0n = 1, . . . , 7

Let us assume MR = 90, 000 TL as the optimum investment amount. This amount is located
in the interval of 50000 ≤ MR ≤ 100000 and is located on the line segment l2. Thus, l2 = 1
and all other ln−1 = 0 and the variable l2 is included only in the z2 ≤ l1 + l2, z3 ≤ l2 + l3
inequalities. Therefore, z2 6= 0 and z3 6= 0. The start and endpoints of this line segment
are (b1 − b2) = (50, 000–100, 000). In the light of these findings, Eq. (39) and Eq. (42) are
rearranged and the values of z2 and z3 are determined as below.

50000z2 + 100000z3 = 90000

z2 + z3 = 1

⇒ z2 =
1

5
and z3 =

4

5

Then these values are placed in Eq. (37) and the transaction cost for 90,000 TL is calculated
as F (90, 000) = 75z2 + 140z3 = 127 TL.

M4, M6, e-M4 and e-M6 become mixed-integer linear programming models after the inclu-
sion of the fixed cost Eq. (35, 36), and investment amount Eq. (37-43).
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(Eds.). Mathematical Financial Economics: A Basic Introduction, 11—19, Switzerland: Springer.
doi:10.1007/978-3-319-16571-4 2

[7] Fang, Y., Lai, K. K. and Wang, S. Y. (2006). Portfolio rebalancing model with transaction
costs based on fuzzy decision theory. European Journal of Operational Research, 175(2), 879-–93.
doi:10.1016/j.ejor.2005.05.020

[8] Fang, Y., Lai, K. K. and Wang, S. Y. (2008). Fuzzy Portfolio Optimization. Berlin: Springer.
doi:10.1007/978-3-540-77926-1

[9] Filomena, T. P. and Lejeune, M. A. (2014). Warm-start heuristic for stochastic portfolio op-
timization with fixed and proportional transaction costs. Journal of Optimization Theory and
Applications, 161(1): 308-–29. doi:10.1007/s10957-013-0348-y

[10] Kellerer, H., Mansini, R. and Speranza, M. G. (2000). Selecting portfolios with fixed
costs and minimum transaction lots. Annals of Operations Research, 99(1): 287-–304.
doi:10.1023/A:1019279918596
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1. Introduction

Interior-point methods (IPMs) that initiated by the landmark paper of Karmarkar [9] play a
fundamental role in moder optimization. They attracted the attention of many researchers
due to the polynomial complexity and their practical effect. For instance, Illés and Ter-
laky [8] presented a comparison between the IPMs and pivot methods from the practical
and theoretical point of view. Monteiro [13] introduced primal-dual path-following algorithms
for solving semidefinite optimization (SDO). Alizadeh and Goldfarb [2] proposed primal-dual
path-following algorithms for second-order cone optimization (SOCO). The primal-dual path-
following algorithms have been extended by Schmieta and Alizadeh [15] to symmetric cone
optimization (SCO) using Euclidean Jordan algebras.

The full-Newton step primal-dual path-following IPM was first introduced by Roos et al.
[14]. Later on, De Klerk [6], Wang et al. [20], Wang and Lesaja [16] and Kheirfam [11] extended
the results for LO to SDO and P∗(κ)-linear complementarity problem, shortly P∗(κ)-LCP,
the Cartesian P∗(κ)-LCP over symmetric cone P∗(κ)-SCLCP and circular cone optimization
CCO. Based on a new proximity measure, Zhang et al. [22] and Kheirfam [10] respectively
generalized Roos et al.’s algorithm to SDO and P∗(κ)-HLCP. In the 2003s, Darvay [4] introduces
a modification in the centering equations xs = µe of the central path by considering ϕ(xsµ ) =

ϕ(e), where ϕ : Rn+ → Rn+ is assumed to be a smooth function such that ϕ(0) = 0. This

direction has become an active area in the past few years for the case ϕ(t) =
√
t. For example,

the Darvay’s results for LO is extended to convex quadratic optimization (CQO) [1], SDO
[18], P∗(κ)-LCP [21], SOCO [17] and SCO [19]. Very recently, Darvay and Takács [5] introduce
another method for characterizing search directions for LO. They replace the centering equations

∗Corresponding author.

http://www.hdoi.hr/crorr-journal c©2019 Croatian Operational Research Society
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xs = µe by ϕ(xsµ ) = ϕ(
√

xs
µ ), and then apply Newton’s method in order to get the new search

directions for the case ϕ(t) = t2.
As mentioned above, the extension of the algorithms proposed for LO to more general

optimization problems such as LCP, P∗(κ)-LCP, SDO, SOCO, SCO is a very active area of
research during the past years. The applications of the circular cone appear in many real-
world engineering problems such as grasp optimizationand the optimal grasping manipulation
problems for multi-fingered robots [12]. However, there is little work on the algorithms for
solving the CCO. These motivate us to generalize Darvay and Takács’s technique [5] for LO to
CCO. We prove that the proposed algorithm is well-defined and derive worst-case complexity
bound for our algorithm.

The paper is organized as follows. In Section 2, we present the state of the art of CCO and
related Euclidean Jordan algebra. In Section 3, we study the central path and the new search
directions for CCO. Then we present a feasible full-NT step algorithm for CCO. In Section 4,
we show the polynomial complexity of our algorithm. Finally, some conclusions are given in
Section 5.

The following notations are used throughout this paper. Let Rn denotes the space of n-
dimensional real column vectors. We use x = (x0; x̄) for the column vector x = (x0, x̄

T )T ∈
R×Rn−1, and use (x; y; s) for adjoining vectors x, y, s in a column (xT , yT , sT )T . The symbols
‖ · ‖ and ‖ · ‖θ,F respectively denote the standard Euclidean norm and the Frobenius norm. If
A ⊆ Rk and B ⊆ Rl, then

A×B = {(x; y) : x ∈ A, y ∈ B}

is their Cartesian product. The intA denotes the interior of A.

2. CCO and related Jordan algebra

Consider the CCO in the standard form

min
{ N∑
j=1

〈
cj , xj

〉
θj

:

N∑
j=1

(
Ajx

j
)
θj

= b, xj ∈ Qnjθj
}
, (P )

where b ∈ Rm, Aj ∈ Rm×nj , cj ∈ Rnj , and Qnjθj is the circular cone of dimension nj defined by

Qnjθj :=
{

(xj0; x̄j) : xj0 ≥ cot(θj)‖x̄j‖
}

for θj ∈ (0, π2 ), j = 1, . . . , N, and ‖ · ‖ refers to the Euclidean norm. Moreover, 〈cj , xj〉θj :=
(cj)T I2

θj ,nj
xj , (Ajx

j)θj := AjI
2
θj ,nj

xj with

Iθj ,nj :=

[
1 0T

0 cot(θj)Inj−1

]
∈ Rnj×nj , j = 1, . . . , N,

which respectively denote the circular inner product between cj and xj and the circular matrix-
vector product between Aj and xj with the circular identity matrix Iθj ,nj . Let us consider

A = [A1, A2, . . . , AN ] ∈ Rm×n, c = (c1; c2; . . . ; cN ) ∈ Rn1 × · · · ×RnN = Rn,

Iθ,n =

Iθ1,n1

. . .

IθN ,nN


n×n

and x = (x1;x2; . . . ;xN ) ∈ Qn1

θ1
× · · · × QnNθN := Qnθ ,
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where n =
∑N
j=1 nj . Then, the problem (P) can be simply written as

min
{
〈c, x〉θ : (Ax)θ = b, x ∈ Qnθ

}
. (P )

The dual of (P) is defined by

max
{
bT y : AT y + s = c, y ∈ Rm, s ∈ Qnθ

}
. (D)

We assume that A has full row rank; i.e., rank(A) = m, and both primal and dual problems
satisfy the interior-point condition (IPC); i.e., there exists a primal-feasible vector x with x ∈
intQnθ and a dual-feasible y and s such that s ∈ intQnθ . It is also worth noting that CCO includes
second-order cone optimization as a special case. Here, for the sake of simplicity, we assume
that N = 1, hence Qn1

θ1
= Qnθ . Let En denote the n dimensional real vector space R × Rn−1

whose elements x are indexed with 0. Note that for two vectors x, y ∈ En, we can rewrite their
circular inner product as follows

〈x, y〉θ = xT I2
θ,ny = x0y0 + cot2(θ) x̄T ȳ.

Let x ∈ En. The circular spectral decomposition of x with respect to the angle θ ∈ (0, π2 ) is
defined as follows [3]

x = λθ,max(x)cθ,1(x) + λθ,min(x)cθ,2(x),

where λθ,max = x0 + cot(θ)‖x̄‖, λθ,min = x0 − cot(θ)‖x̄‖ are the eigenvalues of x and their
associated eigenvectors given by

cθ,1(x) =
1

2

(
1;

tan(θ)x̄

‖x̄‖

)
, cθ,2(x) =

1

2

(
1;
− tan(θ)x̄

‖x̄‖

)
.

Under Spectral Decomposition, we have

tr(x) = λθ,min(x) + λθ,max(x) = 2x0, detθ(x) = λθ,min(x)λθ,max(x) = x2
0 − cot2(θ)‖x̄‖2.

As a result it can be easily seen that cθ,1(x)+cθ,2(x) = e := (1; 0), which is the identity element
of En, trace(e) = 2 and det(x) = 1. For any real-valued continuous function f , we define the
image of x under f with respect to θ as

f(x) := f(λθ,max(x))cθ,1(x) + f(λθ,min(x))cθ,2(x),

in particular, we get x−1 = λ−1
θ,max(x)cθ,1(x)+λ−1

θ,min(x)cθ,2(x). The Frobenius norm with respect

to θ of x is defined as ‖x‖θ,F :=
√
λ2
θ,min(x) + λ2

θ,max(x). The arrow-shaped matrix Arwθ(x)

associated with x in En is defined as [3]

Arwθ(x) :=

[
x0 cot2(θ)x̄T

x̄ x0In−1

]
. (1)

Observe that x ∈ Qnθ , (x ∈ intQnθ ) if and only if Arwθ(x) is positive semidefinite (positive
definite); i.e., Arwθ(x) < 0(Arwθ(x) � 0). For any x, s ∈ En, the Jordan multiplication with
respect to θ is defined as

(x ◦ s)θ = (〈x, s〉θ;x0s̄+ s0x̄) = Arwθ(x)s = Arwθ(x)Arwθ(s)e. (2)

One can easily verify that (En, θ, ◦) is a Euclidean Jordan algebra under the circular inner
product 〈·, ·〉θ with e = (1; 0) ∈ En; i.e., for x, s, y ∈ En, (x ◦ s)θ = (s ◦ x)θ, (x ◦ (x2 ◦ s)θ)θ =
(x2 ◦ (x ◦ s)θ)θ where x2 = (x ◦x)θ, and 〈(x ◦ s)θ, y〉θ = 〈x, (s ◦ y)θ〉θ and (x ◦ e)θ = (e ◦x)θ = x.
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Moreover, we have c2θ,1 = (cθ,1 ◦cθ,1)θ = cθ,1 and c2θ,2 = (cθ,2 ◦cθ,2)θ = cθ,2 and (cθ,1 ◦cθ,2)θ = 0.
Therefore, {cθ,1, cθ,2} is a Jordan frame. We say that two vectors x and s in En are similar,
denoted by x ∼ s, if they share a Jordan frame. The cone of squares of the Euclidean Jordan
algebra (En, θ, ◦) is the circular cone Qnθ [3, Theorem 4]. The quadratic representation Pθ(x)
associated with x ∈ En with respect to θ is given as Pθ(x) = 2Arw2

θ(x) − Arwθ(x
2). In

particular, one has Pθ(x)e = x2, Pθ(x)x−1 = x and Pθ(x
−1)Pθ(x) = Pθ(x)Pθ(x

−1) = In, i.e.,
Pθ(x

−1) = Pθ(x)−1 [11]. In the sequel, we generalize the above notions and concepts to the case
where N > 1, when En = En1 × · · · × EnN and the circular cone underlying Qnθ is the Cartesian
product on N circular cones; i.e., Qnθ = Qn1

θ1
× · · · × QnNθN . The Jordan algebra associated with

the circular cone Qnθ is given by

(x ◦ s)θ =
(
(x1 ◦ s1)θ1 ; . . . ; (xN ◦ sN )θN

)
,

with e = (e1; . . . ; eN ) being its identity element. Note that tr(e) = 2N . The arrow-shaped
matrix Arwθ(x) and the quadratic representation Pθ(x) of the Jordan algebra (En, θ, ◦) with
respect to θ can be respectively adjusted to

Arwθ(x) := diag(Arwθ1(x1), . . . ,ArwθN (xN )), Pθ(x) := diag(Pθ1(x1), . . . , PθN (xN )).

Furthermore

λθ,max(x) = max
1≤j≤N

λθj ,max(xj), λθ,min(x) = min
1≤j≤N

λθj ,min(xj),

and

‖x‖2θ,F =

N∑
j=1

‖xj‖2θj ,F , tr(x) =

N∑
j=1

tr(xj).

3. Feasible full-NT step IPM

In this section, we first introduce the concept of the central path for CCO, and then generalize
Darvay and Takács’s technique [5] for LO to CCO.

3.1. Central path

The Karush-Kuhn-Tucker (KKT) optimality conditions for problems (P) and (D) is stated as
follows:

(Ax)θ = b, x ∈ Qnθ ,
AT y + s = c, s ∈ Qnθ ,
(x ◦ s)θ = 0.

(3)

The first two equations represent primal and dual feasibility and the third equation is called
the complementarity condition for (P) and (D). According to the key idea of IPMs, we replace
the complementarity condition (x ◦ s)θ = 0 by the parameterized equation (x ◦ s)θ = µθe with
µθ > 0. This leads to the following system

(Ax)θ = b, x ∈ intQnθ ,
AT y + s = c, s ∈ intQnθ ,
(x ◦ s)θ = µθe.

(4)

Since the IPC holds and A has full rank, the system (4) has a unique solution, denoted by
(x(µθ), y(µθ), s(µθ)) for each µθ > 0. We call x(µθ) the µθ-center of (P) and (y(µθ), s(µθ)) the
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µθ-center of (D). The set of all µθ-centers is called the central path. It is worth noting that at
the µθ-center, due to the definition of the trace function, together with (2), we get

〈x(µθ), s(µθ)〉θ =
1

2
tr
(
(x(µθ) ◦ s(µθ))θ

)
=

1

2
µθtr(e) = Nµθ.

It is clear to see that if µθ goes to zero, then the limit points satisfy the complementarity
condition (x◦s)θ = 0, and yields an optimal solution for (P) and (D). Let us consider u ∈ intQnθ .
It is a well known fact that (x◦s)θ = µθe if and only if

(
Pθ(u)x◦Pθ(u−1)s

)
θ

= µθe [15, cf.Lemma
28]. In this way, we see that system (4) can be rewritten in the following equivalent form:

(Ax)θ = b, x ∈ intQnθ ,
AT y + s = c, s ∈ intQnθ ,(

Pθ(u)x ◦ Pθ(u−1)s
)
θ

= µθe.
(5)

For each choice of u and applying Newton’s method to system (5) one gets a different direction.
In this article, we will pay particular attention to the case of Nesterov-Todd (NT) direction;

i.e., u = w−
1
2 with

w = Pθ(x
1
2 )
(
Pθ(x

1
2 )s
)− 1

2
[

= Pθ(s
− 1

2 )
(
Pθ(s

1
2 )x
) 1

2
]
,

which is called the scaling point of x and s. Let us define

vθ =
Pθ(w

− 1
2 )x

√
µθ

[
=
Pθ(w

1
2 )s

√
µθ

]
.

Then, by using the third equation of (5), we have

v2
θ = e⇔ vθ = e⇔ v2

θ = vθ. (6)

3.2. Search directions

Here, we present a class of search directions for CCO based on Darvay and Takács’s technique
for LO [5]. Consider the univariate function ϕ continuously differentiable on (σ2,∞) with
0 ≤ σ < 1, such that 2tϕ

′
(t2)− ϕ′(t) > 0 for each t > σ2. Due to (6), we replace the standard

centering equation
(
Pθ(w

− 1
2 )x ◦ Pθ(w

1
2 )s
)
θ

= µθe by

ϕ

(((Pθ(w− 1
2 )x

√
µθ

)
◦
(Pθ(w 1

2 )s
√
µθ

))
θ

)
= ϕ

(((Pθ(w− 1
2 )x

√
µθ

)
◦
(Pθ(w 1

2 )s
√
µθ

)) 1
2

θ

)
.

Therefore, the system (5) can be rewritten in the following scaled form:

AI2
θ,nPθ(w

1
2 )Pθ(w

− 1
2 )x = b,

I2
θ,nPθ(w

1
2 )AT y + I2

θ,nPθ(w
1
2 )s = I2

θ,nPθ(w
1
2 )c,

ϕ

(((
Pθ(w−

1
2 )x√

µθ

)
◦
(
Pθ(w

1
2 )s√
µθ

))
θ

)
= ϕ

(((
Pθ(w−

1
2 )x√

µθ

)
◦
(
Pθ(w

1
2 )s√
µθ

)) 1
2

θ

)
,

(7)

or simplicity,

Ãx̃ = b,

ÃT y + I2
θ,ns̃ = c̃,

ϕ
(((

x̃√
µθ

)
◦
(

s̃√
µθ

))
θ

)
= ϕ

(((
x̃√
µθ

)
◦
(

s̃√
µθ

)) 1
2

θ

)
,

(8)
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where Ã = AI2
θ,nPθ(w

1
2 ), x̃ = Pθ(w

− 1
2 )x, s̃ = Pθ(w

1
2 )s, c̃ = I2

θ,nPθ(w
1
2 )c. If we define

f(x̃, y, s̃) :=


Ãx̃− b

ÃT y + I2
θ,ns̃− c̃

ϕ
(((

x̃√
µθ

)
◦
(

s̃√
µθ

))
θ

)
− ϕ

(((
x̃√
µθ

)
◦
(

s̃√
µθ

)) 1
2

θ

)
 ,

then system (8) can be written as follows: f(x̃, y, s̃) = 0. A Newton method applied to this
system leads to the following linear system:

Ã∆x̃ = b− Ãx̃
ÃT∆y + I2

θ,n∆s̃ = c̃− ÃT y − I2
θ,ns̃

ϕ
(((

x̃+∆x̃√
µθ

)
◦
(
s̃+∆s̃√
µθ

))
θ

)
− ϕ

(((
x̃+∆x̃√
µθ

)
◦
(
s̃+∆s̃√
µθ

)) 1
2

θ

)
= 0,

(9)

where ∆x̃ = Pθ(w
− 1

2 )∆x and ∆s̃ = Pθ(w
1
2 )∆s. From Corollary 2.14 in [17] and the fact that

x̃ and (y, s̃) are feasible, we get

Ã∆x̃ = 0

ÃT∆y + I2
θ,n∆s̃ = 0

1
µθ

(
(x̃ ◦∆s̃)θ + (∆x̃ ◦ s̃)θ

)
=
(
z̃ ◦ z

)
θ
,

(10)

where

z̃ =
[
ϕ
′
(((

x̃√
µθ

)
◦
(

s̃√
µθ

))
θ

)
− 1

2

(((
x̃√
µθ

)
◦
(

s̃√
µθ

))− 1
2

θ
◦ ϕ′

(((
x̃√
µθ

)
◦
(

s̃√
µθ

)) 1
2

θ

))
θ

]−1

,

and

z = ϕ
(((

x̃√
µθ

)
◦
(

s̃√
µθ

)) 1
2

θ

)
− ϕ

(((
x̃√
µθ

)
◦
(

s̃√
µθ

))
θ

)
.

If we define

dx =
∆x̃
√
µθ

=
Pθ(w

− 1
2 )∆x

√
µθ

, ds =
∆s̃
√
µθ

=
Pθ(w

1
2 )∆s

√
µθ

, (11)

then system (9) can be simply written in the following form:

√
µθÃdx = 0√

µθÃ
T∆y + I2

θ,nds = 0

dx + ds = pvθ ,

(12)

where

pvθ =
(
v−1
θ ◦

([
ϕ
′
(v2
θ)− 1

2

(
v−1
θ ◦ ϕ

′
(vθ)

)
θ

]−1

◦
(
ϕ(vθ)− ϕ(v2

θ)
))
θ

)
θ
.

Here, we restrict our attention to the case where ϕ(t) = t2 based on Darvay and Takács’s
method for LO [5], so we have

pvθ =
(

(2v2
θ − e)−1 ◦

(
vθ − (v2

θ ◦ vθ)θ
))
θ
.

We obtain the search directions dx and ds by solving (12) and then compute ∆x and ∆s via
(11). The new iterates are obtained by taking a full-NT step as follows:

x+ := x+ ∆x, y+ := y + ∆y, s+ := s+ ∆s. (13)
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3.3. The generic primal-dual algorithm for CCO

In this section, we will show that the algorithm can solve the CCO in polynomial time. In order
to we need to a quantity that measure the distance between the given triple (x, y, s) and the
µθ-center (x(µθ), y(µθ), s(µθ). We use a norm-based proximity measure as follows:

δ(x, s;µθ) := δ(vθ) :=
1

2
‖pvθ‖θ,F =

1

2

∥∥∥((2v2
θ − e)−1 ◦

(
vθ − (v2

θ ◦ vθ)θ
))
θ

∥∥∥
θ,F

. (14)

From the first two equations of the system (12) it follows that

dxI
2
θ,nds = 〈dx, ds〉θ = 0,

that is dx and ds with respect to θ are orthogonal. Let qvθ = dx − ds. Then, we have

(dx ◦ ds)θ =
(pvθ ◦ pvθ )θ − (qvθ ◦ qvθ )θ

4
. (15)

Noting that dx and ds are orthogonal, we get ‖qvθ‖θ,F = ‖pvθ‖θ,F = 2δ(vθ). The full-NT step
algorithm is given in Figure 1.

Algorithm 1 : primal− dual algorithm for CCO
Input : accuracy parameter ε > 0;

barrier update parameter γ, 0 < γ < 1( default γ = 1
12
√

2N
);

initial feasible point (x0, y0, s0), µ0
θ = 〈x0,s0〉θ

N and v0
θ − 1√

2
e ∈ intQnθ ,

such that δ(x0, s0;µ0
θ) <

1
10 .

begin
x := x0; y := y0; s := s0; µθ := µ0

θ;
while 〈x, s〉θ > ε do
begin

(x, y, s) := (x, y, s) + (∆x,∆y,∆s);
µθ := (1− γ)µθ;

end
end

Figure 1: Primal–dual algorithm

4. Analysis of the algorithm

Let x, s ∈ intQnθ , µθ > 0 and w be the NT-scaling point of x and s. Then, by the definition of
vθ, (11) and (13) we get

x+ =
√
µθPθ(w

1
2 )(vθ + dx), s+ =

√
µθPθ(w

− 1
2 )(vθ + ds). (16)

Due to [2, Theorem 9] and the above relations, x+ and s+ belong to intQnθ if and only if vθ+dx
and vθ + ds belong to intQnθ . From now on, we denote x− y ∈ intQnθ by x �Qnθ y(x− y ∈ Qnθ
by x <Qnθ y). Moreover, we have

v2
θ + (vθ ◦ pvθ )θ = v2

θ +
(
vθ ◦

(
(2v2

θ − e)−1 ◦
(
vθ − (v2

θ ◦ vθ)θ
))
θ

)
θ

=
(

(2v2
θ − e)−1 ◦

((
(2v2

θ − e) ◦ v2
θ

)
θ

+
(
vθ ◦

(
vθ − (v2

θ ◦ vθ)θ
))
θ

))
θ

=
(

(2v2
θ − e)−1 ◦

(
v2
θ ◦ v2

θ

)
θ

)
θ
−
(

(2v2
θ − e)−1 ◦ (2v2

θ − e)
)
θ

+ e

=
(

(2v2
θ − e)−1 ◦

(
v2
θ − e

)2)
θ

+ e. (17)
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The following lemma states that, under some mild conditions on the proximity measure, the
full-NT steps lie in intQnθ .

Lemma 1. Let δθ := δ(vθ) < 1 and vθ �Qnθ
1√
2
e. Then the full-NT step is strictly feasible.

Proof. Let 0 ≤ α ≤ 1. Define vx(α) = vθ + αdx and vs(α) = vθ + αds. Then, using (15) and
(17), we obtain(

vx(α) ◦ vs(α)
)
θ

=
(
(vθ + αdx) ◦ (vθ + αds)

)
θ

= v2
θ + α

(
vθ ◦ (dx + ds)

)
θ

+ α2(dx ◦ ds)θ
= (1− α)v2

θ + α
(
v2
θ + (vθ ◦ pvθ )θ

)
+ α2(dx ◦ ds)θ

<Qnθ (1− α)v2
θ + αe+ α2(dx ◦ ds)θ

<Qnθ (1− α)v2
θ + α

(
e− (1− α)

(pvθ ◦ pvθ )θ
4

− α (qvθ ◦ qvθ )θ
4

)
.

Furthermore, since 0 ≤ α ≤ 1, we have∥∥∥(1− α)
(pvθ ◦ pvθ )θ

4
+ α

(qvθ ◦ qvθ )θ
4

∥∥∥
θ,F
≤ (1− α)

∥∥∥ (pvθ ◦ pvθ )θ
4

∥∥∥
θ,F

+α
∥∥∥ (qvθ ◦ qvθ )θ

4

∥∥∥
θ,F

≤ (1− α)
‖pvθ‖2θ,F

4
+ α
‖qvθ‖2θ,F

4

= δ2
θ < 1.

From the last inequality, we deduce that

e− (1− α)
(pvθ ◦ pvθ )θ

4
− α (qvθ ◦ qvθ )θ

4
�Qnθ 0.

Therefore, since v2
θ �Qnθ 0, we have

(
vx(α) ◦ vs(α)

)
θ
�Qnθ 0. Hence,

0 < detθ

((
vx(α) ◦ vs(α)

)
θ

)
≤ detθ(vx(α))detθ(vs(α)), ( see Lemma 6 in [11]).

From this inequality, it follows that detθ(vx(α)) 6= 0 and detθ(vs(α)) 6= 0. From an argument
similar to the proof of [11, Lemma 9], it follows that vθ+dx �Qnθ 0 and vθ+ds �Qnθ 0. Therefore,
the proof is complete.

Let us define

v+
θ =

Pθ(w
− 1

2
+ )x+√
µθ

[
=
Pθ(w

1
2
+)s+√
µθ

]
,

where w+ is the NT-scaling point of x+ and s+. Then, we have (v+
θ )2 ∼ Pθ

(
(vθ+dx)

1
2

)
(vθ+ds)

([11, Lemma 11]).

Lemma 2. Let δθ := δ(x, s, µθ). Then, we have

λθ,min(v+
θ ) ≥

√
1− δ2

θ .
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Proof. We have

λθ,min(v+
θ )2 = λθ,min

(
Pθ
(
(vθ + dx)

1
2

)
(vθ + ds)

)
≥ λθ,min

((
(vθ + dx) ◦ (vθ + ds)

)
θ

)
≥ λθ,min

(
e− (qvθ ◦ qvθ )θ

4

)
≥ 1− λθ,max

( (qvθ ◦ qvθ )θ
4

)
≥ 1− ‖(qvθ ◦ qvθ )θ‖θ,F

4
≥ 1−

‖qvθ‖2θ,F
4

= 1− δ2
θ ,

where the first inequality is due to Lemma 4.58 [7], the second inequality follows from the proof
of Lemma 1 with α = 1 and the fourth inequality follows from the fact that λmax(x) ≤ ‖x‖F .
The proof of the lemma is complete.

We will often use the following inequality on the circular inner product of two elements of Qnθ .

‖(x ◦ y)θ‖2θ,F = λ2
max,θ(x)λ2

max,θ(y) + λ2
min,θ(x)λ2

min,θ(y)

≤ λ2
max,θ(x)

(
λ2

max,θ(y) + λ2
min,θ(y)

)
= λ2

max,θ(x)‖y‖2θ,F .

Lemma 3. Let δθ := δ(x, s, µθ) <
1√
2
and vθ �Qnθ

1√
2
e. Then v+

θ �Qnθ
1√
2
e and

δ(v+
θ ) := δ(x+, s+;µθ) ≤

5δ2
θ

1− 2δ2
θ

√
1− δ2

θ .

Proof. In view of Lemma 2, we deduce that

λθ,min(v+
θ ) ≥

√
1− δ2

θ >

√
1− 1

2
=

1√
2
.

From this inequality, it follows that v+
θ �Qnθ

1√
2
e. To prove the second claim, by the definition

of δθ, we have

2δ(v+
θ ) = ‖pv+θ ‖θ,F =

∥∥∥((2(v+
θ )2 − e)−1 ◦

(
v+
θ − (v+

θ ◦ (v+
θ )2)θ

))
θ

∥∥∥
θ,F

=
∥∥∥(((2(v+

θ )2 − e)−1 ◦ v+
θ

)
θ
◦
(
e− (v+

θ )2
))
θ

∥∥∥
θ,F

≤ λmax,θ

((
(2(v+

θ )2 − e)−1 ◦ v+
θ

)
θ

)∥∥e− (v+
θ )2
∥∥
θ,F

.

Let us consider the function f(t) = t
2t2−1 on t > 1√

2
. It is easy to see that f

′
(t) < 0, so the

function f(t) is decreasing. Thus, using Lemma 2, we get

2δ(v+
θ ) ≤

λmin,θ(v
+
θ )

2λ2
min,θ(v

+
θ )− 1

∥∥e− (v+
θ )2
∥∥
θ,F
≤
√

1− δ2
θ

1− 2δ2
θ

∥∥e− (v+
θ )2
∥∥
θ,F

. (18)
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On the other hand, using [15, Lemma 30], we get∥∥(v+
θ )2 − e

∥∥
θ,F

=
∥∥Pθ((vθ + dx)

1
2

)
(vθ + ds)− e

∥∥
θ,F

≤
∥∥((vθ + dx) ◦ (vθ + ds)

)
θ
− e
∥∥
θ,F

=
∥∥v2
θ + (vθ ◦ pvθ )θ + (dx ◦ ds)θ − e

∥∥
θ,F

=
∥∥∥((2v2

θ − e)−1 ◦
(
v2
θ − e

)2)
θ

+
(pvθ ◦ pvθ )θ − (qvθ ◦ qvθ )θ

4

∥∥∥
θ,F

=
∥∥∥((v−2

θ ◦ (9v2
θ − 4e)

)
θ
◦
( (pvθ ◦ pvθ )θ

4

))
θ
− (qvθ ◦ qvθ )θ

4

∥∥∥
θ,F

≤ λmax,θ

((
v−2
θ ◦ (9v2

θ − 4e)
)
θ

)∥∥∥ (pvθ ◦ pvθ )θ
4

∥∥∥
θ,F

+
∥∥∥ (qvθ ◦ qvθ )θ

4

∥∥∥
θ,F

≤ 9
‖pvθ‖2θ,F

4
+
‖qvθ‖2θ,F

4
= 10δ2

θ ,

where the second equality is due to the proof of Lemma 1 with α = 1, the third equality follows
from (15) and (17). Substituting this bound into (19) yields the inequality in lemma, and the
proof is complete.

The next lemma gives an upper bound of the duality gap after taking a full-NT step.

Lemma 4. Let δθ := δ(x, s;µθ). Then, we have

〈x+, s+〉θ ≤ µθ(N + 4δ2
θ).

Proof. By the circular inner product and (16) it follows that

〈x+, s+〉θ = xT+I
2
θ,ns+ = µθ

(
Pθ(w

1
2 )(vθ + dx)

)T
I2
θ,nPθ(w

− 1
2 )(vθ + ds)

= µθ(vθ + dx)TPθ(w
1
2 )T I2

θ,nPθ(w
− 1

2 )(vθ + ds)

= µθ(vθ + dx)T I2
θ,nPθ(w

1
2 )Pθ(w

− 1
2 )(vθ + ds)

= µθ〈vθ + dx, vθ + ds〉θ
= µθ

(
〈vθ, vθ〉θ + 〈vθ, dx + ds〉θ + 〈dx, ds〉θ

)
= µθ

(
〈vθ, vθ〉θ + 〈vθ, pvθ 〉θ

)
=
µθ
2

tr
(
v2
θ + (vθ ◦ pvθ )θ

)
=
µθ
2

tr
((

(2v2
θ − e)−1 ◦

(
v2
θ − e

)2)
θ

+ e
)

=
µθ
2

tr
(((

v−2
θ ◦ (2v2

θ − e)
)
θ
◦
(
pvθ ◦ pvθ

)
θ

)
θ

+ e
)

≤ µθ
2

(
λmax,θ

((
v−2
θ ◦ (2v2

θ − e)
)
θ

)
tr
((
pvθ ◦ pvθ

)
θ

)
+ 2N

)
≤ µθ

2

(8‖pvθ‖2θ,F
4

+ 2N
)

= µθ
(
N + 4δ2

θ

)
,

where the third equality follows from (I2
θ,nPθ(w

1
2 ))T = I2

θ,nPθ(w
1
2 ) (see [11]), the sixth equality

is due to the third equation of (12) and the fact that dx and ds are orthogonal. The proof of
the lemma is complete.

Lemma 5. Let δθ := δ(x, s, µθ) <
1√
2
, vθ �Qnθ

1√
2
e and µ+

θ := (1 − γ)µθ with 0 < γ < 1.

Furthermore, let v]θ =
v+θ√
1−γ . Then, v]θ �Qnθ

1√
2
e and

δ(x+, s+;µ+
θ ) ≤

√
1− δ2

θ

2
√

1− γ(1− 2δ2
θ + γ)

(
γ
√

2N + 10δ2
θ

)
.
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Proof. Under the assumptions given in lemma, we conclude from Lemma 3 that v+
θ �Qnθ

1√
2
e.

This, together with 1√
1−γ > 1, implies that v]θ �Qnθ

1√
2
e, and we have proved the first statement.

To prove the second claim, by the definition of δθ, we have

δ(x+, s+;µ+
θ ) =

1

2

∥∥∥((2(v]θ)
2 − e

)−1 ◦
(
v]θ −

(
v]θ ◦ (v]θ)

2
)
θ

))
θ

∥∥∥
θ,F

=
1

2
√

1− γ

∥∥∥((2(v+
θ )2 − e(1− γ)

)−1 ◦
(
v+
θ ◦

(
(1− γ)e− (v+

θ )2
))
θ

)
θ

∥∥∥
θ,F

≤ 1

2
√

1− γ
λmax,θ

(((
2(v+

θ )2 − e(1− γ)
)−1 ◦ v+

θ

)
θ

)∥∥(1− γ)e− (v+
θ )2
∥∥
θ,F

≤
√

1− δ2
θ

2
√

1− γ(1− 2δ2
θ + γ)

(
γ
√

2N +
∥∥e− (v+

θ )2
∥∥
θ,F

)
≤

√
1− δ2

θ

2
√

1− γ(1− 2δ2
θ + γ)

(
γ
√

2N + 10δ2
θ

)
,

which concludes the proof of lemma.

Corollary 1. Let δθ := δ(x, s, µθ) <
1
10 and γ = 1

12
√

2N
. Then δ(x+, s+;µ+

θ ) < 1
10 .

The following lemma gives an upper bound for the number of iterations produced by Algo-
rithm.

Lemma 6. Suppose that x0 and s0 are strictly feasible, µ0
θ = 〈x0,s0〉θ

N and δ(x0, s0;µ0
θ) <

1
10 .

Let xk and sk be the iterates obtained after k iterations. Then, 〈xk, sk〉θ ≤ ε for any

k ≥
⌈ 1

γ
log

µ0
θ

(
N + 1

25

)
ε

⌉
.

Proof. From Lemma 4 and the assumption δ(x, s;µθ) <
1
10 , we conclude that

〈xk, sk〉θ ≤ µkθ
(
N +

1

25

)
= (1− γ)kµ0

θ

(
N +

1

25

)
.

Then, the inequality 〈xk, sk〉θ ≤ ε holds if

(1− γ)kµ0
θ

(
N +

1

25

)
≤ ε. (19)

By taking the natural logarithm of both sides of (19), we get

k log(1− γ) + log µ0
θ

(
N +

1

25

)
≤ log ε.

Using the inequality − log(1− γ) > γ, we conclude that the above inequality is satisfied if

−kγ + logµ0
θ

(
N +

1

25

)
≤ log ε,

which implies the desired result.

We are now in a position to state the main result of this paper.

Theorem 1. Let γ = 1
12
√

2N
. Then the algorithm requires at most

O
(√

N log
µ0
θ

(
N + 1

25

)
ε

)
iterations. The output gives an ε-approximate solution (x, s) satisfying 〈x, s〉θ ≤ ε.

Proof. The proof is trivial by Lemma 6.
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5. Conclusion

In this paper, we proposed an IPM for circular cone optimization based on Darvay and Takács’s
techique for LO [5] and using the Nesterov-Todd (NT) symmetrization scheme. We used New-
ton’s method to get the search directions and showed that the obtained complexity coincides
with the now best-known iteration bound for small-update methods. As a further research one
can consider the possible extension of the proposed method to the elliptic cone optimization.
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1. Introduction

Let us consider the following constrained global optimization problemminF (x)
subject to gi(x) ≤ 0, i ∈ I
x ∈ Ω,

(1)

where x = (x1, · · · , xn)T is the real vector of Rn representing the n variables, I is a finite index
set and Ω is a compact hyper-rectangle given by

Ω =
[
xl1, x

u
1

]
× · · · ×

[
xln, x

u
n

]
⊂ Rn,

and xli, x
u
i , i = 1, · · · , n are real constants specifying the hyper-rectangle Ω. The functions

F, gi (i ∈ I) : Ω → R are assumed to be Hölderian and non-differentiable over Ω. Denote the

∗Corresponding author.
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feasible region of solutions for problem (1) associated to inequality constraints and explicit
bounds by

D = {x ∈ Ω, gi(x) ≤ 0, ∀i ∈ I} ,

with the assumption that the feasible region D is bounded and robust, i.e. it is the closure of
a non-empty open set.

Definition 1. A function F : Ω→ R, is said to be Hölder continuous on a hyper-rectangle
Ω, if there exists a pair of finite positive constants H and β < 1, satisfying

|F (x)− F (y)| ≤ H ‖x− y‖β , ∀x, y ∈ Ω, (2)

where ‖.‖ denotes the Euclidean vector norm in Rn, other norms could be also considered.

The two real constants H and β are respectively called Hölder constant and Hölder exponent.
If F is a Hölder function with constant H and exponent β on Ω, then it is also Hölderian with
constant H

′ ≥ H or exponent β
′ ≤ β. Note that a Hölder function need not be differentiable.

A Hölder function with a low value of β is much more irregular than a Hölder function with a
large value of β.

Global optimization is a field with active research. It is the process of finding the global
extremum of a function of n variables, with the possibility of being subjected to some con-
straints. Its importance is due to the increasing needs in many applications in sciences and
engineering. Two factors render the global optimization of certain classes of multivariate multi-
extremal functions difficult to treat: local irregularity, for example non differentiability and
the existence of a large number of local and global extrema of the objective function in the
feasible area. During the last recent years, numerous works have been realized concerning
Lipschitz functions [7, 8, 15, 21]. More recently, some works tackling less regular functions
have appeared [4, 10, 12, 17]. The global maximisation of both univariate and multivariate
Hölder functions over respectively an interval of R and a hyper-rectangle of Rn was stud-
ied for the first time by Gourdin et al. [4]. In [4], the authors used the generalization of
Piyavskii’s algorithm to univariate case. For the multivariate case, the direct generalization
of the Piyavskii’s algorithm is very difficult, since the determination of local maxima of the
over-estimator function of the objective function requires the determination of the intersection
of several parabolic hyper-surfaces. They proposed a procedure for partitioning and eliminating
(Branch-and-Bound) hyper-rectangles without interest by constructing piecewise constant over-
estimator functions. Lera and Sergeyev [10] proposed another extension of Piyavskii’s algorithm
in the one-dimensional case, since the determination of the explicit unique local minimum of
the under-estimator function is generally easy only for some cases when the Hölder exponent
β = 1

m and m is the integers 2, 3 and 4. They also consider a technique if the Hölder constant
h is not a priori known.

In [17], we have proposed two algorithms of both univariate and multivariate unconstrained
Hölder functions. The first one is a modification of the Piyavskii’s algorithm for the univariate
case. It consists on constructing a sequence of piecewise affine under-estimators of the objective
function. The second algorithm is the reduction of the multivariate Hölder objective function
to a univariate one, by using a parameterized curves as later described.

The aim of this paper is to study the extension of the modified Piyavskii’s algorithm MPA
which we have introduced in [17] for minimizing multivariate Hölderian functions over a hyper-
rectangle of Rn [6] to minimization problems of strictly Hölder functions of several variables
undergoing a finite set of constraints which are also strictly Hölderian.

In many cases, the feasible region is a non-convex compact set whose boundaries are non-
smooth functions. We treat the problem (1) in the case where the feasible set D can be
formulated, with a finite number of inequalities, as follows:



Generating α-dense curves to solve a class of non-smooth constrained global optimization 291

D =

x ∈ Ω,
a ≤ x1 ≤ b

...
ϕi(x1, ..., xi−1) ≤ xi ≤ ψi(x1, ..., xi−1), 2 ≤ i ≤ n

 , (3)

where a, b ∈ R such that a ≤ xl1, b ≤ xu1 and the functions ϕi and ψi (i ≥ 2) are all Hölderian

and non-differentiable over a hyper-rectangles Ωi given by

Ωi =
[
xl1, x

u
1

]
× ...×

[
xli−1, x

u
i−1
]
,

respectively with the constants hi > 0, βi < 1 and Hi > 0, γi < 1, that is,

|ϕi(x)− ϕi(y)| ≤ hi ‖x− y‖βi , ∀x, y ∈ Ωi,

|ψi(x)− ψi(y)| ≤ Hi ‖x− y‖γi , ∀x, y ∈ Ωi.

As the problem (1) is generally difficult to solve, there are only a few works in the literature
[3, 13]. In this paper, we develop an approach which does not use penalty functions or Lagrange
multipliers. It is based on the reduction of the dimension of problem (1) where the feasible set
D is defined by (3), by means of a transformation allowing to write the n variables xi, 1 ≤ i ≤ n
in functions of a single variable t, given by xi = `i(t), 1 ≤ i ≤ n. The objective function
F (x) of the initial problem (1) is approximated by a function of a single variable defined by
f(t) = F (`1(t), ..., `n(t)). A computable parametric α-dense curve `α(t) = (`1(t), ..., `n(t)) in
the feasible region (3) should be used and ensured the passage from the constrained multi-
dimensional problem (1) and (3) to the unconstrained one-dimensional simpler one

min
t∈I

f(t), (4)

where the univariate objective function f(t) of the problem (4) is Hölderian and non differen-
tiable over the interval I = [0, T ]. The constant T is the upper bound of the function `α(t)
on which the global minimum of f(t) in I will be located. It can be proved that the global
minimum of the function F (x) on the compact D is approximated by the global minimum of
the function f(t) on the interval I . This due to the fact that f(t) is the restriction of F (x)
to the α-dense curve in D. Thus, we can solve the problem (4) by applying a more efficient
and performing algorithm proposed for minimizing functions depending on a single variable and
satisfying the Hölder condition (2). It should be mentioned that recently, the dimensionality re-
duction approach, coupled with some one-dimensional global optimization methods has proved
its effectiveness in solving various multi-dimensional problems where the objective function is
Lipschitzian and the feasible set is a relatively small hyper-rectangle [1, 17, 23, 24].

The paper is organized as follows. In Section 2, we give some preliminaries and notations.
The dimensionality reduction method is presented with concrete α-dense curves in Section 3. In
Section 4 we give an algorithm for a one-dimensional unconstrained problem. Section 5 shows
some numerical experiments and Section 6 concludes the work.

2. Preliminaries and notation

2.1. Lower and upper bounds

In the preliminaries, we start by recalling that the diameter of the hyper-rectangle Ωi for each
i = 1, ..., n is

di = max {‖x− x̃‖ , x, x̃ ∈ Ωi} =

√(
xl1 − xu1

)2
+ ...+

(
xli−1 − xui−1

)2
,
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and the center of Ωi is

ci =
1

2

(
xl1 + xu1 , ..., x

l
i−1 + xui−1

)
.

Let the following numbers: {
Li = ϕi(ci)− hi

(
di
2

)βi
Ui = ψi(ci) +Hi

(
di
2

)γi
.

Since the functions ϕi and ψi (i ≥ 2) are Hölderian on Ωi then by the Hölder condition (2) we
have

ϕi(y)− hi ‖x− y‖βi ≤ ϕi(x), for all x, y ∈ Ωi

ψi(y)−Hi ‖x− y‖γi ≤ ψi(x), for all x, y ∈ Ωi.

In the last two inequalities, if a value of y is fixed by the center ci of Ωi, then, the constants
Li and Ui given above, are respectively lower and upper bounds of the functions ϕi and ψi on
the hyper-rectangle Ωi, for i ≥ 2, with L1 = a and U1 = b [4].

2.2. Notation and sequence of parameters

In all of this work, the constants hi, Hi, βi, γi, are assumed to be known a priori and selected
such (hi)2≤i≤n,(Hi)2≤i≤n form two increasing sequences and (βi)2≤i≤n,(γi)2≤i≤n two decreasing
ones. Let α > 0 and very small compared to the feasible region D and let, for i ≥ 2,{

δ1 = 1, δi = 1 + max
(
hiα

βi−1δβii−1, Hiα
γi−1δγii−1

)
λi = max

(
1, hi(αδi−1)βi−1, Hi(αδi−1)γi−1

)
.

The sequence of numbers (δi)1≤i≤n is strictly increasing. Indeed, for i = 2, since h2 > 0,
β2 < 1 and H2 > 0, γ2 < 1, then δ2 > δ1. We suppose that δi < δi+1 for all i, we have

hi+1 < hi+2 and βi+2 < βi+1 then for α << 1 we have αβi+1 < αβi+2 .

Analogously,
Hi+1 < Hi+2 and γi+2 < γi+1 then αγi+1 < αγi+2 .

By suitably choosing the sequence δi such that δi < δi+1 we have

δ
βi+1

i < δ
βi+2

i+1 and δ
γi+1

i < δ
γi+2

i+1 ,

however,

hi+1α
βi+1−1δ

βi+1

i < hi+2α
βi+2−1δ

βi+2

i+1

and Hi+1α
γi+1−1δ

γi+1

i < Hi+2α
γi+2−1δ

γi+2

i+1 ,

hence δi+1 < δi+2.

3. The dimensionality reduction method

In the literature, there exist several methods based on the reduction of the dimension of a multi-
dimensional global optimization problem to an univariate case. The method based on filling
the feasible region by a curve was studied by numerous authors, see e.g. Butz [2], Strongin
[20] and Sergeyev et al. [19]. They consider the approximation of Peano type curves for this
purpose. These curves were first introduced by Peano (1890) then Hilbert (1891) and have
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the property of passing through all points of a hyper-rectangle of Rn and are known as space-
filling-curves [18] The process based on the approximation by Peano type curves to explore the
feasible region have been systematically developed and improved by Strongin, Sergeyev and their
collaborators [11, 20]. The monograph [19] treats in detail the theoretical and numerical aspects
of this approach. The last works involving this approach have shown that it is competitive in
practice and specifically when the feasible set is a hyper-rectangle relatively small of dimension
≤ 4 [11, 20]. Sergeyev et al. [11] have solved the global minimization problem when the
objective function F (x), x ∈ Rn, fulfills the Lipschitz condition on the hyper-rectangle of Rn
using computable approximations of Peano functions to reduce the original problem to an
univariate one satisfying the Hölder condition over an interval of R. They also proposed some
techniques for estimating locally and globally the Lipschitz and the Hölder constants when
these constants are not a priori known [11].

The dimensionality reduction approach (DR) that we will present in our work, is different
with the approach given above. It has been proposed and developed by Cherruault et al. [1, 5,
24, 26] and based on the approximation of an n variables of the objective function by a single
variable function by using a continuous parametric curve `α, defined from a real interval I onto
the n-dimensional compact D and satisfying a property described by the definition given below.
Such a function `α is said to be a space-densifying-curve in D [23, 25]. However, the introduction
of these α-dense curves has allowed analytical argumentation of certain dimensionality reduction
methods in global optimization techniques [5, 17, 24, 26, 27].

Definition 2. Let S be a subset of the metric space E and α > 0. We say that a continuous
curve `α of E is α-dense in S, if `α ⊂ S and d(x, `α) ≤ α for all x ∈ S, where:

d(x, `α) = inf
y∈`α

d(x, y).

Definition 3. Let α > 0. We say that a subset S of the metric space E is α-densifiable
if there exists a continuous curve of E, rectifiable and α-dense in S.

Remark 1. Designate by Lα,` the length of a continuous curve `α parametrically repre-
sented by the function `α(t), t ∈ I, where I is an interval of R. (Lα,` is independent of the
chosen parametrization). We say that the curve `α is rectifiable if Lα,` is finite.

The curves used in the dimensionality reduction method belong to two different classes.
Butz, Strongin and Sergeyev et al. [2, 19, 20], use numerical approximations of Peano type
curves whereas Cherruault and their collaborators [24], use α-dense ones. The approximations
of Peano curves are obviously α-dense but the curves used by Cherruault et al. [25] do not
necessarily converge to Peano type curves. Although both classes of curves have the common
property to approach as much as wanted all the points of a hyper-rectangle of Rn, there are
important differences: they do not possess the same regularity, they differ also concerning
repartition uniformity (on the hyper-rectangle) and asymptotic behavior. In this work, we are
interested by compact sets of type (3) which are α-densifiable and note that if the functions ϕi
and ψi are only Hölderian we can construct compacts which are not α-densifiable, in this case
we can transform our problem by defining ”a Lagrange penalty function” by choosing a huge
hyper-rectangle C ⊂ Rn which comprises the feasible set of the problem (1) and so we solve the
transformed problem where the objective function is Hölderian on the hyper-rectangle C [17].

3.1. Generation of α-dense curves in a compact non-convex sets

Some interesting results concerning the existence of α-dense curves with minimal length of an
α-densifiable compact in a general metric space were given by Ziadi et al. [25]. In the case
where the feasible set is a hyper-rectangle Ω of Rn, some ways of constructing the α-dense
curves in Ω have been given [14, 24, 26, 27]. In this subsection we shall give the relationship
existing between the components `i (i = 1, ..., n) of the parametrization in order to generate a
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new class of α-dense curves in a compact D ⊂ Rn whose boundary is defined by a non-smooth
functions. Denote by m the Lebesgue measure, the number α > 0 is supposed to be less than

the length of the intervals
[
`i

(
t
′

i

)
, `i

(
t
′′

i

)]
, t
′

i, t
′′

i ∈ I ∀ i = 2, ..., n.

In the rest of this section, the sup-norm ‖x‖ := max
1≤i≤n

{|xi|} is used in order to simplify cal-

culations, but other norms can also be considered. Next, keeping the same notations introduced
above, we give a general main result for generating α-dense curves in D.

Theorem 1. Let `α = (`1, ..., `n) : I→ D be a continuous function and t2, ..., tn, α strictly
positive numbers such that:

1) `1 is surjective.
2) For all i = 2, ..., n, and for all interval Ii−1 with length ti, there exist t

′

i and t
′′

i ∈ Ii−1
such that: {

`i(t
′

i) = ϕi(`1(t
′

i), ..., `i−1(t
′

i))

`i(t
′′

i ) = ψi(`1(t
′′

i ), ..., `i−1(t
′′

i ))

3) For all i = 2, .., n, and for all closed interval J, we have:

m (J) < ti ⇒m (`i−1 (J)) < α.

Then, the parameterized curve defined by `α (t) = (`1 (t) , ..., `n (t)) for t ∈ I, is δn−1λnα-
dense in D where δn−1, λn are the parameters designated in section 2.

Proof. The proof is obtained by induction in two parts.

Part 1. n = 2.
Consider the interval [x1 − α, x1 + α] where (x1, x2) ∈ D. Since the function `1 is surjective,

there exists a closed interval I1 ⊂ I such that:

`1 (I1) = [x1 − α, x1 + α] ∩ [a, b] .

But m (`1 (I1)) ≥ α, so m (I1) ≥ t2Thus, we have for all t ∈ I1: |x1 − `1 (t)| ≤ α moreover,
there exists t

′

2, t
′′

2 ∈ I1 such that: {
`2(t

′

2) = ϕ2(`1(t
′

2))

`2(t
′′

2 ) = ψ2(`1(t
′′

2 )).

On the other hand, according to the definition of the feasible region D, we have:

ϕ2 (x1) ≤ x2 ≤ ψ2 (x1) .

As the functions ϕ2, ψ2 are Hölderian on Ω2, respectively with the constants h2, β2, H2, γ2, i.e.,
∣∣∣ϕ2 (x1)− ϕ2(`1(t

′

2))
∣∣∣ ≤ h2 ∣∣∣x1 − `1(t

′

2)
∣∣∣β2

≤ h2αβ2∣∣∣ψ2 (x1)− ψ2(`1(t
′′

2 ))
∣∣∣ ≤ H2

∣∣∣x1 − `1(t
′′

2 )
∣∣∣γ2 ≤ H2α

γ2 ,

then

`2(t
′

2)− h2αβ2 ≤ x2 ≤ `2(t
′′

2 ) +H2α
γ2 .

We will study the following three cases:
(1) `2(t

′

2)− h2αβ2 ≤ x2 < `2(t
′

2)

(2) `2(t
′

2) ≤ x2 ≤ `2(t
′′

2 )

(3) `2(t
′′

2 ) < x2 ≤ `2(t
′′

2 ) +H2α
γ2 .
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If case (1) holds, we have: ∣∣∣x2 − `2(t
′

2)
∣∣∣ ≤ h2αβ2 ,

and therefore∥∥∥x− `α(t
′

2)
∥∥∥ = max

{∣∣∣x1 − `1(t
′

2)
∣∣∣ , ∣∣∣x2 − `2(t

′

2)
∣∣∣} ≤ max

{
α, h2α

β2
}
.

If case (2) is satisfied, there exists t0 ∈
[
t
′

2, t
′′

2

]
such that:

x2 = `2 (t0) ,

leading to
‖x− `α(t0)‖ ≤ α.

If the last case (3) holds, we have:∣∣∣x2 − `2(t
′′

2 )
∣∣∣ ≤ H2α

γ2 ,

and therefore ∥∥∥x− `α(t
′′

2 )
∥∥∥ ≤ max {α,H2α

γ2} .

We deduce that the parameterized curve `α (t) = (`1 (t) , `2 (t)) for t ∈ I, is λ2α-dense in D with
λ2 = max

(
1, h2α

β2−1, H2α
γ2−1

)
.

Part 2. For n > 2.
Let x = (x1, ..., xn) ∈ D and consider the interval [x1 − α, x1 + α], since `1 is surjective,

there exists a closed interval I1 ⊂ I such that:

`1 (I1) = [x1 − α, x1 + α] ∩ [a, b] ,

But m (`1 (I1)) ≥ α, then m (I1) ≥ t2. It follows that |x1 − `1 (t)| ≤ α for all t ∈ I1. In addition,
there exist t

′

2, t
′′

2 ∈ I1 such that:  `2(t
′

2) = ϕ2

(
`1(t

′

2)
)

`2(t
′′

2 ) = ψ2

(
`1(t

′′

2 )
)
.

Since
∣∣∣`2(t

′

2)− `2(t
′′

2 )
∣∣∣ ≥ α, then,

m
(
`2

([
t
′

2, t
′′

2

]))
≥ α,

and hence
m
([
t
′

2, t
′′

2

])
≥ t3.

On the other hand, we have ϕ2 (x1) ≤ x2 ≤ ψ2 (x1) , and as ϕ2 and ψ2 are Hölderian on Ω2,
respectively with the constants h2, β2, H2, γ2, then

`2(t
′

2)− h2αβ2 ≤ x2 ≤ `2(t
′′

2 ) +H2α
γ2 .

We still have to study the three cases:
(1) `2(t

′

2)− h2αβ2 ≤ x2 ≤ `2(t
′

2)

(2) `2(t
′

2) ≤ x2 ≤ `2(t
′′

2 )

(3) `2(t
′′

2 ) ≤ x2 ≤ `2(t
′′

2 ) +H2α
γ2 .
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If (1) holds, we take I2 =
[
t
′

2, t
′

2 + t3

]
.

If (2) is valid, there exists I2 ⊂
[
t
′

2, t
′′

2

]
such that:

`2 (I2) = [x2 − α, x2 + α] ∩
[
`2(t

′

2), `2(t
′′

2 )
]
.

If the case (3) holds, we take I2 =
[
t
′′

2 − t3, t
′′

2

]
.

It is clear that I2 ⊂
[
t
′

2, t
′′

2

]
and m (I2) ≥ t3 in the three cases. Indeed, for (2) we have:

m (`2 (I2)) ≥ α,

and hence m (I2) ≥ t3 from the assumption 3) of Theorem 1.

In addition, for all t ∈ I2, we have:
If (1) holds, then

|x2 − `2 (t)| ≤
∣∣∣x2 − `2(t

′

2)
∣∣∣+
∣∣∣`2(t

′

2)− `2 (t)
∣∣∣ ≤ α+ h2α

β2 .

If (2) holds, then

|x2 − `2 (t)| ≤ α.

If the condition (3) holds, then

|x2 − `2 (t)| ≤
∣∣∣x2 − `2(t

′′

2 )
∣∣∣+
∣∣∣`2(t

′′

2 )− `2 (t)
∣∣∣ ≤ α+H2α

γ2 .

Consequently, for all t ∈ I2, we have:

|x2 − `2 (t)| ≤ α
(
1 + max

(
h2α

β2−1, H2α
γ2−1

))
= αδ2.

We have m (I2) ≥ t3, then there exist t
′

3, t
′′

3 ∈ I2 such that:{
`(t
′

3) = ϕ3(`1(t
′

3), `2(t
′

3))

`3(t
′′

3 ) = ψ3(`1(t
′′

3 ), `2(t
′′

3 )),

hence ∣∣∣`3(t
′

3)− `3(t
′′

3 )
∣∣∣ ≥ α,

consequently

m
(
`3

([
t
′

3, t
′′

3

]))
≥ α.

and therefore

m
([
t
′

3, t
′′

3

])
≥ t4.

On the other hand, we have: ϕ3 (x1, x2) ≤ x3 ≤ ψ3 (x1, x2) and ϕ3, ψ3 are two Hölder
functions on Ω3,, i.e.,∣∣∣ϕ3 (x1, x2)− ϕ3(`1(t

′

3), `2(t
′

3))
∣∣∣ ≤ h3 [max

{∣∣∣x1 − `1(t
′

3)
∣∣∣ , ∣∣∣x2 − `2(t

′

3)
∣∣∣}]β3

≤ h3 [max {α, αδ2}]β3 = h3(αδ2)β3 .
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′′

3 ), `2(t
′′

3 ))
∣∣∣ ≤ H3

[
max

{∣∣∣x1 − `1(t
′′

3 )
∣∣∣ , ∣∣∣x2 − `2(t

′′

3 )
∣∣∣}]γ3

≤ H3 [max {α, αδ2}]γ3 = H3(αδ2)γ3 .
Hence

`3(t
′

3)− h3(αδ2)β3 ≤ x3 ≤ `3(t
′′

3 ) +H3(αδ2)γ3 .

Obviously, we will study the following cases:
(4) `3(t

′

3)− h3(αδ2)β3 ≤ x3 ≤ `3(t
′

3)

(5) `3(t
′

3) ≤ x3 ≤ `3(t
′′

3 )

(6) `3(t
′′

3 ) ≤ x3 ≤ `3(t
′′

3 ) +H3(αδ2)γ3 .

If (4) holds, we take I3 =
[
t
′

3, t
′

3 + t4

]
.

If (5) is satisfied, there exists I3 ⊂
[
t
′

3, t
′′

3

]
such that:

`3 (I3) = [x3 − α, x3 + α] ∩
[
`3(t

′

3), `3(t
′′

3 )
]
.

If the condition (6) is valid, we take I3 =
[
t
′′

3 − t4, t
′′

3

]
.

Hence, we have I3 ⊂
[
t
′

3, t
′′

3

]
and m (I3) ≥ t4 in all cases. In addition, for all t ∈ I3, we have:

If (4) holds:

|x3 − `3 (t)| ≤
∣∣∣x3 − `3(t

′

3)
∣∣∣+
∣∣∣`3(t

′

3)− `3 (t)
∣∣∣ ≤ α+ h3(αδ2)β3 .

If (5) is satisfied, then:
|x3 − `3 (t)| ≤ α.

If the condition (6) holds:

|x3 − `3 (t)| ≤
∣∣∣x3 − `3(t

′′

3 )
∣∣∣+
∣∣∣`3(t

′′

3 )− `3 (t)
∣∣∣ ≤ α+H3(αδ2)γ3 .

Then in all cases, we have for every t ∈ I3

|x3 − `3 (t)| ≤ α
{

1 + max
(
h3α

β3−1δβ3

2 , H3α
γ3−1δγ32

)}
,

i.e.,
|x3 − `3 (t)| ≤ αδ3.

With the same process given previously until the step (n− 1), we obtain by induction for
all t ∈ In−1,

|xn−1 − `n−1 (t)| ≤ αδn−1,

with m (In−1) ≥ tn and In−1 ⊂ In−2 ⊂ · · · ⊂ I1 ⊂ I.
Therefore, there exist t

′

n, t
′′

n ∈ In−1 such that: `n(t
′

n) = ϕn

(
`1(t

′

n), ..., `n−1(t
′

n)
)

`n(t
′′

n) = ψn

(
`1(t

′′

n), ..., `n−1(t
′′

n)
)
.

On the other hand, according to the definition of the feasible region, we have:

ϕn (x1, ..., xn−1) ≤ xn ≤ ψn (x1, ..., xn−1
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Moreover, the two functions ϕn, ψn are Hölderian on the hyper-rectangle Ωn, and as shown in
section 2, the sequence of numbers (δi)1≤i≤n is increasing, we have∣∣∣ϕn (x1, ..., xn−1)− ϕn

(
`1(t

′

n), ..., `n−1(t
′

n)
)∣∣∣

≤ hn
[
max

{∣∣∣x1 − `1(t
′

n)
∣∣∣ , ..., ∣∣∣xn−1 − `n−1(t

′

n)
∣∣∣}]βn

≤ hn [max {α, αδ2, ..., αδn−1}]βn = hn (αδn−1)
βn .∣∣∣ψn (x1, ..., xn−1)− ψn

(
`1(t

′′

n), ..., `n−1(t
′′

n)
)∣∣∣

≤ Hn [max {α, αδ2, ..., αδn−1}]γn = Hn (αδn−1)
γn .

Hence
`n(t

′

n)− hn (αδn−1)
βn ≤ xn ≤ `n(t

′′

n) +Hn (αδn−1)
γn .

Again, we have three cases to check:
(7) `n(t

′

n)− hn (αδn−1)
βn ≤ xn ≤ `n(t

′

n)

(8) `n(t
′

n) ≤ xn ≤ `n(t
′′

n)

(9) `n(t
′′

n) ≤ xn ≤ `n
(
t
′′

n

)
+Hn (αδn−1)

γn .

If (7) holds, we have: ∣∣∣xn − `n(t
′

n)
∣∣∣ ≤ hn (αδn−1)

βn ,

and∥∥∥x− `α(t
′

n)
∥∥∥ = max

{∣∣∣x1 − `1(t
′

n)
∣∣∣ , ..., ∣∣∣xn−1 − `n−1(t

′

n)
∣∣∣ , ∣∣∣xn − `n(t

′

n)
∣∣∣}

≤ max
{
α, αδ2, ..., αδn−1, hn (αδn−1)

βn
}

≤ max
{
αδn−1, hn (αδn−1)

βn
}
.

If (8) is satisfied, there exists t0 ∈ In−1 such that xn = `n (t0) , consequently

‖x− `α (t0)‖ = max {|x1 − `1 (t0)| , ..., |xn−1 − `n−1 (t0)| , |xn − `n (t0)|}
≤ max {α, αδ2, ..., αδn−1, α}
≤ αδn−1.

If the last condition (9) holds, we have:∣∣∣xn − `n(t
′′

n)
∣∣∣ ≤ Hn (αδn−1)

γn ,

and therefore∥∥∥x− `α(t
′′

n)
∥∥∥ = max

{∣∣∣x1 − `1(t
′′

n)
∣∣∣ , ..., ∣∣∣xn−1 − `n−1(t

′′

n)
∣∣∣ , ∣∣∣xn − `n(t

′′

n)
∣∣∣}

≤ max {α, αδ2, ..., αδn−1, Hn (αδn−1)
γn}

≤ max {αδn−1, Hn (αδn−1)
γn} .

We deduce that the parameterized curve `α (t) = (`1 (t) , ..., `n (t)) for t ∈ I, is δn−1λnα-
dense in D.

Corollary 1. Let `α = (`1, ..., `n) : I → D, be a continuous function, whose components
`i , (i = 1, ..., n) are Hölder functions with constants ci > 0 and exponents µi < 1, (i = 1, ..., n)
(resp.). Let t2, t3, ..., tn, α be strictly positive numbers such that:

1) `1 is surjective,
2) For all i = 2, ..., n and for all interval Ii−1 with length ti, there exist t

′

i and t
′′

i ∈ Ii−1
such that:  `i(t

′

i) = ϕi

(
`1(t

′

i), ..., `i−1(t
′

i)
)

`i(t
′′

i ) = ψi

(
`1(t

′′

i ), ..., `i−1(t
′′

i )
)
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3) For all i = 2, ..., n

ci−1 <
α

t
µi−1

i

.

Then, the parameterized curve defined by `α (t) = (`1 (t) , ..., `n (t)) for t ∈ I, is δn−1λnα-
dense in D.

Proof. It is a consequence of Theorem 1. The conditions 1) and 2) of the Theorem 1 are
satisfied. It remains to check the condition 3). Indeed, let i = 2, ..., n and Ii−1 an interval of I
satisfying m (Ii−1) < ti. For t

′
, t
′′ ∈ Ii−1, we have:∣∣∣`i−1(t

′
)− `i−1(t

′′

)
∣∣∣ ≤ ci−1 ∣∣∣t′ − t′′ ∣∣∣µi−1

≤ ci−1m (I)
µi−1 ;

involving
m (`i−1 (Ii−1)) ≤ ci−1m (Ii−1)

µi−1 < ci−1t
µi−1

i < α.

3.2. Constructing a concrete α-dense curves

In this subsection, we will use the following notations:

Φ1(t) = a and Φi(t) = ϕi (`1 (t) , ..., `i−1 (t)) for i ≥ 2

Ψ1(t) = b and Ψi(t) = ψi (`1 (t) , ..., `i−1 (t)) for i ≥ 2,

where ϕi and ψi for i ≥ 2, are the functions defined in the feasible region (3).

Theorem 2. Consider the compact D given in the problem (1) and let the parameterized
curve `α = (`1, ..., `n) : I→ D be defined by

`i(t) = Φi(t) cos2
(
αit

2

)
+ Ψi(t) sin2

(
αit

2

)
for i = 1, ..., n,

where α1, ..., αn, α are strictly positive numbers satisfying the relationship

(αi/π)β1...βi−1 ≥ (1/2α)
(

(Ui−1 − Li−1)αi−1 + 2
(
hi−1z

βi−1

i−2 +Hi−1z
γi−1

i−2

))
,

with

zi = max
1≤k≤i

(
1

2
(Uk − Lk)αk +

(
hkz

βk
k−1 +Hkz

γk
k−1

))
, z0 = 0,

and Li, Ui are respectively the lower and upper bounds of the functions ϕi and ψi on the
hyper-rectangles Ωi(see section 2). Then, the parameterized curve `α (t) = (`1 (t) , ..., `n (t)) for
t ∈ [0, π/α1] is δn−1λnα-dense in D.

Proof. This result is a consequence of Theorem 1. Indeed, the proof is obtained in a
recurrent way:

(i) For i = 2.

1) `1 is surjective by definition.

2) If we take t2 =
π

α2
, then for all interval I1 with length t2, there exist t

′
, t
′′ ∈ I1 such that:{

`2(t
′
) = ϕ2(`1(t

′
))

`2(t
′′
) = ψ2(`1(t

′′
))
⇒
{

cos2(α2t
′
/2) = 1

sin2(α2t
′′
/2) = 1

⇒
{
t
′

= 2πk/α2

t
′′

= (2k + 1)π/α2
, k ∈ N.
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3) For any interval I1 satisfying m (I1) <
π

α2
, we have m (`1 (I1)) < α.

∀t′ , t′′ ∈ I1 :∣∣∣`1(t
′
)− `1(t

′′

)
∣∣∣ =

∣∣∣a(cos2(α1t
′
/2)− cos2(α1t

′′

/2)) + b(sin2
(
α1t

′
/2
)
− sin2(α1t

′′

/2))
∣∣∣

≤ (b− a)

∣∣∣∣∣sin α1t
′ − α1t

′′

2

∣∣∣∣∣ ≤ 1
2 (b− a)α1

∣∣∣t′ − t′′ ∣∣∣ ≤ 1
2 (b− a)α1

π

α2
≤ α.

By Theorem 1, the parameterized curve ` (t) = (`1 (t) , `2 (t)) defined on [0, π/α1] is λ2α-

dense in D with α2

π ≥
(b−a)α1

2α .

(ii) We suppose that the theorem is true for i.

2) For all i = 2, ..., n and for all interval Ii−1 with length ti =
π

αi
, there exist t

′

i = 2πk
αi

and

t
′′

i = π
αi

+ 2πk
αi
∈ Ii−1; k ∈ N, such that:{

`i(t
′
) = ϕi(`1(t

′
), ..., `i−1(t

′
))

`i(t
′′
) = ψi(`1(t

′′
), ..., `i−1(t

′′
)).

3) We suppose that the inequality holds for i = 2, ..., n, i.e., for any closed interval J of
length less than π

αi
; we have:

m (J) <
π

αi
⇒m (`i−1 (J)) < α.

Consequently

∀t′ , t′′ ∈ J :
∣∣∣`i−1(t

′
)− `i−1(t

′′

)
∣∣∣ ≤[

1
2 (Ui−1 − Li−1)αi−1 +

(
hi−1z

βi−1

i−1 +Hi−1z
γi−1

i−1

)] ∣∣∣t′ − t′′ ∣∣∣β1...βi−1

≤ α.

Consider the closed interval J, such that: m (J) <
π

αi+1
, show that for t

′
, t
′′ ∈ J, we have:

∣∣∣`i(t′)− `i(t′′ )∣∣∣ =

∣∣∣∣∣ Φi(t
′
) cos2(αit

′
/2) + Ψi(t

′
) sin2(αit

′
/2)−

Φi(t
′′

) cos2(αit
′′

/2)−Ψi(t
′′

) sin2(αit
′′

/2)

+(Φi(t
′
)−Ψi(t

′
)) cos2(αit

′′

/2)− (Φi(t
′
)−Ψi(t

′
)) cos2(αit

′′

/2)
∣∣∣

=
∣∣∣(Φi(t′)−Ψi(t

′
))(cos2(αit

′
/2)− cos2(αit

′′

/2)) + (Φi(t
′
)− Φi(t

′′

))(cos2
(
αit
′′

/2
)

(Ψi(t
′
)−Ψi(t

′′

) sin2(αit
′′

/2)
∣∣∣

≤
∣∣∣Φi(t′)−Ψi(t

′
)
∣∣∣ ∣∣∣cos2(αit

′
/2)− cos2(αit

′′

/2)
∣∣∣+
∣∣∣Φi(t′)− Φi(t

′′
)
∣∣∣+
∣∣∣Ψi(t

′
)−Ψi(t

′′

)
∣∣∣.

Let us take into account that the constants Li, Ui are respectively the lower and upper
bounds of the functions ϕi, ψi on the hyper-rectangles Ωi(as shown in section 2). If we suppose
that γi ≥ βi (or γi < βi) for each i, then we have∣∣∣`i(t′)− `i(t′′ )∣∣∣ ≤ 1

2 (Ui − Li)αi
∣∣∣t′ − t′′ ∣∣∣+hi (max

{∣∣∣`1(t
′
)− `1(t

′′

)
∣∣∣ , ..., ∣∣∣`i−1(t

′
)− `i−1(t

′′

)
∣∣∣})βi +

+Hi

(
max

{∣∣∣`1(t
′
)− `1(t

′′

)
∣∣∣ , ..., ∣∣∣`i−1(t

′
)− `i−1(t

′′

)
∣∣∣})γi

≤ 1
2 (Ui − Li)αi

∣∣∣t′ − t′′ ∣∣∣+
hi

(
max

{
1
2 (b− a)α1, ...,

1
2 (Ui−1 − Li−1)αi−1 +

(
hi−1z

βi−1

i−2 +Hi−1z
γi−1

i−2

)} ∣∣∣t′ − t′′ ∣∣∣β1...βi−1
)βi
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+Hi

(
max

{
1
2 (b− a)α1, ...,

1
2 (Ui−1 − Li−1)αi−1 +

(
hi−1z

βi−1

i−2 +Hi−1z
γi−1

i−2

)} ∣∣∣t′ − t′′ ∣∣∣β1...βi−1
)γi

≤
[
1
2 (Ui − Li)αi + (hiz

βi
i−1 +Hiz

γi
i−1)

] ∣∣∣t′ − t′′ ∣∣∣β1...βi

<
[
1
2 (Ui − Li)αi + (hiz

βi
i−1 +Hiz

γi
i−1)

]( π

αi+1

)β1...βi

< α.

Hence the inequality holds for i+ 1.

Remark 2. All the functions `i (t) defined in Theorem 2 are Hölderian with constants
ci > 0 and exponents µi < 1, for each i = 1, ..., n, given by{

ci = 1
2 (Ui − Li)αi + (hiz

βi
i−1 +Hiz

γi
i−1)

µi = β1...βi.

It is well known that if a function with several variables F (x) is Hölderian of the constant H

and the exponent β
′

on the compact Ω, then the function of a single variable f(t) = F (`α (t))

is Hölderian with the constant h = H

(
max
1≤i≤n

ci

)β′
and exponent β = β

′
(

min
1≤i≤n

µi

)
on the

interval [0, π/α1] .

3.2.1. Examples of a compact sets which are α-densifiable

In this subsection and according to Theorem 2, the illustrations Figures 1-5 given below, rep-
resent a densification of some non-convex sets and hyper-rectangles (for n = 2 and n = 3),
by the supports of the different α-dense curves `α (t) on [0, π] (with α1 = 1). Note that the

parameterized curves obtained in the examples D1, D3 and D4 are regular of class C∞ whereas
the curve in D2, is only continuous.

a) Examples with non-convex sets

Let D1 =
{

(x1, x2) ∈ R2/ − 1 ≤ x1 ≤ 1,− 1
4x

2
1 + 1

2x1 − 1 ≤ x2 ≤ 1
4x

2
1 + 1

2x1 + 1
}
, here, we

have β2 = γ2 = 1.

D2 =
{

(x1, x2) ∈ R2/ x21 + x22 ≤ 1, |x1| − (x2 + 1)
2 ≤ 0

}
,

ϕ2 (x1) =
√
|x1| − 1 and ψ2 (x1) =

√
1− x21 and β2 = γ2 = 1/2.

−1 −0.5 0 0.5 1

−1.5

−1

−0.5

0

0.5

1

1.5

2

 

 

Figure 1: The α-dense curve `α in D1 with α = 0.2
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Figure 2: The α-dense curve `α in D2 with α = 0.2
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Figure 3: The α-dense curve `α in D2 with α = 0.01

Remark 3. In particular, if the functions ϕi and ψi (i ≥ 2) in the definition of the feasible
set D, are all constants and if D = Ω, i.e.,

a = xl1 and ϕi(x1, ..., xi−1) = xli, 2 ≤ i ≤ n,
b = xu1 and ψi(x1, ..., xi−1) = xui , 2 ≤ i ≤ n.

Then the feasible set D becomes a hyper-rectangle of Rn. According to Theorem 2, the hyper-
rectangle D is α-densified by the parameterized curve `α = (`1, ..., `n) defined on [0, π/α1], by
the following expression:

`i(t) =

(
xli − xui

2

)
cos2

(
αit

2

)
+ xui , 1 ≤ i ≤ n,

where the constants α1, ..., αn, α satisfying the relationship:(αi
π

)
≥
(αi−1

2α

)
(xui−1 − xli−1), 2 ≤ i ≤ n.

But in the implementation of the dimensionality reduction method, one can choose these last
constants as:

α1 = 1, αi =
(π
α

)i−1 i−1∏
k=1

(xuk − xlk), 2 ≤ i ≤ n.
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b) Examples with the hyper-rectangles

Let D3 =
{

(x1, x2) ∈ R2/ − 1 ≤ x1 ≤ 1,−1 ≤ x2 ≤ 1
}
, here, we have ϕ2 (x1) = −1 and

ψ2 (x1) = 1.
D4 =

{
(x1, x2, x3) ∈ R3/ − 1 ≤ xi ≤ 1, i = 1, 2, 3

}
, here, we have ϕ2 (x1) = −1,ψ2 (x1) =

1, ϕ3 (x1, x2) = −1, ψ3 (x1, x2) = 1.
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0.6

0.8

1

Figure 4: The α-dense curve `α in the square D3 with α = 0.2

Figure 5: The α-dense curve `α in the cube D4 with α = 0.3

Remark 4. At the end of this section, it should be mentioned that, in the dimensionality
reduction method (DR), the number of evaluation points necessary for reaching the global
minimum, with the accuracy ε, of the univariate objective function f(t) = F (`α (t)), depends
on the length Lα,` of the α-dense curve `α in the feasible set, which allows to convert the
constrained multi-dimensional problem (1). to the one-dimensional unconstrained one. As for
all α > 0, the set of α-dense curves in a compact D of Rn, contains a curve with minimal length,
see Ziadi et al. [25], it is therefore, very interest to find other curves with small length in order
to improve the (DR) method.

4. One-dimensional Hölder unconstrained problem

The univariate global minimization problem of Hölder functions over a closed and bounded
interval of R appear frequently in several life applications, for instance, the simple plant location
problem under a uniform delivered price policy, see Hanjoul et al. [6] and infinite horizon
optimization problems, see Kiatsupaibul et al. [9]. In [9], the authors gave a transformation
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that reduces the problem of the infinite horizon into an equivalent one-dimensional optimization
problem of Hölder function over an interval of R. Let us consider `α (t) = (`1 (t) , ..., `n (t)) the
δn−1λnα-dense curve in D, for t ∈ [0, π/α1] which is obtained from Theorem 2. Then by using
the transformation xi = `i(t), for i = 1, ..., n, the initial problem (1) is approached by the
one-dimensional unconstrained one,

min
t∈[0,π/α1]

f(t), (5)

where f(t) = F (`α (t)) is a Hölder non-differentiable function on the interval [0, π/α1] with
constants h and the exponent β < 1. In the rest of this section, we focus on the one-dimensional
global minimization problem (5).

4.1. Constructing piecewise affine under-estimator functions

Since the objective function f(t) of problem (5) is Hölderian on [0, π/α1], then we have∣∣∣f(t)− f(t
′
)
∣∣∣ ≤ h ∣∣∣t− t′ ∣∣∣β , ∀t, t′ ∈ [0, π/α1] . (6)

The one-dimensional deterministic method that we will use for solving this problem, is
that of Piyavskii [16], which is the best known and more discussed in the literature among the
covering global optimization methods. It applies to Lipschitz functions on a closed and bounded
interval of R whose Lipschitz constant is known. Recall that an under-estimator of a function
f : [a, b]→ R, is a function U : [a, b]→ R, such that for all x ∈ [a, b], U (x) ≤ f(x). In the case of
Hölder functions, it follows from the Hölder condition (6) that, for all t, t

′ ∈ [0, π/α1] we have

f(t
′
)− h

∣∣∣t− t′ ∣∣∣β ≤ f(t).

If a point t
′ ∈ [0, π/α1] is fixed, then the function

U (t) = f(t
′
)− h

∣∣∣t− t′ ∣∣∣β ,
is an under-estimator function for f on [0, π/α1], i.e.,

U (t) ≤ f(t), for all t ∈ [0, π/α1] .

A sequence of points, t1, t2, ..., tk, converging to the global minimizer of f on [0, π/α1],
is generated by constructing a sequence of an under-estimator functions of f over [0, π/α1].
In the starting step, a sampling point t1 is chosen at the mid-point of the interval [0, π/α1]

as t1 = π/2α1, and at t1 we have the under-estimator U1 (t) = f(t1) − h |t− t1|β , which
represented by two parabolic curves as shown in Figure 6. Let’s set t2 = arg minU1 ([0, π/α1]),
we have obtained a new under-estimator of f , which is a piecewise parabolic function and is
closer to f , as

U2 (t) = max
i=1,2

{
f(ti)− h |t− ti|β

}
.

At the iteration k, the function given by

Uk (t) = max
i=1,...,k

{
f(ti)− h |t− ti|β

}
,

which satisfies
Uk (t) ≤ Uk+1 (t) ≤ f(t), t ∈ [0, π/α1] ,
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is also an under-estimator of f on [0, π/α1]. In fact, in this algorithm, we construct an increasing
sequence of a piecewise parabolic functions which are the under-estimators of the objective
function f . The restriction of the under-estimator Uk on each sub-interval [ti−1, ti], i = 2, ..., k
of [0, π/α1] , can be given as

Ui (t) = max
i
{qi (t) , ri (t)} ,

where
qi (t) = f(ti−1)− h (t− ti−1)

β
and ri (t) = f(ti)− h (ti − t)β .

The stopping criterion for this algorithm is when one has f (topt)−U (topt) ≤ ε, where topt is the
optimal global minimizer of a piecewise under-estimator function U of the objective function
f on [0, π/α1] and ε is the required accuracy. On each sub-interval [ti−1, ti], i = 2, ..., k of
[0, π/α1], the function Ui (t) is strictly convex and non-differentiable and its global minimum
can be calculated by determining the intersection point of the two parabolic curves qi and ri.
Then at each iteration we must solve a non-linear algebraic equation:

qi (t)− ri (t) = 0. (7)

Usually, it is not easy to find the explicit solution of this last equation, particularly in the
case where the parameter β is sufficiently small or where it is not as β = 1

m ,m ∈ N∗,m 6= 1.
We can even say that the equation (7) presents the same difficulty as a local optimization
problem. The technique used by Gourdin et al. [4] is based on resolution at each step of the
algorithm, the non-linear equation (7) in the case when β = 1

m and m is the integers 2, 3, 4
and h is given, because it is possible to obtain the analytical expression of the intersection
point of qi (t) and ri (t). Lera and Sergeyev [10] have replaced this intersection point by an
intersection point of two linked segments of the parabolas qi (t) and ri (t). They even consider
this technique when the constant h is not given a priori. The previous techniques become very
difficult to realise in the case of multivariate Hölderian functions, since the under-estimators
of the objective function are also multivariate and the determination of their local minima at
each iteration is the intersection of several parabolic hyper-surfaces on a hyper-rectangles of
Rn. In this case, the equation (7) is still non-linear and with several variables. To overcome
this situation, a deterministic approach is proposed. It is composed of two parts, the first one,
is to approximate both the multivariate Hölderian function F of the initial problem (1) to a
univariate one and the feasible domain D, by using a new computable parameterized α-dense
curves `α (t) in D as previously described. The second one, is to apply the modification of the
Piyavskii’s algorithm to the one-dimensional unconstrained problem (6). The technique used
for the Hölder univariate minimization does not need to solve at iteration the equation (7). It
consists on constructing a sequence of piecewise affine under-estimators of f on [0, π/α1] similar
to the previous procedure, which is essentially based on the following result.

Theorem 3 A real function F defined on a compact set D of Rn is continuous if and only
if for any ε > 0 there exists a constant L > 0 such that for all x, y ∈ D,

|F (x)− F (y)| ≤ L ‖x− y‖+ ε. (8)

A version of the proof of this result is found in [22], but in this last one, the author assumes
that the set D is a convex of Rn, whereas this condition is not necessary if D is a compact. We
have gave a simpler proof of this result in [17]. It is based on the fact that if D is a compact of
Rn, then the set of Lipschitz functions on D defined by

L(F,D) = {F : D → R,∃L > 0, |F (x)− F (y)| ≤ L‖x− y‖,∀x, y ∈ D},

is dense in the space C(F,D) of continuous functions on D, on which the sup-norm
‖F −G‖ = sup

x∈D
|F (x)−G(x)|, is defined. The above result has a very important theoretical
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advantage, but in the numerical implementation of the majority of covering global optimization
methods, we need to know the value of the constant L in (8), unfortunately, it is usually
difficult to calculate it. The algorithm of Piyavskii used in this paper is applied to a class
of Hölderian functions. Since all the functions of this class defined on a compact D of Rn,
with the knowledge of the constants h and β, are continuous, then the condition (8) of the
previous theorem is satisfied. However, in most cases, it is not easy to evaluate explicitly these
constants. We can then, proceed to the numerical evaluation. Since theorem 3 only ensures the
existence of the constant L, without giving us how to evaluate it. Due to this reason, several
procedures can be envisaged, with the aim of applying the previous algorithm and improving
the convergence. From the inequality (8), one can directly estimate the constant L, instead
of estimating h and β. The estimates of the constant L have an influence on the convergence
to the global minimum. Among the procedures allowing for estimating L, there is one, such
that the constant L is locally estimated in different sub-intervals of the search domain, the
other procedure, is to estimate globally the constant L, i.e., valid for the entire search domain,
until the optimal solution is obtained. More details are discussed in [17, 19, 20, 21]. Another
idea that can be applied for some covering global optimization methods which use the constant
L, is to construct an appropriate increasing sequence of a real positive constants (Lk), k ∈ N
which satisfies the following conditions: Lk → ∞ for k → ∞ and for a given accuracy ε > 0,
there exists j ∈ N, such that L ≤ Lj [27]. Consequently, the inequality (8) is holds with the
constant Lj for which the convergence to the global minimum is guaranteed [17]. As mentioned
earlier, after using the α-dense curve `α (t) in the search region D, the univariate function
f(t) = F (`α (t)) is Hölderian on the interval [0, π/α1], however, f is certainly continuous and
hence condition (8) is satisfied. In this case, there is no need to estimate the constant L, because
here, the value of the constant L is given explicitly with respect to h, β and the accuracy ε.
Let us give the following result and for more details of the proof, one can see [17].

Theorem 4 Let f(t) = F (`α (t)) be a real univariate Hölder function with constant h and
exponent β < 1 defined on the interval [0, π/α1], then for all ε > 0, we have:∣∣∣f(t)− f(t

′
)
∣∣∣ ≤ Lε ∣∣∣t− t′ ∣∣∣+ ε, ∀t, t

′
∈ [0, π/α1] . (9)

with

Lε =


βh1/β

ε(1/β)−1 for β ∈
{

1
m ,m ∈ N∗,m 6= 1

}
βh(1/β)+1

ε1/β
for β ∈ ]0, 1[ r

{
1
m ,m ∈ N∗

}
.

For a given ε > 0 and for a known constants h and β < 1, the set of all such constant Lε
is closed in R. Then the smallest value theoretically always exists. In [17] we have suggested
another technique for calculating a different constant than Lε that satisfies (9). Now, from the
inequality (9), we construct an increasing sequence of piecewise affine under-estimators of the
objective function f(t) = F (`α (t)) on the interval [0, π/α1], instead parabolic:

Lk (t) = max
i=1,...,k

{f(ti)− Lε |t− ti| − ε} ,

and on each sub-interval [ti−1, ti], i = 2, ..., k of [0, π/α1], the restriction of Lk can be given as

Li (t) = max
i
{vi (t) , wi (t)} ,

such that vi and wi are two linear functions which are drawn with slope Lε, as shown in Figure
6, where their expressions are given by

vi (t) = f(ti−1)− Lε (t− ti−1)− ε, t ∈
[
ti−1, t̃i

]
wi (t) = f(ti)− Lε (ti − t)− ε, t ∈

[
t̃i, ti

]
.
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Figure 6: The piecewise affine under-estimator of f(t) = F (`α (t)) on [ti−1, ti]

Note that the global minimum of the functions Li on the interval [ti−1, ti], is calculated at
t̃i the intersection point of two lines vi and wi which is easily found by solving over the interval
[ti−1, ti], a simple linear equation with the single variable t even β is not an integer or is large:

vi (t)− wi (t) = 0.

The explicit solution t̃i of the last equation, and the value Li
(
t̃i
)

are given by

{
t̃i = 1

2 ( 1
Lε

(yi−1 − yi) + ti−1 + ti), i = 2, ..., k

Li
(
t̃i
)

= 1
2 (yi−1 + yi − Lε (ti − ti−1)− 2ε),

where yj = F (`α (tj)), j = 1, ..., k. Then we have

Li
(
t̃i
)

= min
t∈[ti−1,ti]

Li (t) ≤ f(t),∀t ∈ [ti−1, ti] .

The modified algorithm of Piyavskii MPA proceeds then to evaluate the global minimum
of the affine under-estimator of f(t) = F (`α (t)) on the search domain [0, π/α1] through the
construction of an increasing sequence of piecewise affine under-estimators. This algorithm
can be extended to the case when the constant Lε is a priori unknown. Let’s now show the
combined method of dimensionality reduction and the modified Piyavskii’s method, which is
called DR-MPA, as follows:

Algorithm DR-MPA The dimensionality reduction combined with
the modified Piyavskii’s method.
Input :
· Define `α (t) , t ∈ [0, π/α1] , a parametrized curve α-dense in a nonconvex D with α1 = 1.
· Choose ε > 0, the given small search accuracy.
· For a given ε > 0, and for the known constants h and β of the one-dimensional function f,
compute the constant Lε.

· For each subinterval [ti−1, ti] , i = 2, ..., k, compute the point t̃i (The trial points) and

the value Li
(
t̃i
)

(the lower bound of the function f(t) on the curve `α (t) ).
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Output :
· topt , fopt, the optimal global minimizer and global minimum of f(t) on [0, π/α1] .
· xopt, Fopt, the optimal global minimizer and global minimum of F (x) over D.
Step 1. Initialisation

k ← 1, t1 ← π/2α1, topt ← t1
fopt ← f(topt), Lopt ← fopt − πLε/2α1 − ε

2 , L1(t)← f(t1)− Lε |t− t1| − ε
2

Step 2.

While fopt − Lopt > ε do
tk+1 ← arg min

t∈[0,π/α1]

Lk(t)

if f(tk+1) < fopt then fopt ← f(tk+1); topt ← tk+1

end if

Lk+1(t)← min
1≤i≤k+1

{
f(ti)− Lε |t− ti| − ε

2

}
Lopt ← min

t∈[0,π/α1]
Lk+1(t)

k ← k + 1
End While

4.2. Relationship between α density and ε accuracy

Theorem 5. Let `α a curve α-dense in D and ε an accuracy with which the global minimum
of the problem (1.1) on the compact D is to be searched, then we have{

ε (α) = 2H (δn−1λnα)
β

s.t. ε (α)
α→0

→ 0.

Proof. Suppose that x∗ is an exact global minimizer of the objective function F (x) on the
compact D and t∗ an exact global minimizer of the function f(t) = F (`α (t)) on the interval
I = [0, π/α1] . Since the parameterized curve `α (t) is δn−1λnα-dense in D, then there exists
t
′ ∈ I such that ∥∥∥x∗ − `α(t

′
)
∥∥∥ ≤ δn−1λnα.

The modified algorithm of Piyavskii MPA gives us a minimizer t
′′
of the function f(t) on the

curve `α (t) for t ∈ I, satisfying ∣∣∣f(t∗)− f(t
′′
)
∣∣∣ ≤ ε

2
.

Then we have ∣∣∣F (x∗)− f(t
′′
)
∣∣∣ ≤ ∣∣∣F (x∗)− f(t

′
)
∣∣∣︸ ︷︷ ︸

≤ ε2

+
∣∣∣f(t

′
)− f(t

′′
)
∣∣∣︸ ︷︷ ︸

≤ ε2

≤ ε,

and as the function F (x) is Hölderian on Ω, it follows that∣∣∣F (x∗)− f(t
′
)
∣∣∣ =

∣∣∣F (x∗)− F (`α(t
′
))
∣∣∣ ≤ H ∥∥∥x∗ − `α(t

′
)
∥∥∥β .

So to have the desired accuracy ε, it suffices to choose:

α = (
ε

2H
)1/β

1

δn−1λn
.

Consequently, the densification parameter α is calculated, depending on the required search
accuracy.
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5. Numerical examples

In this section, we will report some numerical results of six problems using the proposed MPA
algorithm for the one-dimensional problem obtained after using the dimensionality reduction
method to the multivariate initial problem. The numerical results are carried out with the con-
crete α-dense curves from Theorem 2. In the definition of the curves `α (t), we have substituted
α1 by 1, but we can take any strictly positive value, we have also chosen these curves for their
simplicity in construction. All the numerical results are implemented in MATLAB 7.1 runtime
environment and the experiments have been executed at a PC with Intel Core Duo 1.6G and 1G
RAM with the accuracy ε = 0.01. Tables 1-2 show the parameters of both the objective and the
constraint functions and the computational results of optimal solution and optimal value of the
six problems are summarized in Table 3. Note that the objective functions Fi , 1 ≤ i ≤ 6 and
the constraint functions ϕi, ψi of the problems are all Hölderian but neither differentiable nor
Lipschitz and the feasible domains of these problems, except problems 4 and 5, are non-convex.
It should be also mentioned that the existing works concerning the multi-dimensional global
optimization methods based on filling the feasible region by a curve are especially applied when
the feasible region is a hyper-rectangles of Rn [11, 19, 20] . In our approach, we have consid-
ered a category of problems when the feasible region is a compact non-convex set of Rn whose
border is defined by a non-smooth functions. Although the proposed approach is applicable to
a hyper-rectangles [17]. Let us note at last that the six problems are treated for the first time,
due to this reason, we are unable to compare our numerical results with other works.

Problem 1.

minF1(x1, x2) = −

∣∣∣∣∣∣∣∣cosx1 cosx2 e

∣∣∣∣∣∣1− (x21−x22)
1
2

π

∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

on the non-convex set D =
{

(x1, x2) ∈ R2/ g1(x1, x2) ≤ 0 and g2(x1, x2) ≤ 0
}

where g1(x1, x2) = −1 + x2 − 1
4 |x1|

1/3
and g2(x1, x2) = −1− x2 + 1

4 |x1|
1/3

the set D is contained in the rectangle Ω = [−1, 1]× [−1, 2] .

In this problem we take: ϕ2(x1) = 1
4 |x1|

1/3 − 1 and ψ2(x1) = 1
4 |x1|

1/3
+ 1.The global

minimizer of F1 is x∗ = (0, 0)
T

at which both the objective and the constraint functions ϕ2(x1)
and ψ2(x1) are Hölderian and non-smooth.

The parameterized curve `α (t) = (`1 (t) , `2 (t)) defined on the interval [0, π/α1] by{
`1 (t) = − cosα1t

`2 (t) = 1
4 |cosα1t|1/3 − cosα2t

with {
α2 ≥ 2πα1

α

and λ2 = max
(
1, 1/(4α2/3)

)
is λ2α-dense in D. The number α is calculated according to the accuracy ε with which

this problem is numerically solved. The problem 1 can be reduced to the following Hölder
one-dimensional problem:

min
t∈[0,π/α1]

f(t) = F1(`α (t)).



310 Mohamed Rahal, Abdelkader Ziadi, Rachid Ellaia

Problem 2.
minF3(x1, x2, x3) =

∣∣∣sin(0.5 + 9.5
√
x21 + x22 + x23

)∣∣∣
subject to

√
|x1| − 1 ≤ x2 ≤

√
1− x21∣∣∣sin√x21 + x22

∣∣∣ ≤ x3 ≤ ∣∣∣3 + cos
√
x21 + x22

∣∣∣
−1 ≤ xi ≤ 1, i = 1, 2 and 0 ≤ x3 ≤ 4

In this problem we take:{
ϕ2(x1) =

√
|x1| − 1 , ψ2(x1) =

√
1− x21

ϕ3(x1, x2) =
∣∣∣sin√x21 + x22

∣∣∣ , ψ3(x1, x2) =
∣∣∣3 + cos

√
x21 + x22

∣∣∣ .
Then, the parameterized curve `α (t) = (`1 (t) , `2 (t) , `3 (t)) defined on [0, π/α1] by `1 (t) = − cosα1t
`2 (t) = 1

2ϕ2(`1 (t))(1 + cosα2t) + 1
2ψ2(`1 (t))(1− cosα2t)

`3 (t) = 1
2ϕ3(`1 (t) , `2 (t))(1 + cosα3t) + 1

2ψ3(`1 (t) , `2 (t))(1− cosα3t)

with 
√
α3/π ≥ 1

α

(
α2 + α

−1/2
1 +

√
2α
−2/3
1

)
,

λ3 = max
(

1,
√

2/αδ2,
√

3/ (αδ2)
2/3
)

and δ2 = 1 + (2/α)0.5

is δ2λ3α-dense in the feasible region.

Problem 3. Find the global minimum of non-smooth Hölder function subject to an in-
equality constraint.

minF2(x1, x2) = 1
2 sin(

√
|x1 − x2|)− 1

2 cos(
√
|x1 + x2|)

subject to 1
2x

1/3
1 ≤ x2 ≤ exp

(√
x1
)

0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2.72

In this problem we take ϕ2(x1) = 1
2x

1/3
1 and ψ2(x1) = exp

(√
x1
)
.

Then, the parameterized curve `α (t) = (`1 (t) , `2 (t)) defined by{
`1 (t) = 1

2 (1− cosα1t) for t ∈ [0, π/α1]
`2 (t) = 1

2ϕ2(`1 (t))(1 + cosα2t) + 1
2ψ2(`1 (t))(1− cosα2t)

with {
α2 ≥ 2πα1

α

and λ2 = max
(
1, 1/2α2/3, 2.72/

√
α
)

is λ2α-dense in the feasible region.

Problem 4.

minF4(x1, x2) = −20 exp(−0.2
√
|x1|+|x2|

2 )

subject to x21 + x22 ≤ 16
−4 ≤ xi ≤ 4, i = 1, 2.

In this problem we take:{
a = −4, b = 4

ϕ2(x1) = −
√

16− x21, ψ2(x1) =
√

16− x21.
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Then, the parameterized curve `α (t) = (`1 (t) , `2 (t)) defined by{
`1 (t) = −4 cosα1t , for t ∈ [0, π/α1]
`2 (t) = −4 sinα1t cosα2t,

with {
α2 ≥ 2πα1

α
and λ2 = max(1, 4/

√
α)

is λ2α-dense in the feasible region.

Problem 5.

minF5(x1, x2) =
3∑
k=1

1
2k

∣∣cos(
(

3
2k + 1

)
x1 + 1

2k )
∣∣ |x1 − x2|1/3

subject to (2x1 − 3)
2

+ (2x2 − 3)
2 − 9 ≤ 0

0 ≤ xi ≤ 3, i = 1, 2.

In this problem we take:{
a = 0, b = 3

ϕ2(x1) = 3
2 −

√
9
4 −

(
x1 − 3

2

)2
, ψ2(x1) = 3

2 +

√
9
4 −

(
x1 − 3

2

)2
.

Then, the parameterized curve `α (t) = (`1 (t) , `2 (t)) defined by{
`1 (t) = 3

2 (1− cosα1t) for t ∈ [0, π/α1]
`2 (t) = 1

2ϕ2(`1 (t))(1 + cosα2t) + 1
2ψ2(`1 (t))(1− cosα2t)

with {
α2 ≥ 2πα1

α
and λ2 = max(1, 3/

√
α)

is λ2α-dense in the feasible region.

Problem 6.
minF6(x1, x2) =

∣∣∣cos(0.5 + 9.5
√
x21 + x22)

∣∣∣
subject to |x1| − (x2 + 1)

2 ≤ 0
x21 + x21 ≤ 1

The objective function F6 has 0 as global minimum value and has a continuum of global
minimizers on its non-convex feasible region. In this problem we take{

a = −1, b = 1

ϕ2(x1) =
√
|x1| − 1, ψ2(x1) =

√
1− x21.

Then, the parameterized curve `α (t) = (`1 (t) , `2 (t)) defined by{
`1 (t) = − cosα1t for t ∈ [0, π/α1]

`2 (t) = (−1 + sinα1t+
√
|− cosα1t |) cos2 α2t

2 + sinα1t,

with {
α2 ≥ 2πα1

α

and λ2 = max
(

1,
√

2/α
)
,

is λ2 α-dense in the feasible region.
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Problem No.
Hölder constant, Hölder exponent

Fi(x)
Region Ω Source of Fi(x)

1

2

3

4

5

6

(5.0679, 0.5)

(13.43, 0.5)

(1, 0.5)

(154.43, 0.5)

(15.8, 1/3)

(13.43, 0.5)

[−1, 1]× [−1, 2]

[−1, 1]
2 × [0, 4]

[0, 1]× [0, 2.71]

[−4, 4]
2

[0, 3]
2

[−1, 1]
2

[14]

[3]

[19]

[14]

[19]

[3]

Table 1: The parameters of the non-smooth Hölder objective functions

Problem No.
Hölder constant, Hölder exponent

ϕ2(x1) ψ2(x1) ϕ3(x1, x2) ψ3(x1, x2)
Region Ωi

1

2

3

4

5

6

(0.25, 1/3)

(1, 0.5)

(0.5, 1/3)

(4, 0.5)

(
√

3, 0.5)

(1, 0.5)

(0.25, 1/3)

(
√

2, 0.5)

(2.72, 0.5)

(4, 0.5)

(
√

3, 0.5)

(
√

2, 0.5)

.

(
√

2, 0.5)

.

.

.

.

.

(
√

2, 0.5)

.

.

.

.

[−1, 1]

[−1, 1] , [−1, 1]
2

[0, 1]

[−4, 4]

[0, 3]

[−1, 1]

Table 2: The parameters of the non-smooth Hölder constraint functions

Problem No. α α1 xopt Fopt
1

2

3

4

5

6

0.2

0.15

0.3

0.15

0.2

0.2

1

1

1

1

1

1

(−0.00012,−0.00231)

(0.0010, 0.0004, 0.0012)

(0.0178, 0.1206)

(0.0011, 0.0002)

(1.4753, 1.4945)

(0.00234, 0.000167)

−2.7093

0.47943

−0.4893

−19.9571

0.02439

0.87758

Table 3: Computational results of problems 1-6 using DR-MPA



Generating α-dense curves to solve a class of non-smooth constrained global optimization 313

The symbols used in Table 3 are given as follows: α and α1are the strictly positive parameters
of the densification of the curve `α (t) on [0, π/α1], xopt is the optimal global minimizer of F (x)
on D and Fopt is the optimal global minimum value of F (x) on D.

6. Conclusion

A new coupled method is proposed in this paper, called DR-MPA method, for solving non-
convex, non-smooth constrained global optimization problem. We have considered a class of
problems when the objective and the constraint functions are all Hölderian and non-differentiable,
and we have shown how to solve such problems without using the Lagrangian and the dual prob-
lem. Indeed, this class of problems is very difficult to treat, because the non-differentiability
of the objective and the constraint functions, with the existence of a large number of local
and global extrema. This method is a combination of two methods. In fact, by means of the
dimensionality reduction method, we converted the multivariate initial problem to a univariate
Hölder non-differentiable one.

Before starting the minimization procedure, we approach the non-convex feasible area with
an α-dense curve by constructing explicitly a parametric representation xi = `i(t), 1 ≤ i ≤ n
defined on the interval I of R. For minimizing the univariate Hölder function on the interval
I, we have proposed a modification of Piyavskii’s algorithm MPA which we have introduced in
[17] and which does not require any other assumptions but only the knowledge of the constants
h and β. We have used the Piyavskii’s algorithm since it is the best known and most studied
in the literature.

The dimensionality reduction method is rather effective for dealing with difficult problems
and its numerical implementation is very simple and does not require a lot of storage space.
Although this method has its own advantages, the disadvantage is that it generates an excessive
number of evaluation points of the objective function, particularly when the dimension of the
feasible set is greater than four or when the objective function is subject to great variations. It
wold also be interesting to test the algorithms on a larger number of test problems and compare
with other algorithms.
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Abstract. A bi-level programming problem has been developed where the functional relationship
linking decision variables and the objective functions of leader and follower are not utterly well known
to us. Because of the uncertainty in practical life decision-making situation most of the time it is
inconvenient to find the veracious relationship between the objective functions of leader, follower and
the decision variables. It is expected that the source of information which gives some command about
the objective functions of leader and follower, is composed by a block of fuzzy if-then rules. In order
to analyze the model, A dynamic programming approach with a suitable fuzzy reasoning scheme is
applied to calculate the deterministic functional relationship linking the decision variables and the
objective functions of leader as well as follower. Thus a bi-level programming problem is constructed
from the actual fuzzy rule-based to the conventional bi-level programming problem. To solve the final
problem, we use the lingo software to find the optimal of objective function of follower first and using its
solution we optimize the objective function of leader. A numerical example has been solved to signify
the computational procedure.
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1. Introduction

This paper contains a bi-level optimization problem and provide a fuzzy rule base structure
of this hierarchical class of optimization problem. In classical optimization problem, bi-level
programming problem (BLPP) has been used in a vast domain of practice. In the fields of man-
agement, it has been used to deal with facility location, environmental regulation, energy policy,
etc. In the fields of economic planning, it has been used to deal with oil production, electric
power pricing etc. In engineering, to solve optimal design, shape and structure. Decision-
makers (DMs) often deal with conflicting objectives in a hierarchical administrative structure.
A decision maker has his own objective and decision space at one level and due to other level of
hierarchy it may be influenced by the choice of other decision maker. There are two levels with
two decision makers in bi-level programming problem. Decision makers of both level controls
the variables of its own level. The DM of upper level is called leader and by his decision, the
objective function of other level may be affected. Decision maker of lower level is called the
follower. Decision makers of both level wants to optimize their objective function with the
restriction of decision of one another. The hierarchical structure of the final problem needed
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an optimal to the follower’s problem first than a solution to the leader’s problem is feasible and
then the optimal is selected. Bi-level programming’s solution is slightly difficult to deal because
of its built-in non-convexity. The major segment of research in bi-level programming problem
is still concerned on the deterministic case. BLPP were initially considered by Candler et. al.
[6] and Fortuny et. al. [2] as a two player game where the first player can affect the resources
available to a second player, this game is known as stackleberg game. For a given move of first
player, the other player will maximize a linear program, subject to the available resources.

BLPP [4, 5, 6] can be formulated as:

max
x

Fl(x, y) = ax+ by where y solves

max
y

Ff (x, y) = cx+ dy

s.t Ax+By ≤ r.

Here a, c ∈ Rn1 , b, d ∈ Rn2 , r ∈ Rm, A is an m×n1, matrix, B is an m×n2 matrix. (x, y) ∈ Rn
is a vector of decisions which can be controlled by the decision makers. x ∈ Rn1 is a vector
control by leader and y ∈ Rn2 by follower, where n1 + n2 = n. Fl denotes the objectives
functions of leader while Ff denotes the objectives functions of the follower.

In the past, different approaches have been developed by Bard [3, 4], Bialas and Wen and Hsu
[17, 18], Karwan [5] and others to solve deterministic bi-level programming problem. However,
in real world situations, uncertainty and impreciseness are involved in defining the parame-
ters and to form a mathematical model. It is difficult to define the imprecise and uncertain
parameters in the objective functions and constraints in this case. Both the decision-makers
need to take decision even if they do not know the parameter of the problem with full certainty
hence bi-level programming problem with fuzzy parameter and Stochastic bi-level program-
ming problem has been introduced. Sakawa et. al. [12] designed the bi-level programming
problem with fuzzy variable and introduced a fuzzy programming method to solve it. Zang
and Lu [13] has given a fuzzy number based Kuhn-Tucker condition to solve bi-level program-
ming problem with fuzzy variable. Some multi-objective bi-level programming problem also
has been investigated with fuzzy parameter [8, 21]. For the randomness, Nishizaki et. al [11]
introduced the two-level programming problem with parameters which are random variable.
To solve this, they considered the variance of the objective function of leader (DM) and means
of the objective function of the follower (DM) to find the deterministic programming prob-
lem. [22] solved large-scale 0-1 knapsack problem by the social-spider optimisation algorithm.
Stochastic two-level programming problem has been investigated by Kosuch et al. [10] with
probabilistic knapsack constraints, which can be used to jointly optimize service pricing and
network resources. [20] article proposes a decision-making support called DMS4BPO that helps
organizations in outsourcing their BPsto the Cloud by considering security, compliance, cost
and performance criteria. DMS4BPO includes on the one hand an AHP-based method for
the Cloud offer selection, and on the other hand, a Business Intelligence-based method for the
exploitation of the execution history. [1] studied an inventory classification policy is provided.
At each level, the loss profit of frequent items is determined. The obtained loss profit is used to
rank frequent items at each level with respect to their category, content and brand. This helps
inventory manager to determine the most profitable item with respect to their category, content
and brand. [15] and [14] described the fuzzy randomness in bi-level programming problem using
fuzzy random variable coefficients. [9] examines the discrepancies and analogies in addressing
the collaborative decision making in two scientific fields: artificial intelligence and engineering
design.

In this work, a mathematical tool based on fuzzy rule base is used to build a bi-level pro-
gramming problem in a hierarchical administrative system. The antecedent part of the rule is
defined as fuzzy inputs and its consequent part is a linear input output relation. The problem
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has been formulated for a bi-level system where a leader and a follower both deals with there
own decision space but the functional relationship between the objectives and decision space
has not been known exactly due to the imprecise nature of information they have. Most of
the fuzzy bi-level programming problem may be modeled mathematically to find the solution
which optimize the objective functions of leader as well as of follower. The decision space may
contain C̃x ≤ d̃ type of fuzzy inequality, where C̃, d̃ are fuzzy parameter and the objectives
may be demonstrated as functions of decision variables. However, the information which is
available may not be sufficient to form such type of model. In this situation, we can only form
a linguistical relation between leader, follower’s objective functions and the constraints from
the past data. Chakraborty and Guha [7] formed a multi-objective optimization model in which
they have used fuzzy rule base to define the exact relationship between the objective function
and constraints. In this work, we have defined a bi-level programming problem with fuzzy rule
base in which the exact relationship between the objective functions and the constraints has
been defined from the past imprecise information to develop a real life hierarchical model. In
designing such type of programming problem, the problem emerges as the functional connec-
tion between the objective functions and constraints can not be found directly in the given
information. The framework has been defined linguistically to tackle such type of problem. It
is expected that source of information from where some command may be acquired about the
objective functions of leader and follower which is composed by a block of fuzzy if-then rules.
At both the level of model, we have fuzzy if-then rules that connects the objective functions and
constraints. At first level, the leader’s fuzzy rules are defined and at second level the follower’s
fuzzy rules are defined. To solve the problem, we have developed a dynamic programming
approach using Takagi and Sugeno fuzzy reasoning scheme [16] to solve the problem.

The paper is organized as follows. Linguistic variable and fuzzy reasoning scheme has been
defined in Section 2. Next, in Section 3, fuzzy rule-base bi-level programming problem and
methodology of solving this problem is considered. Section 4 contains a numerical example and
the conclusion has been given in Section 5.

2. Preliminaries

2.1. Linguistic variable

In our natural or real life language, linguistic variable are those variable which are real life
words or sentences instead of crisp numbers [19]. Each value of the linguistic variable can be
represented by using triangular fuzzy number which are defined with the assist of membership
functions. In particular, a linguistic variable can be evaluated either as a value of a fuzzy
number or values which are defined in linguistic terms.

Definition 1. (Linguistic variable): A quintuple (y,=(y), Y,G,M) denotes a linguistic variable.
Here y denotes the linguistic variable’s name; =(y) denotes the term set of y, i.e., the set of
names of linguistic values of y with each value being a fuzzy number defined on Y ; M is a
semantic rule for associating with each value its meaning and G is a syntactic rule for developing
the names of values of x. =(Y ) denotes the family of all fuzzy sets in Y .

Here, it is considered that the values of each term of the linguistic variables are defined in
the interval [c, d] ⊂ R. Let Y = [c, d] and =(y) consists of p+ 1, (P ≥ 2), terms as given in the
Figure 1,

=(y) = {low1, around(c+ β), around(c+ 2β), . . . , around(c+ (p− 1)β), highP },
where β = (d− c)/p.

Here each value is defined as a triangular fuzzy number. It may be illustrated by the membership
functions µB̃1

, . . . , µB̃P+1
of triangular fuzzy number of the following form:
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µB̃1
(y) = µlow1

(y)

µB̃1
(y) =

{
1− (y − c)/(d− c), for c ≤ y ≤ d
0, otherwise

(1)

𝑐𝑐 𝑐𝑐 + 𝛽𝛽 𝑐𝑐 + 2𝛽𝛽 𝑐𝑐 + (𝑝𝑝 − 1)𝛽𝛽 𝑑𝑑 
𝑋𝑋 

𝜇𝜇 

1.0 

 

Figure 1: Membership value for the linguistic variable with (P+1) terms

The fuzzy number B̃1 is denoted by B̃1 = (c; 0, d− c).

µB̃p
(y) = µaround(c+pβ)(y)

µB̃p
(y) =

 1− (c+ pβ − y)/pβ, for c ≤ y ≤ c+ pβ
1− (y − c− pβ)/(d− c− pβ), for c+ pβ ≤ y ≤ d
0, otherwise

(2)

for 1 ≤ p ≤ (P − 1) and each of the corresponding fuzzy number B̃k is denoted as B̃k =
(c+ pβ; pβ, d− c− pβ).

µB̃P+1
(y) = µHighP

(y)

µB̃P+1
(y) =

{
1− (d− y)/(d− c), for c ≤ y ≤ d
0, otherwise

(3)

The triangular fuzzy number B̃P+1 is denoted by B̃P+1 = (d; d − c, 0). In this work, to
represent a triangular fuzzy number in [0, 1] by its membership function, the standard notation,

B̃ = (m;α, β) is used. Where m represents the middle value α represents the left spread and
β represents the right spread. When a very little knowledge is known about the boundaries of
each value, each value is extended over the complete domain through the middle values of each
of the fuzzy number which are located at a fixed distance apart.

Example 1. Suppose the amount of water during flood in a particular region is interpreted as
a linguistic variable, and then its term set is of the following type:

=(Amount of water) = {very low, low, medium, high, veryhigh}

Where each term in =(amount of water) is characterized by a fuzzy set in the universe of
discourse [0,100]. Then, using the fuzzy partition given in (4), (5) and (6) for the interval
[0,100], each term can be transformed to associated fuzzy numbers as provided in Table 1.
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=(y3) Fuzzy numbers Normalized fuzzy numbers
Very Low (VL) (0, 0, 100) (0, 0, 1)
Low (L) (25, 25, 75) (0.25, 0.25, 0.75)
Medium (M) (50, 50, 50) (0.5, 0.5, 0.5)
High (H) (75, 75, 25) (0.75, 0.75, 0.25)
Very High (VH) (100, 100, 0) (1, 1, 0)

Table 1: The term set =(amount of water)

2.2. Fuzzy inference schemes

Fuzzy Mathematicians have been introduced different types of fuzzy reasoning schemes. The
distinction between different reasoning schemes consist in the illustration of the consequents of
theirs fuzzy implication. A fuzzy if- then rule base system has been developed so that it joins
the input variables to the output variable by means of if − then rules. For some given term
of the input values, the degree of fulfillment of a rule is acquired by grouping the membership
functions of these input values into the respective fuzzy number. The output is obtained by the
degrees of fulfillment and the consequence of the implications. Several fuzzy inference schemes
are available in the literature. In this work, to make a decision from fuzzy if − then rule based
system, we have used Takagi and Sugeno [16] fuzzy inference scheme, which is given below.

2.2.1. Sugeno and Takagi fuzzy reasoning scheme

<1: If r1 is B̃11 and r2 is B̃12 and . . . and rn is B̃1n then z = b11r1 + b12r2 + · · ·+ b1nrn + c1

<2: If r1 is B̃21 and r2 is B̃22 and . . . and rn is B̃2n then z = b21r1 + b22r2 + · · ·+ b2nrn + c2
...

<p: If r1 is B̃p1 and r2 is B̃p2 and . . . and rn is B̃pn then z = bp1r1 + bp2r2 + · · ·+ bpnrn + cp
Input: r1 is y1 and r2 is y2 and . . . and rn is yn

Output: z is zTgS ,

where B̃jk ∈ ={Rk} is the term set of the linguistic variable rk which has been defined
in the universe of discourse Rk ⊂ R, and bjk and cj are real numbers for j = 1, 2, . . . , p and
k = 1, 2, . . . , n. The methodology for find the deterministic output zTgS , from the crisp input
vector y = {y1, y2, . . . , yn} and fuzzy impications {<1,<2, . . . ,<p} are given below:

The degree to which input matches the jth rule <j is typically computed using the relation

lj = Tp(µB̃j1
(y1), µB̃j2

(y2), . . . , µB̃jn
(yn)),

for j = 1, 2, . . . , p. (4)

Then the outputs of the individual rule calculated from the implications

zj(y) =

n∑
k=1

bjkyk + cj (5)

Finally, the output of the fuzzy reasoning scheme is calculated by the following expression

zTgS =
l1z1 + l2z2 + · · ·+ lpzp

l1 + l2 + · · ·+ lp
(6)
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3. Fuzzy rule-based bi-level programming problem

In a two level administrative structure, to built a mathematical model we need deterministic
type information. Where both the decision maker have their own objective function to optimize
under some crisp inequalities. If the information source from where the crisp inequalities has
to be built, is not known precisely i.e we know the linguistic relationship between the objec-
tive function and the constraints. In that case it is difficult to build a deterministic bi-level
programming model. Here, we present a fuzzy rule-base bi-level programming model which
overcomes this difficulty. The model is represented is as follows:

m̃ax
x

f̃l(x, y) where y solves

m̃ax
y

f̃f (x, y)

s.t. {<1(x, y),<2(x, y), . . . ,<p(x, y) | x, y ∈ R̃ ⊂ Rm}, (7)

f̃l(x, y) and f̃f (x, y) are the leader and followers’ objective functions respectively, x is the
linguistic variable controlled by leader and y is the linguistic variable controlled by follower.

Depending upon the nature of the information available for the objective functions of leader
and follower, we can write our problem as follows:

<j(x, y): If x1 is Ãj1 and x2 is Ãj2 . . .xm is Ãjm and y1 is B̃j1 and y2 is B̃j2 . . . ym is B̃jm

then f̃lj(x, y) =
m∑
k=1

ajkxk +
m∑
k=1

bjkyk.

where y solves

<j(y): If x1 is Ãj1 and x2 is Ãj2 . . .xm is Ãjm and y1 is B̃j1 and y2 is B̃j2 . . . ym is B̃jm then

f̃fj(X,Y ) =
m∑
k=1

cjkxk +
m∑
k=1

djkyk.

for j = 1, 2, . . . , p.
After Normalization, the fuzzy model takes the form as follows:

<j(x): If x1 is ÑAj1 and x2 is ÑAj2 . . .xm is ÑAjm and y1 is ÑBj1 and y2 is ÑBj2 . . . ym

is ÑBjm then f̃lj(x, y) =
m∑
k=1

ajkxk +
m∑
k=1

bjkyk.

where y solves

<j(y): If x1 is ÑAj1 and x2 is ÑAj2 . . .xm is ÑAjm and y1 is ÑBj1 and y2 is ÑBj2 . . . ym

is ÑBjm then f̃fj(X,Y ) =
m∑
k=1

cjkxk +
m∑
k=1

djkyk.

for j = 1, 2, . . . , p.

3.1. Stage-wise decomposition

In two-level programming problem, the feasible solution of first level is acceptable only if it is
the optimal solution of the second level problem. To find the optimal solution of both the level,
we can update the above n− stage bi-level programming problem in which the constraints are
the fuzzy rule of both the decision makers i.e it contains the variable which is controlled by
leader and the variable which is controlled by follower.
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3.2. Stage-wise computational procedure of fuzzy rule-base bi-level
programming problem

Here, we have taken the superscript in each notation to denote the stage number.

Stage 1 :

Leader’s Fuzzy rule:

<1
j (x1, y1): If x1 is ÑAj1 and y1 is ÑBj1 then f̃1lj(x1, y1) = aj1x1 +bj1y1, j = 1, 2, . . . , p where

Y solves

Follower’s fuzzy rule :

<1
j (x1, y1): If x1 is ÑAj1 and y1 is ÑBj1 then f̃1fj(x1, y1) = cj1x1 + dj1y1, j = 1, 2, . . . , p

For solving above fuzzy bi-level programming model. First, we consider the follower’s problem:

Follower’s fuzzy rule :

<1
j (x1, y1): If x1 is ÑAj1 and y1 is ÑBj1 then f̃1fj(x1, y1) = cj1x1 + dj1y1, j = 1, 2, . . . , p

We take xc1 and yc1 as crisp input corresponding to x1 and y1. The membership degree up to
which the jth rule <1

j (x1, y1) matches the given input, is calculated by the following expression:

l1j = T (µ
ÑAj1

(x1), µ
ÑBj1

(y1)) (8)

Objective functions of the follower for the individual rule are given by

f1fj(xc1, yc1) = cj1xc1 + dj1yc1 (9)

The crisp objective function for the follower’s fuzzy model has been given by

F 1
f (xc1, yc1) =

l1f
1
f1 + l2f

1
f2 + · · ·+ lpf

1
fp

l1 + l2 + · · ·+ lp
(10)

The follower’s objective function is the piece-wise continuous function in the interval xc1, yc1 ∈
[0, 1]. To calculate the follower’s optimal solution under the optimal of leader, we calculate the
optimal of this function with general value of 0 < yc1 <= xc1 for each sub interval in which the
function is defined.

We use the value of optimal y∗c1 in the leader’s objective function. To calculate the leader’s
crisp objective function, we follow the same steps after putting the value yc1 = y∗c1.

Objective functions of the leader for the individual rule are given by

f1lj(xc1, y
∗
c1) = cj1xc1 + dj1y

∗
c1 (11)

Leader’s objective function will be of the form

F 1
l (xc1) =

l1f
1
l1 + l2f

1
l2 + · · ·+ lpf

1
lp

l1 + l2 + · · ·+ lp
(12)
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To solve the second stage problem, we need to define a recurrence relation to connect the
two stages, which satisfies the principle of optimality. The leader’s and follower’s recurrence
relation has been given by:

Follower’s recurrence relation:

F rf (xcr, ycr) = F r−1f (x∗cr−1, y
∗
cr−1) +

l1f
r
f1 + l2f

r
f2 + · · ·+ lpf

r
fp

l1 + l2 + · · ·+ lp
(13)

Leader’s recurrence relation

F rl (xcr) = F r−1l (x∗cr−1) +
l1f

r
l1 + l2f

r
l2 + · · ·+ lpf

r
lp

l1 + l2 + · · ·+ lp
(14)

To solve the rth − stage problem:

Leader’s Fuzzy rule:

<rj(xr, yr): If x1 is ÑAjr and y1 is ÑBjr then f̃rlj(xr, yr) = ajrxr+bjryr, j = 1, 2, . . . , p where
Y solves

Follower’s fuzzy rule :

<rj(xr, yr): If x1 is ÑAjr and y1 is ÑBjr then f̃1fj(xr, yr) = cjrxr + djryr, j = 1, 2, . . . , p

For solving above fuzzy bi-level programming model. First, we consider the follower’s problem:

Follower’s fuzzy rule :

<rj(xr, yr): If xr is ÑAjr and yr is ÑBjr then f̃rfj(xr, yr) = cjrxr + djryr, j = 1, 2, . . . , p

We take xcr and ycr as crisp input corresponding to xr and yr. The membership degree up to
which the jth rule <1

j (x1, y1) matches the given input, is calculated by the following expression:

lrj = T (µ
ÑAjr

(xr), µÑBjr
(yr)) (15)

Objective functions of the follower for the individual rule are given by

frfj(xcr, ycr) = cjrxcr + djrycr (16)

The crisp objective function for the follower’s fuzzy model has been given by

F rf (xcr, ycr) = F r−1f (x∗cr−1, y
∗
cr−1) +

l1f
r
f1 + l2f

r
f2 + · · ·+ lpf

r
fp

l1 + l2 + · · ·+ lp
(17)

The follower’s objective function is the piece-wise continuous function in the interval xcr, ycr ∈
[0, 1]. To calculate the follower’s optimal under the optimal of leader, we calculate the optimal
of this function with general value of 0 <= x <= y for each sub interval in which the function
is defined.
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We use the value of optimal y∗cr in the leader’s objective function. To calculate the leader’s
crisp objective function, we follow the same steps by putting the value ycr = y∗cr

Objective functions of the leader for the individual rule are given by

frlj(xcr, y
∗
cr) = cjrxcr + djry

∗
cr (18)

Leader’s objective function will be of the form

F rl (xcr) = F r−1l (x∗cr−1) +
l1f

r
l1 + l2f

r
l2 + · · ·+ lpf

r
lp

l1 + l2 + · · ·+ lp
(19)

To find the optimal solution of the fuzzy bi-level model, We proceed in a similar manner
up to nth − stage. At last stage, The optimal solution contains the optimal return from each
stage.

3.3. Algorithm

Step 1 Determine the normalized fuzzy number of each linguistic variable which represents
the linguistic relationship between the decision variables and objectives of leader’s and
follower’s.

Step 2 Convert the n variable problem into n stage single variable problem for both the decision
makers.

Step 3 At rth stage (for r = 1, 2, . . . ,m), calculate the deterministic functional relationship
of decision variable and the follower’s objective function then use the recurrence relation
of follower to calculate the optimal return at rth stage in the interval 0 ≤ y ≤ x, which
incorporates the optimal return from the previous stage. The recurrence relation of the
follower’s problem is given by

F rf (xcr, ycr) = F r−1f (x∗cr−1, y
∗
cr−1) +

l1f
r
f1 + l2f

r
f2 + · · ·+ lpf

r
fp

l1 + l2 + · · ·+ lp
(20)

where F r−1f (x∗cr−1, y
∗
cr−1) = 0 for r = 1.

Step 4 Calculate the deterministic functional relationship of decision variable and the leader’s
objective function then use the recurrence relation of leader to calculate the optimal
return at rth stage, which incorporates the optimal return from the previous stage. The
recurrence relation of the leader’s problem is given by

F rl (xcr) = F r−1l (x∗cr−1) +
l1f

r
l1 + l2f

r
l2 + · · ·+ lpf

r
lp

l1 + l2 + · · ·+ lp
(21)

where F r−1l (x∗cr−1) = 0 for r = 1.

Step 5 Use the steps 3,4 to find the optimal solution for leader and follower objective functions
at rth stage which should be incorporate to the objective functions at (r+ 1)th stage. Re-
peat the process for r = 1, 2, . . . ,m.

Step 6 Stop when r = m.
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4. Numerical example

Let us consider the fuzzy rule-based bi-level programming problem where the leader and follower
rules are defined linguistically as follows:

Leader’s fuzzy rules :

<1(x, y): If x1 is high and x2 is very high and y1 is medium and y2 is low then f̃l(x1, x2, y1, y2) =
−x1 + x2 + y1/2− y2

<2(x, y): If x1 is low and x2 is high and y1 is very low and y2 is high then f̃l(x1, x2, y1, y2) =
x1 + x2 + y1 + y2

where Y = (y1, y2) solves the follower’s fuzzy rules given by

<1(x, y): If x1 is high and x2 is very high and y1 is medium and y2 is low then f̃f (x1, x2, y1, y2) =
x1 + x2/2− y1 + y2

<2(x, y): If x1 is low and x2 is high and y1 is very low and y2 is high then f̃f (x1, x2, y1, y2) =
−x1 + x2 + y1 − y2

=(x1) Fuzzy Normalized
numbers fuzzy numbers

Very Low (VL) (,. 0, 10) (0, 0, 1.0)
Low (L) (2.5, 2.5, 7.5) (0.25, 0.25, 0.75)
Medium (M) (5.0, 5.0, 5.0) (0.5, 0.5, 0.5)
High (H) (7.5, 7.5, 2.5) (0.75, 0.75, 0.25)
Very High (VH) (10.0, 10.0, 0) (1.0, 1.0, 0)

Table 1: Linguistic value for variable x1

=(x1) Fuzzy Normalized
numbers fuzzy numbers

Very Low (VL) (10, 0, 40) (0.2, 0.2, 0.8)
Low (L) (20, 10, 30) (0.4, 0.2, 0.6)
Medium (M) (30, 20, 20) (0.6, 0.4, 0.4)
High (H) (40, 30, 10) (0.8, 0.6, 0.2)
Very High (VH) (50, 40, 0) (1.0, 0.8, 0)

Table 2: Linguistic value for variable x2

=(y1) Fuzzy Normalized
numbers fuzzy numbers

Very Low (VL) (2, 1, 8) (0.2, 0.1, 0.8)
Low (L) (10, 10, 20) (0.33, 0.33, 0.67)
Medium (M) (20, 10, 30) (0.4, 0.2, 0.6)
High (H) (50, 20, 30) (0.63, 0.25, 0.34)
Very High (VH) (100, 50, 50) (0.67, 0.33, 0.33)

Table 3: Linguistic value for variable y1

=(y2) Fuzzy Normalized
numbers fuzzy numbers

Very Low (VL) (50, 0, 50) (0.2, 0, 0.2)
Low (L) (60, 10, 40) (0.6, 0.1, 0.4)
Medium (M) (70, 20, 30) (0.7, 0.2, 0.3)
High (H) (85, 35, 15) (0.85, 0.35, 0.15)
Very High (VH) (100, 50, 0) (1, 0.5, 0)

Table 4: Linguistic value for variable y2

First we calculate the normalized linguistic fuzzy number from the given linguistic variables
which are given in the above tables.
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Stage 1 Problem:

Leader’s fuzzy rules :

<1
1(x, y): If x1 is high and y1 is medium then f̃1l (x1, y1) = −x1 + y1/2

<1
2(x, y): If x1 is low and y1 is very low then f̃1l (x1, y1) = x1 + y1

where y1 solves the follower’s fuzzy rules by

<1
1(x, y): If x1 is high and y1 is medium then f̃1f (x1, y1) = x1 − y1

<1
2(x, y): If x1 is low and y1 is high then f̃1f (x1, y1) = −x1 + y1

First, we solve the follower’s problem:

l11 =


xc1

0.75 .
yc1−0.2

0.2 , for 0.2 ≤ xc1, yc1 ≤ 0.4
xc1

0.75 .
1−yc1
0.6 , for 0.4 ≤ xc1, yc1 ≤ 0.75

1−xc1

0.25 .
1−yc1
0.6 , for 0.75 ≤ xc1, yc1 ≤ 1

(22)

l12 =


xc1

0.25 .
yc1−0.1

0.1 , for 0.1 ≤ xc1, yc1 ≤ 0.2
xc1

0.25 .
1−yc1
0.8 , for 0.2 ≤ xc1, yc1 ≤ 0.25

1−xc1

0.75 .
1−yc1
0.8 , for 0.25 ≤ xc1, yc1 ≤ 1

(23)

Using our approach the follower’s objective function can be calculated as:

F 1
f (xc1, yc1) =



(
xc1
0.75 )(

yc1−0.2
0.2 )(xc1−yc1)+(

xc1
0.25 )(

1−yc1
0.8 )(yc1−xc1)

(
xc1
0.75 )(

yc1−0.2
0.2 )+(

xc1
0.25 )(

1−yc1
0.8 )

for 0.2 ≤ yc1 ≤ 0.25

(
xc1
0.75 )(

yc1−0.2
0.2 )(xc1−yc1)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1−xc1)

(
xc1
0.75 )(

yc1−0.2
0.2 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.25 ≤ yc1 ≤ 0.4

(
xc1
0.75 )(

1−yc1
0.6 )(xc1−yc1)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1−xc1)

(
xc1
0.75 )(

1−yc1
0.6 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.4 ≤ yc1 ≤ 0.75

(
1−xc1
0.25 )(

1−yc1
0.6 )(xc1−yc1)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1−xc1)

(
1−xc1
0.25 )(

1−yc1
0.6 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.75 ≤ yc1 ≤ 1

(24)

Using follower’s optimal, the leader optimal can be calculated as:

F 1
l (xc1, yc1) =



(
xc1
0.75 )(

yc1−0.2
0.2 )(−xc1+yc1/2)+(

xc1
0.25 )(

1−yc1
0.8 )(yc1+xc1)

(
xc1
0.75 )(

yc1−0.2
0.2 )+(

xc1
0.25 )(

1−yc1
0.8 )

for 0.2 ≤ xc1 ≤ 0.25

(
xc1
0.75 )(

yc1−0.2
0.2 )(−xc1+yc1/2)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1+xc1)

(
xc1
0.75 )(

yc1−0.2
0.2 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.25 ≤ xc1 ≤ 0.4

(
xc1
0.75 )(

1−yc1
0.6 )(−xc1+yc1/2)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1+xc1)

(
xc1
0.75 )(

1−yc1
0.6 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.4 ≤ xc1 ≤ 0.75

(
1−xc1
0.25 )(

1−yc1
0.6 )(−xc1+yc1/2)+(

1−xc1
0.75 )(

1−yc1
0.8 )(yc1+xc1)

(
1−xc1
0.25 )(

1−yc1
0.6 )+(

1−xc1
0.75 )(

1−yc1
0.8 )

for 0.75 ≤ xc1 ≤ 1

(25)
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Stage 2 Problem:

Leader’s fuzzy rules :

<1
1(x, y): If x2 is very high and y2 is low then f̃2l (x2, y2) = x2 − y2

<1
2(x, y): If x2 is high and y2 is high then f̃2l (x2, y2) = x2 + y2

where y2 solves the follower’s fuzzy rules by

<1
1(x, y): If x2 is very high and y2 is low then f̃2f (x2, y2) = x2/2 + y2

<1
2(x, y): If x2 is high and y2 is high then f̃2f (x2, y2) = x2 − y2

l21 =


1−xc2

0.8 .yc2−0.50.1 , for 0.5 ≤ xc2, yc2 ≤ 0.6

1−xc2

0.8 . 1−yc20.4 , for 0.6 ≤ xc2, yc2 ≤ 1
(26)

l22 =



xc2−0.2
0.6 .yc2−0.50.35 , for 0.5 ≤ xc2, yc2 ≤ 0.8

1−xc2

0.2 .yc2−0.50.35 , for 0.8 ≤ xc2, yc2 ≤ 0.85

1−xc2

0.2 . 1−yc20.15 , for 0.85 ≤ xc2, yc2 ≤ 1

(27)

F 2
f (xc2, yc2) =



(
1−xc2

0.8 )(
yc2−0.5

0.1 )(xc2/2+yc2)+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )(xc2−yc2)
(
1−xc2

0.8 )(
yc2−0.5

0.1 )+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )
for 0.51 ≤ yc2 ≤ 0.6

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2/2+yc2)+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )(xc2−yc2)
(
1−xc2

0.8 )(
1−yc2

0.4 )+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )
for 0.6 ≤ yc2 ≤ 0.8

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2/2+yc2)+(
1−xc2

0.2 )(
yc2−0.5

0.35 )(xc2−yc2)
(
1−xc2

0.8 )(
1−yc2

0.4 )+(
1−xc2

0.2 )(
yc2−0.5

0.35 )
for 0.8 ≤ yc2 ≤ 0.85

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2/2+yc2)+(
1−xc2

0.2 )(
1−yc2
0.15 )(xc2−yc2)

(
1−xc2

0.8 )(
1−yc2

0.4 )+(
1−xc2

0.2 )(
1−yc2
0.15 )

for 0.85 ≤ yc2 ≤ 1

(28)

F 2
l (xc2, yc2) =



(
1−xc2

0.8 )(
yc2−0.5

0.1 )(xc2−yc2)+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )(xc2+yc2)

(
1−xc2

0.8 )(
yc2−0.5

0.1 )+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )
for 0.51 ≤ xc2 ≤ 0.6

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2−yc2)+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )(xc2+yc2)

(
1−xc2

0.8 )(
1−yc2

0.4 )+(
xc2−0.2

0.6 )(
yc2−0.5

0.35 )
for 0.6 ≤ yc2 ≤ 0.8

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2−yc2)+(
1−xc2

0.2 )(
yc2−0.5

0.35 )(xc2+yc2)

(
1−xc2

0.8 )(
1−yc2

0.4 )+(
1−xc2

0.2 )(
yc2−0.5

0.35 )
for 0.8 ≤ yc2 ≤ 0.85

(
1−xc2

0.8 )(
1−yc2

0.4 )(xc2−yc2)+(
1−xc2

0.2 )(
1−yc2
0.15 )(xc2+yc2)

(
1−xc2

0.8 )(
1−yc2

0.4 )+(
1−xc2

0.2 )(
1−yc2
0.15 )

for 0.85 ≤ yc2 ≤ 1

(29)
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By using Lingo, we get the solution as F 2
l = 7.0776 and F 2

f = 2.657 at xc2 = 0.6 and
yc2 = 0.8.

5. Conclusion

In a two level structure, to built a mathematical model, decision makers need deterministic
type information. Where both the decision maker have their own objective function to opti-
mize under some crisp inequalities. If the information source from where the crisp inequalities
has to be built, is not known precisely i.e we know the linguistic relationship between the ob-
jective function and the constraints. In that case it is difficult to build a deterministic bi-level
programming model. Here, we present a fuzzy rule-base bi-level programming model which
overcomes this difficulty.

To make this long article short, we conclude here that, In a hierarchical administrative
structure, To solve a fuzzy rule-based bi-level programming problem where the deterministic
functional relationship between the objective functions of decision makers and their decision
space is not known exactly, a bi-level programming with fuzzy rule base has been constructed.
In order to solve the problem, a suitable fuzzy inference scheme and dynamic programming
approach has been used to convert fuzzy rule-base bi-level programming problem into crisp
bi-level programming problem of two variables. A multi-stage decision making approach has
been used to find the solution of the problem.
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1. Introduction

Using the optimistic approach in bilevel optimization, where we assume that the leader pre-
supposes cooperation of the follower in the sense that the latter will choose in each time that
solution in the solution set of the follower’s parametric optimization problem which is best suited
with respect to the leader’s objective function, we investigate the following bilevel optimization
problem

(P ) min
x,y

F (x, y) s.t. Gj(x, y) ≤ 0, j ∈ J, y ∈ ψ(x), (1)

where, for each x ∈ Rn1 , ψ(x) is the set of optimal solutions of the following parametric
optimization problem

min
y

f(x, y) s.t. gi(x, y) ≤ 0, i ∈ I, (2)

where F : Rn1 × Rn2 → R and gi : Rn1 × Rn2 → R, i ∈ I = {1, · · · , q} are locally Lipchitz
functions, f, Gj : Rn1 × Rn2 → R, j ∈ J = {1, · · · , p} are convex continuous functions and
n1 ≥ 1, n2 ≥ 1, p ≥ 1, q ≥ 1 are integers. The point u = (x, y) is said to be a local optimal
solution of (P ) if it is an optimal solution of the problem{

Minimize F (x, y)
subject to : (x, y) ∈ E,

where

E =

{
(x, y) ∈ Rn1 × Rn2 :

Gj(x, y) ≤ 0, gi(x, y) ≤ 0, i ∈ I, j ∈ J, y ∈ ψ(x)

}
.

∗Corresponding author.
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A lot of research has been carried out in bilevel optimization problems [1, 3, 4, 5, 6, 8, 17, 18,
19, 20]. Ye and Zhu [19] give optimality conditions without convexity assumption on the lower
level problem and without the assumption that the solution set ψ (x) is a singleton. Under semi-
Lipschitz property, Zhang [20] extends the classical approach to allow the nonsmooth problem
data; he derives existence and optimality conditions for problems in terms of a graph set of the
solution multifunction to the lower-level problem.

In this paper, our approach consists of reformulating our problem using the optimal value
function of the lower level problem and after investigating necessary optimality conditions of
(P ) . Our results are obtained, under a non smooth generalized Guignard constraint qualifica-
tion, in terms of convexificators and Karush-Kuhn-Tucker multipliers.

The rest of the paper is organized in this way: Section 2 contains basic definitions and
preliminary material from nonsmooth variational analysis, Section 3 addresses main results
(optimality conditions), while main conclusion is given in Section 4.

2. Preliminaries

In this section, we recall some basic constructions and results from nonsmooth analysis. For a
subset D of Rn, the sets cl D, conv D, conv D(= cl conv D), cone D, cone D(= cl cone D) and
D− stand for the closure of D, the convex hull of D, the closed convex hull of D, the convex
cone generated by D, the closed convex cone generated by D and the negative polar cone of D,
repectively.

Let D be a subset of Rn and x ∈ cl D. The contingent cone T (D,x) to D at x is defined by

T (D,x) = {v ∈ Rn : ∃tn ↓ 0 and ∃vn → v such that x+ tnvn ∈ D}.

A set-valued mapping H : Rn ⇒ Rm will be said to be inner semicompact at a point x̄ with
H(x̄) 6= ∅, if for every sequence xk → x̄ with H(xk) 6= ∅, there is a sequence of yk ∈ H(xk) that
contains a convergent subsequence. The mapping H is inner semicontinuous at (x̄, ȳ) ∈ gr (H)
if for every sequence xk → x̄ there is a sequence of yk ∈ H(xk) that converges to ȳ.

Proposition 1. Let f be Lipschitz around (x̄, ȳ) for every ȳ ∈ ψ(x̄) [14]

• If ψ is inner semicompact at x̄, one gets the Lipschitz continuity of the value function V
defined by

V (x) = min
y
{f(x, y) : gi(x, y) ≤ 0, i ∈ I, y ∈ Rn2}. (3)

• If ψ is inner semicontinuous at (x̄, ȳ), one gets the Lipschitz continuity of the value
function V .

Now, we recall the definitions related to convexificators given by Jeyakumar and Luc [10]
and Dutta and Chandra [8]. Let f : Rn → R∪{+∞} be a given function and let x ∈ Rn where
f(x) is finite. The expressions

f−d (x, v) = lim inf
t↘0

[f(x+ tv)− f(x)]/t

f+
d (x, v) = lim sup

t↘0
[f(x+ tv)− f(x)]/t

signify the lower and upper Dini directional derivatives of f at x in the direction v, respectively.

Definition 1. The function f : Rn → R∪{+∞} is said to have an upper convexificator (UCF)
∂∗f(x) at x if ∂∗f(x) ⊆ Rn is closed and, for each v ∈ Rn,

f−d (x, v) ≤ sup
x∗∈∂∗f(x)

〈x∗, v〉.
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Definition 2. The function f : Rn → R ∪ {+∞} is said to have a lower convexificator (LCF)
∂∗f(x) at x if ∂∗f(x) ⊆ Rn is closed and, for each v ∈ Rn,

f+
d (x, v) ≥ inf

x∗∈∂∗f(x)
〈x∗, v〉.

A closed set ∂∗f(x) ⊆ Rn is said to be a convexificator of f at x if it is both an upper and
lower convexificator of f at x.

Remark 1. The convexificators are neither necessarily compact nor convex [7]. These relax-
ations allow applications to a large class of nonsmooth continuous functions. For instance,
the function f : R → R defined by f(x) = − | x |, admits a non convex convexificator
∂∗f(0) = {−1, 1} at 0.

The following definition has been proposed by Dutta and Chandra. For more details [8].

Definition 3. The function f : Rn → R∪{+∞} is said to have an upper semi-regular convex-
ificator (USRCF) ∂∗f(x) at x if ∂∗f(x) is an upper convexificator at x and, for each v ∈ Rn,

f+
d (x, v) ≤ sup

x∗∈∂∗f(x)

〈x∗, v〉.

Remark 2. The Clarke [2], Michel-Penot [13] and Murdokhovich [16] subdifferentials are upper
semi-regular convexificators of f when f is a locally Lipschitz function. However, the convex hull
of an upper semi-regular convexificator of a locally Lipschitz function may be strictly contained
in both the Clarke and the Michel-Penot subdifferentials.

Definition 4. Let f : Rn → R be a locally Lipschitz function on Rn. The Clarke subdifferential
of f at x̄ is defined by

∂cf(x̄) := {η ∈ Rn : f◦(x̄, v) ≥ 〈η, v〉 ∀v ∈ Rn}.

where, for each v ∈ Rn,

f◦(x̄, v) = lim sup
x→x̄,t↘0

f(x+ tv)− f(x̄)

t

is known as the Clarke generalized derivative of f at x̄ with respect to v.

Remark 3. For a locally Lipschitz function F , ∂cf(x̄) is a convexificator of f at x [10].

Let

ΩL = {(x, y) ∈ Rn1 × Rn2 : gi(x, y) ≤ 0, i ∈ I}, I(x, y) = {i ∈ I : gi(x, y) = 0},

and

Ω = {(x, y) ∈ Rn1 × Rn2 : f(x, y)− V (x) ≤ 0, gi(x, y) ≤ 0, i ∈ I,Gj(x, y) ≤ 0, j ∈ J}.

To proceed further, we shall need the following regularity conditions.

• We say that (x̄, ȳ) ∈ ΩL is lower-level regular if[ ∑
i∈I(x̄,ȳ)

λivi = 0, λi ≥ 0

]
⇒ [λi = 0 for all i ∈ I(x̄, ȳ)]

whenever (ui, vi) ∈ ∂cgi(x̄, ȳ) with some ui ∈ Rn1 as i ∈ I(x̄, ȳ).
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• We say that the nonsmooth Abadie constraint qualification holds at (x̄, ȳ) if

(∂∗ −ACQ)( ⋃
i∈I(x̄,ȳ)

conv∂∗gi(x̄, ȳ)∪
⋃

j∈J(x̄,ȳ)

conv∂∗Gj(x̄, ȳ)∪∂f(x̄, ȳ)−∂V (x̄)×{0}
)−
⊆ T (Ω, (x̄, ȳ)).

• We say that nonsmooth generalized Guignard constraint qualification holds at (x̄, ȳ) if

(∂∗ −GGCQ)

[ T (Ω, (x̄, ȳ)) ]
− ⊆ cone

( ⋃
i∈I(x̄,ȳ)

∂∗gi(x̄, ȳ)

∪
 ⋃
j∈J(x̄,ȳ)

∂∗Gj(x̄, ȳ)

∪(∂f(x̄, ȳ)− ∂V (x̄)× {0})
)

Here, ∂ stand for the subdifferential of convex analysis.

Remark 4. The nonsmooth Abadie constraint qualification implies the nonsmooth generalized
Guignard constraint qualification. The converse is not always true.

3. Necessary optimality conditions

For all the sequel, it is assumed that the leader presuppose cooperation of the follower in the
sense that the latter will choose in each time that solution in ψ (x) which is best suited with
respect to the leader’s objective function.
In this case, (P ) can be replaced by

(P ∗) :

{
Minimize F (x, y)

subject to : (x, y) ∈ Ω

provided that (P ∗) has an optimal solution [12], where for all (x, y) ∈ Rn1 × Rn2 ,

V (x) := min
y
{f (x, y) : gi(x, y) ≤ 0, i ∈ I, y ∈ Rn2} .

Note that, since data are all convex, the optimal value function V is also convex.

Remark 5. Under the following hypotheses (H1) , (H2) , (H3) and (H4) , the optimization
problem (P ) has at least one optimal solution [9].
(H1) : F (., .) is lower semicontinuous ( l.s.c. ) on Rn1 × Rn2 ;
(H2) : f (., .) is lower continuous, V (.) is upper semicontinuous ( u.s.c. ) on Rn1 ;
(H3) : gj (., .) and Gi (., .) are lower continuous on Rn1 × Rn2 ;
(H4) : The problem (P ∗) has at least one feasible solution and its feasible set is bounded.
Especially, under these conditions, Ω is a nonempty compact set and F is a lower semicontin-
uous function.

Theorem 1. Let u = (x, y) ∈ C be a local optimal solution of (P ). Assume that F admits
a bounded (USRCF) ∂∗F (ū) at u, that Gj , j ∈ J, gi, i ∈ I, admit (UCFs) ∂∗Gj(ū), ∂∗gi(ū),
respectively at ū. Suppose that the nonsmooth generalized Guignard constraint qualification holds
at (x, y) , that the solution-set-mapping of S is inner semicompact at x, and that for each vector
y ∈ ψ (x) , (x, y) is lower-level regular. Then, there exist y∗ ∈ ψ (x) , π ≥ 0, ξ ≥ 0, µ ≥ 0 and(
λ∗1, · · · , λ∗q

)
∈ Rq+ such that

0 ∈ conv ∂∗xF (x, y) +
∑

j∈J(x,y)

πj ∂
∗
xGj (x, y) +

∑
i∈I(x,y)

ξi ∂
∗
xgi (x, y) (4)

+µ

(
∂xf (x, y)− ∂xf (x, y∗)−

∑
i∈I

λ∗i ∂xgi (x, y∗)

)
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0 ∈ conv ∂∗yF (x, y) +
∑

j∈J(x,y)

πj∂
∗
yGj (x, y) +

∑
i∈I(x,y)

ξi ∂
∗
ygi (x, y) + µ∂yf (x, y) (5)

and
0 ∈ ∂yf (x, y∗) +

∑
i∈I

λ∗i ∂ygi (x, y∗) , λ∗i gi (x, y∗) = 0. (6)

Proof. Since (x̄, ȳ) is an optimal solution of (P ) , it is an optimal solution of (P ∗) . Let (v1, v2) ∈
T (Ω, (x̄, ȳ)). Then, there exist tn ↓ 0 and (vn1 , vn2)→ (v1, v2) such that (x̄, ȳ)+tn(vn1 , vn2) ∈ Ω
for all n. Since (x̄, ȳ) is a minimum of F over Ω, one has

F ((x̄, ȳ) + tn(vn1 , vn2))− F (x̄, ȳ)

tn
≥ 0, for sufficiently large n.

Remarking that

F ((x̄, ȳ) + tn(vn1
, vn2

))− F (x̄, ȳ)

tn

=
F ((x̄, ȳ) + tn(vn1 , vn2))− F ((x̄, ȳ) + tn(v1, v2))

tn
+
F ((x̄, ȳ) + tn(v1, v2))− F (x̄, ȳ)

tn

and that F is locally Lipschitz, one deduces that

F+
d ((x̄, ȳ), (v1, v2))

= lim sup
n

F ((x̄, ȳ) + tn(v1, v2))− F (x̄, ȳ)

tn

= lim sup
n

F ((x̄, ȳ) + tn(vn1 , vn2))− F (x̄, ȳ)

tn
≥ 0

Thus,
F+
d ((x̄, ȳ), (v1, v2)) ≥ 0, for all (v1, v2) ∈ T (Ω, (x̄, ȳ)) .

• On the one hand, using the upper semiregularity of ∂∗F (x̄, ȳ) at (x̄, ȳ), we get

sup
η∈∂∗F (x̄,ȳ)

〈η, (v1, v2)〉 ≥ 0, for all (v1, v2) ∈ T (Ω, (x̄, ȳ)) .

From this, we can conclude easily from the calculus of the support functions that

0 ∈ co ( ∂∗F (x̄, ȳ) ) + [T (Ω, (x̄, ȳ))]−.

• On the other hand, the nonsmooth generalized Guignard constraint qualification implies
that

(0, 0) ∈ cl

 clconv ( ∂∗F (x̄, ȳ) )

+cl cone

{ ⋃
i∈I(x̄,ȳ)

conv ∂∗gi(x̄, ȳ) ∪
⋃

j∈J(x̄,ȳ)

conv ∂∗Gj(x̄, ȳ) ∪ (∂f(x̄, ȳ)− ∂V (x̄)× {0})
}

which implies that

(0, 0) ∈ conv ∂∗F (x̄, ȳ)+cl

{ ∑
i∈I(x̄,ȳ)

cone ∂∗gi(x̄, ȳ)+
∑

j∈J(x̄,ȳ)

cone ∂∗Gj(x̄, ȳ)+cone (∂f(x̄, ȳ)−∂V (x̄)×{0})
}

(7)
By Proposition 2.3.15 [2], one has :

∂f(x, y) ⊂ ∂xf(x, y)× ∂yf(x, y). (8)
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• Applying Theorem 8 [15] (its inner semicompact counterpart), we get

∂V (x̄) :=

[ ⋃
y∈ψ(x̄)

{ ⋃
(λ1,··· ,λm1

)∈Λ(x̄,y)

∂xf(x̄, y) +
∑
i∈I

λi ∂xgi(x̄, y)

)}]
(9)

where

Λ(x̄, y) =

{
(λ1, · · · , λm1

) ∈ Rm1 : 0 ∈ ∂yf(x̄, y)+
∑
i∈I

λi ∂ygi(x̄, y), λi ≥ 0, λi gi(x̄, y) = 0, i ∈ I
}
.

(10)
Necessary optimality conditions (4), (5) and (6) follow from (7), (9) and (10).

Theorem 2. Let u = (x, y) ∈ C be a local weak efficient solution of (P ). Assume that F admits
a bounded (USRCF) ∂∗F (ū) at u, that Gj , j ∈ J, gi, i ∈ I, admit (UCFs) ∂∗Gj(ū), ∂∗gi(ū),
respectively at ū. Suppose that the nonsmooth generalized Guignard constraint qualification holds
at u, that the solution-set-mapping of ψ is inner semicontinuous at (x, y) and that (x, y) is
lower-level regular. Then, there exist π ≥ 0, ξ ≥ 0, µ ≥ 0 and

(
λ∗1, · · · , λ∗q

)
∈ Rq+ such that

0 ∈ conv ∂∗xF (x, y) +
∑

j∈J(x,y)

πj ∂
∗
xGj (x, y) +

∑
i∈I(x,y)

ξi ∂
∗
xgi (x, y) (11)

+µ

(
∂xf (x, y)− ∂xf (x, y)−

∑
i∈I

λ∗i ∂xgi (x, y)

)

0 ∈ conv ∂∗yF (x, y) +
∑

j∈J(x,y)

πj ∂
∗
yGj (x, y) +

∑
i∈I(x,y)

ξi ∂
∗
ygi (x, y) + µ∂yf (x, y) (12)

and
0 ∈ ∂yf (x, y) +

∑
i∈I

λ∗i ∂ygi (x, y) , λ∗i gi (x, y) = 0. (13)

Proof. Under the inner semicontinuity assumption on S, instead of (9), one gets

∂V (x̄) :=
⋃

(λ1,··· ,λm1
)∈Λ(x̄,y)

(
∂xf(x̄, ȳ) +

∑
i∈I

λi ∂xgi(x̄, ȳ)

)
where

Λ(x̄, ȳ) =

{
(λ1, · · · , λm1

) ∈ Rm1 : 0 ∈ ∂yf(x̄, ȳ)+
∑
i∈I

λi ∂ygi(x̄, ȳ), λi ≥ 0, λigi(x̄, ȳ) = 0, i ∈ I
}
.

Using the same argument as in Theorem (1), one gets (11), (12) and (13).

Remark 6. The necessary optimality conditions we found are in fact generalized corrections
of those given in [11]. Since Lemma 5.2 in [11] is wrong (setting A = R+ and B = {−1}
yields a simple counterexample) and since it is an integral part of the proof of Theorem 5.1, the
necessary optimality conditions obtained by Kohli [11], as well as their proofs, are false.

4. Conclusion

In this note, we investigate a bilevel optimization problem (P ) . Our approach consists of re-
formulating the problem using the optimal value function of the lower level problem and after
investigating necessary optimality conditions of (P ) . Using a nonsmooth generalized Guignard
constraint qualification, one gives necessary optimality conditions in terms of convexificators
and Karush-Kuhn-Tucker multipliers.
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Abstract. This paper deals with fully fuzzy linear programming (FFLP) problem in which all param-
eters and variables are characterized by L − R fuzzy numbers. By a proposed approach, the FFLP
problem is converted into the triple objective functions, and hence a single objective using the weight-
ing method. Through this approach the problem is not transformed into the crisp linear programming
problem (LPP) that is enable for obtaining fuzzy optimal solution and the corresponding fuzzy optimal
solution which is more realistic to the real world problems. Then a numerical example is taken to the
utility and clarify the practically and the efficiency of the approach.
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1. Introduction

Linear programming (LP) is a branch of mathematical programming designed to solve opti-
mization problem for which all the constraints and objective functions are linear functions. LP
is an approach for finding the answer fittest from a range of possible answers. LP problems
have enormous applications as in arising in business, government, industry, hospitals, libraries,
etc. It is clear that LP is in two forms: Classical LP and Fuzzy LP. Bector and Chandra [2]
classified the fuzzy LP problems into four categories:

• Type I. LP with fuzzy inequalities and crisp objective function,

• Type II. LP with crisp inequalities and fuzzy objective function,

• Type III. LP with fuzzy inequalities and fuzzy objective function and

• Type IV. LP with fuzzy parameters.

In many scientific areas, such as system analysis and operations research, a model has to be
set up using data which is only approximately known. Fuzzy sets theory, introduced by Zadeh
[30], makes this possible. Dubois and Prade [10] extended the use of algebraic operations on
real numbers to fuzzy numbers by the use a fuzzification principle.
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Since the pioneer work on fuzzy LP by Tanaka et al. [28] and Zimmermann [33]. Several
kinds of fuzzy LP problems of satisfying different constraints were appeared in the literature so
far and with them corresponding approaches of resolution have proposed too. Tanaka et al. [29]
formulated a fuzzy linear programming (FLP) problem to obtain a reasonable solution under
consideration of the ambiguity of parameters. Zhao et al. [31] studied the complete solution
set for fuzzy linear programming problems included fuzzy and non-fuzzy equality and inequal-
ity constraints. The basic concepts of fuzzy decision making in fuzzy environment were first
proposed by Bellman and Zadeh [3] The first formulation of fuzzy LP problems was proposed
by Zimmermann [33], Shaocheng [27], Buckley [4, 5] and others considered situation where all
parameters are fuzzy. Li and Shi [18] studied fuzzy LP problems with interval- value fuzzy
coefficients, where corresponding auxiliary models in different criteria are obtained. Zhong et
al. [32] studied LP problem with fuzzy random variable coefficients and fuzzy pseudorandom
variables. Maleki et al. [19] proposed a new method for solving LP problem with fuzzy variables
based on the concept of comparison of fuzzy numbers. The references [6, 7, 8, 21, 24, 28] studied
fuzzy mathematical programming with fuzzy number coefficients. Ishibuchi and Tanaka [15]
investigated mathematical programming problem with interval objective function coefficients.

The fuzzy LP problems in which all the parameters as well as variables are represented by
fuzzy numbers is known as FFLP problems. FFLP has many different applications in sciences
and engineering, and various methods have been proposed for solving it. FFLP problems can
be divided into two categories: FFLP with equality constraints and with equality constraints.
Kumar et al. [17] proposed a new method for solving fully fuzzy LP problem with equality con-
straints and determined the optimal fuzzy solution for it. Hashemi et al. [13] and Allahviranloo
et al. [1] proposed different methods for FFLP problems with inequality constraints. Sahaya
Sudha and Karpagamani [23] discussed FFLP problem with trapezoidal fuzzy numbers with
the help of linear system and ranking function. Rajarajeswari and Sahaya Sudha [22] proposed
a new method for solving FFLP problem. Based on Lexicography method, Shamooshaki et al.
[26] proposed a new method for solving FFLP problem. Hosseinzadeh and Edalatpanah [14]
proposed a new method for solving FFLP based on the L−R fuzzy numbers and the Lexicog-
raphy method. Das [8] developed a modified algorithm to find the fuzzy optimal solution for
the FFLP problem with equality constraints. Through the MOLP problem and extended L-R
fuzzy numbers, Gong et al. [12] and Ezzati et al. [11] solved FFLP problems. Das et al. [9]
used the ranking function for solving FFLP problem with mixed constraints so as to overcome
limitations.

The rest of the paper is organized as follows. In Section 2, some preliminaries need in the
paper are introduced. In Section 3, a fully fuzzy linear programming problem is formulated.
In Section 4, a method for solving the FFLP problem is proposed. In Section 5, a numerical
example is given for illustration. Finally, some concluding remarks are reported in Section 6.

2. Preliminaries

In order to discuss our problem conveniently, basic concepts and results related to fuzzy num-
bers, L-R fuzzy numbers and their arithmetic operations are recalled (Kaufmann and Gupta
[16], Bellman and Zadeh [3], Sakawa [25] and Hosseinzadeh and Edalatpanah [14]).

Definition 1. A fuzzy number ã is mapping µã : R→ [0, 1] with following properties:

i) µã(x) is an upper semi–continuous membership function,
ii) ã is a convex fuzzy set, i.e. µã(λx+ (1− λ)y) ≥ min{µã(x), µã(y)} for all

x, y ∈ R and 0 ≤ λ ≤ 1,
iii) ã is normal, i.e. ∃x0 ∈ R for which µã(x0) = 1,
iv) supp(ã) = {x ∈ R : µã > 0} is the support of the ã and its closure cl(supp(ã))

is compact set.



Utilizing a new approach for solving fully fuzzy linear programming problems 339

Definition 2. A triangular fuzzy number can be represented completely by a triplet Ã =
(a1, a2, a3) and has membership:

µÃ(x) =



0 if x < a1,

x− a1
a2 − a1

if a1 ≤ x ≤ a2,

a3 − x
a3 − a2

if a2 ≤ x ≤ a3,

0 if x > a3.

Definition 3. A fuzzy number B̃ is said to be L−R type if

µB̃(x) =


L

(
m− x
α

)
if x ≤ m and α > 0,

R

(
x−m
β

)
if x ≥ m and β > 0,

where m is the mean value of B̃, α and β are left and right spreads, respectively, and a function
L(·) is a left shape function satisfying

i) L(x) = L(−x),

ii) L(0) = 1,

iii) L(x) is non decreasing on[0, ∞).

Similarly, a right shape function R(·) is defined as L(·). Symbolically, a L−R fuzzy number
B̃ can be written as B̃ = (b, α, β)LR.

Figure 1: L–R fuzzy number

The formulas of addition, subtraction, opposite, multiplication and order relation for Ã =
(a, γ, δ)LR and B̃ = (b, α, β)LR are

• addition Ã⊕ B̃ = (a+ b, γ + α, δ + β)LR

• opposite −Ã = (−a, γ, δ)LR

• substraction Ã(−)B̃ = (a− b, γ + β, δ + α)LR
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• multiplication Ã⊗ B̃:

if Ã > 0 and B̃ > 0 then Ã⊗ B̃ ∼= (ab, aα+ bγ, aβ + bδ)LR,
if Ã < 0 and B̃ > 0 then Ã⊗ B̃ ∼= (ab,−bδ − aβ,−bγ − aα)LR,
if Ã < 0 and B̃ < 0 then Ã⊗ B̃ ∼= (ab, bγ − aβ, bδ − aα)LR

• inverse Ã−1 ∼= (a−1, δa−2, γa−2)LR

• order relation Ã(<)B̃ iff a < b, or a = b and (γ+ δ) > (α+β) or a = b, (γ+ δ) =
(α+ β) and (2a− γ + δ) < (2b− α+ β)

3. Problem formulation and solution concepts

A fully fuzzy linear programming problem can be formulated as follows

minZ̃ = C̃T ⊗ X̃
s.t. Ã⊗ X̃ = B̃,

X̃ ≥ 0̃,

(1)

where C̃T = (c̃j)1×n, X̃ = (x̃j)n×1, Ã = (ãij)m×n, B̃ = (b̃i)m×1 and c̃j , x̃j , ãij , b̃i ∈ F0(R).
Through this paper F0(R) is the set of all L−R fuzzy numbers on R.

Definition 4. The x̃∗ which satisfies the conditions in problem (1) is called a fuzzy optimization
solution [32].

The FFLP problem (1) may be written as

minZ̃ =

n∑
j=1

(cj , αj , βj)LR ⊗ (xj , ζj , ξj)LR

s.t.

n∑
j=1

(aij , εij , φij)LR ⊗ (xj , ζj , ξj)LR = (bi, µi, vi)LR,

(xj , ζj , ξj)LR ≥ 0̃.

(2)

Using the arithmetic operations of L−R fuzzy numbers, problem (2) may be rewritten as

minZ̃ =

n∑
j=1

(cjxj , cjζj + αjxj , cjξj + βjxj)LR

s.t.

n∑
j=1

(aijxj , aijζj + εijxj , aijξj + φijxj)LR = (bi, µi, vi)LR,

(xj , ζj , ξj)LR ≥ 0̃.

(3)
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Also, from problem (3) we have the following problem

minZ̃ =

n∑
j=1

(
(cjxj)

L, (cjxj)
C , (cjxj)

U

)

s.t. x ∈ X =



n∑
j=1

aijxj = bi, i = 1, 2, ...,m

n∑
j=1

(aijζj + εijxj , aijξj + φijxj) = µi + vi, ∀i

n∑
j=1

(
2aijxj − (aijζj + εijxj) + (aijξj + φijxj)

)
= 2bi − µi + vi ∀i

xj , ζj , ξj ≥ 0 ∀j,

(4)

where (cjxj)
C = cjxj , (cjxj)

L = cjxj − (aijζj + εijxj) and (cjxj)
U = cjxj + (cjξj + βjxj).

From problem (4) we have the following MOLP problem

minf1 = (cjxj)
C

minf2 = (cjxj)
U − (cjxj)

L

minf3 = (cjxj)
U + (cjxj)

L

s.t. x ∈ X.

(5)

Definition 5. (Pareto optimal solution) x0 ∈ X is said to be Pereto optimal solution to problem
(5) if and only if there does not exist another x ∈ X such that f1(x) ≤ f1(x0), f2(x) ≥ Z2(x0)
and f3(x) ≤ f3(x0), and f1(x) 6= f1(x0), f2(x) ≥ f2(x0) or f3(x) 6= f3(x0).

Problem (5) can be treated using the weighting method [20] as

minE = (w1f1 − w2f2 + w3f3)

s.t. x ∈ X, wi ≥ 0,

3∑
i=1

wi = 1.
(6)

4. Proposed approach

The steps of the proposed approach for solving the FFLP problem (1) can be summarized as:

Step 1: Consider the FFLP problem (1)

Step 2: Convert the problem (1) into problem (4)

Step 3: Transform the problem (4) into the MOLP problem (5), and then into problem (6)

Step 4: Solve the problem (6) to obtain the efficient solution

Step 5: Referring to problem (1) for determining the fuzzy optimal solution and the
corresponding fuzzy optimum value

Step 6: Stop
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5. Numerical example

Consider the following FFLP problem

minZ̃ = (2, 1, 1)LR ⊗ x̃1 ⊕ (3, 1, 1)LR ⊗ x̃2
s.t. (1, 1, 1)LR ⊗ x̃1 ⊕ (2, 1, 1)LR ⊗ x̃2 = (10, 8, 14)LR

(2, 1, 1)LR ⊗ x̃1 ⊕ (1, 1, 1)LR ⊗ x̃2 = (8, 7, 13)LR

x̃1, x̃2 ≥ 0, x̃1, x̃2 ∈ F0(R).

(7)

Based on the proposed approach, the above FFLP problem can be written as

minf1 = 2x1 + 3x2

minf2 = 2x1 + 2x2 + 2ξ1 + 3ξ2 + 2ζ1 + 3ζ2

minf3 = 4x1 + 6x2 + 2ξ1 + 3ξ2 − 2ζ1 − 3ζ2

s.t. x1 + 2x2 = 10

2x1 + 2x2 + ξ1 + 2ξ2 + ζ1 + 2ζ2 = 22

2x1 + 4x2 − ξ1 − 2ξ2 + ζ1 + 2ζ2 = 26

2x1 + x2 = 8

2x1 + 2x2 + 2ξ1 + ξ2 + 2ζ1 + ζ2 = 20

4x1 + 2x2 − 2ξ1 − ξ2 + 2ζ1 + ζ2 = 22

x1, x2, ξ1, ξ2, ζ1, ζ2 ≥ 0

x1 − 2ζ1 ≥ 0, x1 + 2ζ1 ≥ 0, x1 + 2ξ2 ≥ 0

x2 − 3ζ2 ≥ 0, x2 + 3ζ2 ≥ 0, x2 + 3ξ2 ≥ 0.

(8)

Using the weighting method, the problem (8) becomes

minE = 0.5f1 + 0.2f2 + 0.3f3 = 1.8x1 + 2.9x2 + 0.2ξ1 + 0.3ξ2 − ζ1 − 1.5ζ2

s.t. x1 + 2x2 = 10

2x1 + 2x2 + ξ1 + 2ξ2 + ζ1 + 2ζ2 = 22

2x1 + 4x2 − ξ1 − 2ξ2 + ζ1 + 2ζ2 = 26

2x1 + x2 = 8

2x1 + 2x2 + 2ξ1 + ξ2 + 2ζ1 + ζ2 = 20

4x1 + 2x2 − 2ξ1 − ξ2 + 2ζ1 + ζ2 = 22

x1, x2, ξ1, ξ2, ζ1, ζ2 ≥ 0

x1 − 2ζ1 ≥ 0, x1 + 2ζ1 ≥ 0, x1 + 2ξ2 ≥ 0

x2 − 3ζ2 ≥ 0, x2 + 3ζ2 ≥ 0, x2 + 3ξ2 ≥ 0.

(9)

Using GAMS Software, the solution of FFLP problem (7) and thus the solution of problem
(9) is given in Table 1.

Fuzzy optimal solution Fuzzy optimum value

x̃∗1 = (2, 0, 2)LR Z̃∗ = (16, 9, 19)LR

x̃∗2 = (4, 1, 3)LR E = 15

Table 1: The fuzzy solution of the FFLP problem
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6. Conclusions

In this paper, an approach for obtaining fuzzy optimal solution for FFLP has introduced. The
proposed approach based on converting the FFPL problem into triple objective function and
hence single objective using the weighting method. The advantage of this approach is more
flexible, realistic to the real world problem, useful for the future study and can be extended in
generalized fuzzy numbers.
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Operational Research
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Simulations, Business Analytics, and other areas.
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simulation.

Areas/Fields in which Operational Research may be applied can be summarized as follows:

• Assignment problem,

• Business analytics,

• Decision analytics,

• Econometrics,

• Linear and nonlinear programming,

• Inventory theory,

• Optimal maintenance,

• Scheduling,

• Stochastic process, and

• System analysis.

Operational Research has improved processes in business and all around us. It is used in
everyday situations, such as design of waiting lines, supply chain optimization, scheduling of
buses or airlines, telecommunications, or global resources planning decisions.

Operational Research is an important area of research because it enables the best use of available
resources. New methods and models in operational research are to be developed continuously
in order to provide adequate solutions to process enormous information growth resulted from
rapid technology development in today’s new economy. By improving processes it enables high-
quality products and services, better customer satisfaction, and better decision making. There
is no doubt that operational research contributes to the quality of life and economic prosperity
on microeconomic, macroeconomic, and global level.
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